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PONTRYAGIN‘S APPROACH TO THE RISK-SENSITIVE
CONTROL PROBLEM FOR FRACTIONAL BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS

IKRAM HAMED! and ADEL CHALA?*

ABSTRACT. This paper investigates a class of optimal control problems for
backward stochastic systems driven by fractional Brownian motion with Hurst
parameter varying between 0 and 1, and the cost functional is risk-sensitive.
Using variational inequality techniques, we derive optimality conditions under
the assumption of a convex set of admissible controls. We first address the
risk-neutral case to establish existence of an optimal solution. The framework
extends classical control theory to fractional backward stochastic systems. A
linear—quadratic stochastic example is provided to illustrate the applicability
of the results.
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1. INTRODUCTION

In this study, our objective is to derive both conditions for optimality within a
risk-sensitive control framework. This objective is accomplished through the use
of the Pontryagin-type stochastic maximum principle (SMP). The system under
consideration is modeled by a backward stochastic differential equation (BSDE)
driven by fractional Brownian motion (fBm) characterized by a Hurst parameter
H e (0,1).

In a related contribution, Hu and Peng investigated nonlinear BSDEs associ-
ated with an fBm in the case where the Hurst parameter exceeds one half, em-
ploying tools from Malliavin calculus together with partial differential equation
(PDE) techniques. Their work established both the existence and uniqueness of
the corresponding solutions, as reported in [13]. Comparable findings were also
presented in [11]. Djehiche et al. developed an SMP for a particular class of
risk-sensitive mean-field control problems, in their publication [6]. Also Lim and
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Zhou [17] explored the necessary and sufficient conditions for risk-sensitive con-
trol problems whose dynamics are described by a stochastic differential equation
(SDE).

Building upon these results, Shi and Wu extended the framework to nonlin-
ear forward SDEs incorporating jump processes, under the assumption that the
admissible control set has the property of convexity, as presented in [19]. In
a broader context, these authors also demonstrated applications of the derived
principles to financial models in [20]. Pontryagin-type SMP formulations for risk-
sensitive control can be found in references [3] and [1], where the former focuses
on systems governed by BSDEs and the latter on those driven by SDEs, with
particular attention to singular control scenarios.

For more general formulations of the risk-sensitive stochastic maximum prin-
ciple, one may refer to the study by Khallout and Chala [15], which investigates
forward—backward SDEs. Moreover, in the context of backward doubly SDE,
relevant contributions can be found in the work of Hafayed and Chala [8]. Both
of these studies consider convex sets of admissible controls.

Our analysis is motivated by the methodological framework introduced by [0].
In their formulation, the drift, diffusion, and initial cost functions are not solely
contingent on the state and control variables but also take into account the
means of the state process. Within the risk-sensitive control setting, the sys-
tem dynamics are represented by a nonlinear BSDE driven by an fBm dy; =
—L(t,yp, 20 vp) dt + ZPdWH  yo = €.

The optimization framework seeks to minimize an initial cost functional that
incorporates risk sensitivity, 7 (v) = E [exp 7 (fOT g(t,yy, 2y, v)dt + f (y}j))]

A control u is deemed optimal if it constitutes a solution to J? (u) = érglzg J? (v).

The paper successfully resolves the existence of an optimal solution for achiev-
ing the objectives at hand, and it establishes both necessary and sufficient opti-
mality conditions for this model. The approach taken involves a stepwise transfor-
mation of the risk-sensitive control problem. Initially, it is reformulated in terms
of an augmented state process and a terminal payoff problem. This transforma-
tion takes into account the convex nature of the set of controls. Subsequently, the
intermediate first-order adjoint processes are simplified to a more straightforward
form. The optimality conditions are then established, employing the logarithmic
transform as demonstrated in Lemma 4.1.

More precisely, following the approach presented by Lim and Zhou in [17], it is
shown that one may employ a general square-integrable martingale to transform
the pair (p1,q1) into the adjoint process (pi(t),0), where p;(t) remains a square-
integrable martingale. This implies that p; () is equal to p1(T"), which is also equal
to the constant E[p;(T)]. It’s important to note that this generic martingale is
not directly related to the adjoint process 7 (t) as discussed in [17], but it is an
integral part of the adjoint equation associated with the risk-sensitive SMP, as
indicated in Theorem 3.3 bellow.

