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A CAUCHY PROBLEM FOR THE SUB-DIFFUSION
EQUATION WITH THE PRABHAKAR FRACTIONAL
DERIVATIVE

DONIYOR USMONOV! and MAFTUNA MIRZAEVA?2*

ABSTRACT. In this work, we have investigated the Cauchy problem for the
second order partial differential equation involving the Prabhakar fractional
derivative of the Riemann-Liouville type in the time variable. This equation
has been solved by converting it into a system of two first order differential
equations. Therefore, the boundary and Cauchy problems for the first order
equations have first been solved as auxiliary problems. We have presented
the explicit solution of the Cauchy problem for the second order differential
equation using these auxiliary problems. Then, it has been proven that the
obtained solution satisfies the problem.
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1. INTRODUCTION AND PRELIMINARIES

In recent years, fractional calculus has attracted growing interest due to its appli-
cations in science and engineering [3], [14], [16], [22], [26], [27]. Tt is increasingly
used to model complex processes such as anomalous diffusion, viscoelasticity, and
nonlocal phenomena. For example, [%] provides an introduction for physicists and
a collection of review articles on its applications, while [22] highlights key concepts
and major applications from leading researchers in the field.

Significant progress has been made in Cauchy problems for fractional-order partial
differential equations. The author [17] constructs a fundamental solution for
a diffusion-wave equation with the Dzhrbashyan—Nersesyan derivative, proving
uniqueness under a Tychonoff-type condition. The work [25] studies the Caputo
derivative case, expressing the solution via Mittag-Leffler and H-functions using
Laplace and Fourier transforms, illustrated with Mathematica graphs.

In addition, the work [10] studies the Cauchy problem for equations with the
Riemann—Liouville fractional derivative, providing a fundamental solution and
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an explicit solution for the nonhomogeneous case using Duhamel’s principle and
the three-parameter Mittag-Leffler function. In [4], a linear ordinary differential
equation with a fractional derivative and an involution operator in the subordi-
nate term is considered, with existence and uniqueness results established and
an explicit solution given via the fundamental solution. [3] studies an evolution
equation with a regularized fractional time derivative and a uniformly elliptic
operator with variable spatial coefficients, arising in diffusion on inhomogeneous
fractals. The fundamental solution to the Cauchy problem is constructed and
analyzed.

Recent attention has focused on Prabhakar type fractional operators, which ge-
neralize classical fractional operators and capture a wide range of memory effects,
attracting significant interest for their mathematical structure and applications
in modeling real-world phenomena [7], [19], [21], [5], [L1], [12], [24], [23]. The au-
thor [7] reviews key results and applications of the three-parameter Mittag-Leffler
(Prabhakar) function, while [19] studies properties and extensions of Prabhakar
integrals and derivatives, including the regularized and Hilfer-Prabhakar deriva-
tives. In [21], the structure and operators of Prabhakar fractional calculus are
analyzed, focusing on Caputo-type operators, while in [5], linear differential equa-
tions with variable coefficients and Prabhakar-type kernels are studied. In [11],
the unique solvability of a boundary value problem involving the Caputo-type
Prabhakar derivative is established, with the Cauchy problem solution expressed
via a bivariate Mittag-Leffler function and uniform convergence of the solution
series proven. In [12], direct and inverse problems for mixed equations with the
regularized Prabhakar operator are briefly presented, and the Cauchy problem
for an ordinary differential equation is solved using successive iteration. The
work [1] studies a generalized space-time fractional reaction-diffusion equation
with the Hilfer-Prabhakar time derivative and space fractional Laplacian, obtain-
ing solutions via Laplace and Fourier transforms in terms of the three-parameter
Mittag-Leffler function. The Formable transform for Hilfer-Prabhakar deriva-
tives has been derived in [9], where Cauchy-type equations are also solved using
Fourier methods. The method is further extended to applications involving the
three-parameter Mittag-Leffler function. In [29], the Cauchy problem with sin-
gular coefficients and the Prabhakar derivative is analyzed, proving uniqueness
and obtaining solutions via Hankel and Fourier transforms, with properties of
bivariate Mittag-Leffler and Bessel functions discussed. In the reference [24],
unique solvability of the diffusion-wave equation with dynamical boundary con-
ditions and the regularized Caputo-type Prabhakar derivative is addressed. In
[23], unique solvability of the initial-boundary problem for mixed equations with
the regularized Prabhakar derivative is studied. In [13], the wave-diffusion equa-
tion under initial, boundary and transmission conditions modeling gas flow in
a channel is analyzed, applying separation of variables and establishing uniform
convergence of the resulting series using a bivariate Mittag-LefHer-type function,
with the method extendable to more general cases.

Motivated by recent developments, our work focuses on fractional diffusion pro-
cesses governed by generalized time-fractional operators. We study the Cauchy
problem for a sub-diffusion equation with the regularized Prabhakar fractional
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derivative in time. This derivative generalizes several classical operators, allow-
ing more realistic modeling of memory effects. The main novelty of our study is
the explicit construction of the solution, which facilitates analysis of its properties
and will be a basis for future developments, including the construction of Green’s
functions for related initial-boundary value problems.

