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Abstract. This manuscript investigates the existence and uniqueness of so-
lutions for a coupled system of Langevin-type fractional differential equations
involving Erdélyi-Kober and Caputo fractional derivatives, subject to non-
separated boundary conditions. Uniqueness is established using the Banach
contraction principle, while existence results are derived via the Leray–Schauder
alternative and Krasnosel’skii’s fixed point theorem. To illustrate the validity
and applicability of the theoretical findings, several examples are provided.

Keywords. Coupled systems, Erdélyi-Kober fractional derivative, Caputo frac-
tional derivative, existence and uniqueness, fixed point theory
2020 Mathematics Subject Classification. Primary 34A08; Secondary 34B10,
34B15

1. Introduction

Extending the classical concepts of differentiation and integration to non-
integer (fractional) orders has led to the development of fractional calculus, a
mathematical framework that offers greater flexibility in modeling complex dy-
namical systems. Unlike traditional integer-order derivatives, fractional deriva-
tives provide tools for analyzing systems with memory, hereditary properties, and
spatial heterogeneity by allowing differentiation and integration of arbitrary (real
or complex) order. This generalization has proven especially valuable in disci-
plines such as physics, engineering, biology, control theory, and finance, where
classical models often fall short in capturing real-world behaviors. As such, a
thorough understanding of both the theoretical underpinnings and practical im-
plementations of fractional calculus is essential for advancing research in both
fundamental and applied sciences. Comprehensive treatments of the subject can
be found in the monographs by Samko et al. [18], Gorenflo and Mainardi [9],
Podlubny [15], Hilfer [10], and Kilbas et al. [12].
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Classical Langevin equations, originally formulated to describe Brownian mo-
tion, are limited in their capacity to model anomalous diffusion, long-range mem-
ory, and delayed feedback mechanisms—phenomena commonly observed in com-
plex physical, biological, and financial systems. To overcome these limitations,
researchers have introduced fractional Langevin equations and their coupled coun-
terparts, incorporating various definitions of fractional derivatives. These models
extend the classical Langevin framework to account for nonlocal temporal behav-
ior and enhanced memory effects.

For instance, the work in [20] establishes the existence and uniqueness of solu-
tions for a coupled system of Langevin-type equations involving Riemann–Liou-
ville and Hadamard fractional derivatives, subject to fractional integral boundary
conditions. Several related studies have investigated coupled systems of Langevin
fractional differential equations with various types of fractional operators and
boundary conditions; see [3, 5, 6, 13, 16] for further developments.

The analysis of fractional Langevin equations remains a vibrant and evolving
research area, driven by its wide-ranging applications in statistical mechanics,
materials science, biological modeling, and quantitative finance. It continues to
foster significant theoretical advancements while offering powerful tools for mod-
eling real-world systems exhibiting nonlocal and memory-dependent dynamics.

On the other hand, coupled systems of fractional differential equations have
garnered significant attention due to their natural emergence in various complex
phenomena across science and engineering. Such systems are essential in mod-
eling interactions between multiple dynamic processes that exhibit memory and
hereditary properties. Numerous studies have explored the existence, unique-
ness, and qualitative behavior of solutions to these systems; see, for example,
[1, 4, 11, 21, 22] for related developments.

Recently, in [17], the authors combined the Caputo and Erdélyi–Kober frac-
tional derivatives to investigate a boundary value problem with nonlocal bound-
ary conditions of the form:

EDξ,γ
σ (CDϑν)(t) = g(t, ν(t)), t ∈ [0, b],

λ1 ν(0) + λ2 ν(b) = f1(ν),

δ1
CDϑ−σ(1+ξ)ν(0) + δ2

CDϑ−σ(1+ξ)ν(b) = f2(ν),

(1.1)

in which 0 < ϑ, γ < 1, σ > 0, ξ > −1 with ϑ > σ(1 + ξ), g ∈ C([0, b],R),
λi, δi,∈ R, i = 1, 2 and fi : C([0, b],R) −→ R, i = 1, 2.

In the present paper, we analyze the coupled system of fractional Langevin-
type equations with mixed Erdélyi–Kober and Caputo fractional derivatives of
the form:

EDξ1,γ1
σ1

(CDϑ1 + κ1)p1(t) = ϕ1(t, p1(t), p2(t)), t ∈ [0, b],
EDξ2,γ2

σ2
(CDϑ2 + κ2)p2(t) = ϕ2(t, p1(t), p2(t)), t ∈ [0, b],

λ1 p1(0) + µ1
CDϑ2−σ2(1+ξ2)p2(0) = 0, λ2 p2(0) + µ2

CDϑ1−σ1(1+ξ1)p1(0) = 0,

δ1 p1(b) + ζ1
CDϑ2−σ2(1+ξ2)p2(b) = 0, δ2 p2(b) + ζ2

CDϑ1−σ1(1+ξ1)p1(b) = 0,

(1.2)
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where the differential operators EDξi,γi
σi

denote the Erdélyi–Kober fractional deri-

vatives of order 0 < γi < 1, with parameters σi > 0, ξi > −1 for i = 1, 2 and CDϑi

denote the Caputo fractional derivatives of order 0 < ϑi < 1 and ϑi > σi(1 + ξi),
κi, λi, µi, δi, ζi ∈ R such that |λi| + |µi| 6= 0, |δi| + |ζi| 6= 0 for i = 1, 2 and the
nonlinear functions ϕi : [0, b]× R2 → R, i = 1, 2, are continuous.

To the best of our knowledge, this work is the first to investigate coupled sys-
tems involving Langevin-type fractional differential equations with mixed Erdélyi-
Kober and Caputo derivatives. The results presented here are novel and represent
a substantial contribution to the growing body of literature on coupled systems
of fractional differential equations, particularly those governed by non-standard
fractional operators.

The remainder of this paper is organized as follows: Section 2 reviews the neces-
sary preliminaries of fractional calculus and introduces the notations, definitions,
and fundamental concepts used throughout the paper. Section 3 is devoted to
establishing the existence and uniqueness of solutions. Uniqueness is proven via
Banach’s contraction mapping principle, while the existence is demonstrated us-
ing the Leray–Schauder alternative and Krasnosel’skii’s fixed point theorem. In
Section 4, we provide illustrative examples to demonstrate the applicability and
effectiveness of the theoretical results.

2. Preliminaries

In this section, we introduce key definitions and supporting lemmas that form
the foundation for the theoretical results developed in the subsequent sections.

2.1. Erdélyi–Kober fractional derivative.

Definition 2.1. [12, 18]. The Erdélyi–Kober fractional integral of order γ > 0
with σ > 0 and ξ ∈ R of a continuous function p : (0,∞)→ R is defined by

EIξ,γσ p(t) =
σt−σ(γ+ξ)

Γ(γ)

∫ t

0

sσξ+σ−1(tσ − sσ)γ−1p(s)ds,

provided the right side is point-wise defined on R+.

Definition 2.2. [12, 18]. The Erdélyi–Kober fractional derivative EDξ,γ
σ of order

γ > 0, with n− 1 < γ ≤ n, σ > 0, ξ ∈ R, is defined by

EDξ,γ
σ p(t) = t−σξ

(
1

σtσ−1
d

dt

)n
tσ(n+ξ)

(
EIξ+γ,n−γσ p

)
(t).