The remainder of this paper is organized as follows: In Section 2, we present
a detailed formulation of the problem, introduce the risk-sensitive model, and
state the standing assumptions of our analysis. Section 3 is dedicated to the
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analysis of our system of BSDE governed by an fBm and elucidates why we
opted to transform the system into forward BSDEs. In Section 4, we present our
first primary outcome, which comprises the necessary conditions associated with
the risk-sensitive control model, together with several preliminary lemmas. The
subsequent Section 5 contains the proofs of these results and introduces a novel
transformation technique for the adjoint processes. Section 6 then presents our
second main contribution, concerning the sufficient optimality conditions for the
risk-sensitive performance criterion. Finally, Section 7 concludes the paper by
illustrating the theoretical findings through a risk-sensitive backward stochastic
linear—quadratic example, for which an explicit feedback expression of the optimal
control is derived.

2. FORMULATION OF THE PROBLEM

Let U be nonempty convex subset of the real numbers, and we consider a
strictly positive real number T, we define W# as one dimensional fBm with
Hurst parameter H takes values from 0 to 1, on a probability space (2, F,P).
We denote the class of P—null sets of F as N, we provide the space (2, F,P)
by the natural filtration of the fBm W#, Flf = o (WSH, 0<s< t) VvV N for each
te0,1].

Let P?([0,T],R) the set of one-dimensional continuous random F;7-adapted

processes {p;,t € [0,T]} which satisfy ||¢|/5. = E [ sup \gpt|2] < 00.
t€[0,T

In the same way we denote by N2 ([0, T],R) the set of one dimensional jointly
FH-adapted random processes which satisfy

Il = E |fy (Hs*17)* fouf ds| < oc.

It is known that an fBm WH = (V[QH 0<t< T) with Hurst index H €
(0,1), is a continuous and centered Gaussian process with covariance function

E[WAWH] =1 <t2H + s2H — |t — s|2H> , for all s,t € [0, 7.

We remind the reader that when H = %, the fractional Brownian motion
reduces to a standard Brownian motion.

Theorem 2.1. [2] Let H be in the interval (0,1). Assume that
I (s,z): R xR — R belongs to C** (R x R), and that the random variables

Lol L o211 _
IT (t7WtH>’ /0 b5 (S,WSH) ds and /o Erel (s, WSH) RLEFN
are square integrable for every t, then
t t
I (¢, W) = 11(0,0) +/ o (s, W) ds+/ on (s, W)y aw!
0 aS 0 a’r

t 52
—l—H/ ol (s, WSH) s*1 s,
0

922
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After some concepts have been given about the fBm, we consider the following

BSDE

{ dyt = —l(t,y’, 20, v) dt + 2P dWH, (2.1)
y% = 57 t E [07 T] )
where [ : [0,7] x R x R x U =R, and the terminal condition ¢ is an F}1—

measurable random variable such that E|¢]? < oo, and v is an admissible control.

Definition 2.2. We define an admissible control as any process adapted to the
filtration F/ and taking values in the set U satisfying the condition

E [SUPte[o,T} ]Utﬂ < 00. Let U denote the set of all admissible controls, assumed
to be convex.

The minimization criterion, corresponding to the initial risk-sensitive cost, is
defined as follows

7w =Eewo ([ gttt 160)] (22)

where 6 is the risk-sensitive index, f: R — R, ¢ : [0, 7] x R x R x4 —R. Within
the framework of the control problem, we seek to minimize the cost functional J°
over all admissible controls. If u € U represents an optimal control, it satisfies

T (u) = inf 7 (). (2.3)
To ensure the well-posedness of the problem, these assumptions are required.

Assumption 2.3. -The functions [ and g are continuously differentiable in (y, z, u) .
-The function f is continuously differentiable, and there exists some ¢ > 0,
such that for all y € R : [f(y)| < (1 + |y]).
-There exists C' > 0; such that, all the derivatives of [ and g are bounded by
C(1+ [y] + 2] + [o]).

Assumption 2.4. The second derivatives of the Hamiltonian H with respect to
(y, z) are bounded.

