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ON BERNSTEIN POLYNOMIAL ESTIMATORS OF THE
HAZARD RATE FUNCTION
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ABSTRACT. For the density and distribution functions supported on the unit
interval, Bernstein polynomial estimators are known to have good asymptotic
properties under appropriate regularity conditions on the function to be esti-
mated. In particular, these estimators are asymptotically unbiased over the
entire unit interval. In this paper, we consider the estimation method using
Bernstein polynomials and we show that it can be naturally adapted to the
hazard function. The asymptotic properties of the obtained estimators are
studied. More precisely, we obtain strong consistency and asymptotic normal-
ity under appropriate assumptions.
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1. INTRODUCTION

The estimation of the hazard function (the conditional failure rate) h(x) plays
a very important role in statistics. Indeed, it is used in risk analysis and for the
study of survival phenomena in many fields such as medicine, geophysics, socioe-
conomic studies, etc. The literature on the estimation of the hazard function
is very abundant. For the case of vectorial observations, we can cite [21], [17],
[1] and [10] for relatively recent references. In the functional case, we cite [18],
[15], [12] and [6]. Overall, these works on the nonparametric estimation of the
hazard function is based on the kernel method. We find results about almost
complete convergence, asymptotic normality and uniform almost complete con-
vergence whether in the dependent or mixing case.
The main contribution of this work is the estimation of the hazard function with
an entirely different method. We follow the approach of [19] in the estimation of
the density function using Bernstein polynomials. These polynomials were intro-
duced by Sergei Bernstein in order to give a probabilistic proof of Weierstrass’
Theorem (see. [3]).
Later, these polynomials are used in the approximation of functions in larger
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functional spaces, such as spaces of integrable functions, spaces of measurable
functions. Then the Bernstein polynomials themselves are generalized to a non-
compact support. For more details on the analytic aspect of these polynomials,
see [13].

On the other hand, for the estimation method using these polynomials, many
authors agree with the idea of [19]. [1] present a method for the estimation of the
density and the distribution function with a simulation of the proposed method
by making a comparison with that of the kernel.

A few years later, [2] generalize Bernstein’s polynomial estimation method for a
d—dimensional model in order to define the estimator of a density whose support
is a compact domain of RY.

A thorough study of Bernstein estimators of the density and the distribution
function is mainly detailed in the works of [8], [9] and [10]. It also shows the
asymptotic normality of these estimators including the fact that they are asymp-
totically unbiased.

In [11], the author examines the boundary properties of Bernstein estimators .
Specifically, he shows that Bernstein density estimators have reduced bias, but
increased variance in the boundary region. In the case of distribution function
estimation, it shows that these estimators experience an advantageous boundary
effect.

Therefore, this note presents an estimator of the hazard function using Bernstein
polynomials. The bias and the variance of our estimator are calculated, asymp-
totic properties are obtained by referring to the work of [9]. The remainder of
the paper is organized as follows. In Section 2 Some remarkable properties of
Bernstein polynomials are presented. Section 3 is devoted to a summary of the
results obtained on the Bernstein estimator of the distribution and the density
function. In Section 4, we state the main theoretical result of interest for our
estimator of the hazard function h(zx). First, we state a convergence theorem, we
compute its bias, variance and mean squared error (MSE). Finally, the section
ends with a result on asymptotic normality.

2. BASIC RESULTS ON BERNSTEIN POLYNOMIALS

In these section we establish some properties of the Bernstein polynomials. The
Bernstein polynomials of degree m are defined on [0, 1], by

&m@y:($>x%y—@ww

for k=0,1,..., m, where
m\ m/!
ko) Kl(m—k)

There are m + 1 m—th degree Bernstein polynomials. throughout this paper, we
usually set Py, = 0, if £ < 0 or £ > m. Several important properties of these
polynomials can be proved immediately from their formulas.
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Proposition 2.1. [13] and [9]. Bernstein polynomials have the following proper-
ties:

(1) Positivity:
VEk € {0,...,m}, Ve € [0,1], Py n(z) >0,

and Py, (x) = 0 if and only if x € {0,1}.
(2) Partition of Unity:

Vm, »  Prm(z) =1
k=0

(3) Recursive property:
VEe{l,....m—1}, Popm(x) =1 —2)Prm-1(z) + 2Pi1m-1(x)

(4) Deriwation formula:

d
P (@) = m(Preo1m-1(2) = Pim-1(2))
We also refer the reader to [13] and [9] where more detailed properties can be

found.

