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ABSTRACT. This manuscript investigates the existence and uniqueness of so-
lutions for a coupled system of Langevin-type fractional differential equations
involving Erdélyi-Kober and Caputo fractional derivatives, subject to non-
separated boundary conditions. Uniqueness is established using the Banach
contraction principle, while existence results are derived via the Leray—Schauder
alternative and Krasnosel’skii’s fixed point theorem. To illustrate the validity
and applicability of the theoretical findings, several examples are provided.
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1. INTRODUCTION

Extending the classical concepts of differentiation and integration to non-
integer (fractional) orders has led to the development of fractional calculus, a
mathematical framework that offers greater flexibility in modeling complex dy-
namical systems. Unlike traditional integer-order derivatives, fractional deriva-
tives provide tools for analyzing systems with memory, hereditary properties, and
spatial heterogeneity by allowing differentiation and integration of arbitrary (real
or complex) order. This generalization has proven especially valuable in disci-
plines such as physics, engineering, biology, control theory, and finance, where
classical models often fall short in capturing real-world behaviors. As such, a
thorough understanding of both the theoretical underpinnings and practical im-
plementations of fractional calculus is essential for advancing research in both
fundamental and applied sciences. Comprehensive treatments of the subject can
be found in the monographs by Samko et al. [18], Gorenflo and Mainardi [9],
Podlubny [15], Hilfer [10], and Kilbas et al. [12].
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Classical Langevin equations, originally formulated to describe Brownian mo-
tion, are limited in their capacity to model anomalous diffusion, long-range mem-
ory, and delayed feedback mechanisms—phenomena commonly observed in com-
plex physical, biological, and financial systems. To overcome these limitations,
researchers have introduced fractional Langevin equations and their coupled coun-
terparts, incorporating various definitions of fractional derivatives. These models
extend the classical Langevin framework to account for nonlocal temporal behav-
ior and enhanced memory effects.

For instance, the work in [20] establishes the existence and uniqueness of solu-
tions for a coupled system of Langevin-type equations involving Riemann-Liou-
ville and Hadamard fractional derivatives, subject to fractional integral boundary
conditions. Several related studies have investigated coupled systems of Langevin
fractional differential equations with various types of fractional operators and
boundary conditions; see [3, 5, 6, 13, 16] for further developments.

The analysis of fractional Langevin equations remains a vibrant and evolving
research area, driven by its wide-ranging applications in statistical mechanics,
materials science, biological modeling, and quantitative finance. It continues to
foster significant theoretical advancements while offering powerful tools for mod-
eling real-world systems exhibiting nonlocal and memory-dependent dynamics.

On the other hand, coupled systems of fractional differential equations have
garnered significant attention due to their natural emergence in various complex
phenomena across science and engineering. Such systems are essential in mod-
eling interactions between multiple dynamic processes that exhibit memory and
hereditary properties. Numerous studies have explored the existence, unique-
ness, and qualitative behavior of solutions to these systems; see, for example,
[1, 4, 11, 21, 22] for related developments.

Recently, in [17], the authors combined the Caputo and Erdélyi—Kober frac-
tional derivatives to investigate a boundary value problem with nonlocal bound-
ary conditions of the form:

PDS(CDw)(t) = g(t,v(t)), t € [0,0],
A v(0) + Av(b) = fi(v), (1.1)
5 CD19 o(1+¢€) (0) _'_5 CD19 o(1+€) ( ) f2( )

in which 0 < d,7v < 1,0 >0, £ > —1 with 9 > o(1 + &), g € C([0,}],R),
)\Z’,(SZ', S ]R, 1= 1,2 and fz : C([O,b],R) — R, 1=1,2.

In the present paper, we analyze the coupled system of fractional Langevin-
type equations with mixed Erdélyi-Kober and Caputo fractional derivatives of
the form:

EDSI(CDM + ky)pi(t) = 1 (L, pi(t), pa(t), ¢ €[0,0],
ED&2(CD% 4 ky)po(t) = @a(t, pi(t), pa(t)), t € [0,0],
A1 p1(0) + g € D2 72048)p, (0) = 0, Ay pa(0) + pg € D=1 0+80p, (0) = 0,
01 p1(b) 4 G € D272 82)py (b) = 0, 83 pa(b) + G D™~ ”1(1+£1)P1(b) =0,
(1.2)
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where the differential operators # D5 denote the Erdélyi-Kober fractional deri-
vatives of order 0 < 7; < 1, with parameters o; > 0, & > —1 for i = 1,2 and D"
denote the Caputo fractional derivatives of order 0 < 9; < 1 and ¥; > o;(1 + &;),
Kiy Aiy iy 04, G € R such that |A;| 4+ |ps] # 0, 6] + G| # 0 for @ = 1,2 and the
nonlinear functions ¢; : [0,b] x R? — R, i = 1,2, are continuous.

To the best of our knowledge, this work is the first to investigate coupled sys-
tems involving Langevin-type fractional differential equations with mixed Erdélyi-
Kober and Caputo derivatives. The results presented here are novel and represent
a substantial contribution to the growing body of literature on coupled systems
of fractional differential equations, particularly those governed by non-standard
fractional operators.

The remainder of this paper is organized as follows: Section 2 reviews the neces-
sary preliminaries of fractional calculus and introduces the notations, definitions,
and fundamental concepts used throughout the paper. Section 3 is devoted to
establishing the existence and uniqueness of solutions. Uniqueness is proven via
Banach’s contraction mapping principle, while the existence is demonstrated us-
ing the Leray—Schauder alternative and Krasnosel’skii’s fixed point theorem. In
Section 4, we provide illustrative examples to demonstrate the applicability and
effectiveness of the theoretical results.

2. PRELIMINARIES

In this section, we introduce key definitions and supporting lemmas that form
the foundation for the theoretical results developed in the subsequent sections.