Proposition 2.5. The system (2.1) admits a unique solution .
Proof. See the paper [1]. O

Any control satisfying the system {(2.1),(2.2),(2.3)} is defined as an opti-
mal control. The objective of this study is to establish a necessary optimality
condition for such control, formulated within the framework of the risk-sensitive
stochastic maximum principle.

3. ON THE RISK-NEUTRAL STOCHASTIC MAXIMUM PRINCIPLE

In this research, the standard approach to solving the problem is not feasible
due to the presence of the exponential function in the expression of the cost
functional JY. To overcome this challenge, a supplementary state process z has
been introduced, which is the solution of the following forward SDE:
dzy = g (t,y7, 2, vt) dt, with the initial condition xj = 0.
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The backward-type control problem can be cast in an equivalent form as

igng lexp @ (x4 + f(y)))] = 11}T€1Lf{E (A, y5)]

subject to (3.1)
dzy = g(t,y’, 27, v)dt, xf =0,
dyy = —l(tyy, 20 v)dt + 2z0dWH, yy =€

We put
T
B} = exp {9 (/ g(t,yf,Zf,vt)dt+f(y8))], (3.2)
0

and define 'y = fOT g (t,yy, 27, v) dt + f (y5), the risk-sensitive loss functional is
given by

1
Ly = i log E [exp {0T'7}] .

When the risk-sensitive index 6 is small, the loss functional I'y can be expanded
as E (I'r) + &Var (I'y) + O (62), where, Var(I'r) denotes the variance of I'z. If 0
is less than 0, the variance of I'y, as a measure of risk, enhances the performance
Iy, in which case the optimizer is referred to as a risk seeker. Whereas if 6 is
more than 0, the variance of I'r worsens the performance I'y, and the optimizer
is labeled as risk averse. For more detailed information, please refer to the paper

[21].

Notation 3.1. Throughout this paper, we will use the following notations.
For Y € {l, g}, 7 € {v,u}, ¢ € {x,y, z,v,u} we put

T(t) - T(t7ytvztavt) ) TT (t) T(t yhztaTt) C (t) (t ytaztavt)
7:[/0 (t) = ﬁ (t It;yhztath? 7?(t)
Hg (t) = BH (t Tty Yty 2t Utv ) ?(t

and

{ H@ (t) H9<t ytaztyvtaﬁz(t)a(}a(t)?[e (t)7k(t)) )
HC ( ) = 8H (t Yt, Ztavt7p2 (t) 7@(07 IG (t) ) k (t)) .

If we make the assumpuon that Assumption 2.3 is valid, we can determine
the adjoint equation by applying the forward-backward type control version of

the SMP for risk-neutral situations (as outlined in Theorem 3.3 below) to the
augmented state dynamics (z,y, z).

Lemma 3.2. There exists a unique pair of F7 -adapted processes ((p1, q1), (p2, ¢2)),
solving the following system of forward-backward SDE.

0=(m0) = (oty ul ) (2l )
() Yaw @3

m (T) = 60B7, p2(0) = 0B%f, (u5) ,

2
. T2
with E [21 SUD;c(0.7] |ps (25)|2 + fOT (HtQH 1) |1 (15)\2 dt

< Q.




RISK-SENSITIVE CONTROL FOR FRACTIONAL BSDES 67

Proof. In this context, we assume that H? represents the Hamiltonian associ-
ated with the optimal state dynamics (z,y, z) and the pair of adjoint processes

(7 (1), 7)), where H? (t) is defined as g (¢) py (¢) + 1 () p2 (t) -
We have

dpy (t) = HE(t)dt+qu (8) AW, py (T) = Do, i),
dpy (t) = Hy (t)dt + gr=xHI () AW, pa (0) = Ay (2, 4),

That implies

dpi (t) = 0dt + q (t) AW,
dpz (1) = (g, ()pr (1) + 1y (t) p (t))
+ g (gz () p1 (1) + 1 (1) p2 (1)) AW,
pi(T) = 8B%, p(0) = 6f, (4§) B
Which is equivalent the system (3.3). O

The Theorem below provides the risk-neutral version of the stochastic maxi-
mum principle in a forward-backward formulation.