Let f a function in [0, 1], the Bernstein polynomial of degree m > 1 corre-
sponding to the given function f is defined as

Subsequently, the following Theorem is at the origin of the results obtained later
for smoothing the empirical distribution function over the interval [0, 1].

Theorem 2.2. [7].
If f is continuous in [0, 1], the Bernstein polynomials P! (z) tend uniformly to
f(z) as m — oc.

3. ESTIMATION OF A DISTRIBUTION AND DENSITY FUNCTION

This section presents the main results obtained concerning the estimation
method using Bernstein polynomials. Let X1, ..., X,, be independent, identically
distributed random variables and f denote the probability density of X which is
supported on [0, 1]. Let F' denotes the distribution function of the random vari-
able X, we present the approach of [19] and [1], used for distribution and density
estimation. These estimators are based on Bernstein polynomials of order m > 0
and smoothing the empirical distribution function.

Let F,, denotes the empirical distribution function obtained from the random
sample X1, ..., X,,. The Bernstein estimator of order m > 0 of the distribution F
is defined as

iFn ) P (). (3.1)

k=0
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On the other hand, taking the derivative of ﬁm,n with respect to the variable x
leads to

Frun() = di = mmzl [ (k il 1) _F (%)} Poma(z),  (3.2)

which is the Bernstein den81ty estimator of order m, as it is defined by [l], [9]
and many others.

First, as a consequence of Theorem 2.2, the following Theorem shows that the
estimator/fs, , is strongly consistent.

Theorem 3.1. [1].
Let F' be a continuous probability distribution function on the interval [0,1]. If
m,n — oo, then

||ﬁmn — F|| — 0 almost surely,

where |G|l = sup,epo |G ()]

A similar result of strong convergence can be established for the estimator

F,,.» under a regularity condition on the density f. In [1], it is shown that if f is
continuous and Lipshitzian of order 1, then we have

Theorem 3.2. [1].
Assume that f is continuous and Lipschitz of order 1. For 2 < m < (n/logn)
and m = o(n/logn), we have

||fmn — f|l — 0 almost surely,

as m,n — oo.

Later, in the main results section, we apply Theorem 3.1 and Theorem 3.2 to
prove a consistency Theorem of the Bernstein estimator of the hazard function,
under appropriate conditions.

We now state some other results. Let us begin by introducing the following no-
tations, which will be used later:

o Y(z) = (drz(l —2))"1/2,

o Ay(2) = 11— 20)f'(2) + 2(1 - @) [ (2)]
* bz) = sl —2)f' ()],

o o’(x) = F(x)[1 - F(x)],

V(z) = f(z)2x(1 —x)/x]'/2,
(@) = fla)[dra(l —2)]71/2,
where f and F' are defined on [0, 1] such that the derivatives f’ and f” exist.

On the other hand, we consider the following hypothesis:

F is continuous on [0,1] and admits

two continuous and bounded derivatives. (3.3)
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The following Theorem presents some results on the Bernstein estimator ﬁmn
Specifically, it establishes the bias and variance of F},,. In particular, we find

that the estimator F,, ,, is asymptotically unbiased and has zero variance for z = 0
and x = 1.

Theorem 3.3. [10].
Under assumption (3.3), we have for x € (0,1) that

~

Bias|Fpn(2)] = E[Fn(2)] — F(z) = m™"b(z) + o(m™"),
MSE[F.(z)] = n '0?(@) =m0 WV (@) +m =20 (z) +o(m™2) + 0, (m~*n"),

~

Var|Fpa(z)] = n7to*(@) —m 207V (z) + o, (m™ 071,
as both m,n — oo.
On the other hand, it is well known that
MSE[F,(x)] = Var[F,(z)] = n 'o*(z),

so that ﬁmn and F,, are equivalent in M SFE up to the first-order. However,
when considering also higher order terms, it turns out that ﬁmn asymptotically
dominates F), in terms of M SE when m is well chosen. Notice that the previous
result shows that ﬁmn can asymptotically out perform the empirical distribution
function at every x € (0, 1) in terms of MSE. (Both estimators achieve an MSE
of zero at x = 0 and = = 1).