2.1. Erdélyi—Kober fractional derivative.

Definition 2.1. [12, 18]. The Erdélyi-Kober fractional integral of order v > 0
with 0 > 0 and £ € R of a continuous function p : (0, 00) — R is defined by

ot—o(+€) /t
0'§+o'71(ta' o a)'yfl ( )d
— | s S p(s)ds,
I'(v) 0
provided the right side is point-wise defined on R™.

Definition 2.2. [12, 18]. The Erdélyi-Kober fractional derivative D57 of order
v>0,withn—-1<vy<n,o>0,¢¢cR, is defined by

Ersap(t) =

1 d\"
EpD&ip(t) = t7°¢ — | 7O (B et (1),
$7p(t) i (“r5 p) (t)
Lemma 2.3. [l1]. Letn—1<vy<n,neN, ¥ >—0(+1) and p € C§°[a,b].
Then we get
n—1
EIE (EDED) (1) = plt) = Y e 70+,
=0
where
I'(

) a . 1.d -
T Y iy o) 1 —t— | (FIST7p) ().
F(V—z)tl—% 3111, +£+]+0 dt (15 P) ()
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Lemma 2.4. [2|. Letv,0,u >0 and £ > —(m). Then we have
o
tur<§+ﬁ+1)
O- .
D(e+E+9+1)

2.2. Caputo fractional derivative.

E [gﬁtu —

Definition 2.5. [I2]. The Riemann-Liouville fractional integral of order ¢ > 0
for p € L'[a,b] is defined by
I -
Ip(t) = W/a (t—5)"""p(s)ds.

Definition 2.6. [12]. For an at least n-times differentiable function p : [a, 00) —
R, the Caputo derivative of fractional order n — 1 < ¢ < n is defined by

Dlatt) = s [ = () s,

where n = [¥] + 1, with [J] representing the integer part of the real number 9.

Lemma 2.7. [12]. For ¥ > 0, the general solution of the Caputo fractional
differential equation is given by

n—1

I (“Dlip() = p(t) = Y UL T jp(t) n=[J]+1
at at jo F(] + 1) dt _ ) :
Lemma 2.8. [12]. Let 9 € R*. If p € C'[a,b], then “ D 1% p(t) = p(t).
Lemma 2.9. [ ] Let 191, 192, € R+ with 192 > 191. Then,
CDUILEp(t) = T17"p(t).
Lemma 2.10. [12]. Let 9 € R* and p € R. Then,
. - I'(p) -1
Vi Y e e U A SRR [ .
(1) at (t a) F(ﬂ ¥+ 19) (t CL) )
. - C'(w) 91
CD19 t—a)* r_ t—a)¥ .
(i) D% (¢ =0y = =

2.3. An auxiliary lemma. The lemma below provides the essential framework
for reformulating problem (1.2) as an equivalent integral equation, which facili-
tates the application of fixed point theorems.

Lemma 2.11. Let hy, by : [0,0] — R be continuous functions. Then the solution
of the following linear system:
EDEm (DM + k)pi(t) = (1), t€0,0],
FDE (YD + ka)pa(t) = ho(t), t€[0,0],
A1 p1(0) + pn € D272 1820y (0) = 0, Mg pa(0) + o @ D=1 (H80p, (0)
81 p1(b) + G ODI Ty () = 0, 8y paB) + G DV )y () =

= O,
0,
(2.1)
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15 equivalent to the integral equations

plt) = 0 {(I)QAl(b) — W Ay(D) } 1-o1(1461)

A
(2.2)
+ 17 (PIS (1) — kI pa(t) — ©4 {@1/&2(6) ;\Ifz/\l(b) } |
and
pa(t) = Qy {@1/\2(5) ;\112/\1 (b) } I2—02(1+€2)
(2.3)
+ 17 (PIS 2 hy(t)) — kol pa(t) — O {(D2A1(b) ;\1111\2(17) } |
where
Ni(b) = b (sl pi(0) = 1" (P17 R,(0) ) )
6 (a0 ) = 1D (B 0)))
La-otlrs)) (2.4)

= Dy = 6,

i iAi
0, = %F (1-03-i(1+&-)), ¥ =6; {CM' - 51']
and it is assumed that A := &Py — W1 Wy £ 0 and N, p; # 0,1 =1,2.

Proof. Let (p1,p2) be a solution of the system (2.1). Applying the Erdélyi-Kober
integral operators 1 2’“ and I 55’72 on both sides of the first and second equa-
tions in (2.1), respectively, and using Lemma 2.3, we obtain for ¢ € [0, b],

D" pi(t) + k1 pr(t) = cot ) FIE MRy (1), (2.5)

CD2py(t) + ko pa(t) = dot 2T 4 P12y (2). (2.6)

Now, by applying the Riemann-Liouville integral operators IV* and I?? on
both sides of equations (2.5) and (2.6), respectively, and applying Lemma 2.7, we
obtain
I'l-—01(1+&))
V1 —o1(1+&)+1)

tP1—o1(1+&1) + bl (Elgi’whl (t)) _ "‘illﬁlpl (t) + e,
(2.7)

pl(t) = COF(

I'(1—o092(14+&))
Uy —oa(l1+ &)+ 1)

tP2—o2(14€2) 4 192 (Elgg’wi’@(t)) — rpI "2y (t) + d.
(2.8)

pa(t) = dOP(

By applying Lemmas 2.9 and 2.10 to the fractional derivatives in the boundary
conditions, we obtain
CDﬁ1761(1+§1)p1 (t) =c I (1 — 0'1(1 =+ 51)) + 101(1+£1) (Elgi”yl h (t)) — K1]UI(1+§1)p1 (t),
(2.9)
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DIy (1) = do T (1= 02(1 + €2) + 1720 (P82 Ry (1)) = a1y 1),
(2.10)

By applying the boundary conditions A, p;(0) + py € DP2=720+&)p, (0) = 0 and
A2 D2(0) + pip € D"17710+80)p, (0) = 0, we obtain