Theorem 3.3. Assuming that Assumption 2.3 holds, when (x,y, z) represents
an optimal solution to the risk-neutral control problem (3.1), there exist pairs of
FH—adapted processes (p1,q1) and (p2, qo) that fulfill (3.3), as follows:

H () (v, — u;) > 0, (3.4)
for allu € U, almost every t € [0, T] and P-almost surely.
Proof. See [9]. O

4. RESULTS STATEMENT

In this part, we present the primary result of this work. However, prior to
that, we introduce several lemmas that will assist us in our analysis. To begin,
we aim to establish the connection between exponential utility and the backward
quadratic stochastic equation with a Hurst parameter H. It is crucial to express
the expected exponential utility in the following manner.

ov?

R (Bl | FY) = E [exp9</tTg(5)ds+f(yS))|EH}7 (1)

Here, E denotes the quasi-conditional expectation introduced by [10]. For
further insights into the optimization of expected exponential utility, readers can
refer to the papers [5] and [12].

Lemma 4.1. The expected exponential utility (4.1) possesses a mecessary and
sufficient condition, which is expressed through the following backward quadratic
stochastic equation.

{avg =~ (o0 + k@R ) ek aws, ve = £3). (42)

where E [fOT (Ht2H*1)2 k()] dt} < 0.
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Lemma 4.2. Suppose that Assumption 2.3 holds, then

E [sup |Y{|] < Cr. (4.3)
In particular, I° solves the following linear BSDE
dI? = 0k (t) IPawH, IS = BY. (4.4)
Then, the process defined on (Q,]:, .EH,]P’) for every 0 <t < T, by
Iy ' PR A 2
—g=exp |0 [ k(s)dW — = | Hs |k (s)]"ds ), (4.5)
Iy 0 2 Jo

is a uniformly bounded F} -quasi-martingale.

In the subsequent section, we state and demonstrate the essential optimality
conditions for the system governed by SDE with a risk-sensitive performance
objective. Subsequently, we present the Risk-Sensitive SMP theorem.

Proposition 4.3. The risk-sensitive for the adjoint equation satisfied by (p2, ¢a)
and (Ie,k) becomes

dp2 (1) = Hy (1) dt + g B AW, 3 0) = £ (8) (45
A’ = k(1) %W/ 18 = BY. '
The solution (ﬁ, q,1°, k) of the system (4.6) is unique, such that
T
_ 2 CN2 i~
B [ sup FOF + s |20 + [ (1270 (700 1k 0F) | <0
te[0,7) te[0,7) 0
(4.7)
where
HO(t) = (k(t)— 20k (t) HPT ) py () + g (t). (4.8)

Theorem 4.4. (Risk-sensitive SMP) Assume that Assumption 2.3 holds, if (y, z,u)
is an optimal solution to the risk-sensitive control problem {(2.1),(2.2),(2.3)},

then there exist pairs of FH—adapted processes (Da, @) and (Ie,k) that satisfy

(4.6) and (4.7), such that

MO (t) (v — uy) > 0, (4.9)

Jor allve U, almost every 0 < ¢ < T and P-almost surely, where the Hamiltonian
H associated in (3.1) is given by

~ Do (¢
Y 0200 7 0. 70 =010 (e (20)) 2200 (420

where HY is given by (4.8) .

5. PROOFS

This portion of the work is dedicated to substantiating the lemmas introduced
in the preceding paragraph.
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5.1. Proof of lemma 4.1. i) From the formula (4.1) we can write

0, [t -~ g
LAY+ ges)ds) | [exp@ (/ g(s)ds+ f (?Jg)) | ff}
0
= E[BL| F1],

by the fractional Clark-Ocone formula [11], there exists a unique F-adapted
square integrable process M such that

04l 9ds) — | [BI] + / t M, dWH. (5.1)
0
We applying It6 formula to (5.1), get
a (0T o)) {ede +0g (t) dt + %92 (avy, de>] (s o))
= MdwF,
which implies
A + g (t) dt + %9 (A} dyy) = %e—f’(yfﬁé 9()ds) gy H (5.2)