Lemma 2.3. [14]. Let n− 1 < γ < n, n ∈ N, ϑ > −σ(ξ + 1) and p ∈ C∞ϑ [a, b].
Then we get

EIξ,γσ
(
EDξ,γ

σ p
)

(t) = p(t)−
n−1∑
i=0

cit
−σ(1+ξ+i),

where

ci =
Γ(n− i)
Γ(γ − i)

lim
t→0

tσ(1+ξ+i)
n−1∏
j=1+i

(
1 + ξ + j +

1

σ
t
d

dt

)(
EIξ+γ,n−γσ p

)
(t).
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Lemma 2.4. [2]. Let γ, σ, µ > 0 and ξ > −
(µ+ σ

σ

)
. Then we have

EIξ,γσ tµ =
tµ Γ

(
ξ +

µ

σ
+ 1
)

Γ
(
ξ +

µ

σ
+ γ + 1

) .
2.2. Caputo fractional derivative.

Definition 2.5. [12]. The Riemann-Liouville fractional integral of order ϑ > 0
for p ∈ L1[a, b] is defined by

Iϑa+p(t) =
1

Γ(ϑ)

∫ t

a

(t− s)ϑ−1 p(s)ds.

Definition 2.6. [12]. For an at least n-times differentiable function p : [a,∞)→
R, the Caputo derivative of fractional order n− 1 < ϑ < n is defined by

CDϑ
a+p(t) =

1

Γ(n− ϑ)

∫ t

a

(t− s)n−ϑ−1
(
d

ds

)n
p(s)ds,

where n = [ϑ] + 1, with [ϑ] representing the integer part of the real number ϑ.

Lemma 2.7. [12]. For ϑ > 0, the general solution of the Caputo fractional
differential equation is given by

Iϑa+
(
CDϑ

a+p(t)
)

= p(t)−
n−1∑
j=0

(t− a)j

Γ(j + 1)

[(
d

dt

)j
p(t)

]
t=a

, n = [ϑ] + 1.

Lemma 2.8. [12]. Let ϑ ∈ R+. If p ∈ C1[a, b], then CDϑ
a+I

ϑ
a+p(t) = p(t).

Lemma 2.9. [12]. Let ϑ1, ϑ2,∈ R+ with ϑ2 > ϑ1. Then,
CDϑ1

a+I
ϑ2
a+p(t) = Iϑ2−ϑ1p(t).

Lemma 2.10. [12]. Let ϑ ∈ R+ and µ ∈ R. Then,

(i) Iϑa+ (t− a)µ−1 =
Γ(µ)

Γ(µ+ ϑ)
(t− a)µ+ϑ−1 ;

(ii) CDϑ
a+ (t− a)µ−1 =

Γ(µ)

Γ(µ− ϑ)
(t− a)µ−ϑ−1 .

2.3. An auxiliary lemma. The lemma below provides the essential framework
for reformulating problem (1.2) as an equivalent integral equation, which facili-
tates the application of fixed point theorems.

Lemma 2.11. Let ~1, ~2 : [0, b]→ R be continuous functions. Then the solution
of the following linear system:

EDξ1,γ1
σ1

(CDϑ1 + κ1)p1(t) = ~1(t), t ∈ [0, b],
EDξ2,γ2

σ2
(CDϑ2 + κ2)p2(t) = ~2(t), t ∈ [0, b],

λ1 p1(0) + µ1
CDϑ2−σ2(1+ξ2)p2(0) = 0, λ2 p2(0) + µ2

CDϑ1−σ1(1+ξ1)p1(0) = 0,

δ1 p1(b) + ζ1
CDϑ2−σ2(1+ξ2)p2(b) = 0, δ2 p2(b) + ζ2

CDϑ1−σ1(1+ξ1)p1(b) = 0,

(2.1)
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is equivalent to the integral equations

p1(t) = Ω1

{
Φ2Λ1(b)−Ψ1Λ2(b)

∆

}
tϑ1−σ1(1+ξ1)

+ Iϑ1
(
EIξ1,γ1σ1

~1(t)
)
− κ1Iϑ1p1(t)−Θ1

{
Φ1Λ2(b)−Ψ2Λ1(b)

∆

}
,

(2.2)

and

p2(t) = Ω2

{
Φ1Λ2(b)−Ψ2Λ1(b)

∆

}
tϑ2−σ2(1+ξ2)

+ Iϑ2
(
EIξ2,γ2σ2

~2(t)
)
− κ2Iϑ2p2(t)−Θ2

{
Φ2Λ1(b)−Ψ1Λ2(b)

∆

}
,

(2.3)

where

Λi(b) = δi

(
κiI

ϑipi(b)− Iϑi
(
EIξi,γiσi

~i(b)
))

+ ζi

(
κ3−iI

σ3−i(1+ξ3−i)p3−i(b)− Iσ3−i(1+ξ3−i)
(
EIξ3−i,γ3−i

σ3−i
~3−i(b)

))
,

Ωi =
Γ (1− σi(1 + ξi))

Γ (ϑi − σi(1 + ξi) + 1)
, Φi = δiΩib

ϑi−σi(1+ξi),

Θi =
µi
λi

Γ (1− σ3−i(1 + ξ3−i)) , Ψi = Θi

[
ζiλi
µi
− δi

]
,

(2.4)

and it is assumed that ∆ := Φ1Φ2 −Ψ1Ψ2 6= 0 and λi, µi 6= 0, i = 1, 2.

Proof. Let (p1, p2) be a solution of the system (2.1). Applying the Erdélyi–Kober
integral operators EIξ1,γ1σ1

and EIξ2,γ2σ2
on both sides of the first and second equa-

tions in (2.1), respectively, and using Lemma 2.3, we obtain for t ∈ [0, b],
CDϑ1p1(t) + κ1 p1(t) = c0t

−σ1(1+ξ1) + EIξ1,γ1σ1
~1(t), (2.5)

CDϑ2p2(t) + κ2 p2(t) = d0t
−σ2(1+ξ2) + EIξ2,γ2σ2

~2(t). (2.6)

Now, by applying the Riemann-Liouville integral operators Iϑ1 and Iϑ2 on
both sides of equations (2.5) and (2.6), respectively, and applying Lemma 2.7, we
obtain

p1(t) = c0
Γ (1− σ1(1 + ξ1))

Γ (ϑ1 − σ1(1 + ξ1) + 1)
tϑ1−σ1(1+ξ1) + Iϑ1

(
EIξ1,γ1σ1 ~1(t)

)
− κ1Iϑ1p1(t) + c1,

(2.7)

p2(t) = d0
Γ (1− σ2(1 + ξ2))

Γ (ϑ2 − σ2(1 + ξ2) + 1)
tϑ2−σ2(1+ξ2) + Iϑ2

(
EIξ2,γ2σ2 ~2(t)

)
− κ2Iϑ2p2(t) + d1.

(2.8)

By applying Lemmas 2.9 and 2.10 to the fractional derivatives in the boundary
conditions, we obtain

CDϑ1−σ1(1+ξ1)p1(t) = c0 Γ (1− σ1(1 + ξ1)) + Iσ1(1+ξ1)
(
EIξ1,γ1σ1

~1(t)
)
− κ1Iσ1(1+ξ1)p1(t),

(2.9)
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CDϑ2−σ2(1+ξ2)p2(t) = d0 Γ (1− σ2(1 + ξ2)) + Iσ2(1+ξ2)
(
EIξ2,γ2σ2

~2(t)
)
− κ2Iσ2(1+ξ2)p2(t).