Cl)\l +d0,[L1F(1 —02(14—62)) :0, (2.11)
dl)\Q‘l’CO,UQF(l —01(1+§1)) :0, (2.12)
while, by applying the boundary conditions d; p;(b) + ¢ € DV2772(14€2)p, () = 0

and & pa(b) + ¢ € DY —o1(+8)p, (h) = 0, we obtain

I'(1—-o01(1+&))

pUrmon(1+6y) doGiT (1 — o2(1
(4 &)+ 1) +c101 + doGal' ( o2(1+&2))

6051 F(

N (Hlfﬁlpl(b) _ (Elgi’%hl(b))) + G (/@2102(1+£2)p2(b) _ Jo2(1+€2) (Efgi’”ﬁz(b))) 7
(2.13)

F(1l—-0y(1+&))

V2 —02(1+£2) T(1— 1
192_02(1+§2)+1)b + d162 + coCol' (1 — o1 (1 + &1))

doégr(

=5, (ﬂ21ﬁ2p2(b) _ V2 (Elgi,’m;b(b))) + G <K1[U1(1+El)pl(b) _ jor(1+&1) (Elgi”hfh(b))) )
(2.14)

Solving the system of equation (2.11) and (2.12) for ¢; and d;, and replacing
to equations (2.13) and (2.14), in view of notations (2.4), we obtain the following
linear system

{C"‘Dl e (2.15)

60‘112 + doq)g = A2<b>
Solving the system (2.15) for ¢ and dp, we find that
_ (I)gAl(b) — qleQ(b)
A Y
_ D1 Ao (b) — Vol (D)
X :
Substituting the values of ¢y and dp in (2.11) and (2.12), respectively, we get

e {CblAg(b) ;\ml(b) } |

Co

do

A

Replacing ¢, ¢1, do and d; in (2.7) and (2.8), we get the solutions (2.2) and
(2.3).

Conversely, by applying the Caputo fractional derivatives of orders ¥, and v,
to (2.2) and (2.3), respectively, and using Lemma 2.8 along with the property

Y {Mﬂb) — Wiho(h) } |
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that the Caputo derivative of a constant is zero, we obtain

DoAy(b) — W1 Ao(b)
A

CI)lAQ (b) — \I/2A1 (b)
A

Then, by applying the Erdélyi—Kober fractional derivatives of orders v; and s
to (2.16) and (2.17), respectively, we obtain

{ED?;%(CD% +r)pi(t) = h(t), te0,b],

CDMpy(t) + mpi(t) = { } ¢4 L Bréimp, (1) (2.16)

C D%y (1) + Kapa(t) = { } tmo2(H8) L Brlemp, (1), (2.17)

ED&12(C DY 4 jo)py(t) = ha(t), t € [0,0].

To verify that (p;, pe) satisfies the boundary conditions in lines 3 and 4 of problem
(2.1), we first evaluate (2.2) and (2.3) at ¢t = 0 and ¢ = b to obtain the first
conditions in those lines. Subsequently, to derive the second conditions in the
same lines, we apply the Caputo fractional derivatives of orders ¥ — o1(1 + &)
and Yo — 02(1+ &) to (2.2) and (2.3), respectively, at the points ¢ = 0 and ¢ = b.
By carrying out direct computation, we verify that these second conditions are
also satisfied. The proof is completed. O

3. MAIN RESULTS

Let C([0, b], R) denote the Banach space of all continuous real-valued functions
defined on [0,b], equipped with the norm |[|pi|ly, = sup{|p:(¢)] : ¢t € [0,0]}.
The product space (X1 X Xy, |||y, x, ) is also a Banach space with the norm
11, p2) |l x, e x, = IPallx, + llp2llx, for (p1,p2) € X1 x Xs.

According to Lemma 2.11, we define an operator T': X; x X5 — X; x X, by

T (p1,p2) (1) = (% Eii:izg 8) ’

where
T (ov.pa) (8) = {%&(b) ;\1/1]\2@) } rmn(ite)
1 (P14 01 (8,1 1), palt))
— k1 I"'py(t) — O {@1[\2@ ;%&(b) } . tel0,8, (3.1)
and
T (or.p) () = O {@1[\2(%)) ;%&(b) } P

1 (PIE ™ a(t, i (0. pal0))
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PoAy(b) — W Ao(b
_mﬁzpz,(z)—@g{ 2 1()A ! 2”}, te0,b],

(3.2)

Ri(o) = 6 (sl ps() — 1 (P15 0ib, p1 (), p2 (1) ))

G (o TP H 8y () — oo H6 (EIS (b, i (0), pa(0))) )

For simplicity, we denote

Yo = k1] <|51|

T3 = |ro] (\52|

bY1

T“”W<nm+n

T(1 + 1)

(E1]61] + 1) + [

b01(1+€1) _
T(or(1+&)+1)2)

b191 b01(1+§1) _
Toy(1+&)+1)~ ")

E3 + [(o

pY2 po2(1+€2)
- E + =
ro 02 T Ty e

- po2 _ po2(1+€2) _
4 = |Ka] T+ 1) (Z462] + 1) + |G| Mot &) 112 ) 53)
bIT (& + 1) b1+ (¢ +1)
Ts = =6+ 1)+ Ho,
S e ) R R R T e W
b (& + 1) _ b IHEID(E + 1) _
Y6 = |01] Es + | E4,
L&+ + D0 + 1) L& +m+D(e1(1+&1) +1)
b72D (& + 1) _ b2 (&) (65 + 1) _
Y7 =92 o+ |G| =1,
(& +v2 + 1T + 1) [(& + 2 + 1l (o2(1 + &2) + 1)
b2T (& + 1) b2+ (6 + 1)
Tg = =400l +1) + =3,
ST TGt DT+ 1) D m e R G ) T D
where
_ 1 o
=)= 1y (1011220570070 [0 )
_ 1 o
== (1[0 o [0 ),
1 (3.4)
= = 1y (102] 12770204 + 0] [0 )
_ 1 o
== 7 (1921 [@1] b2 + oy 4] ),
and

Qi =" 1+ Ty, i=1,234. (3.5)
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Our first result addresses the existence and uniqueness of solutions to problem
(1.2). The proof is based on the application of Banach’s contraction mapping

principle [7], a fundamental tool in nonlinear analysis.