Hence the second term is an F}’-quasi-martingale, then

M, ¢ 2
<dY;9,dYte> _ (Tte_e(m@+fog(s)ds)thH)
= H*V k@) dt,

where k (t) := %eﬂg(ytufot 9()5) Then (5.2) becomes becomes
6
dYy? + g (t) dt + §Ht2H‘1 \k ()|?dt =k (t) dW [,
finally we get

{ 4Y? = — (g + 5=k (0P ) de + k(1) AW,
Y7 = f(%)-

0
ii) We will prove the opposite, by applying It6 to e’ , and from (4.2) we get
0 4 %
d (e”f ) — 0™ g (1) dt + 0™ ke (8) AW, (5.3)
On the other side we have

4 s)ds o s)as
d (69(Yt +J§ 9(s)d )) _ 69(Yt +[5 a(s)d )Qh (t) dt + @efot g(s)de <€9Yt‘9> 7

we replacing (5.3) into above equality we get

GYto fggsds GYtg f&gsds
d(e( o >):e( ) oy AW
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but we have

/T ( B(Yse-',-f(f g(u)(iu) ) 9(Y,i0-,+f(’)r g(s)(is) 9<Yt9+f65 g(s)(is)
dle =e —e
t

Y

that implies

[ Y0+fT (s)ds 7] Y6+_ft (s)ds T 7] Y;9+[‘5 (u)du
oVt o) _ (i >—i—/e( v )Hk:(s)dWsH,
t

by passing mathematical quasi-conditional expectation

5 F(Y%I{mwds) | fH} _F F(Yt"+fég<s>ds) H] _ 6€(Yf+f5 g(s)ds)'

t | t

Since Y = f (y,) , finally we get

9Yt9 ~ 9(f<yg )+ftT g(s)(is) ~
e :E{e | FH :E[B§T|]:tH},

which is equal the form (4.1).

5.2. Proof of lemma 4.2. We adopt a similar methodology as employed in [(]
and introduce a transformation of the adjoint processes (pi,q1) and (pa, g2) into
a new pair by excluding the first component (p1, q;). This allows us to formulate
the SMP solely in terms of the new process, which comprises only the last two
adjoint processes.

At first, we remark that dp; (t) = q; (t) dWH and p; (T) = 0BY., the explicit
solution of this fractional BSDE (see the paper[l] ) is

pi(t) = 0E [BL | F1] = o1, (5.4)

where I :=E[B} | F/'],0<t < T.
If we take a close-up look of (5.4) , we can determine a transformation of (7, ¢)
into an adjoint process (p,q), where py (t) = zp1 () = 1; that mean

~ @)y _ 1
p(t) = (]55 (t)) =D 7)), 0<t<T. (5.5)
By using (3.3) and (5.5), we have py (T') =1 and p; (0) = f, (v7) -

To explore the characteristics of this novel process (p (t),q (1)), it is imperative
to demonstrate the following crucial properties of the quasi-martingale I°.

As established in Lemma 4.1, the process Y? constitutes the first component
of the Ffl-adapted pair of processes (Ye, k), serving as the unique solution to
the quadratic backward stochastic differential equation (4.2).

Now, we will present Lemma 4.2 proof’s

Proof. First, we prove (4.3), we have g and f are bounded by constant C' > 0,
and since the exponential function is positive, then from (3.2) we get

0 < e"IHTIC < BY < ((+T)OC (5.6)
Therefore 1Y is uniformly bounded F/!-quasi-martingale satisfying

0 < e UHDIC < 19 < 000 0 <t < T, (5.7)
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The sufficient conditions of the logarithmic transform established in [7], (Propo-
sition 3.1) can be applied in the quasi-martingale IY as follows

= epo ([Laasv), 53)

for every 0 <t < T, and I§ = exp (0Y{) =E [BY] .

It is very easy to see from (5.7) and the boundedness of g that E [sup |YteH <
Cr, where, C'r is a positive constant that depends only on T" and the boundedness
of k and f.