(2.10)

By applying the boundary conditions λ1 p1(0) + µ1
CDϑ2−σ2(1+ξ2)p2(0) = 0 and

λ2 p2(0) + µ2
CDϑ1−σ1(1+ξ1)p1(0) = 0, we obtain

c1λ1 + d0µ1Γ (1− σ2(1 + ξ2)) = 0, (2.11)

d1λ2 + c0µ2Γ (1− σ1(1 + ξ1)) = 0, (2.12)

while, by applying the boundary conditions δ1 p1(b) + ζ1
CDϑ2−σ2(1+ξ2)p2(b) = 0

and δ2 p2(b) + ζ2
CDϑ1−σ1(1+ξ1)p1(b) = 0, we obtain

c0δ1
Γ (1− σ1(1 + ξ1))

Γ (ϑ1 − σ1(1 + ξ1) + 1)
bϑ1−σ1(1+ξ1) + c1δ1 + d0ζ1Γ (1− σ2(1 + ξ2))

= δ1
(
κ1I

ϑ1p1(b)− Iϑ1
(
EIξ1,γ1σ1

~1(b)
))

+ ζ1

(
κ2I

σ2(1+ξ2)p2(b)− Iσ2(1+ξ2)
(
EIξ2,γ2σ2

~2(b)
))

,

(2.13)

d0δ2
Γ (1− σ2(1 + ξ2))

Γ (ϑ2 − σ2(1 + ξ2) + 1)
bϑ2−σ2(1+ξ2) + d1δ2 + c0ζ2Γ (1− σ1(1 + ξ1))

= δ2
(
κ2I

ϑ2p2(b)− Iϑ2
(
EIξ2,γ2σ2

~2(b)
))

+ ζ2

(
κ1I

σ1(1+ξ1)p1(b)− Iσ1(1+ξ1)
(
EIξ1,γ1σ1

~1(b)
))

.

(2.14)

Solving the system of equation (2.11) and (2.12) for c1 and d1, and replacing
to equations (2.13) and (2.14), in view of notations (2.4), we obtain the following
linear system {

c0Φ1 + d0Ψ1 = Λ1(b),

c0Ψ2 + d0Φ2 = Λ2(b).
(2.15)

Solving the system (2.15) for c0 and d0, we find that

c0 =
Φ2Λ1(b)−Ψ1Λ2(b)

∆
,

d0 =
Φ1Λ2(b)−Ψ2Λ1(b)

∆
.

Substituting the values of c0 and d0 in (2.11) and (2.12), respectively, we get

c1 = −Θ1

{
Φ1Λ2(b)−Ψ2Λ1(b)

∆

}
,

d1 = −Θ2

{
Φ2Λ1(b)−Ψ1Λ2(b)

∆

}
.

Replacing c0, c1, d0 and d1 in (2.7) and (2.8), we get the solutions (2.2) and
(2.3).

Conversely, by applying the Caputo fractional derivatives of orders ϑ1 and ϑ2

to (2.2) and (2.3), respectively, and using Lemma 2.8 along with the property
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that the Caputo derivative of a constant is zero, we obtain

CDϑ1p1(t) + κ1p1(t) =

[
Φ2Λ1(b)−Ψ1Λ2(b)

∆

]
t−σ1(1+ξ1) + EIξ1,γ1σ1

~1(t), (2.16)

CDϑ2p2(t) + κ2p2(t) =

[
Φ1Λ2(b)−Ψ2Λ1(b)

∆

]
t−σ2(1+ξ2) + EIξ2,γ2σ2

~2(t). (2.17)

Then, by applying the Erdélyi–Kober fractional derivatives of orders γ1 and γ2
to (2.16) and (2.17), respectively, we obtain{

EDξ1,γ1
σ1

(CDϑ1 + κ1)p1(t) = ~1(t), t ∈ [0, b],
EDξ2,γ2

σ2
(CDϑ2 + κ2)p2(t) = ~2(t), t ∈ [0, b].

To verify that (p1, p2) satisfies the boundary conditions in lines 3 and 4 of problem
(2.1), we first evaluate (2.2) and (2.3) at t = 0 and t = b to obtain the first
conditions in those lines. Subsequently, to derive the second conditions in the
same lines, we apply the Caputo fractional derivatives of orders ϑ1 − σ1(1 + ξ1)
and ϑ2− σ2(1 + ξ2) to (2.2) and (2.3), respectively, at the points t = 0 and t = b.
By carrying out direct computation, we verify that these second conditions are
also satisfied. The proof is completed. �

3. Main Results

Let C([0, b],R) denote the Banach space of all continuous real-valued functions
defined on [0, b], equipped with the norm ‖p1‖X1

= sup{|p1(t)| : t ∈ [0, b]}.
The product space

(
X1 × X2, ‖·‖X1×X2

)
is also a Banach space with the norm

‖(p1, p2)‖X1×X2
= ‖p1‖X1

+ ‖p2‖X2
for (p1, p2) ∈ X1 ×X2.

According to Lemma 2.11, we define an operator T : X1 ×X2 → X1 ×X2 by

T (p1, p2) (t) =

(
T1 (p1, p2) (t)
T2 (p1, p2) (t)

)
,

where

T1 (p1, p2) (t) = Ω1

{
Φ2Λ̂1(b)−Ψ1Λ̂2(b)

∆

}
tϑ1−σ1(1+ξ1)

+ Iϑ1
(
EIξ1,γ1σ1

ϕ1(t, p1(t), p2(t))
)

− κ1Iϑ1p1(t)−Θ1

{
Φ1Λ̂2(b)−Ψ2Λ̂1(b)

∆

}
, t ∈ [0, b], (3.1)

and

T2 (p1, p2) (t) = Ω2

{
Φ1Λ̂2(b)−Ψ2Λ̂1(b)

∆

}
tϑ2−σ2(1+ξ2)

+ Iϑ2
(
EIξ2,γ2σ2

ϕ2(t, p1(t), p2(t))
)
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− κ2Iϑ2p2(t)−Θ2

{
Φ2Λ̂1(b)−Ψ1Λ̂2(b)

∆

}
, t ∈ [0, b], (3.2)

where

Λ̂i(b) = δi

(
κiI

ϑipi(b)− Iϑi
(
EIξi,γiσi ϕi(b, p1(b), p2(b))

))
+ ζi

(
κ3−iI

σ3−i(1+ξ3−i)p3−i(b)− Iσ3−i(1+ξ3−i)
(
EI

ξ3−i,γ3−i
σ3−i ϕ3−i(b, p1(b), p2(b))

))
.

