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ABSTRACT. This work introduces an original interpolation approach for cubic
Hermite splines constructed within a generalized spline framework. The pro-
posed technique simultaneously approximates the function and its first-order
derivatives. Several numerical experiments are presented, highlighting the ac-
curacy and effectiveness of the method.
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1. INTRODUCTION

Over the past few decades, significant advances in numerical approximation
have been achieved, largely influenced by improved understanding of geometric
smoothness and by the introduction of broader classes of functional spaces (see,
for instance, [9, [12] and the references therein).

Among the earlier works, H. Akima [1] introduced a method for smooth curve
construction using piecewise-defined representations, where the local behavior
at interpolation points is governed by geometrically motivated slope estimates.
Subsequently, K. Ichida and coauthors [8] employed cubic Hermite splines to de-
velop a least-squares fitting strategy that, while not fully optimal, demonstrated
strong practical performance. In a related direction, A. M. Bica et al. [4] proved
an optimality result for cubic splines of Hermite type and illustrated its effec-
tiveness in approximation problems. More recently, X. Han et al. [7] proposed a
cubic Hermite interpolation framework in which nodal derivatives are determined
through an optimization process within the spline space. Consider a subdivision
a=u1x; <--- < x, = b of the interval I := [a, b], whose total length is bounded
by 27. Assume that function values y; and derivative data m; are given at the
nodes for i = 1,...,n. It is a classical result that, on each subinterval [x;, z;11],
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there exists a unique polynomial H; € P3 such that
Hi(z;) = ys, Hi(ziy1) = Yir,
Hi(z;) = my, Hi(i11) = mig1.
By assembling these local polynomials, one obtains a piecewise cubic function H
of class C! on I, which interpolates the data (z;, y;) while matching the prescribed
nodal derivatives.

In practical situations, the values y; are usually known, whereas the derivatives
m; at the nodes must be determined through either local or global procedures.
For instance, imposing the additional smoothness requirement H € C? leads to
a tridiagonal linear system for the derivative vector m = (mq,...,m,) (see [3]).

Alternatively, the derivatives may be obtained by minimizing suitable functionals,
such as, for £ = 0,1, 2,

Tu(m) = / ’ (H® (2) — LW(2)) do = nzl / + (HY (2) — L (2))? de,

where L; denotes the piecewise linear interpolant defined by

Tip1 — X T —
Li(x) = Yi + Yit1-
Tit1 — T Tiv1 — T4

This interpolating function represents the most basic construction that preserves
the geometric features of the data, although it does not provide a high level of
smoothness.

The minimization of the functional I, leads to the well-known natural cubic
spline. In [4], the authors consider the minimization of Iy, which results in an
interpolant characterized by minimal mean-square variation. By contrast, the
strategy introduced in [7] relies on minimizing I, yielding a set of nodal deriva-
tives m; such that the resulting spline H exhibits the smallest average discrepancy
between its derivative and L'.

Most available interpolation techniques are designed for standard curve fam-
ilies, including conics and clothoids. In the present study, we propose and in-
vestigate a novel Hermite-type interpolation scheme. The corresponding op-
erator is constructed to exactly reproduce the functional space generated by
{1,t, cos(wt), sin(wt)}, where w € RT UR*. An optimal Hermite interpolation
procedure, based on the same optimization principle, is also introduced.

Numerical simulations indicate the existence of an optimal choice of the pa-
rameter w, for which the associated quasi-interpolant outperforms several existing
approaches [9] 12]. These experiments confirm both the precision and the stabil-
ity of the proposed Hermite interpolants. An important feature of the generalized
formulation is its practical simplicity: all numerical experiments can be carried
out within a single computational framework. Only the parameter w needs to
be selected appropriately, eliminating the necessity of developing separate codes
for different test problems. With a suitable tuning of this parameter, the overall
computational efficiency is significantly enhanced.
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The paper is organized as follows. Section 2 presents the construction of the
generalized Hermite interpolant, where the nodal derivatives are obtained by solv-
ing a suitable minimization problem, and provides an accompanying error analy-
sis. Section 3 is devoted to numerical experiments that illustrate the performance
of the proposed method.