Second, we prove (4.4), by applying It6 to (5.8), then from (4.2) we obtain

92
Al = 0g(t) Ildt + 0104y + 1! (av?, avy)

= A1k (t) W[

Finally, we can prove (4.5), by replacing formula of Y, in (5.8), we get

45
I = exp{@fo s)ds — [0 (g(s) + LHs21 |k (s)]) ds
+ 0 fyk(s)aw !}

- exp{—7 JEHSH e (5) P ds + 0 [k ( dWH}
Then

02 t t
d(Inl)) =d (—5/ Hs*1 \k(s)\2ds—|—9/ k(s) de) :
0 0
By introducing the integral and from properties Logarithmic function, we obtain
IG 92 t t
In=t = ——/ Hs*H—1 |k(s)|2ds—|—0/ k(s)dWH.
I8 2 /o 0

At last, we have

Iy ' A AT 2
]e—exp 0 i k (s)dW, 5/ Hs |k (s)|"ds ).

In view of (4.4), the last expression is a uniformly bounded F/-quasi-martingale.
0J

5.3. Proof of proposition 4.3.

Proof. Under the Assumption 2.4, the system (4.6) has a unique solution. Now
we identify the processes a and S such that

dp(t) = @ (t) dt + 3 (t) AW} (5.9)

By applying integration by parts formula to the process 7 (t) = 01 (t) p (t) , and
using the expression of I? in (4.4), we arrive

910 d? — 9]7 ( )thH — 0k (t) E(ﬂ H2H-1 g4
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According to the system (3.3), and from the relation (5.5), we get

_ B 0 0 p1(t) P 2H -1
50 = |( 40 10) (R ) -o0I0 @

R0 - "
+ mﬁﬂ%@@@+ummm) %@“ﬂmﬁ'

By identifying the coefficients between (5.9) and (5.10), we get the drift term

alt) = ( gyo(t) zyo(t) ) (%Eg ) — Ok (8) 5 (1) HEM,

and the diffusion term of the process p(t)

B (t) = q (1) e
= ( =t (9= (t) P1 (t) + L (1) P2 (1)) ) 0p(t) k(1) (5.11)

Finally, we obtain

dp (t) = {( gyo(t) ly(gt) ) (ggg ) — 0k (t) B (1) HtQH‘l}dt+§(t) dWH.

It is easily confirmed that
dpy (t) = —0k(t) By (t) HE2H " at + By (t) dW
= By (t) [dWH — 0k (t) H*Ydt] |y (T) = 1.

Bearing in mind (4.5) , the fractional Girsanov’s theorem (see [1(]) permits us to
write

(5.10)

dpy (t) = By (8) AW, pi (T) =1 P¥ — as,
where
AW/ = aw i — 0k (t) H2" 1 dt, (5.12)
is a PY fBm, and
t t
dLPG = exp (9/ k(s) Hs* " tdw i — 0—2/ Hk(s)”f\/g ds)
dP 0 2 Jo

As stated by in (4.5) and (5.6), the measures associated with the probability
space P and P are equivalent. Given that p; (t) = #pl (t), is square integrable,

we get that p; (t) = EF’ [le (T) | .EH] = 1, and it follows that the process ¢ (t)
is a finite quadratic variation, such that E [ fOT @ (1) dt} = 0.This implies that,
for almost every 0 < ¢ < T, ¢, (t) = 0, P? and P — a.s. we have

o 0 0 P (%) = H,0
w0-(,% % ) (B0 Vassam, o

By replacing the relation(5.11) into (5.13), we obtain

@@::(%%>§@>(%8)“

@ (1) — 05 H,0
! {< gt (9= () 1 (8) + L. () p2 () ) Op (t)k?(t)}th (5 .
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Therefore, the second component ps (t) given in (5.14) has the form

dpa (t) = gy ()1 (£) + 1, (t) p2 (¢)] dt
+ e (92 () D (8) + L (8) pa (£) — HEPP10p, (¢) k ()] aw /™.

The main risk-sensitive for the second adjoint equation satisfied by (ps, ¢2) and
(1°, k) becomes

dps (t) = HE(t)dt + g HE () a7,
I’ = 0k t) Ifdw/,
I3 = Bf, p2(0) = f, (y5) -

The solution (17, q,1°, k:) of the system (4.6) is unique, such that (4.7) holds, and
the Hamiltonian associated with the optimal state dynamics (y, z) and adjoint
processes (]72,(}5,[9,@ given by (4.8).