For simplicity, we denote

Υ1 = |κ1|

(
bϑ1

Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ2

)
,

Υ2 = |κ1|

(
|δ1|

bϑ1

Γ(ϑ1 + 1)
Ξ3 + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ4

)
,

Υ3 = |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ1

)
,

Υ4 = |κ2|

(
bϑ2

Γ(ϑ2 + 1)
(Ξ4 |δ2|+ 1) + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ3

)
,

Υ5 =
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
Ξ2,

Υ6 = |δ1|
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
Ξ3 + |ζ2|

bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
Ξ4,

Υ7 = |δ2|
bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
Ξ1,

Υ8 =
bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
(Ξ4 |δ2|+ 1) + |ζ1|

bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
Ξ3,

(3.3)

where

Ξ1 =
1

|∆|

(
|Ω1| |Φ2| bϑ1−σ1(1+ξ1) + |Θ1| |Ψ2|

)
,

Ξ2 =
1

|∆|

(
|Ω1| |Ψ1| bϑ1−σ1(1+ξ1) + |Θ1| |Φ1|

)
,

Ξ3 =
1

|∆|

(
|Ω2| |Ψ2| bϑ2−σ2(1+ξ2) + |Θ2| |Φ2|

)
,

Ξ4 =
1

|∆|

(
|Ω2| |Φ1| bϑ2−σ2(1+ξ2) + |Θ2| |Ψ1|

)
,

(3.4)

and

Qi = Υ2i−1 + Υ2i, i = 1, 2, 3, 4. (3.5)
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Our first result addresses the existence and uniqueness of solutions to problem
(1.2). The proof is based on the application of Banach’s contraction mapping
principle [7], a fundamental tool in nonlinear analysis.

Theorem 3.1. Let ϕ1, ϕ2 : [0, b]×R×R→ R be continuous functions and ∆ 6= 0.
Assume that the following condition is satisfied:

(H1) There exist constants L1,L2 > 0 such that, for all t ∈ [0, b] and pi, qi ∈ R,
i = 1, 2,

|ϕ1(t, p1, p2)− ϕ1(t, q1, q2)| ≤ L1 (|p1 − q1|+ |p2 − q2|) ,
|ϕ2(t, p1, p2)− ϕ2(t, q1, q2)| ≤ L2 (|p1 − q1|+ |p2 − q2|) .

Then the coupled system (1.2) has a unique solution on [0, b] provided that

Q1 +Q2 + L1Q3 + L2Q4 < 1, (3.6)

where Qi, i = 1, 2, 3, 4 are given by (3.5).

Proof. Firstly, we show that T (Br1) ⊂ Br1 , where

Br1 = {(p1, p2) ∈ X1 ×X2 : ‖(p1, p2)‖X1×X2
≤ r1}

is a closed and bounded ball with

r1 ≥
M1Q3 +M2Q4

1−
[
Q1 +Q2 + L1Q3 + L2Q4

] ,
where

M1 = sup
t∈[0,b]

{|ϕ1(t, 0, 0)| : t ∈ [0, b]} <∞

and

M2 = sup
t∈[0,b]

{|ϕ2(t, 0, 0)| : t ∈ [0, b]} <∞,

by the assumption (H1), it follows that

|ϕ1(t, p1(t), p2(t))| ≤ |ϕ1(t, p1(t), p2(t))− ϕ1(t, 0, 0)|+ |ϕ1(t, 0, 0)|

≤ L1(‖p1‖X1
+ ‖p2‖X2

) +M1 ≤ L1r1 +M1,

|ϕ2(t, p1(t), p2(t))| ≤ |ϕ2(t, p1(t), p2(t))− ϕ2(t, 0, 0)|+ |ϕ2(t, 0, 0)|

≤ L2(‖p1‖X1
+ ‖p2‖X2

) +M2 ≤ L2r1 +M2.

Using the notations in (3.4), for each (p1, p2) ∈ Br, we obtain

|T1 (p1, p2) (t)|

≤ |Ω1|

 |Φ2|
∣∣∣Λ̂1(b)

∣∣∣+ |Ψ1|
∣∣∣Λ̂2(b)

∣∣∣
|∆|

 bϑ1−σ1(1+ξ1)

+
∣∣∣Iϑ1 (EIξ1,γ1σ1

ϕ1(t, p1(t), p2(t))
) ∣∣∣+ |κ1|

∣∣Iϑ1p1(t)∣∣
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+ |Θ1|

 |Φ1|
∣∣∣Λ̂2(b)

∣∣∣+ |Ψ2|
∣∣∣Λ̂1(b)

∣∣∣
|∆|

 ,

=
1

|∆|

(
|Ω1| |Φ2| bϑ1−σ1(1+ξ1) + |Θ1| |Ψ2|

) ∣∣∣Λ̂1(b)
∣∣∣

+
1

|∆|

(
|Ω1| |Ψ1| bϑ1−σ1(1+ξ1) + |Θ1| |Φ1|

) ∣∣∣Λ̂2(b)
∣∣∣

+
∣∣Iϑ1 (EIξ1,γ1σ1

ϕ1(t, p1(t), p2(t))
)∣∣+ |κ1|

∣∣Iϑ1p1(t)∣∣
= Ξ1

∣∣∣Λ̂1(b)
∣∣∣+ Ξ2

∣∣∣Λ̂2(b)
∣∣∣+
∣∣Iϑ1 (EIξ1,γ1σ1

ϕ1(t, p1(t), p2(t))
)∣∣+ |κ1|

∣∣Iϑ1p1(t)∣∣ ,
(3.7)

where∣∣∣Λ̂1(b)
∣∣∣ ≤ |δ1|( |κ1| ∣∣Iϑ1p1(b)∣∣+

∣∣∣Iϑ1(EIξ1,γ1σ1
ϕ1(b, p1(b), p2(b))

)∣∣∣ )
+ |ζ1|

(
|κ2|

∣∣Iσ2(1+ξ2)p2(b)∣∣+
∣∣∣Iσ2(1+ξ2)(EIξ2,γ2σ2

ϕ2(b, p1(b), p2(b))
)∣∣∣)

≤ |δ1|

(
|κ1|

bϑ1

Γ(ϑ1 + 1)
‖p1‖X1

+
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
‖ϕ1‖

)

+ |ζ1|

(
|κ2|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
‖p2‖X2

+
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
‖ϕ2‖

)
, (3.8)

and∣∣∣Λ̂2(b)
∣∣∣ ≤ |δ2|( |κ2| ∣∣Iϑ2p2(b)∣∣+

∣∣∣Iϑ2(EIξ2,γ2σ2
ϕ2(b, p1(b), p2(b))

)∣∣∣ )
+ |ζ2|

(
|κ1|

∣∣Iσ1(1+ξ1)p1(b)∣∣+
∣∣∣Iσ1(1+ξ1)(EIξ1,γ1σ1

ϕ1(b, p1(b), p2(b))
)∣∣∣)

≤ |δ2|

(
|κ2|

bϑ2

Γ(ϑ2 + 1)
‖p2‖X2

+
bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
‖ϕ2‖

)

+ |ζ2|

(
|κ1|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
‖p1‖X1

+
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
‖ϕ1‖

)
. (3.9)

Inserting (3.8) and (3.9) into (3.7), together with the notations in (3.3), we obtain

|T1 (p1, p2) (t)|
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≤ |κ1|

(
bϑ1

Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ2

)
‖p1‖X1

+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ1

)
‖p2‖X2

+

(
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1)

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
Ξ2

)(
L1r1 +M1

)
+

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
Ξ2

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
Ξ1

)(
L2r1 +M2

)
.