Definition 1.1. Let k£ € N o, 5,7 € R,a > 0,8 > 0. The generalized Mittag-
Leffler function [20] is defined as
+o0 k

v - (Vw2
PRl = 2 kv R

where (7)r =v(y+1)(v+2)--- (v + (k— 1)) is the Pochhammer symbol.

Definition 1.2. For «,7v,d,7v € R with a« > 0,5 > 0 and y € [4[0,7], 0 < t <
T < oo the Prabhakar fractional integral operator [20] is defined as follows

PaBy () = / (t — ) LE) 16t — 5)°) y(s)ds.

Definition 1.3. Let o, 3,7, € R,a > 0,6 > 0,m = [f]+1 € N, and y €
AC™(0,T), then the Prabhakar fractional derivative of Riemann-Liouville type

is presented by [(]
PREDGP 0y (t) = dt_mP 8By, 0<t<T < oo

Further, the Caputo-Prabhakar fractional derivative for y € AC™[0,T] is de-
fined as follows [6]:

dm

dam
a,B,y,0 a,m— §
Pcl)Otﬁ7 y() P] S dtm (t)a

where AC™[0,T] = {y I—-R: 4 L y(t) € AC[O,T]} and AC[0,T] means the
space of absolutely continuous functions on [0, T][11].

Definition 1.4. F15 (z,y) is the bivariate Mittag-Leffler type function defined as

[25]:
o ( at, B, 01; Z) _

a2, 2, 02; i3, 03; v, Oa; 33, 05

_ff F(a1n+51m+(51)
=0 0 ozgn+52m+52)F(a3n+53)F(a4n+64)F(53m+55)’

(z,y, 04, Bi,0; € Rymin{ay, £;,6;} > 0; (1 ={1,...,4},i = {1,2,3},j = {1, ...,5})),
in which the double series converges for z,y € R, if A; > 0, and Ay > 0. Here
Ay =as+az+ag—ai, Dy = By + B3 — bi.

Lemma 1.1. The following equality

> tak(sk 1 =B ﬁ(l g —a)'y
_ S—T S — S d 11
Zk'f‘ ak: Bn) 2m‘/6 s (1.1)
H

holds fora>0,0< 8 <1,v>0,t>0, z € R.

+oo n nt Bn

>

n=0
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Proof. First, we consider the integral on the right-hand side and rewrite it as
follows:

J = L es . efmt_ﬁsﬁ(lftc‘ﬁs_a)’yds
271 '
H
Using the formula

+o0 yn

Y _ 7

<= n!’

n=0

we rewrite [ as

+oo BB\ _ pafo—a\Tm
]:L/es-z(ﬂ sP) (1 —t6s7) is.
H

n!

Considering

(1 . taés—a)'m _ _Z?)ktakéks—ak7

we rewrite [ in the following form:

£00 (BB H
I:i/es'z( xtn!S) (s kgt g g —

|
271 J —~ — k!
+00 —B\" +oo a
n! k! 271 '
n=0 k=0 H
Now, using
1 1
= —,/es-s_zds,
['(z) 2mi
H

we have the following:

I= f (—1)"amt " R (—m)ttst
n! — kI (ak — fn)

n=0

Therefore, (1.1) is established.
Lemma 1.1 is proven. 0

Lemma 1.2. If 6 <0, then the following limit is valid:
—+o00 n_ ng—BN —+o00 o
lim (—1)"amt=P (—yn), torsk
o n! KT (ak — fn)
k=0

n=0

—0. (1.2)

Proof. By using Lemma 1.1, we write the limit as follows:

lim 1 es—a:t*fgsﬁ(l—tads*oﬂwds
z—+oo 271
H

Since § < 0, (1 —t%6s~*) > 0. When z is sufficiently large, e=* () rapidly tends
to zero.
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We use saddle-point method [2]:
1. Find the phase function. We write the integral as the following form:

1) = [ g (2)dz,
/

where A is the large parameter, f(z) is the phase function, g (z) is the slowly
varying function.
2. Determining the saddle points. We find the critical points of f (z) :

f/ (20) =0.
These points may be maxima, minima, or saddle points of the function.

3. Contour deformation. We deform the path of integration (the contour) so
that it passes through the neighborhood of the saddle point, where the main
contribution to the integral arises.

4. Asymptotic estimation. We expand f(z) into a Taylor series around the
saddle point and evaluate the integral approximately:

2m
IOV S AS Y E——— 4 :
( ) e )\|f”(20)|g(20)7 f (ZO)%O
In our limit, f(s) = s — 2t ?s%(1 — t*6s~*)". The saddle point is found from
the condition f(s,) =0:
1 —at PpsP ! (1 — 250‘53;"‘)7 +0 (:csf’afl) =0.