The proof is completed. |

To obtain the risk-sensitive SMP stated in Theorem 4.4, expressed via the
adjoint processes (p2, ¢2) and (] i k:) , solving (4.6) , we observe that the positivity
of I, allows the variational inequality (3.4) can be expressed as H (t) > 0, for
all v € U, almost every 0 < ¢ < T and P-almost surely.

6. RISK-SENSITIVE SUFFICIENT OPTIMALITY CONDITIONS

In this section, our focus is on investigating the circumstances under which
the necessary optimality condition (3.4) transforms into a sufficient condition for
optimality.

Theorem 6.1. If we assume that the Hamiltonian H is conver for all (y, z,u),
and for any v € U, the process y% = & is a one-dimensional FI—measurable
random variable with E|£|> < oo, then w constitutes an optimal solution to the
control problem {(2.1),(2.2),(2.3)} if and only if it complies with the necessary
optimality condition (3.4).

Proof. Let v,u € U (u be the optimal), we have
T’ (v) = T (u) = Elexp 6 (- + [ (y5)) — exp 0 (¢ + [ (45))],

by a Taylor’s expansion of exponential function,then by (3.2), and according to
(3.3), we get

T () =T () = E[0f, () (5 — v5) exp 6 (zf + £ (43))]
E[0 (7 — o) exp 6 (7 + f (y5))] (6.1)
E[p2 (0) (y5 — yo)] + E [p1 (T) (27 — =7)] -

By applying integration by parts formula to p; (¢) (z} — z}),

I+ 1

Elpy (T) (x7 —27)] = E UO pi(t) (9" (t) —g" (1)) dt |, (6.2)
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Similarly on p (1) (4} — v})
Ep2 (0) (5 — )] = E|—J (o —ui) Hy (t) it
R[S p (0@ @)~ 1 (1) dt] (6.3)
— E |y HL() (s — 2ty ]
By replacing (6.2) and (6.3) into (6.1), we get
JOw) =T (W) = E| [ H (bay g 2o T (1), 7))
- R (battat w ¥ (1), T0) dt]
= B |y - ) HY (1) de| — B[ HE @) (o - 2]
(6.4)

With using the Hamiltonian convexity at (y, z,v) in the above inequality and as
a direct result from (3.4), we arrive at

T (v) =T (u) > 0.
Hence the result. O

Remark 6.2. Based on (4.10), we can observe that there exists a connection
between the Hamiltonian associated with the risk-neutral framework and the
Hamiltonian associated with the risk-sensitive framework. In fact, we can express
this relationship as follows:

J* () = T° (u)
> B |y 010 (oo 2w (20), 1k (1)) (v — ) dt]
=

a2(

Since OI7 > 0, the last inequality implies J° (v) — JY (u) > 0.

7. APPLICATION

We provide an example of a risk-sensitive backward stochastic linear quadratic
problem and present the explicit optimal control in feedback form. We also illus-
trate our main results, including the Risk-Sensitive SMP, as outlined in Theorem
4.4. We begin by considering the following state dynamics.

dyy = —(Bye +ve)dt + 2 dWH, yh = e (7.1)

Our risk-sensitive cost functional is structured in the following manner

J?(v)=E [exp@ (—% /OT (v7 +y7) dt + %yé)} : (7.2)

where: (3 is real constant and 6 > 0.
Our aim is to minimize over U, (7.2) subject to (7.1) by choosing v which
satisfies the following equality

J (u) = inf J (v). (7.3)

vel
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Consequently, we can utilize Theorem 4.4 to address our linear-quadratic risk-
sensitive stochastic optimal control problem {(7.1),(7.2),(7.3)}. The Hamilton-
ian function, as defined in (4.8), is given by

HO(t) = (Bye+vr— 20k (t) HETV) 5y (8) — 5 (07 +47)
minimizing the Hamiltonian over & we obtain

Then, (7.1) becomes
dyy' = — (By;' + P2 (1)) dt + 2 dWf, yp =e. (7.5)

In light of (5.12), we can express the optimal adjoint equation, originally stated
in (4.6), as follows

dps (t) = {—yi + (B + 0°k> (t) HE" 1) py () } dt — Ok () po (¢) AW/ . (7.6)