Hence,

‖T1 (p1, p2)‖X1
≤ Υ1 ‖p1‖X1

+ Υ3 ‖p2‖X2
+ Υ5

(
L1r1 +M1

)
+ Υ7

(
L2r1 +M2

)
.

(3.10)

In a similar way of computation, we get

‖T2 (p1, p2)‖X2
≤ Υ2 ‖p1‖X1

+ Υ4 ‖p2‖X2
+ Υ6

(
L1r1 +M1

)
+ Υ8

(
L2r1 +M2

)
.

(3.11)

From the two inequalities (3.10) and (3.11) above and using the notations (3.5),
we can conclude that

‖T (p1, p2)‖X1×X2

= ‖T1 (p1, p2)‖X1
+ ‖T2 (p1, p2)‖X2

≤ Q1 ‖p1‖X1
+Q2 ‖p2‖X2

+Q3 (L1r +M1) +Q4 (L2r +M2)

≤ (Q1 +Q2)(‖p1‖X1
+ ‖p2‖X2

) + r
(
L1Q3 + L2Q4

)
+M1Q3 +M2Q4

≤ r1
(
Q1 +Q2 + L1Q3 + L2Q4

)
+M1Q3 +M2Q4

≤ r1

which yields that T (Br1) ⊆ Br1 . Next, we will show that the operator T is a
contraction.

For each (p1, p2), (q1, q2) ∈ Br and for any t ∈ [0, b], we have

|T1(p1, p2)(t)− T1(q1, q2)(t)|

≤ |κ1|

(
bϑ1

Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ2

)
‖p1 − q1‖X1
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+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ1

)
‖p2 − q2‖X2

+

(
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1)

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
Ξ2

)
L1

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
+

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
Ξ2

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
Ξ1

)
L2

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
,

which yields

‖T1(p1, p2)− T1(q1, q2)‖X1
≤ Υ1 ‖p1 − q1‖X1

+ Υ3 ‖p2 − q2‖X2

+ L1Υ5

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
+ L2Υ7

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
.

(3.12)

Similarly, one can find that

‖T2(p1, p2)− T2(q1, q2)‖X2
≤ Υ2 ‖p1 − q1‖X1

+ Υ4 ‖p2 − q2‖X2

+ L1Υ6

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
+ L2Υ8

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
.

(3.13)

From (3.12) and (3.13), we deduce that

|T (p1, p1)(t)− T (q1, q2)(t)|

≤ Q1 ‖p1 − q1‖X1
+Q2 ‖p2 − q2‖X2

+ L1Q3

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
+ L2Q4

(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
≤
(
Q1 +Q2 + L1Q3 + L2Q4

)(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
.

Consequently, it follows that

‖T (p1, p2)− T (q1, q2)‖X1×X2
≤
(
Q1 +Q2 + L1Q3 + L2Q4

)
×
(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
,

which, in view of condition (3.6), implies that the operator T is a contraction.
Hence, by Banach’s contraction mapping principle, the operator T has a unique
fixed point. Therefore, the system (1.2) has a unique solution on [0, b]. This
completes the proof. �
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In the following result, the existence of solutions to system (1.2) is established
using the Leray–Schauder alternative [8].

Theorem 3.2. Let ϕ1, ϕ2 : [0, b]×R×R→ R be continuous functions and ∆ 6= 0.
Assume that the following condition is satisfied:

(H2) There exist constants ui, νi ≥ 0 (i = 1, 2) and u0 > 0, ν0 > 0 such that,

|ϕ1(t, p1, p2)| ≤ u0 + u1 |p1|+ u2 |p2| ,
|ϕ2(t, p1, p2)| ≤ ν0 + ν1 |p1|+ ν2 |p2| .

Then the coupled system (1.2) has at least one solution on [0, b] provided that

Q1 +Q3u1 +Q4ν1 < 1 and Q2 +Q3u2 +Q4ν2 < 1, (3.14)

where Qi, i = 1, 2, 3, 4 are given by (3.5).

Proof. First of all, we show that the operator T : X1×X2 → X1×X2 is completely
continuous. Note that the continuity of the functions ϕ1 and ϕ2 implies that
the operator T is continuous. Let Br2 ⊆ X1 × X2 be a bounded set, where
Br2 = {(p1, p2) ∈ X1 × X2 : ‖(p1, p2)‖X1×X2

≤ r2}. For each (p1, p2) ∈ Br2 , we
obtain

|T1 (p1, p2) (t)|

≤ |κ1|

(
bϑ1

Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ2

)
‖p1‖X1

+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ1

)
‖p2‖X2

+

(
bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1)

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
Ξ2

)(
u0 + u1 ‖p1‖X1

+ u2 ‖p2‖X2

)
+

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
Ξ2

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
Ξ1

)(
ν0 + ν1 ‖p1‖X1

+ ν2 ‖p2‖X2

)
.

which leads to

‖T1(p1, p2)‖X1
≤
(

Υ1 + Υ5u1 + Υ7ν1

)
‖p1‖X1

+
(

Υ3 + Υ5u2 + Υ7ν2

)
‖p2‖X2

+ Υ5u0 + Υ7ν0.

In the same way, we have

‖T2(p1, p2)‖X2
≤
(

Υ2 + Υ6u1 + Υ8ν1

)
‖p1‖X1

+
(

Υ4 + Υ6u2 + Υ8ν2

)
‖p2‖X2
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+ Υ6u0 + Υ8ν0.

Hence,

‖T (p1, p2)‖X1×X2

= ‖T1(p1, p2)‖X1
+ ‖T2(p1, p2)‖X2

≤ (Q1 +Q3u1 +Q4ν1) ‖p1‖X1
+ (Q2 +Q3u2 +Q4ν2) ‖p2‖X2

+Q3u0 +Q4ν0

≤ (Q1 +Q2 +Q3(u1 + u2) +Q4(ν1 + ν2))r2 +Q3u0 +Q4ν0,

which implies that T (Br2) is uniformly bounded.
Now we show that the operator T is equicontinuous. Let t1, t2 ∈ [0, b] with

t1 < t2. Then, we obtain

|T1(p1, p2)(t2)− T1(p1, p2)(t1)|

≤ |Ω1|

 |Φ2|
∣∣∣Λ̂1(b)

∣∣∣+ |Ψ1|
∣∣∣Λ̂2(b)

∣∣∣
|∆|

∣∣∣tϑ1−σ1(1+ξ1)2 − tϑ1−σ1(1+ξ1)1

∣∣∣
+
∣∣∣Iϑ1 (EIξ1,γ1σ1

ϕ1(t2, p1(t2), p2(t2))
)
− Iϑ1

(
EIξ1,γ1σ1

ϕ1(t1, p1(t1), p2(t1))
) ∣∣∣

+ |κ1|
∣∣∣Iϑ1p1(t2)− Iϑ1p1(t1)∣∣∣

≤ |Ω1|
|∆|

{[
|κ1|

(
|δ1|

bϑ1

Γ(ϑ1 + 1)
|Φ2|+ |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
|Ψ1|

)

+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
|Ψ1|+ |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
|Φ2|

)

+ (u1 + u2)

(
|δ1|

bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
|Φ2|

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
|Ψ1|

)

+ (ν1 + ν2)

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
|Ψ1|

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
|Φ2|

)]}
r2

(
t
ϑ1−σ1(1+ξ1)
2 − tϑ1−σ1(1+ξ1)1

)
+

1

Γ(ϑ1 + 1)