As x — +00, s, becomes large, therefore s;* — 0. So s, ~ (xﬁt‘ﬂ)l/(l_ﬂ) .

Asymptotic conclusion: The integral is exponentially decreasing at x — 4o00.
That means,
lim [ (x,t)=0.

T—+00

Lemma 1.2 is proven. |

2. MAIN RESULTS

We now examine the following time-fractional diffusion equation
PRLDS D700 (1, 2) — gy (t,2) = [ (L, 2) (2.1)
in a domain 2 = {(t,z): 0<t<T, —oo <z < +oo}. Here f (t,z) is a given

function. The analysis is carried out for (2.1) in the specific case 0 < 5 < 1.

Definition 2.1. A regular solution of the equation (2.1) in the domain €2 is called
a function w (¢,z) with the regularity CIS 7% (t,2) € C (Q), U (t, ),
PRL D570, (¢ ) € C () that satisfies the equation (2.1) at all points (¢,z) €

Problem 2.1. (Cauchy problem). Determine a regular function u (¢, z) that
satisfies the equation (2.1) in the domain €2 and fulfills the following condition:

Pi% Proot=0=m0% (t2) = 7 (z), z€R, (2.2)

where 7 (x) is a given function.
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Before solving this Cauchy problem, we need to consider the following auxiliary
problems.
Problem 2.2. Find the regular solution u (¢, x) of the equation

PRL Do B0 (¢ 1) — ug (t, ) = g1 (t, 2) (2.3)
that satisfies the following boundary conditions:
1111(1)13[&’17&’7%% (t,x)=v¢(x), 0<z<a, (2.4)
—
u(t,0)=p(t), 0<t<T (2.5)

in adomain Q; = {(t,z): 0<t<T, 0<z<a},0<a,T< oo, where g (t, ),
¥ (x) and ¢ (t) are given functions.

Lemma 2.1. [15] Let ¢ (z) € C[0;a], t'Pp(t) € C[0,T], ' Fgi (t,2) €
C (Ql) , g1 (t,x) satisfies the Holder condition with respect to at least one of its
variables and the following compatibility condition is satisfied:

lim 7151770 (1) = 4 (0).

t—0
Then there exists a unique reqular solution of the equation(2.3) in the domain €,
satisfying the boundary conditions (2.4) and (2.5). The solution has the form

x(t — -8
Qvf%“)“+

t
- - 7170;
wtta) = [one—nEa( 5750 00
0

ot

T B . B _3
+ /77Z)<§) t_lEIQ (_5’2;;’107;0_,7’0;1’1;1’1 (-T S)t > d£+
0

(x—&(t—n)"
50— ) ) dédn.

t =z
)1 - 17 07
+//91(777£)(t 77) E12 (_670570,_7,0,1’171,1
00
Problem 2.3. Find the regular solution w (¢,z) of the equation (2.3) in a
domain Qy = {(t,z): 0 <t <T, x>a}, a> —oo, that satisfies the following
initial condition:

lim

Pro,1-8,—7,6 o
‘50 IOt U(t,l’) =T (I> , T > a, (26)

where 71 (x) is a given function. o
Lemma 2.2. Lett'=Pg, (t,z) € C (QQ) , g1 (t, x) satisfies the Holder condition
with respect to one of its variables, Ty (z) € C'la,00), and the conditions

lim 7 () =Pl 0, lim t' g (t,2) erlel"

T—00 T—00

p<(1-p5) (;)Mlm : (2.7)

are satisfied, where
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and the convergence is uniform on the set {t € (0;T)}. In the domain s, the
reqular solution of the equation (2.3) satisfying the condition (2.6) is expressed
as follows:

o0

— - 7]-70;
u(t,l‘):—/71<§)t 1E12 (_51 0;—7,0:1,1;1,1

_//gl (77,5) (t_n)_le (—ﬁ_,’(};;,ld;o—;’y,o;l,l;l,l ( (t)( ) ) ) d&dn.
0 =z

Proof. In Problem 2.3, if either ¢ or 7 is equal to zero, the problem reduces to the
case considered in [18]. Therefore, the proof of this lemma 2.2 follows the same
approach as Theorem 2.5.1 in [18]. O

ot

@—sﬂ”>%_

Lemma 2.3. There exists at most one regular solution to the problem (2.3)-
(2.6) in the class of functions satisfying the condition

lim t'Pu (t, ) ekl (2.8)

T—r00

for some positive k. The convergence in (2.8) is uniform on the set {t € (0;7T)}.

Proof. In Problem 2.3, if either ¢ or 7 is equal to zero, the problem reduces to the
case considered in [18]. Therefore, the proof of this lemma 2.3 follows the same
approach as Theorem 2.5.2 in [18]. O

Problem 2.4. Find the regular solution u (¢, z) of the equation
PRL D& P10 (8, 2) 4y (t, @) = g2 (t, @) (2.9)

that satisfies the boundary conditions (2.4) and (2.5) in a domain €2y, where
g2 (t,x) is a given function.