Theorem 3.1. Let 1, 3 : [0,b] x RxR — R be continuous functions and A # 0.

Assume that the following condition is satisfied:

(H1) There exist constants L1, Lo > 0 such that, for allt € [0,b] and p;, q; € R,

i=1,2,
lo1(t, p1,p2) —e1(t, q1,q2)] < L1 (|p1 — ¢1] + |p2 — @2) ,
la(t, p1,p2) — 02t q1, q2)| < Lo (1 — qu] + [p2 — @2]) -

Then the coupled system (1.2) has a unique solution on [0,b] provided that

Q1+ Q2+ L1Q3 + L2014 < 1,
where Q;, i =1,2,3,4 are given by (3.5).
Proof. Firstly, we show that T'(B,,) C B,,, where
B, = {(p1,p2) € X1 x Xt [|(p1,p2)|lx, wx, <71}

is a closed and bounded ball with

MQ3 + MQy
(&1 2 )
1— [Q14 Q2+ L1Qs + L2Q4]

where

My = sup {|p1(¢,0,0)] : t € [0,0]} < o0
te[0,b]

and

My = sup {|pa(t,0,0)| : t € [0,b]} < o0,
te(0,b]

by the assumption (H;), it follows that
|901<t7p1(t)7p2(t))| < ‘Spl(tapl(t)vp2<t>) - (pl(t7 0, 0)‘ + |S01(t7 0, O)’
< Li(llpallx, + llp2lls,) + M < Lary + M,

|(,02(t,p1(t),p2(t))\ < ‘SOQ(tapl(t)apQ(t)) - ()02(257 07 O)‘ + ‘902(757 Oa O)’
< Lo(llprllx, + lIp2lly,) + Mo < Lory + Mo.
Using the notations in (3.4), for each (p;1,p2) € B,, we obtain

T3 (p1, p2) (t)|

9] [A(8)] + 9 [A2(0)]

Al

b191*01 (1+£&1)

< ||

+ ‘]191 (Elgim%(t,]?l(t)apz(t))) ’ + |1 ‘]ﬂlpl(tﬂ

(3.6)
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1] [Aa(®)] + 122 |A10)]
e s |

1 R
= (il ealprmme 1 oy s ) [1109)
1 R
a1 1010709 o) [A209)

+ |17 (PIE " i (8, pr(£), p2(8)) | + |k | [T (2))

Al(b)‘ + 3,

Az(b)‘ + |17 (PIE T o1 (8, pu(E), p2())) | + [ra| [T 1 (2)]
(3.7)

where

@) < 1ail (Il (9 0)] + |1 (P27 o1 b pa (), p20)) )| )

+ |C1’ <”'€2‘ ‘IUZ(1+§2)p2(b)| + [20+8) (E[aéi’w%(b;pl(b)ap2<b>>> ‘)

b PIT(E + 1)
< -

po2(1+€2)

pr20+€)D(E, + 1) ol )
2 )

o (3.8)

a4+ 72+ D (02(1 + &) + 1)
and

Ra®)] < 18a] (ol |[172pa®)] + | 172 (P17 0ubpa(0),p20)) )| )

+ |C2| <|/‘€1| ‘IUI(Hfl)pl(bH + [ ) <E]§im§01(b,pl(b)>P2(b))> ‘)

b2 BT (& + 1)
< -
= |52’ <|'L€2‘ F(ﬁg + 1) Hp2HX2 + F(£2 e+ 1)1—\(192 + 1) HSOQH

por(1+€1)
+ ’C2’ ”%1‘ F(O’l(l +£1> + 1) Hp1HX1

. b01(1+€1)P(§1 + 1) H ||
L&+ + DI (o(1+&)+1) “

(3.9)

Inserting (3.8) and (3.9) into (3.7), together with the notations in (3.3), we obtain
Th (p1, p2) (1)]
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b191 bﬂl(l+§1)
=l (W A S CETE: 1)52> Il
b’l92 b02(1+§2)
Il <|521 T, 02 TS T ara T 1)51) [Pl x,

VT (& +1) -
+<H&+m+nwm+n“”ﬁ+”

b1 AHEOD (6 + 1) -
D&+ + DI (1+ &) + 1>“2> (£irs+0,)

U2
+<@Hx P&+

+ G2

&+ + ([0 +1)

b02(1+§2)f‘(£2 + 1)
+ = Lory + Ms ).
€1 T(& + 72 + DD(0o(1 + &) + 1) 1 ( 2T1 2)
Hence,
1Ty (p1,p2) |l x, < Tillpallx, + Tsllp2llx, + Ts <£17“1 + Ml) + T?(ﬁzﬁ + M2>-

(3.10)

In a similar way of computation, we get

1T (p1,p2) |l x, < T2 llprllx, + Yallp2llx, + Lo </~‘17’1 + Ml) + Tg (527“1 + M2>-
(3.11)

From the two inequalities (3.10) and (3.11) above and using the notations (3.5),
we can conclude that

1T (P1 P2) [l x, %

=171 (1 )l x, + 172 (1, 2) |l

< Qilpillx, + Qa2 llp2llx, + Q3 (L1r + M) + Qu (Lar + My)

< (Q1 + Q) (lIprllx, + lIp2ll,) + 7 (£1@Qs + L2Qu) + MiQs + M2Qs
< (Q1+ Qo+ L1Q3 4 L2Q4) + M1Qs + MaQy