{(
|κ1|+ (u1 + u2)

Γ(ξ1 + 1)

Γ(ξ1 + γ + 1)

)
r2 + u0

Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)

}

×
[
2(t2 − t1)ϑ1 + (tϑ12 − tϑ11 )

]
,
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which implies that

|T1(p1, p2)(t2)− T1(p1, p2)(t1)| → 0, as t1 → t2,

independently of (p1, p2) ∈ Br2 . Analogously, we obtain

|T2(p1, p2)(t2)− T2(p1, p2)(t1)|

≤ |Ω2|
|∆|

{[
|κ1|

(
|δ1|

bϑ1

Γ(ϑ1 + 1)
|Ψ2|+ |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
|Φ1|

)

+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
|Φ1|+ |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
|Ψ2|

)

+ (u1 + u2)

(
|δ1|

bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
|Ψ2|

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
|Φ1|

)

+ (ν1 + ν2)

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
|Φ1|

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
|Ψ2|

)]}
r2

(
t
ϑ2−σ2(1+ξ2)
2 − tϑ2−σ2(1+ξ2)1

)
+

1

Γ(ϑ2 + 1)

{(
|κ2|+ (ν1 + ν2)

Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)

)
r2 + ν0

Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)

}

×
[
2(t2 − t1)ϑ2 + (tϑ22 − tϑ21 )

]
,

which implies that

|T2(p1, p2)(t2)− T2(p1, p2)(t1)| → 0, as t1 → t2,

independently of (p1, p2) ∈ Br. Consequently, the set T (Br2) is equicontinuous.
Hence, by the Arzelá–Ascoli theorem, T (Br2) is relatively compact. It follows
that the operator T is completely continuous.

Finally, we show the boundedness of the set

S = {(p1, p2) ∈ X1 ×X2 : (p1, p2) = η T (p1, p2), 0 < η < 1}.

Let any (p1, p2) ∈ S, then (p1, p2) = η T (p1, p2). We have, for all t ∈ [0, b],

p1(t) = η T1(p1, p2)(t), p2(t) = η T2(p1, p2)(t).

Then, we get

‖p1‖X1
≤
(

Υ1 + Υ5u1 + Υ7ν1

)
‖p1‖X1

+
(

Υ3 + Υ5u2 + Υ7ν2

)
‖p2‖X2

+ Υ5u0 + Υ7ν0,
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‖p2‖X2
≤
(

Υ2 + Υ6u1 + Υ8ν1

)
‖p1‖X1

+
(

Υ4 + Υ6u2 + Υ8ν2

)
‖p2‖X2

+ Υ6u0 + Υ8ν0.

From the above inequalities, we get

‖p1‖X1
+ ‖p2‖X2

≤ (Q1 +Q3u1 +Q4ν1) ‖p1‖X1
+ (Q2 +Q3u2 +Q4ν2) ‖p2‖X2

+Q3u0 +Q4ν0,

which implies that

‖(p1, p2)‖X1×X2
≤ Q3u0 +Q4ν0

Q∗
,

where

Q∗ = min
{

1−
[
Q1 +Q3u1 +Q4ν1

]
, 1−

[
Q2 +Q3u2 +Q4ν2

]}
.

Consequently, the set S is bounded. Therefore, by applying the Leray–Schauder
alternative, we conclude that the operator T has at least one fixed point, which
is a solution of the system (1.2) on [0, b]. The proof is completed. �

To conclude, the existence of solutions is also demonstrated by applying Kras-
nosel’skii’s fixed point theorem [19], under suitable conditions.

Theorem 3.3. Let ϕ1, ϕ2 : [0, b]×R×R→ R be continuous functions and ∆ 6= 0.
Assume that the following condition is satisfied:

(H3) There exist nonnegative functions f1, f2 ∈ C([0, b],R+) such that, for all
t ∈ [0, b] and pi ∈ R, i = 1, 2,

|ϕi(t, p1, p2)| ≤ fi(t), i = 1, 2.

Then the coupled system (1.2) has at least one solution on [0, b] provided that

Q1 +Q2 < 1, (3.15)

where Qi (i = 1, 2) are given by (3.5).

Proof. Firstly, we separate the operators T1 and T2, defined by (3.1) and (3.2),
respectively, as follows

T1 (p1, p2) (t) = T1,1 (p1, p2) (t) + T1,2 (p1, p2) (t),

T2 (p1, p2) (t) = T2,1 (p1, p2) (t) + T2,2 (p1, p2) (t),

where

T1,1 (p1, p2) (t) = − 1

∆

(
Ω1Φ2t

ϑ1−σ1(1+ξ1) + Θ1Ψ2

)
×

[
δ1

(
Iϑ1
(
EIξ1,γ1σ1

ϕ1(b, p1(b), p2(b))
))

+ ζ1

(
Iσ2(1+ξ2)

(
EIξ2,γ2σ2

ϕ2(b, p1(b), p2(b))
))]
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+
1

∆

(
Ω1Ψ1t

ϑ1−σ1(1+ξ1) + Θ1Φ1

)
×

[
δ2

(
Iϑ2
(
EIξ2,γ2σ2

ϕ2(b, p1(b), p2(b))
))

+ ζ2

(
Iσ1(1+ξ1)

(
EIξ1,γ1σ1

ϕ1(b, p1(b), p2(b))
))]

+ Iϑ1
(
EIξ1,γ1σ1

ϕ1(t, p1(t), p2(t))
)
, t ∈ [0, b],

T1,2 (p1, p2) (t) =
1

∆

(
Ω1Φ2t

ϑ1−σ1(1+ξ1) + Θ1Ψ2

)
×

[
δ1κ1I

ϑ1p1(b) + ζ1κ2I
σ2(1+ξ2)p2(b)

]
− 1

∆

(
Ω1Ψ1t

ϑ1−σ1(1+ξ1) + Θ1Φ1

)
×

[
δ2κ2I

ϑ2p2(b) + ζ2κ1I
σ1(1+ξ1)p1(b)

]
− κ1Iϑ1p1(t), t ∈ [0, b],

T2,1 (p1, p2) (t) =
1

∆

(
Ω2Ψ2t

ϑ2−σ2(1+ξ2) + Θ2Φ2

)
×

[
δ1

(
Iϑ1
(
EIξ1,γ1σ1

ϕ1(b, p1(b), p2(b))
))

+ ζ1

(
Iσ2(1+ξ2)

(
EIξ2,γ2σ2

ϕ2(b, p1(b), p2(b))
))]

− 1

∆

(
Ω2Φ1t

ϑ2−σ2(1+ξ2) + Θ2Ψ1

)
×

[
δ2

(
Iϑ2
(
EIξ2,γ2σ2

ϕ2(b, p1(b), p2(b))
))

+ ζ2

(
Iσ1(1+ξ1)

(
EIξ1,γ1σ1

ϕ1(b, p1(b), p2(b))
))]

+ Iϑ2
(
EIξ2,γ2σ2

ϕ2(t, p1(t), p2(t))
)
, t ∈ [0, b],

T2,2 (p1, p2) (t) = − 1

∆

(
Ω2Ψ2t

ϑ2−σ2(1+ξ2) + Θ2Φ2

)
×

[
δ1κ1I

ϑ1p1(b) + ζ1κ2I
σ2(1+ξ2)p2(b)

]
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+
1

∆

(
Ω2Φ1t

ϑ2−σ2(1+ξ2) + Θ2Ψ1

)
×

[
δ2κ2I

ϑ2p2(b) + ζ2κ1I
σ1(1+ξ1)p1(b)

]
− κ2Iϑ2p2(t), t ∈ [0, b].