Lemma 2.4. Let ¢ (z) € C[0;a], t'Pp (t) € C[0,T], t'Pgy (t,x) € C (D),
g2 (t,x) satisfies the Hélder condition with respect to at least one of its variables
and the following compatibility condition is satisfied:

lim "I 57100 (1) = 4 (0).

t—0

Then there ezists a unique regular solution of the equation (2.9) in the domain
Oy, satisfying the boundary conditions (2.4) and (2.5). The solution has the form
t

_ . _ o\ B
u(t,z) = _/90 () (t - n)_lEn (_ﬁ)lz,;’lo’;o_’%o; 1,1:1, 1’ ( f;()t(t_ n)na) ) dn—
0
/ — _771707 (g-l’) t_ﬁ
‘T/wgﬂlE”(—&anrwﬁﬂJﬂJ‘ ot )ﬁ‘
0

t x B ‘ B B 5
[ [owoe-nEa (570 o R ) dean
0 0
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The equation (2.9) differs from the equation (2.3) only by the sign in front of
ug (t,x) . Therefore, Lemma 2.4 can also be proved in the same way as in [17].

Problem 2.5. Find the regular solution wu (¢,x) of the equation (2.9) in a
domain Q3 = {(t,z): 0<t<T, z<a}, a < oo, that satisfies the following
initial condition:

lii% Proot=b=m0 (t,2) = 7 (z), z <a, (2.10)

where 7, (x) is a given function. o
Lemma 2.5. Let t'Pg, (t,2) € C(Q3), g2 (t,2) satisfies the Holder condition
with respect to one of its variables, T (z) € C (—o0;al, and the conditions
lim 7 () el 0, lim t'Fg, (¢, z) el _
T——00 T——00
are satisfied, where p satisfies (2.7), and the convergence is uniform on the set
{t € (0;T)}. Then the function u (t,x), defined by this formula

_ -1 P 1a Oa (5 o :E) t_ﬁ -
u(t7x) = /7'2 (g)t Ens <_ﬁ,a,0;—%0;1,1;1>1‘ ot *

—00

t =z
_ o -1 _771707 (g_x) (t_n)_ﬁ
0 —o0
is the regular solution of the problem (2.9)-(2.10).
Proof. Lemma 2.5 is proven in the same way as Lemma 2.2. 0

Lemma 2.6. There exists at most one reqular solution u (t,z) to the problem
(2.9)-(2.10) in the domain 3, for which, for some k > 0, there exists a uniform
limit on the set {t € (0;T)} and

lim ' Pu(t,z) ekl
T——00
Proof. Lemma 2.6 is proven in the same way as Lemma 2.3. 0

Now, let us proceed to solve the Cauchy problem (2.1)-(2.2). Let u (¢, x) is the
solution of the equation (2.1) and satisfies the condition (2.2), since t'~%u (t, ) €
C (Q), it is obvious that

u(t,z) =0. (2.11)

. 8,15
Since PRLDgt, B8, (t,z) = PRLDgétv 22 (PRLDOt
equation (2.1) as follows:

a B 0 o, 22 0
(PRLDO£272’6_ _) (PRLDOI;TQ’&—F_:C) u(t,x) = f(t>$)

By denoting
v (t,z) = PREDS POy (b 0) 4+ uy (8, 1) (2.12)
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b= g, v = 3, we obtain that the function u (¢, ) is a solution of the system

PRLDS 00y (4,2) +u, (b w) = v () (213)
PRLDS[{BIWLJ,U (t7 .1') — Uy (ta $) = f (t, 33') . '
Henceforth, we shall denote by
+o0 (—J,’)n
w (t7 ZL') = — Z Tt—ﬂﬂb—lE;llﬁnln [5ta] _
n=0 .
- ¢! —71, 17 07 (—x) t_Bl
S b <_51704a03 —’)/1,0;1,1;1,1‘ ote : (2.14)

It follows from the Lemma 2.5 and the equality (2.11) that

t x
u(t,x) = / / v(y,s)w(t —y,x — s)dsdy. (2.15)
0 —oo
We apply the operator I5' ™% 7" to both sides of the equality (2.12):
JoPeTmy () =
= [g TP (PRE DBy (4 ) + Toy TP T 0, (8 ). (2.16)
First, we will calculate the first term on the right-hand side of this expression.

We write the expression using the form of the operator, and then integrate it with
respect to s by parts:

[&’1_61’_%’6(PRLD(O);’Bl’%’&u(t, $>) _

t
= [ L B0 — 9 I s, s
0 ’ S

t
= (t—s) P E 1, [0(t— ) Igs' (s, ) .t

t
" / (t— )P BT [6(t — )] ISP (s, 1) ds =
0

= /O (t — :;)”/’)lflElj_lﬁ1 [0(t — s)¥] ds /08(3 — z)’ﬁlE;:f_Bl [0(s — 2)*u(z, x)dz.