Let us now examine the asymptotic properties of the estimator defined by the
formula (3.2). This is the Bernstein approximation of order m of the density f
defined on [0, 1]. Obviously, fmm is a polynomial of degree m — 1. In the context
of density estimation, it is an approximation to f that cannot be computed.

Theorem 3.4. [19], [9].
Under assumption (3.3), we have

e Forx € [0,1]

Bias( funn ()] = Elfnn(@)] = f(2) = ==+ o(m™")

o Forz e (0,1)

R A2(z)  ml/2 1 1/2
MSEFnle)] = 24 ™2 @) + A 0,0
consequently
ml/? ml/2

Var(fonn(2)] = f(@)(x) + 0

as both m,n — oo in such a way that m/n — 0.
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e Forx € {0,1}

MSE[fru(x)] = % + %f(x) + % + 0(%)
and therefore
Var{foa(@)] = 7 1(@) + o),

as both m,n — oo in such a way that m/n — 0.

3.1. Asymptotic normality. Unlike kernel estimators, the study of asymptotic
normality of Bernstein estimators (whether with respect to distribution or den-
sity) has not been the subject of much research. However, the most important
ones can be cited. Precisely, for the density estimator, [I] obtain strong consis-
tency and asymptotic normality under an appropriate choice of the polynomial
degree. Later, in [2], the asymptotic normality of the distribution and density
function on a hypercube using Bernstein polynomials for dependent random vec-
tors are investigated (a-mixing condition). Recently, in another context, for spec-
tral density estimation, [7] obtains asymptotic normality for a type of generalized
Bernstein estimators. More later, [10] establish the (pointwise) asymptotic nor-
mality of the distribution Bernstein estimator and show that it have highly advan-
tageous boundary properties, including the absence of boundary bias. However,
more recently, we can cite [11] and [20], where the authors established results of
asymptotic normality by applying the Berry-Esseen Theorem. The next Theo-
rems establish the asymptotic normality of the estimators defined by (3.1) and
(3.2).

Theorem 3.5. [10].
Assume (3.3) holds and m, n — oo. Then, forz € (0,1) such that0 < F(x) < 1,
if mn~? — o0,

n1/2<ﬁm,n($) — F(gj)) 2> N (0,02(1’)) )

. . . . D
where o?(x) is defined as previously in the notations and” = " denotes conver-
gence in distribution.

For the density estimator, a remarkable result on asymptotic normality is that
in [1], as follows:

Theorem 3.6. [1].
Assume that f is Lipshitzian of order 1, and f(z) > 0, then

P fnn(@) = F(2)) 2 N (0,7(2),
as m, n —> oo such that 2 < m < (n/logn) and n**/m — 0.
Note that Theorem 3.5 is in fact a corollary in [10], the proof of which relies
mainly on the relatively small distance between the empirical distribution and
the estimator F),, for an appropriate choice of the latter’s degree. This argu-

ment, added to the fact that the empirical distribution itself has a well-known
asymptotic normal distribution, leads to the asymptotic normality of [}, ,,.
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Let us also note that the two results cited above were chosen preciselX in order to
obtain a similar result on the asymptotic normality of the estimator A, , defined
below in (4.1). The interest of this choice lies in particular in the coherence ex-
isting between the hypotheses of Theorem 3.5 and Theorem 3.6. More in-depth
discussions and remarks on this question will be addressed at the end of the
following section.

4. MAIN RESULTS

Our purpose is to estimate the hazard rate h(x), defined as

f(z)

) = 2

F(z) <1

Therfore, we propose the estimator ﬁmn (x) given by

m Yty [Fa (B5Y) = Fo ()] Prm ()
1- ZZL:() Fn(%)Pk‘,m(x)

where P, (7) = ( 1 ) 2¥(1 — 2)™~* is the Bernstein polynomial of order m.