2. GENERALIZED HERMITE SPLINES

2.1. Construction of the Spline. Consider a uniform subdivision

A= {zihicien C lab],  mi—a+(i— DA, h:b;a. (2.1)

On each subinterval [z;, ;. 1], suppose that the function values y; and derivative
values m; are given. Then, there exists a unique generalized Hermite interpolant

H;(x) € span{1, z, cos(wz),sin(wz)}, we Ry UiR,, (2.2)
which satisfies the Hermite interpolation conditions
Hi(x:) = yi, Hi(2i41) = Yir1, Hi(x;) = my, H{(xi11) = mip1. (2.3)

The global spline H(z), constructed by connecting all the local interpolants
H;, belongs to class C! and interpolates the given data (y;, m;) [11].

Remark 2.1. The C' continuity is ensured provided that the step size h is suf-
ficiently small and that the nodal derivatives m; satisfy the tridiagonal system
presented below.

2.2. Hermite Basis Functions. Each local interpolant H; can be expressed in
terms of a Hermite basis as

Hi(7) = yi$i 1 (¥) + Yir10i2(w) + midiz(x) + mipadia(z), €[5, 2501], (2.4)

where the basis functions ¢, ;, for j = 1,..., 4, are elements of span{1, z, cos(wz), sin(wz)}
and satisfy the Hermite interpolation conditions:

Gip (i) = 1, Gip(ri) = Gi3(wi) = dia(ws) =0,

¢z’,2(Ii+1) =1, ¢i,1(l’z‘+1) = ¢z’,3($z‘+1) = ¢i,4(Iz’+1) =0, (2 5>
ia(wi) =1, i1(@) = & o(w:) = ¢ 4(2:) = 0, .
tamiv) =1, ¢ (zin1) = @l o(Tit1) = ¢ 3(wia) =0

The explicit forms of the basis functions ¢; ; are provided in Appendix [A] An
illustration of these Hermite basis functions is shown in Figure
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FIGURE 1. Generalized Hermite basis functions ¢; ; for various val-
ues of w, 7 =1 to 4.

2.3. Slope Determination via Minimization. The nodal derivatives m; are
obtained by minimizing the functional

nm) =Y [ () - L)) d, (2.

where L; denotes the linear interpolant connecting y; and ;1.

Remark 2.2. The full explicit expression of I;(m) is lengthy and can be found in
Appendix

2.4. Asymptotic Expansion and Stability Analysis. For sufficiently small
h, the functional admits the expansion

n—1

Lim) =Y [Cl(mi —mip1)® + Coyi — yir1)* + O(RP) |, (2.7)

i=1

where the constants C; and C5 depend on w and h, with p > 0.
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The associated linear system for the derivatives m; is tridiagonal and strictly
diagonally dominant for |w|h < 7, which guarantees the existence of a unique
solution.

2.5. Tridiagonal System for Slope Minimization. The minimization of I;
results in a tridiagonal linear system of the form

o 2v
vouv d,
my
v 12 (% d2
=l | (2.8)
my, X
vooW v dy,
20 p

where the coefficients u, v, n, and d; are specified in Appendix [C] For detailed
expressions of v and 7, refer to Appendix [D]
The condition ensuring diagonal dominance is

w(wh — sin(wh)) > 0. (2.9)

Lemma 2.3 (Boundedness of the inverse matrix). Let A denote the coefficient
matriz in system (2.8), and assume |w|h < w. Under this assumption, A is
strictly diagonally dominant and therefore invertible. Moreover, there exists a
constant C' > 0, independent of the step size h, such that

Ao < C.

Proof. Since the matrix A is strictly diagonally dominant, standard results for
tridiagonal matrices (see, e.g., [?]) guarantee that A is nonsingular and that its
inverse has a bounded oco-norm. The constant C' depends only on w and the
entries of A, and is independent of the step size h provided |w|h < . O

2.6. Convergence and Error Analysis.

Lemma 2.4 (Local Truncation Error). Let f € C3([a,b]), and denote by v and
n the coefficients appearing in the tridiagonal system (2.8). Then the local trun-
cation errors t; satisfy

UG WTE)
t; = (vh2—?) 7 +o(h?), i=1,...,n. (2.10)
Proof. Expand f and its derivative f’ in Taylor series around each node z;:
h? h3 ..
f(@iv1) = f(2) + hf'(2:) + Ef"(ﬂfi) + Ef(‘”(xi) +o(h%),

h? h3
f(ia) = flas) = Df'(s) + 5 f" (@) = gf(g)(fi) +o(R%).
Substituting these expansions into the tridiagonal system for m; and comparing
with the exact derivatives f’(x;) leads to

3
ti = (AF — C); = (vh2 - %) I 4 o(h?).
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Theorem 2.5 (Accuracy of Slope Approximation). Let f € C3([a,b]), and let
H denote the generalized Hermite spline whose nodal derivatives minimize the
functional I,. Then the approximation of the slopes satisfies

im; — f'(z:)] = o(h?), i=1,...,n, (2.11)
where the hidden constant depends on ||f® e and ||A™|co.