Obviously,

T = T1,1 + T1,2 + T2,1 + T2,2.

Let us introduce the closed ball

Br3 = {(p1, p2) ∈ X1 ×X2 : ‖(p1, p2)‖X1×X2
≤ r3}

with

r3 ≥
Q3‖f1‖X1 +Q4‖f2‖X2

1−
[
Q1 +Q2

]
where Q3 and Q4 are given by (3.5) and

‖f1‖X1 = sup
t∈[0,b]

|f1(t)| <∞ and ‖f2‖X2 = sup
t∈[0,b]

|f2(t)| <∞.

For any (p1, p2), (q1, q2) ∈ Br3 , we get

|T1,1(p1, p2)(t) + T1,2(q1, q2)(t)| ≤ Υ1 ‖p1‖X1
+ Υ3 ‖p2‖X2

+ Υ5‖f1‖X1 + Υ7‖f2‖X2 .

Similarly, we have

|T2,1(p1, p2)(t) + T2,2(q1, q2)(t)| ≤ Υ2 ‖p1‖X1
+ Υ4 ‖p2‖X2

+ Υ6‖f1‖X1 + Υ8‖f2‖X2 .

Thus, we obtain

‖T1(p1, p2) + T2(q1, q2)‖X1×X2
≤ Q1 ‖p1‖X1

+Q2 ‖p2‖X2
+Q3‖f1‖X1 +Q4‖f2‖X2

≤ (Q1 +Q2)r3 + ‖f1‖X1 +Q4‖f2‖X2

≤ r3,

which implies that T1(p1, p2) + T2(p2, q2) ∈ Br3 .
Now, it is proven that the operator (T1,2, T2,2) is a contraction mapping. For

(p1, p2), (q1, q2) ∈ Br3 and for any t ∈ [0, b], we have

|T1,2(p1, p2)(t)− T1,2(q1, q2)(t)|

≤ Ξ1

[
|δ1| |κ1| Iϑ1 |p1(b)− q1(b)|+ |ζ1| |κ2| Iσ2(1+ξ2) |p2(b)− q2(b)|

]
+ Ξ2

[
|δ2| |κ2| Iϑ2 |p2(b)− q2(b)|+ |ζ2| |κ1| Iσ1(1+ξ1) |p1(b)− q1(b)|

]
+ |κ1| Iϑ1 |p1(t)− q1(t)|

≤ |κ1|

(
bϑ1

Γ(ϑ1 + 1)
(Ξ1 |δ1|+ 1) + |ζ2|

bσ1(1+ξ1)

Γ(σ1(1 + ξ1) + 1)
Ξ2

)
‖p1 − q1‖X1

+ |κ2|

(
|δ2|

bϑ2

Γ(ϑ2 + 1)
Ξ2 + |ζ1|

bσ2(1+ξ2)

Γ(σ2(1 + ξ2) + 1)
Ξ1

)
‖p2 − q2‖X2

= Υ1 ‖p1 − q1‖X1
+ Υ2 ‖p2 − q2‖X2
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and consequently, we obtain

‖T1,2(p1, p2)− T1,2(q1, q2)‖X1
≤ Υ1 ‖p1 − q1‖X1

+ Υ3 ‖p2 − q2‖X2
. (3.16)

Similarly, we can find that

‖T2,2(p1, p2)− T2,2(q1, q2)‖X2
≤ Υ2 ‖p1 − q1‖X1

+ Υ4 ‖p2 − q2‖X2
. (3.17)

From the inequalities (3.16) and (3.17), we conclude that

‖(T1,2, T2,2)(p1, p2)− (T1,2, T2,2)(q1, q2)‖X1×X2
≤ (Q1 +Q2)

×
(
‖p1 − q1‖X1

+ ‖p2 − q2‖X2

)
,

which means that (T1,2, T2,2) is a contraction.
Next, we show that the operator (T1,1, T2,1) is uniformly bounded on Br3 . Con-

tinuity of ϕ1 and ϕ2 implies that the operator (T1,1, T2,1) is continuous. For any
(p1, p2) ∈ Br3 , we have

‖T1,1(p1, p2)‖X1 ≤ Υ5‖f1‖X1 + Υ7‖f2‖X2 ,

and

‖T2,1(p1, p2)‖X2 ≤ Υ6‖f1‖X1 + Υ8‖f2‖X2 .

Consequently, we obtain

‖(T1,1, T2,1)‖X1×X2 ≤ Q3‖f1‖X1 +Q4‖f2‖X2 .

Hence, (T1,1, T2,1) is uniformly bounded. Lastly, we will prove the equicontinuity
of (T1,1, T2,1). For t1, t2 ∈ [0, b] with t1 < t2 and (p1, p2) ∈ Br3 , we have

|T1,1(p1, p2)(t2)− T1,1(p1, p2)(t1)|

≤ |Ω1|
|∆|

[
‖f1‖X1

(
|δ1|

bϑ1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)
|Φ2|

+ |ζ2|
bσ1(1+ξ1)Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(σ1(1 + ξ1) + 1)
|Ψ1|

)

+ ‖f2‖X2

(
|δ2|

bϑ2Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(ϑ2 + 1)
|Ψ1|

+ |ζ1|
bσ2(1+ξ2)Γ(ξ2 + 1)

Γ(ξ2 + γ2 + 1)Γ(σ2(1 + ξ2) + 1)
|Φ2|

)](
t
ϑ1−σ1(1+ξ1)
2 − tϑ1−σ1(1+ξ1)1

)
+

‖f1‖X1Γ(ξ1 + 1)

Γ(ξ1 + γ1 + 1)Γ(ϑ1 + 1)

[
2(t2 − t1)ϑ1 + (tϑ12 − tϑ11 )

]
,

which implies that

|T1,1(T1,1, T2,1)(t2)− T1,1(p1, p2)(t1)| → 0,

as t1 → t2 independently of (p1, p2) ∈ Br3 . Similarly, we obtain

|T2,1(p1, p2)(t2)− T2,1(p1, p2)(t1)| → 0,
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as t1 → t2 independently of (p1, p2) ∈ Br3 . Consequently, we obtain,

|(T1,1, T2,1)(p1, p2)(t2)− (T1,1, T2,1)(p1, p2)(t1)| → 0

as t1 → t2 independently of (p1, p2) ∈ Br3 and hence, the operator (T1,1, T2,1) is
equicontinuous. By applying Arzelá–Ascoli Theorem, we conclude that the opera-
tor (T1,1, T2,1) is compact on Br3 . Consequently, by applying Krasnosel’skĭi’s fixed
point theorem, system (1.2) has at least one solution on [0, b]. This completes
the proof. �

4. Examples

Consider a coupled system of Langevin fractional differential equations with
mixed Erdélyi–Kober and Caputo fractional derivatives given by