Tmn() = (4.1)

Remark 4.1. As seen in most references on the estimation of the hazard rate, the
difference h,, ,,(z) — h(x) can be written

fonlz) __ f(@)
1-— ﬁmn(x) 1 - F(x)
fonn(@) = F (@) fmn(2) = £ () + f(2) P (2)
(1 = Fa(@))(1 = F(a))
(Fron@) = (@) (0 = F@) + f(@) (Bunla) ~ F(2))

Bn(2) — h(z) =

finally we can write

n (Fm, o, (@))]
P () — h(z) = P (4.2)

The asymptotic properties of the estimator ﬁmn that we will establish in this
section are based on the one hand on the results previously obtained by different
authors on the estimators ﬁmn and f,,,, and on the other hand on the following
technical Lemma.
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Lemma 4.2. Let ﬁmn(x) be the estimator defined on [0,1] by formula (5.1). We
therefore have

Fpn(z) = z+0(1), (4.3)
which implies for x # 1, that
Al = o) (4.4)
1 — Fon() l -

Proof. According to formula (3.1), we have
=0
with

We can write

Since F, is increasing, we have for all k£ € {0,....m — 1}
k m

0< B2y < pyt—2

< RSy < (Y

SO

~ m—1
2" < Fpa(r) < 2™+ FR(T) Z P ()

k=0
~ -1
P < Boo(r) < a4 (1— 2™ E(
In particular we have
~ —1
0< an S Fn - Db
< Fun(@) < 2+ By (")

which also implies

OJ

First, we state the following Theorem which establishes the strong consistency
of the proposed estimator Ay, ,,.
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Theorem 4.3. Assume that the probability distribution F is continuous on the
interval [0,1] and that the corresponding density function f is Lipschitz of order
1. Let S be a compact subset of [0,1] such that 1 ¢ S. For 2 < m < (n/logn)
and m = o(n/logn), we have

sup ]ﬁmn(x) — h(z)| — 0 almost surely,
xeS

as m,n — oo.

Proof. According to (4.2) and (4.4), we can write

- [(J?m,n(ﬂ?) — [(@)) + h(@)(Fn(x) = F(x))| O1)
P () — h(2) = 1— 2 (4.5)

For a compact subset S C [0, 1] such that 1 ¢ S| there are two positive constants
«a and [ such that

| (2) = W(z)| < all fnn — I + Bl Fnn — Fl
for all z € S.
This means that under the assumptions of Theorem 3.1 and Theorem 3.2, we
obtain

sup ]?Lmn(x) — h(x)| — 0 almost surely,
z€S

as m,n — 00. Ol

4.1. Bias of the hazard Bernstein estimator. We are now able to give a
formula which establishes the bias of the estimator h,,, as a function of those of

F,.. and fp, ..

Theorem 4.4. Assume that the functions F' and f are continuous, and that each
has a continuous and bounded second derivative on [0,1]. We have for z € (0,1)

~ 1

Bias[hm,(z)] = =1 [Aq(x) 4+ h(x)b(x)] O(1) (4.6)

Proof. From the formula (4.5), we have

_ E(fnn(@) = £@)] 0Q) k() [E(Fnn() = F@)] O1)
Elhm ()] — h(z) = 1— = + 11—
= (B s o) o) (M2 o ) 0)
Aq(2)O(1) o(1) N h(z)b(z)O(1) N h(x)o(1)
m(l—z)  m(l—ux) m(l — z) m(l —x)
Ay (z) h(x)b(z)
m(1 — x)0<1> N m(1 — x)O(l)’
finally we have
Bias(lin(0) = s (A1) + H(a)b()] OC)
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4.2. MSE and variance of the hazard Bernstein estimator.