In the resulting equality, we change the order of integration and apply the formula

+o0 +o0 +o0o k
SDag D by =0 > ambp_m :
k=0 =0 k=0 m=0

]g;,l*m,*71,5(PRLD8¢£B1mﬁu(t, x)) _
¢ t
= / u(z, x)dz/ (t—s) (s — Z)_BlE;;l’iﬁ1 [0(s — 2)*] E M [0(t — 5)%] ds =
0 z

:/Otu(z,x)dz/:(t—s)ﬁl1(5—2)51><

()05 — 2)* o~ () 0" (=9
XZ ['(ak+1-p)k! = T'(am— B)m! ds =

k=0
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= /Otu(z,x)dz /Zt(t —5) P (s — 2)TPrx

2 (i (M 855 = 2 = 9
XZZ F(am+1—Bl)f‘(ak—am—Bl)m!(k‘—m)!ds:

L (=) (7)o 0
:ZZF(am—l—l—Bl)F(ak—a;—Bl)m!(k—m)!x

k
Next, we perform the substitution s = (t—z)y+z and utilize > (m,(k_m), = 0
o ! ! !

182,1751,771,6(PRLD8¢£ﬂ1,’h,5u<t7 QZ)) _

00 k
(=) 7k o
£ OmZ:OF(am—l—l — BT (ak — am — By ml(k —m)! "

¢ 1
X / (t — z)o‘k_Q'Blu(z, x)dz/ yam_ﬁl(l — y)ak_am_ﬁl_ldy =
0 0

k ko(_ _ t
1) Z ( Z;;Z;{I(_/YI)k_m/o (t o Z)ak72ﬁ1u<z,$)d2’ —

NE

Dok =26 +1) 2= m)!
7 (9 (MW [y ks )
- ;F(ak—Zﬁl—i—l) = ml(k —m)! /0 (t — 2)** 2Py (2, 2)dz =

S (2m) 0 — o) _
= [ > et g e =

t
= / (t — z)_QﬁlEﬁgﬁl [6(t — 2)%] u(z, x)dz = IS 207219 (¢ ).
0

The second term can be written as follows:

By 0 a1-p -
TPy () = TP T (¢ )

ox

Let us take the limit as ¢ — 0 in (2.16) and according to conditions (2.2) and
(2.11), we get

3 071751,7'}/1,6 13 a717ﬁ77776 —
1151_13/01 IOt U(ta LE) - 11_13(1) I(Jt 'Lb(t, ':C) - T(':C)

Therefore, in accordance with Lemma 2.2, the solution of the second equation of
the system (2.13) has the following form:
+00 +oo t
v(t,x) = / T(s)w(t,s —x)ds+ / /f(s,y)w(t—y,s —x)dyds. (2.17)
z 0

T
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After substituting (2.17) into (2.15) and changing the order of integration, we
obtain the following:

t

u(t,x) = /xdg/gds+70d§/$ds r(g)/w(t—y,x—s)w(y,g—s)der

+ /xdfjds++/ood§/mds X
></tf(n,f)dn/ta)(t—y,:r—S)W(y—n,f—S)dy- (2.18)
0 n

Now we will use this formula:
Yy

/w (y—t,x)w(t,xe)dt = —w (y,x1 + 22) . (2.19)

We will prove this statement. Firstly, we substitute the appropriate expression
for the function w (¢, z) into the left-hand side of (2.19):

Y

/w(y—t,xl)w(t,xQ)dt:

0

v .
_ < (_1) :Cln —Bin—1 —yin o
- Z ol —(y — 1) E 1 [0y — )]

0 n=0

aviﬁlm

>< f —(_1)mx2mt—51m—1E‘”1m [6t*] dt
t m! '

Then we apply the following formula

+o0 +o00 +oo  k
§ ag E bm = E E A, bk—m
k=0 =0 k=0 m=0

twice in the subsequent calculations:
y

/w(y—t,xl)w(t,xg)dt:

0

too n n_m,n—m
(=1

Y
wl 1/'2 / (y . t)_ﬁlm_lt—ﬂln—‘rﬂlm—l %

| — |
c= = ml(n—m) /

+oo ak +oo
(=nm) 8" (y — 1) (—mn 4 ym) 07t
X E E T dt =

I (ak — Bym) k! (ak — Bin + Bim) 2!

k=0 z=0
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192
oot m' az—ﬂlm F(ak—az—61n+ﬁlm)z!(l€—z)!
y

% / (y . t)azfﬁlm*1to¢k—o¢z—ﬁ1n+ﬁ1m—1dt‘

0

After using the formulas
" ampm (a+0b)"

Zm!(n—m)!: n!

m=0

and
()i 0+,

Zm!(k—m)!_ ko

m=0
we express the resulting expression in terms of the function w (¢, x):

Yy
/w(y—t,xl)w(t,:UQ)dt:
0

_l’_

8

(_1)n(x1 +-T2)n +oo (_vln)kékyakﬁﬁlnfl _
n! ET (ak — (in)

k=0

I
I ﬁM
+ <

~ (_1)n<x1+m2)n —Bin— n fel
p y B1 lEa’Ylﬁm [63/ ]:

3
Il
o

= —w(y, 21 +22) .
As a result, the right-hand side of (2.19) is obtained. The formula (2.19) is

proven.
We apply the formula (2.19) to the equality (2.18):

/w(t—y,x—s)w(y,{—s)dy:—w(t,x—i—ﬁ—?s).