Proof. Denote F' = (f'(z;)), M = (m;), T = (t;), and let A be the coefficient
matrix of the tridiagonal system. We have

AM =C, AF=C+T = AF-M)=T.
Since A is strictly diagonally dominant, it is invertible with a bounded inverse:
“F - MHOO <C “THoo»

where C' is the constant from Lemmal[2.3] Applying Lemma [2.4] we have ||T'|| =
o(h?), which implies

|m; — f'(z:)| = o(h?®), i=1,...,n.
0

Theorem 2.6 (Interpolation Error for C* Functions). Let f € C*([a,b]), and let
H be the generalized Hermite spline constructed from the data (y;, m;). Then the
mazimum interpolation error satisfies

| f — Hllooar) = o(h"), ash— 0. (2.12)

Proof. On each subinterval [z;, z;,1], consider the local Hermite polynomial de-

fined by
p(z) = f(@:)din(z) + f(@ig1)dip(x) + f(@:)dis(@) + f(zip1)dialz).
We then have
|H (z) = p()] < [mi = f'()] | $i3lloo + [mirs — f/(@ip)] |@sallec = 0o(h?),

according to Theorem [2.5]
By Taylor’s expansion,

99

f(z) —p(z) 7 (x — 2;)*(x — z441)%,  for some & € (z;, T41),

which implies || f = plloc fa;.2:,] = O(h*).
Combining these bounds, we obtain

Hf - H”OO,[:ci,riH] < Hf _pHoo + Hp - H“oo = 0(h4)'

Taking the maximum over all subintervals [z;, x;,1] completes the proof. [



A NEW CUBIC INTERPOLATION 7

3. NUMERICAL EXAMPLES

To assess the performance of the proposed approach, we compare it with the
optimal cubic Hermite interpolation |7] and the optimal quartic interpolation [6].
The generalized Hermite interpolant is capable of exactly reproducing functions
in the chosen interpolation space, including trigonometric, hyperbolic, and expo-
nential types, and achieves a quadratic convergence rate O(h?) (Theorem 1).

The construction of the generalized Hermite interpolant is based on the space

span{1, x, cos(wx),sin(wz)} or span{l,x,cosh(wx),sinh(wz)},

depending on whether w € R or w € iR. The parameter w is selected to capture
the dominant qualitative features of the target function—oscillatory or exponen-
tial—while ensuring the stability criterion |w|h < 7 is satisfied. In all numerical
tests, w is chosen moderately, well below the upper bound, to maintain stability
and prevent ill-conditioning.

We examine the test functions

fi(t) = —exp(cos(4nt)) — 10 exp(—2t), fa(t) = cosh(t) exp(sinh(t)),
on the interval [0, 1]. The uniform approximation error is defined by

(7, H) i= max |f(t) — (L),
where H denotes the generalized Hermite interpolant and ¢; are uniformly spaced
points. The results reported in Tables indicate that the proposed method
consistently provides errors that are smaller or comparable to those obtained by
Han’s approach [7].

f(t) = cos(mt)
n  Our Method NCO  Han [7] NCO

10 0 — 623 x 107t —
20 0 ~ 151 x107! 1.93
40 0 ~  3.74x1072%2 201

TABLE 1. Absolute errors &,(f, H).

n  Our Method NC Han [7] NCO
20 3.16 x 1073 - 578 x 107! -

40 9.99x 107 1.66 1.51 x107' 1.93
80 2.79x107* 1.84 357x 1072 2.08
160 7.72x107° 194 874x 1073 2.03
320 1.95x107° 1.98 218 x 1073 2.00

TABLE 2. Absolute errors &,(f1, H).
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n  Our Method NCO  Han [7] NCO
20 268 x 1073 —  432x 107t -

40  7.31x107* 1.87 1.13x 107! 1.93
80 1.90x107* 194 288x107%2 1.97
160 4.52x107° 2.07 6.76 x 107* 2.09
320 1.12x107° 2.01 1.69x 1072 2.00
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TABLE 3. Absolute errors &, (fa, H).
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FiGURE 2. Comparison of interpolations: black curves correspond
to our method, blue curves to Han [T7].