By utilizing both (7.5) and (7.6), we have formulated a system known as the
fully coupled forward-backward system.

dyy = —(Byi +p2(t))dt + 2 dW/[H,

dpy (t) = {—yp+ (B4 602K (t) H*H 1) py (¢) } dt (77)
— Ok (t)pa (t) dWH, '

Yyt = ¢ p(0) =y5-

The solution to this system, which is challenging to find explicitly, is addressed
by employing a technique similar to the one employed by Yong and Zhou, as
described in [22]. To do so, we contemplate the following linear form:

p2(t) = x (t) yi' + o (1), (7.8)
with y and ¢ are deterministic functions. Then applying It6’s formula on (7.8),
we obtain

a5 (1) = (Xewt' = Bt =B () + ;) dt +xz W, (7.9)

where ¢ and y, are the derivative of ¢ and y with respect to .
Putting (7.8) into (7.9)

dps (t) = ((XE — Bxt — Xf) Y — Xepr + sbt> dt + Xz dWi. (7.10)

On the other hand, after substituting (7.8) into (7.6), we arrive at

dpy (t) = {((B+0*k> () HE*" ')y — 1)y
+ (B+ 60K () HPH) @i} dt — 0k () (xeye + o) AW

By identification drift terms between (7.10) and (7.11), we obtain the following
Riccati and ordinary differential equations, respectively.

: 1
Xt — X — 2Xu (ﬁ + 59%2 (t) Ht2H1> +1=0, xo=1. (7.12)

(7.11)

o — (e + B+ 0%k (t) H* ) @, = 0, @p = 0. (7.13)
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By using the same identification, we get x;z; = —0k (t) (x4 + @¢) , which implies
1

Yr = _WXtZt = XtYt- (7.14)
Finally, from (7.4) and by substituting (7.14) into (7.8) we have
~ 1
ug (2t) = pa (1) = _Mthta (7.15)

where x (t) is determined by (7.12).

Theorem 7.1. We assume that (x,p:) are the solutions of system (7.12) and
(7.13), then the optimal control of our linear-quadratic risk-sensitive stochastic
optimal control problem {(7.1),(7.2),(7.3)} takes on the state feedback form as
depicted in (7.15) .

7.1. Explicit Solution of the Riccati Equation. In this part we will derive
the explicit solution of the Riccati differential equation given in (7.12). For sim-
plicity we set

1
M=— (5 + 59%2 (1) Ht2H—1> : (7.16)
Therefore we have y; = x2 — 2x;M — 1. It is easily to find the discriminant

A =4(M?+1), And through it we can find two solutions ¢, = M — /M2 + 1
and o = M +V/M? + 1.

Then we get
1
dt = dx.
Xi —2My; — 1 X
Integrating from 0 to ¢, taking into consideration x, = 1, then after some

simplification, we arrive at last

(M +VM2+1) - (M—-VM?+1)B
1-B ‘

B_ 1— (M+VM?+1)
1= (M- VM2 1)
Corollary 7.2. The Riccati equation (7.12) admits an explicit solution, which

is presented in (7.17), where the coefficients M and B are given by (7.16) and
(7.18), respectively.

Xt = (7.17)

where

exp (2t¢m> . (7.18)

8. CONCLUSION

This paper examines a backward stochastic differential system driven by a frac-
tional Brownian motion. Two main results are established: the necessary optimal-
ity conditions (Theorem 4.4) and the sufficient optimality conditions (Theorem
6.1). The analysis relies on the convexity of the Hamiltonian and employs an ex-
ponential utility cost, following the framework of [1]. A link between the expected
exponential utility and a quadratic backward stochastic differential equation is
established in Lemma 4.1. We conclude this paper by some Linear Quadratic
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application with risk sensitive performance type, where the feedback state of the

optimal control is shown after solving Riccati equation.

In contrast to prior studies, such as [3] and [38], which primarily addressed the

special case H = 1/2, the present work extends the analysis to the full range of
Hurst parameters H € (0, 1). Furthermore, unlike our previous study [9], which
focused on a risk-neutral framework, the current paper investigates a risk-sensitive
setting, building upon the risk-neutral results as a foundation for addressing the
more general problem.
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