0
We replace the function w (t,z + & — 2s) with its expression and compute the

/ / Wtz + & —2s)ds

£ z +oo
— -2
/_'_/ x+§ 5) p—Bin—1p— 71g [(5ta]dsz

n! &P

integral with respect to s:

s=¢

1 = (_1) (JZ + g - 28>n+1 Bin—1 yn @
RD D A T
n=0 S=—00
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400 n n =
_1 (_1) ($ + 5 - 28) Jrlt—ﬁln—lE—’Yln [5to<] _
| a,—pin -
2 — (n+1)! .
1 —+00 (_1)71(1, . €>n+1 B
= _—_ t—ﬁln—lE nn s
2 (n+1)! o pun D
1 . =2 (—1)n(flf + f — 28)n+1 —Bin—1 p—71n «
+_SEIPOO nz: (n -+ 1)' t Ea’iﬂln [5t ]_
1 400 1 n o n+1
2 £~ (n+1)! o
1 . iy (_1)n($ + 5 - 2S)n+1 —B1in—1 pr—71n «
5, nZ:O (n+1)! t Eolan1087] =
1 iy (_]‘)n(x B 5)”+1 —Bin—1 p—mn « 1 B1—1 1M «
=—5 > RSV BTG 01 = ST B [61°] —

n=—

1 +o0 (_l)n(g . x)n+1 et pnn . 1 - .
-3 > mrr B 5 1017 = 5t B, (61 +
n=-—1

+oo n n+1
. (_1) (iL‘ + 6 - 28) —Bin—1 pr—7n a B1—1 1M al
QLUNDYD mrnr 0 e DT, o] =

(=D)"(= =" _gntpi—1 in a
=3 ot T, 0t

+o00o n n
4_1 <_1) (5 _ x) f—BintBi—1 p-mndm [&a] .

9 ) a,—Brn+6y
n=0
+oo n n
. (—D)"(x+&—2s)" _ L
) e T, Ot
n=0

According to Lemma 1.2,

+00 n n
. <_1> (ZL’ + g B 28) —Bin+p1—1 r—r1n+71 al _
Sgr_noO E_O t E [0t*] =0,

n! a,—Bin+pB1
S0
13 T
- /+/ w(t,x+&—2s)ds =
L™ (CD" (@ =" st pruin o
=3 T S NG AN Gl

I D€ 2)" st pin o
2 T L, .
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The above procedure is repeated once more as follows:
t

/W(t—y,w—S)w(y—n,ﬁ—S)dyz{y—77=2}=

t—n

= /w((t—n)—z,x—s)w(z,f—s)dz:—w(x—i—f—Qs,t—n);

0
I3 T
— /—l—/ w(rx+E&—2s,t—mn)ds=

- / +/ m (6= m) B [8(t - ) ds =

1+OO _1nx_§n —B1n+p51— —y1n+vy1 o
IS e g (s

n
L —Pin+B1—1 p—min+
(t—n) T E T s [0(F —m)"].
n=0
In view of the most recent calculations, the equality (2.18) is rewritten as follows:

[oe] t +oo
u(t,x)= [ 7(§v(t ;0,8 dE+ fm&v(t,zin,§)dédn,  (2.20)
/ [
where

o o\P1i—1 @ 1 o "
vitam e = TS L (—M> B, 50— ).

n=0 n! (t— 77)51
Based on the obtained results, we formulate the following theorem.
Theorem 2.2. Let 7(x) € C (R) and t*=Pf (t,z) € C (ﬁ) , [ (t,z) satisfies the

Holder condition with respect to x and the conditions

lim 7 (z)e 7 =0, lim £0F (tx) e T =0

B1/(1—P1)

are satisfied, where

T

and the convergence is uniform on the set {t € (0;T)}. Then the unique regular
solution to the Cauchy problem (2.1)-(2.2) exists and has a form:

o t +oo

u(t,z) = /r(é)v(t,x;o,odu//f(n,@v(t,x;n,s)dfdn,

—00 0 —o0
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where
(t=m™" —1 1 (~le =&t —n)~"
t . — E 7 ) ) o .
vlt,in.¢) 2 P\ B a, B L1 1L o(t —n)
Remark 2.3. If 6 = 0 or v = 0 in the considered problem, these cases have been
studied in work [18]. In reference [15], the following Cauchy problem has been
studied:

Find a solution of the following equation
Du(t, ) = uge(t, ) = f(t,2)
in a domain D = {(t,z) : 0 <t < T,z € R}, satisfying the following condition:
Pi% Dg tu(t,z) = 7(x), z €R,
where Dg; is the Riemann-Liouville operator, 0 < oo < 1.