<n

which yields that T(B,,) C B,,. Next, we will show that the operator T is a
contraction.
For each (p1,p2), (¢1,q2) € B, and for any ¢ € [0, b], we have

T (p1,p2)(t) — Th(q1, g2) ()]

po1 por(1+€1)
< — (5 |0 1 —
< ool ey 1 11+ )+ [ o1 — anls,

(o (1+&)+ 1)52
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5 po2 _ po2(1462) _
+ k2| | |02 muz + |G| T(oa(1 + &) + 1)~1 D2 — €]2||X2

b6 + 1) -
! (F(& o I+ 1) Y

501(1+£1)F(§1 +1)
= Ve - -
ol e e g ey s ) & (I = ol + v = ey, )

T VUG R R
? [(& + 7+ 1)WY, + 1)H2

b02(1+§2)[‘<52 +1)
+ = | L — + [Ip2 — ,
e e i e oo ) L = aly, + e - ely,)

which yields
1Ty (p1, p2) = Th(qr, @2)llx, < Tallpr = aullx, + Tsllp2 — a2,

+ £1T5< Ipr — qullx, + llp2 — Q2HX2) (3.12)

+ L0 (o = aill, + 2 — el )-
Similarly, one can find that

1T2(p1,p2) — Ta(q1, @2)llx, < T2 llpr — aullx, + Tallp2 — qally,

+ L6 ( o = ailly, + vz — @, ) (3.13)

+ L2751l = ally, + vz = el )-
From (3.12) and (3.13), we deduce that
T (pr, p1)(t) — T(qu, a2) ()|

< Q1llpr —aullx, + Q2 llp2 — @l x, + ﬁle( Ipr— a1l x, + [lp2 — C]2HX2)

+£:Q1(llps = arlly, + vz — Ly, )

< (Qut Qo+ £1Qs + £:Q0) (I = ally, + v = el ).
Consequently, it follows that

1T (p1,p2) — T(q1, @)l x, x x, < <Q1 + Q2+ L1Q3 + £2Q4>

< (llpr = aillx, + lIp2 = e, ).

which, in view of condition (3.6), implies that the operator T" is a contraction.
Hence, by Banach’s contraction mapping principle, the operator 7" has a unique
fixed point. Therefore, the system (1.2) has a unique solution on [0,b]. This
completes the proof. O
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In the following result, the existence of solutions to system (1.2) is established
using the Leray—Schauder alternative [3].

Theorem 3.2. Let @1, ¢ : [0,b] x RxR — R be continuous functions and A # 0.
Assume that the following condition is satisfied:

(Ha) There exist constants u;,v; > 0 (i = 1,2) and ug > 0, vy > 0 such that,
l1(t, p1, p2)| < uo + ur [pr| + uz |paf,
la(t, p1,p2)| < vo + w1 |pr] + v |pa -
Then the coupled system (1.2) has at least one solution on [0,b] provided that
Q1+ Qzur +Qun <1 and Q2+ Qzuz + Qe < 1, (3.14)
where Q;, i =1,2,3,4 are given by (3.5).
Proof. First of all, we show that the operator T' : X; x X5 — X7 x X5 is completely

continuous. Note that the continuity of the functions ¢; and ¢, implies that
the operator 7" is continuous. Let B,, € X; x X, be a bounded set, where

By, = {(p1,p2) € X1 x Xo : [[(p1,p2)llx,xx, < 72} For each (p1,p2) € B,,, we
obtain

|T1 (P17P2) (t>|
bffl(l+£1)

b
< - (= =
= |’{1| (1—\(191 + 1) ( 1 |61| + 1) + |C2| F(Ol(l +§1) + 1) 2) ”leXl

po2 _ po2(1+€2) _
+ [ra| | [02] F(—:2 + G| T Z1 | Ip2llx,

da+ 1) CRETSES)
bIT(& +1) _
' <F(51 1+ DI(0 + 1) (Z1[6:] + 1)
b01(1+§1)r 1 B
+ |G| L&+ + 1>F(<<7i1(1 +>§1) +1) Dz) <UO + uy leHX1 + Uo Hp2HX2>
PRT(6+1)
+ <|52! TGt DTt 12

b02(1+£2)r(§2 + 1) _
Gttt D+ &)+ 1) = <V0 + v Ipillx, + v2 lIp2ll x, >

which leads to
1Ty (p1, p2) I, < (Tl + Tsur + T7V1> 1Pl x, + <T3 + Tsus + T7V2) P2l x,

+ T5UO + T7V0.

In the same way, we have

| T2(p1, p2)ll x, < (TQ + Teuy + T87/1> 11l x, + <T4 + Teug + T8V2> P2l x,
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+ Teug + Ysrp.
Hence,
1T (p1, 2)ll x, % x,
= T3 (pr, p2)ll x, + [ T2(p1, p2)ll x,
< (Q + Qzur + Quin) [l x, + (Q2 + Qsua + Qara) |2l , + Qsuo + Qaro

< (Q1 + Q2+ Q3(ur + ug) + Qu(vy + 12))ra + Qzuo + Quvp,

which implies that T'(B,,) is uniformly bounded.
Now we show that the operator T is equicontinuous. Let t1,ts € [0,b] with
t1 < ty. Then, we obtain

T1(p1, p2)(t2) — Ti(p1, p2) (t1)]
= o 1 [ O)]  w [Ra)
= [ A

‘tgl—m(l-i-&) _ t1191—01(1+€1)

+ ‘Iﬂl (PIS o1 (ta, pr(ta), p2(ta))) — TP (PIE 1 (tr, pi(th), p2(th))) ‘

1" py(ta) — "'y ()

por b01(1+§1)
k1] | 101] T, + 1) |Po| + [ v

+ [ k1]

121
Al
s i
N A
|ka| | |02 T(0y + 1) (W] + |G C(o2(1+ &) +1) | D

V10 (& + 1)
&4+ 7+ 1)F("l91 +1

bo1(1+§1)r(§1 + ]_) |\I; |
St+n+ Dol +&a)+1)

bﬂQF(SQ + 1) | |
G+ 7+ DI +1)

b2 (HEIT (&, + 1) 9 1 9 1
P <t 1—o1(1+&1) + 1—o1( +§1)>
+|C1|F >+1)| 2| T2 |ty 1

(€2 + 72+ I (02(1+ &
1 L& +1) L' +1)
+Pw1HJ{O“*“W+””H&+v+U>”+”T@1wn+n}

X |20t = )" + (1 — 1)

U1+ 1) F(01(1+€1)+1)| !