ED
− 1

4
, 1
8

1
3

(
CD

1
2 +

1

20

)
p1(t) = ϕ1(t, p1(t), p2(t)), t ∈

[
0,

1

7

]
,

ED
1
4
, 3
4

1
6

(
CD

1
4 +

1

10

)
p2(t) = ϕ2(t, p1(t), p2(t)), t ∈

[
0,

1

7

]
,

8 p1(0) + 2 CD
1
4p2(0) = 0, 64 p2(0) + 4 CD

1
24p1(0) = 0,

1

16
p1

(1

7

)
+

1

24
CD

1
4p2

(1

7

)
= 0,

1

32
p2

(1

7

)
+

1

48
CD

1
24p1

(1

7

)
= 0,

(4.1)

where b = 1
7
, ϑ1 = 1

2
, ϑ2 = 1

4
, γ1 = 1

8
, γ2 = 3

4
, ξ1 = −1

4
, ξ2 = 1

4
, σ1 = 1

3
, σ2 = 1

6
,

κ1 = 1
20

, κ2 = 1
10

, λ1 = 8, λ2 = 64, µ1 = 2, µ2 = 4, δ1 = 1
16

, δ2 = 1
32

, ζ1 = 1
24

and

ζ2 = 1
48

.

With the given data, it is found that Ω1 ≈ 1.35195, Ω2 ≈ 1.20061, Φ1 ≈
0.05194, Φ2 ≈ 0.03459, Θ1 ≈ 0.29343, Θ2 ≈ 0.07658, Ψ1 ≈ 0.03056, Ψ2 ≈
0.02313, ∆ ≈ 0.00109, Ξ1 ≈ 32.58715, Ξ2 ≈ 31.51376, Ξ3 ≈ 25.90825, Ξ4 ≈
54.89908, Υ1 ≈ 0.11029, Υ2 ≈ 0.07419, Υ3 ≈ 0.16560, Υ4 ≈ 0.23196, Υ5 ≈
1.95716, Υ6 ≈ 1.64888, Υ7 ≈ 1.50104, Υ8 ≈ 2.38166, Q1 ≈ 0.18448, Q2 ≈
0.39756, Q3 ≈ 3.60604, Q4 ≈ 3.8827.

(i) Consider the nonlinear functions ϕ1 and ϕ2 defined by

ϕ1(t, p1(t), p2(t)) =
cos4 πt√
t+ 324

(
p1

2 + |p1|
1 + |p1|

)
+

e− sin2 t

2(t+ 3)2
tan−1 |p2|+ t2 +

1

2
,

(4.2)

ϕ2(t, p1(t), p2(t)) =
e1−(t+1)2

3(t+ 7)
sin |p1|+

sin2 πt

t3 + 21

(
p2

2 + |p2|
1 + |p2|

)
+
√
t+ 2. (4.3)

Note that ϕ1 and ϕ2 satisfy the Lipschitz condition, since

|ϕ1(t, p1, p2)− ϕ1(t, q1, q2)| ≤
1

18
(|p1 − q1|+ |p2 − q2|) ,

|ϕ2(t, p1, p2)− ϕ2(t, q1, q2)| ≤
1

21
(|p1 − q1|+ |p2 − q2|) .
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By choosing, L1 = 1
18

and L2 = 1
21

, we obtain

Q1 +Q2 + L1Q3 + L2Q4 ≈ 0.96726 < 1.

Thus, all assumptions of Theorem 3.1 are satisfied. Hence, the coupled
system of Langevin fractional differential equations (4.1) with ϕ1 and ϕ2

given by (4.2) and (4.3), respectively, has a unique solution on
[
0, 1

7

]
.

(ii) Consider the nonlinear functions ϕ1 and ϕ2 defined by

ϕ1(t, p1(t), p2(t)) =
tan−1 |p2|
3π(t+ 2)2

+
e− cos2 p2

8(t+ 2)
|p1|+

1√
64 + sin8 p1

(
p2

2

1 + |p2|

)
,

(4.4)

ϕ2(t, p1(t), p2(t)) =
sin |p1|

12(t+ 1)
+

1√
81 + cos4 p2

(
p1

2

1 + |p1|

)
+

e−(p1+1)2

4(t6 + 3)2
|p2| .

(4.5)

Then, we have

|ϕ1(t, p1, p2)| ≤
1

24
+

1

16
|p1|+

1

8
|p2| ,

|ϕ2(t, p1, p2)| ≤
1

12
+

1

9
|p1|+

1

36
|p2| .

By choosing, u0 = 1
24

, u1 = 1
16

, u2 = 1
8
, ν0 = 1

12
, ν1 = 1

9
and ν2 = 1

36
, we

can find that

Q1 +Q3u1 +Q4ν1 ≈ 0.84126 < 1 and Q2 +Q3u2 +Q4ν2 ≈ 0.956167 < 1,

Thus, all assumptions of Theorem 3.2 are satisfied. Hence, the coupled
system of Langevin fractional differential equations (4.1) with ϕ1 and ϕ2

given by (4.4) and (4.5), respectively, have at least one solution on
[
0, 1

7

]
.

(iii) Consider bounded functions ϕ1 and ϕ2 given by

ϕ1(t, p1(t), p2(t)) =
1

7(t+ 1)

(
|p1|

1 + |p1|

)
+ sin

(√
1 + |p2|

)
+ e−t, (4.6)

ϕ2(t, p1(t), p2(t)) = cos
(√

1 + |p1|
)

+
1

t2 + 2

(
|p2|

1 + |p2|

)
+ ln (t4 + 4) + 1. (4.7)

Then, we have

|ϕ1(t, p1, p2)| ≤
1

7(t+ 1)
+ e−t + 1 := f1(t),

|ϕ2(t, p1, p2)| ≤
1

t2 + 2
+ ln (t4 + 4) + 2 := f2(t),

which means that the condition (H3) in Theorem 3.3 is satisfied. More-
over, the inequality (3.15) is fulfilled. Thus, all assumptions of Theorem
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3.3 are satisfied. Hence, the coupled system of Langevin fractional differ-
ential equations (4.1) with ϕ1 and ϕ2 given by (4.6) and (4.7), respectively,
has at least one solution on

[
0, 1

7

]
.

5. Conclusions

In this study, we have investigated a coupled system of Langevin-type fractional
differential equations characterized by the presence of mixed Erdélyi-Kober and
Caputo fractional derivatives. To lay the groundwork for our main results, we
initially derived an auxiliary result concerning the linearized form of the system,
which enabled us to reformulate the problem within the framework of fixed-point
theory. Building upon this formulation, we rigorously established the existence
and uniqueness of solutions by employing a combination of analytical tools, in-
cluding the Banach contraction principle, the Leray–Schauder alternative, and
Krasnosel’skii’s fixed point theorem.

To substantiate our theoretical findings, we constructed illustrative numerical
examples that demonstrate the applicability and accuracy of the proposed meth-
ods. The results obtained under this specific configuration are original and offer
meaningful contributions to the growing body of research on nonlocal boundary
value problems, especially those involving systems with hybrid fractional deriva-
tives of Erdélyi-Kober and Caputo types.

Looking ahead, we intend to extend our investigation to more generalized
boundary value problems for coupled fractional systems, particularly exploring
the effects of alternative and more complex boundary conditions in the presence
of mixed fractional operators.
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