The solution of this Cauchy problem has the following form:

o) t +oo

uw@:/r@wmw@%+//fmgwmw@%m

—00

here | ¢
1 a ]_7g xr —
i = gt ()
eié o <—L§L) is the Wright function.
35 3

Appendix. We prove that the function defined by the formula (2.20) is the
solution of the problem (2.1)-(2.2) Let us denote by

wwwz/?@wmna@@, (2.21)
m@@Z//fWQMMW@%M- (2.22)

ug (t, x) satisfies the homogeneous equation
82

PRLDg£ﬂ7’Y’6UO (t, I’) - mﬂo (t, .’ﬂ) =0 (223)
x

and the non-homogeneous initial condition

lim P18 070 (8, 2) = 7 (2) . (2.24)

t—0

Let us start to check the condition (2.24):

3 P «, 1767 -, g J—
11_13% I, ug (t,z) =
T +oo

= lim P 0 /+/ 7 (&) v (t,2;0,8) de. (2.25)

t—0
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We see the first integral:

x

P o100 / () (t,50,€) dé —

- / (t— )BT 15t — )] ds / () (5, 2:0,€) dE =
— [ r©a / (t— ) PEDT, 6t — )| v (5,2:0,€) ds =

= / 7 () d¢ / (t =) "E;) 5 10(t — )] X

pri-1 2 1 _
S _(_II §|) B Yin+71 [5Sa] ds —

% 2 —~ n! b a, —fin+p1
5’“ t—s)” ok
de | (t—s)7"
/ 5/ °) Zrakﬂ— DEN
351—1 S 1 |$_§| n +oo (_71n+71) §m gom
N J— m d
Ty ;n!< sh ) mZ::OF(am—Banrﬁl)m! °
We use this formula
+00 400 k
ZakZb Zzambk m»
m= =0 m=0
then we get
Prp e / (&) v (t,2;0,6) dE =
1+°° zk: (=) (=717 +71) 50"
2 e= e~ I (am+1— )T (ak —am — fin + ) m! (k — m)‘n'
k=0

X

t
0

+

g

(=) (=711 + M), méktak pin—p
I'(am—p+1)T (ak —am — pin+ 1) m! (k— m)‘n'

4
>

l\DI»—t

m=0

oSO

1
_oan ak—am—pBin+Pfi—17/1 _ \oem—P —
x/ (&= 2)"7 () dgo/z (1—2)"""dz

>3



A CAUCHY PROBLEM FOR THE SUB-DIFFUSION EQUATION 197

1 i” R i —7in ),
2 — n!l (ak — fin — 1 + — m‘ (k —m)!
k=0

T

< [ (e=orr -

— 00

T

o 1 +o0 5kt04k—,31n—51(_,>/1n Loy — 7) ) )
24 all(ak —Bin— By + 1)K : / (€ =)' (§)d¢ =

k=0 o
=—Z Ll [ (S55) @ =
a, —p1—Bin+1 1B T
g o 1 —+o00 E ’Ylgl ’Yéln—H [5ta] 9 . 4
"L Y 2520 n! /“(“W ) dy-

Now we calculate the limit of the last equality that ¢ — 0:

T

lim 2155 / P (©) v (L :0,6) dE —

t—0
—00

1+OOE Yin—7

0

. o, —p1n 1 [6ta] n

_ 11_5% 5 B1 nﬁ'1+ / YT (IB + ytﬂl) dy =
0 !

—00

0
+oo —mIn—T N
(), SREML )
) 11_{%2 nl y'dy =

—00

0

_ 1@ yt!
T2 ;F(n+2)r(1—ﬁl—ﬁm)

—0o0

_ 7 (7) 2,11
- T yeLﬁl (y) oo - 2

After doing the same calculations as above for the second integral of (2.25), we
get the following result:

-2

—+00

lim 7157 ”/r(&)v(t,x;O,é)df:

t—0

7 (z)
5

T

Therefore, ug (t, z) satisfies the initial condition (2.24).
Now we see that wug (¢, z) satisfies the equation (2.23). First, we apply the opera-
tor:

0
PRLDS;;/B,%JUO (t,ﬂf) atPI(());l B, 'yé (t,l’):
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oo

- %/“_3)_53J- [6(t — 5)°] dS/T(é)v(s,x; 0,) d¢ =

0

:%/t(t_s)ﬂE;} [0(t — 5)°] (/ /) v(s,2;0,8) d€ =

19 R S (g — ),
T 20t £ Il (ak — fin — i + 1) k! / (=l =€) ()

k=0 —©

|+ grgek=Bin—pi-1(_ o

== 71n— M) o epm B
S 24 il (ak = Bin = ) k! '“/< o — €)' (§) dé =

k=0 -0
i A=l Y1m—71 o T |ZE—§| "
= ‘Z E, Lanls, 1067 / <_tT> 7 (§) d¢.