+(U1+U2)<\51\F( ] | D,

+ (v1 + 1) ( |02 i




ON COUPLED LANGEVIN-TYPE FRACTIONAL DIFFERENTIAL SYSTEMS 93

which implies that

|Th(p1,p2)(t2) — Ti(p1, p2)(t1)| = 0, as ¢ — to,
independently of (p1,p2) € B,,. Analogously, we obtain

| To(p1, p2)(t2) — Ta(p1, p2)(t1)|

1| 5 p . por(1+€1) o
< 12721 -
=N | e Y e e ey

s i
+ |2 |2|F(T+1)| 1|+|Cl|F(02(1+£2)+1)| !

BUT(E + 1)
(G +m+ D)W +1)

b +EID(€) 4+ 1)
)+ 1) @1’)

| Wy

+ (u1 +U2)(’51| T

Tl L& +m+ D (o(1+&

b1 (& + 1) |
(E+m+)I@Wy+1)

b02(1+§2)r(§2 + 1) Fo—oo(1 oo (1
\I/ (t 2 02( +§2) —t 2 0'2( +§2))
+|C1|F( )+1>| 2’ T2\ 1y 1

+ (Vl -+ I/2> < |52’ T

§o+ 72 + 1l (02(1 + &

1 L& +1) I'(&+1)
+Fww+n{<Mﬂ+@““@F@rwm+n>”+”T@rwm+m}

X [20t2 = 1) + (13 = 172)]

which implies that

T3(p1, p2)(t2) — To(p1, p2)(t1)| — 0, as 1 — ta,

independently of (p1,p2) € B,. Consequently, the set T'(B,,) is equicontinuous.
Hence, by the Arzeld—Ascoli theorem, T'(B,,) is relatively compact. It follows
that the operator T" is completely continuous.

Finally, we show the boundedness of the set

S ={(p1,p2) € X1 x Xy : (p1,p2) =0T (p1,p2), 0 < <1}
Let any (p1,p2) € S, then (p1,p2) = nT(p1,p2). We have, for all ¢ € [0, 0],

pi(t) =nTi(p1,p2)(t), p2(t) = nTa(pr, p2)(t).
Then, we get

||Z91||X1 < <T1 + Ysup + T77/1> ||p1||X1 + <T3 + Tsus + T7V2) ||p2||X2

+ Ysug + Yoy,
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Ip2ll, < (2 + Your + Yoo ) Iy, + (Lo + Youo + Tawn ) llpall,

—+ T6U0 + TSV().
From the above inequalities, we get
1]l x, + P2l x, < (@1 + Qzur + Qurn) [[p1ll x, + (Q2 + Qsua + Qara) |2l x,

+ Q3ug + Qavp,
which implies that

Qsuo + Qavp

||(p17p2)||X1><X2 S Q* ’

where
Q"= min{l - [Ql + Q3u1 + Q4V1] 1= [Qz + Q3ug + Q4V2] }

Consequently, the set S is bounded. Therefore, by applying the Leray—Schauder
alternative, we conclude that the operator T has at least one fixed point, which
is a solution of the system (1.2) on [0,b]. The proof is completed. O

To conclude, the existence of solutions is also demonstrated by applying Kras-
nosel’skii’s fixed point theorem [19], under suitable conditions.

Theorem 3.3. Let @1, ¢ : [0,0] xRxR — R be continuous functions and A # 0.
Assume that the following condition is satisfied:

(Hs) There exist nonnegative functions fi, fa € C([0,b],RY) such that, for all
te[0,b] andp; € R, i =1,2,

lpi(t,p1,p2)| < filt), i=1,2.
Then the coupled system (1.2) has at least one solution on [0,b] provided that
Q1+ Q2 <1, (3.15)
where Q; (i =1,2) are given by (3.5).

Proof. Firstly, we separate the operators T and T5, defined by (3.1) and (3.2),
respectively, as follows

Ty (p1,p2) (t) = Tug (p1,p2) (t) + Ti o (1, p2) (t),
Ty (p1,p2) (t) = Tox (p1,p2) (t) + To2 (p1, p2) (1),

where

1
Tiq (p1,p2) (t) = A <Q1®2tﬁ1_01(1+£1) + @1‘I’2>

x [51 (17 (P18 o1 0,ms (01, 22(0))))

+e <[az(1+£2) (E]%ngg(b,pl(b)7p2(b))>> ]
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1
+ Z <Ql\111t191—01(1+61) + @1(1)1>

; [52 (1% (517 0,100, 58

+ G ([almgl) (E[iﬁl@l(b,pl(b),pz(b))>) ]
+ I <E[§1mg01(t,pl(t),pQ(t)))’ te0,b],

1
Tio (p1,p2) (t) = A <Q1¢2tﬁ1_01(1+£1) + @1‘I’2>

X 51/@1]191]?1 (b) + ClKQIJQ(H{Z)p?(b)]

1
A

52%2]§2p2(b) + C2H1101(1+£1)p1 (b)] — Kljﬂlpl(t)7 te [O, b],

(qujltﬂl—al(l-l—&) 4 @lq)l)

X

1
T (p1,p2) () = N <92‘I’2tﬂ2_02(1+§2) + @2%)

Y [51 (17 (P17 010,21 (), 200 ))

G (170 (P18 a0, (1) 22(0)) ) ]

1
A

(17 (P1S 020, ma(6), p2(0)) ) )

<Q2(I)1t192—02(1+62) + @2\Ijl>

X

G (170 (P17 61 (0. (1) 22(0)) ) ) ]

e <EI§§”2902(1?,pl(f),pz(t)))7 t € 10,0,

1
T (p1,p2) (t) = A (QQWQtﬂ2_02(1+£2) + @2(1)2>

X [51/11]191191(5) +(1/£2]"2(1+§2)p2(b)]
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1
+ Z <92q)1t192—02(1+§2) + (-—)2\Ijl>

X [52@1192;92(5) +<2H11"1<1+€1>p1(b)] — ko I"2py(t), t € [0,0].