Theorem 4.5. Assume that the functions F and f are continuous, and that each
has a continuous and bounded second derivative on [0,1]. We have

Va“T[ﬁm,n(m)] _ { (Va?"[]?m,n(x)] + hz(x)Var[ﬁm,n(x)D (10_(32 forxz € (0,1)

% f(a) + o 2) forz =0
Proof. Firstly, we start by the formula
~ 1

hm,n(aj) — h(z)

which means that

((Fonnl) = F(@)) 4 h(@) (B () = F(x))| O(1),

T 1-=z

[(Fonn(@) = F@)) + 12(@)(F(2) = F(@))? + 2h(2) Al2)] O(1)

(han () =())* = (L

where A(x) = (J/‘"\mn(:z:) - f(az))(ﬁmn(x) — F(z)). A direct calculation of this term
taking into account the approximation formula (4.3), implies

Al) = (z—F(x)+0Q) fnlz) + (F(z) — x + O(1)) f(x)
Therefore

2h(x)A(2)O(1) = N(@)[1 + & = F(@)](fmalz) = f()O(1)

Consequently,
MSE(hy,] = ﬁMSE[fm,n]O(l) + %MSE[?MH]O(U
* (1h—(2)2 1+ — F(x)]Bias(fn.n)O(1) (4.7)

Now, to establish the formula for the variance of the estimator Em,na we first

-~

calculate the term Bzias(hmﬂ). Indeed, according to the proof of the Theorem
4.4, we can write

-~

Bias(hpmn) =

Bias(fmvn)O(l) + fl(—x)Bias(ﬁm,n)O(l),

—x —x
which means that

h*(x)
(1 —=)?

~

B%ias(F,,,)0(1)

B%ias(hym.n) Bias(frn)O(1) +

(1—x)
h(z)
1)
where the last term of the formula, taking into account the Lemma 4.2, can be

written as

h(x)
(1)

+ 2Bms<ﬁm7n)3m5(fm,n)0(1),

Bias(Fyp.n)Bias(fy)O(1) = (1h£%2 (1+ 2 — F(x))Bias(fr)O(1)

b
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finally, formula (4.7), leads to

h ) o) (4.8)

Varlnl = (Varlfnal + #@VarlFul ) =05
[

4.3. Asymptotic normality of the hazard Bernstein estimator. As can be
seen, there is a contrast between the assumptions of Theorem 3.5 and Theorem
3.6 regarding the degree m of the Bernstein polynomial used in the estimators.
Indeed, for the estimator of the distribution function to be asymptotically normal,
it is sufficient that (n'/?)/m — 0. On the other hand, in the case of density
estimator, it is necessary that (n*?)/m — 0. Since n'/? < n?3, we assume that
(n*?)/m — 0 in order to simultaneously satisfy the conditions of Theorem 3.5
and Theorem 3.6. Therefore, the desired result follows easily.

Theorem 4.6. Under the assumptions of Theorem 3.5 and Theorem 5.6, we have
for x € (0,1) such that f(z) >0 and 0 < F(z) < 1,

R 2V (R () — h(2)) 2 N (o 7() )

"1—uz
as m,n — oo such that 2 < m < (n/logn) and n*?/m — 0.

Proof. For 2 < m < (n/logn), the formula (4.5) implies

iz 22 | (Frn() = f(@)) + h(@) (Frun(2) = F(2))] O1)
i (@) = h(z)) = T
According to Theorem 3.5 and Theorem 3.6, we conclude

n'/? D vz

W(hmm(x) —h(z)) = N (O, ] (_ l)

OJ

Conclusion. In this paper, Bernstein’s polynomial estimation method, well known
in the literature for probability distributions and density functions, is naturally
extended to the hazard function h. R

First, we state a strong consistency theorem for the estimator A, , over a com-
pact interval S contained within the unit interval. We then calculate the bias
of hy,, and prove that it is asymptotically unbiased. Later, the mean squared
error (MSE) and the variance of the estimator /f;mm are obtained from those of

the estimators F,,,, and f,, ,. Finally, an asymptotic normality result is obtained
under appropriate regularity conditions.

As observed in [19], [1], [9] and others, the Bernstein estimators possess properties
comparable to those of the kernel estimators. These include order of convergence
of the estimate, consistency, efficiency, and asymptotic normality. Indeed, The-
orem 4.3, Theorem 4.4, Theorem 4.5 and Theorem 4.6 shows that our estimator
also inherits these properties.
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