Secondly, we calculate the partial derivative. We calculate the derivative sep-
arately for the intervals (—oo, z] and [z, 4+00). For the interval (—oo, z]:

5 [
o [ T @m0 -
1 92 K (=1)"h—Pinl s X z §
T 9922 Za = nl Ea,v—lmtﬂ—ﬂl [02°] /T(f) (x—¢&)"d¢ =

—0o0

19 B1—1 M a r
= s | B, [ ]/T(g)d§+

— 00

B1—Bin—1 y
+Z A B s, [0°] / 7(£) (xf)"df) =

—00

0 ° fin—1 " y .
. (tﬁllEZ? o) () L t B 5 [01°] / 7€) (& - €) df) =

N | —

n=0 IS

10 [
= oo (t51 'Y, [0t T (x) — tTED  [6t°] / 7 (§) dé—

—00

o0

Bin—1 y
- Z t L /T(f) (x — g)"dg) =

—0o0

1 , B .
=3 ("B, [0t 7 (x) — T B o [6t°] 7 (z) +
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t rn=pit n @ / n
> C B o) [T @) df) .
For the interval [z, 400):
2 T
@/T(ﬁ)v(t,ﬂi;oaﬁ)dﬁ:
192 & (—1)"t51 Bin—1 . ) +o00 .
T 9922 z% ol E, st [62°] / 7 (&) (§ —x)"dE =
1o B1—1 7 e T
=552 B [515 | [ 7(§)dé+
tﬁl prnt Yinty T n
+Z B (5] / " (€) (6 — a)de | =
19 B1—1 ”/1 ey - —Ain—l Yin o o n
s | B e @) - S S e [ @ (6 - ane
n=0

x

+o00
10
b (tﬁl B, o) () — B o 0t%) [ () de-

x

X (1) Bin-1 s
S B e [ <£x>"d5) -

T

1 / - o
5( T EY [0t 7 (2) + T ED o [6t°] T (z) +

Bin—p1—1 e
™ Z 2 B, 5 s, [0t] /7(5) (S &?)ndﬁ) :

xr
Now, we add the results obtained from both intervals:

T +00
82 82
o | TOvm0det o [ @m0

—c0 x

= (O TE, D)7 (@) — D [ 7 () +

X (—=1)Bin—p1—1

DR Bt 6] [ 7€) (o - ¢de-

n!

—0o0

—tﬁl_lngﬁl (6t 7' (x) + t_lEgo (6t 7 (x) +

)
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+o0o

o —Bin—p1—1
+Z B (6] / () (6~ a)de | =
EA e s [ (=€
- _Z a —ﬁln—ﬁl [5t ] / (_ tﬁl ) T(£> dé.

—0o0
According to the results of the operator and derivative, the equation (2.23) is
valid for ug (¢, ).
uy (t, z) satisfies the non-homogeneous equation

o 0
PREDG 0wy (1 ) — g be) =1 (t,x) (2.26)
and the homogeneous initial condition
. a,1-8,—~v,0
lim " Ig; B =10, (t ) = 0. (2.27)

We use the Duhamel’s principle in order to solve the problem (2.26)-(2.27), so we
write the function u, (¢,z) in the following form:

u (t,x) = /V(t,n,z) dn, (2.28)

where

PRLD;V?;B,'YJV (t, 7]>9U) — Vi (t, 777x) =0,
(2.29)

PIp TV (e)| = f (k).

Let us substitute the equality (2.28) into the equation (2.26):

t

9
1) PRLDG Ay (1) = SIS / V (tn.x) dy =

:aﬁ/t_s [5(t—s>ast/V<s,n,x)dn=

=§/ /f—s )P [0 = )TV (s,m,2) ds =

t

/Pf%’l_ﬁ’_%&‘/ (t,n,x) dn =
0

_9
ot

t

Op 015 —
n:t—i_/aplnt,l & %év <t7777x) d77:
0

=PIV (1 )
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a,1—-8,—~,68 o, B,7,0 .
= PIr]tl b V(tvnax> n:t—i_/PRLl)ntﬁ’y V(t77]7‘r)d7]7
0
t
82
2)—uq (t,x) = | Vi (t,n, x) dn;
)z (t:0) = [ Ver (b2
0
PRL B,7,0 0
3) Dy g (t, ) — @ul (t,x) =
¢ ¢
=PItV (0, @) t+/PRLDZ“£B’”’6V(t,n,x) dn—/Vm (t,n,z)dn
?’]:
0 0

= "Ly TV (8, )

0
According to the system (2.29) and calculations 1)-3), one can state that u, (¢,

satisfies the equation (2.26). Therefore, we can write the following equalities:

400
V@mwz/fmfmwnmaﬁ

t “+o00
uﬂm:Am[ £, €)o(t, 5, ).
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