Obviously,

T=T1+Tia+To,+ Trs.
Let us introduce the closed ball

By = {(p1,p2) € X1 x Xo t [|(p1,p2)|lx, wx, < 73}

with
S @sllfillx, + Qall follxe
B 1— [Q1+ Q]
where Q3 and @4 are given by (3.5) and

[fillx, = sup [fi(t)| < oo and ||falx, = sup [f2(t)] < oc.
te[0,b] te[0,0]

rs

For any (p1,p2), (q1,q2) € By, we get
11 (1 p2) () + Taa(an, ) (O] < Talpill, + Vs Ipell, + Vsl fullx, + Vol folxe:
Similarly, we have

To,1(p1, p2) (1) + To2(q1, ¢2) (D) < Tallprllx, + Tallp2llx, + Vel frllx, + Vsl f2llx-

Thus, we obtain

T2 (p1, p2) + To(q1, @)l x, xx, < @ulIPally, + Q2llp2lly, + @3l fillx, + Qull f2llx,
< (Q1 + Q2)rs + [ fillx, + Quall f2|x,

S rs,

which implies that T3 (p1, p2) + T2(p2, ¢2) € By,.
Now, it is proven that the operator (7} 2,752) is a contraction mapping. For
(p1,p2), (q1,92) € B,, and for any ¢ € [0,b], we have

T 2(p1, p2) (1) — Th2(q1, 42) ()]
<5 [ 161] [ ] 17" [p1(b) — qu(b)] + |Ga || 172042 |pa(b) — Q2(b)‘]
210l Il 1% pa®) = o8] + [l b 209y 1) — 30

+ |51 I |pr(8) — @ (1)

bt 5 por(1+€1)
< (= h]+ 1)+ = _
= ‘/f1| F(ﬂl + 1) ( 1 ’ 1| ) |C2| F(0'1<1 +£1) + 1) 2 ||p1 q1||X1

5 b192 _ b02(1+€2) _
+ |/€2| ‘ 2| mu2 + |C1| F(@(l +§2) T 1)~1 ||p2 - Q2HX2

=T1llp1 — allx, + T2 llp2 — @llx,
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and consequently, we obtain

1T12(p1,p2) — Tha(qr, @2)llx, < Tallpr —aillx, + Tsllp2 — @elly, - (3.16)
Similarly, we can find that

|T2,2(p1sp2) — Too(qr, @)l x, < Tallpr — arllx, + Yallp2 — @llx, - (3.17)
From the inequalities (3.16) and (3.17), we conclude that

(T2, T2,2) (P15 p2) — (T2, To2) (01, @2) ||, o x, < (@1 + Q2)
< (Il = ally, + lIp2 = el x, ).

which means that (T35, T52) is a contraction.

Next, we show that the operator (7} 1,75 ;) is uniformly bounded on B,,. Con-
tinuity of ¢; and 9 implies that the operator (73 1,7%,) is continuous. For any
(p1,p2) € By,, we have

1711 (1, p2) 1 < Vsl fallx, + Yol f2llxs
and
1 T2,1(p1, p2)ll o < Vol fillx, + Vel f2ll x,-
Consequently, we obtain
(111, o) || xyxxe < Qs fillx, + Qall f2]] x,-

Hence, (111,75,1) is uniformly bounded. Lastly, we will prove the equicontinuity
of (T11,T5,). For ty,ty € [0,0] with ¢; < to and (p1,p2) € B,,, we have

T ,1(p1, p2)(t2) — Tha(p1, p2)(t1)]

Jou | PIT(E + 1)
< Al ||f1||X1<|51| M6+ + D00+ 1) | Dy
b1 OHEOD (6 + 1)
e e o T G &) T ) ‘“”)

b2D(& + 1)
+ Hf2HX2 ( ‘62‘ F(£2 e+ 1)]:\(192 + 1) | 1|

b02(1+£2)1"<§2 + 1) S —on(1 S
P (t 1-o1(1+6) _ 4 01(1+€1)>
_'_‘Cl‘l—x( )+1)‘ 2‘ 2 1

o+ 72+ 1)F(O’2(1 + &

[ f1llx, (& + 1)
L& +m+ DI+ 1)

which implies that
T (Th1, To1) (t2) — Tha(p1,p2)(t1)] — O,
as t; — to independently of (p1, p2) € B,,. Similarly, we obtain
T5,1(p1, p2)(t2) — Toa(p1, p2)(t1)| — O,

2tz — 1) + (1 — 1)),
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as t; — ty independently of (p1,p2) € B,,. Consequently, we obtain,

|(T1 1, T51)(p1,p2)(t2) — (Th1, To0) (p1,p2)(t1)] = 0

as t; — ty independently of (p1,p2) € B,, and hence, the operator (11,,7%1) is
equicontinuous. By applying Arzeld—Ascoli Theorem, we conclude that the opera-
tor (17,1, T%1) is compact on B,,. Consequently, by applying Krasnosel’skii’s fixed
point theorem, system (1.2) has at least one solution on [0,b]. This completes
the proof. O

4. EXAMPLES

Consider a coupled system of Langevin fractional differential equations with
mixed Erdélyi-Kober and Caputo fractional derivatives given by

(“DH+ 30 )m(0) = (e (). 1 Jo.2].

Bl
ol

&
S
SN L]
W
/N
s 0
N u
+ N

S
-

1 1
t) = @ot, pr(t), pa(t)), te|0,=],
o)l = a0t 1€ [0 "
8 p1(0) +2 “Dipy(0) =0, 64 po(0) +4 “D31py(0) =0,
1 1 1 o1 /1 1 1 1 !
n3) 2 pn() -0 gin) s i) -0
\16p1<7>+24 P2\7 52 2\7) g Py
whereb=2, =3, =7 n=gn=3 =" &= 0 =3 0=g,
k1 = %i()? 10° ) 167 2
G =5
With the given data, it is found that ; ~ 1.35195, Q, ~ 1.20061, ®; ~
0.05194, @5 ~ 0.03459, O, ~ 0.29343, O, ~ 0.07658, ¥; ~ 0.03056, ¥, ~
0.02313, A =~ 0.00109, Z; ~ 32.58715, =, ~ 31. 51376, =3 &~ 2590825, =4 =
54.89908, T; ~ 0.11029, Ty ~ 0.07419, T3 =~ 0.16560, T, ~ 0.23196, T5 =~
1.95716, YT ~ 1.64888, Y7 ~ 1.50104, Tg ~ 2.38166, Q1 ~ 0.18448, Q, ~

0.39756, Q3 ~ 3.60604, Q4 ~ 3.8827.
(i) Consider the nonlinear functions ¢; and o defined by

cos*mt [ p2+|p g~ sin’t _ 1
e1(tp1(t), pa(t)) = ( 1"+ Ipi + > tan 1\pz\+t2+§,

t+324\ 1+ |pf 2(t +3)
(4.2)
el (t+1)? sin? 7t [ po? + |2l
t,pr(t), p2(t)) = ————=sin|ps| + tVEr2 (43

Note that ¢; and g satisfy the Lipschitz condition, since

lo1(t,p1,p2) — o1(t, g1, )| < _8 (Ipr — o] + [p2 — @) ,

1
|pa(t, p1,p2) — @2(t, g1, q2)| < 21 (Ip1 — o] + [p2 — @2) -
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By choosing, £, = % and Lo = %, we obtain

Qi1+ Qs+ L1Q3 + L2Q4 ~ 0.96726 < 1.

Thus, all assumptions of Theorem 3.1 are satisfied. Hence, the coupled

system of Langevin fractional differential equations (4.1) with ¢; and o

given by (4.2) and (4.3), respectively, has a unique solution on [0, %]
(ii) Consider the nonlinear functions ¢; and o defined by

tan~! py| e o2 1 P2’
£ (), pa(t)) = + + ,
Al 2 = oy Y s M T oty e

1+ |P2|
(4.4)
Sin ’p1’ 1 p12 6—(P1+1)2
t,p1(t),pa(t)) = + + )
SDQ( pl( ) p2( )) 12(t+ 1) /81 +COS4p2 (1 + |p1| 4(t6_|_3)2 |p2|
(4.5)
Then, we have
o1t 1 p)| < o+ 1] + = [pal
Pill; P1,P2)| = Y 16 D1 3 2|,
oot prp2)| < = + = [p1] + == [pl
w200, P1,P2)| = 29 P 36 D2| .
By choosing, ug = 57, u1 = 15, U2 = g, 1o = 35, 1 = 5 and vy = 55, e

can find that
Ql —+ Q3u1 —+ Q4V1 ~ 0.84126 <1 and QQ + Q3U2 -+ Q4V2 ~ 0.956167 < 1,

Thus, all assumptions of Theorem 3.2 are satisfied. Hence, the coupled

system of Langevin fractional differential equations (4.1) with 1 and @

given by (4.4) and (4.5), respectively, have at least one solution on [0, 1].
(iii) Consider bounded functions ¢; and @9 given by

e1(t, pi(t), pa2(t) = ! <|p1| >+sm(\/1+\p2|)+e—f, (4.6)

7(t+ 1)\ 1+ [p1]

m@m@mm»:mqwtmmm}gﬂ<'m'>+mw+@+1<4m

L+ |po|

Then, we have

|901(t7p17p2)| S +€_t+1 = fl(t)7

T(t+1)

+1In (t +4) + 2 := fo(t),

1
t <
‘902( 7p17p2)‘ — tQ +2

which means that the condition (#3) in Theorem 3.3 is satisfied. More-
over, the inequality (3.15) is fulfilled. Thus, all assumptions of Theorem
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3.3 are satisfied. Hence, the coupled system of Langevin fractional differ-
ential equations (4.1) with ¢; and 9 given by (4.6) and (4.7), respectively,
has at least one solution on [O, ﬂ

5. CONCLUSIONS

In this study, we have investigated a coupled system of Langevin-type fractional
differential equations characterized by the presence of mixed Erdélyi-Kober and
Caputo fractional derivatives. To lay the groundwork for our main results, we
initially derived an auxiliary result concerning the linearized form of the system,
which enabled us to reformulate the problem within the framework of fixed-point
theory. Building upon this formulation, we rigorously established the existence
and uniqueness of solutions by employing a combination of analytical tools, in-
cluding the Banach contraction principle, the Leray—Schauder alternative, and
Krasnosel’skii’s fixed point theorem.

To substantiate our theoretical findings, we constructed illustrative numerical
examples that demonstrate the applicability and accuracy of the proposed meth-
ods. The results obtained under this specific configuration are original and offer
meaningful contributions to the growing body of research on nonlocal boundary
value problems, especially those involving systems with hybrid fractional deriva-
tives of Erdélyi-Kober and Caputo types.

Looking ahead, we intend to extend our investigation to more generalized
boundary value problems for coupled fractional systems, particularly exploring
the effects of alternative and more complex boundary conditions in the presence
of mixed fractional operators.
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