A comprehensive comparison of derivative oscillations for various quartic spline

methods is presented in Appendix A.

4. CONCLUSION

In this study, we have proposed an optimal generalized Hermite interpolant that
exactly reproduces functions in the linear space {1, z, cos(wx), sin(wx)}. The free
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parameters of the interpolant are obtained by minimizing an integral functional
that measures the squared deviation of the first derivative of the interpolation
error.

The effectiveness of the proposed approach has been validated through several
numerical examples. It should be noted that some of the more involved algebraic
expressions were derived and simplified using Mathematica.

Future research will aim at extending this framework to comonotone-preserving
methods based on generalized spline constructions.

APPENDIX A. EXPLICIT BASIS FUNCTIONS
The generalized Hermite basis functions ¢; ;(z), j =1,...,4, are given explic-

itly by

w(wis1 — ) cos(L) + %m(%) Cos<w(ﬂc2—xi)>
¢i71(l’) . wh) )

whcos(“h) — 281n< 5

w(z; — x) COS( ) + 281n<w(x2 wl)) COS(”(QC—QM-H))

$i2(@) = = wh cos( ) — 2sin(4) ’
el | |
Gis(x) = 50 (oot 2 —2) [sm(w(m — ;) — sin(w(z — x441)) — sin(wh)
—wr cos(wh) + wri(cos(w(x — xiy1)) — 1) + waipr(cos(wh) — cos(w(x — xi41))) + wx] :
Giax) = 5 (wh Cot [sm x —x;)) —sin(w(x — z;41)) — sin(wh)
+ wz cos(wh) + wz;(cos(w(x — x;)) — cos(wh)) — wziyr(cos(w(z — ;) — 1) — wx].
(A1)

APPENDIX B. EXPLICIT FUNCTIONAL [
The functional I;(m) used to select the slopes is given explicitly by

n—1
hw(m; + mig1) (Y — Yir1) 2 2 .
Li(m) = h*w* + hwsin(hw) + 4 cos(hw) — 4
1(m) = 2hw (hw cos(22) — 2s1n(hw)) ( (heo) () )

X [8h4w3(mi +m,,) + 4sin(hw) (R°w?(mi — 3mym1 + mi, ) + (m; — migq)?)

+ sin(2hw) (K*w®(m; +mj,,) — 2(m; — miy1)?)

+ 4hw cos(hw) (mimig1 (R°w® — 6) —m? —m;, )

+ dhw(m; +m7, ) cos(2hw) + 24hwmimi+1} 32w(Yi — Yir1)? <h2w2 + hwsin(hw) + 4 co
(B.1)
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APPENDIX C. COEFFICIENTS FOR TRIDIAGONAL SYSTEM

The tridiagonal system for slope minimization is

uwo2v
v my dy

vookv Cl=al | (C.1)
e my dy,

The coeflicients are defined as

v = coefficient linking m; and m;, 1 in Iy, (C.2)
i = main diagonal coefficient depending on w and h, (C.3)
n = scaling factor arising from I, (C4)
d; = function of data differences y; — y;11 and w, h. (C.5)

The system is strictly diagonally dominant for |w|h < 7, ensuring a unique
solution.

APPENDIX D. ASYMPTOTIC EXPANSIONS OF COEFFICIENTS v AND 7)

For small h, the coefficients v and 7 in the tridiagonal system ({2.8]) admit the
expansions

2

v =+ O, (D.1)
12
W2
n=h+ O(Rh?). (D.2)
These expansions justify the asymptotic estimate
h3
vh? — % = O(),

used in Lemma 2.4

APPENDIX E. DERIVATIVE OSCILLATIONS

Finally, we compare derivative oscillations for several quartic spline schemes
(Sp, Sc, Ss, So). The input data and local derivatives are summarized in Ta-

bles and the resulting derivative oscillations in Table [6]

¢ 01 2 3 4 5
xz 0 2 4 6 8 10
y; 16 20 28 21 24 28

TABLE 4. Input data.
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m; mo mq mo ms my ms Il

H -1.0172 3.2407 14138 -5.0284 3.1695 -0.8061 388.28
Sp -1.9689 5.1006 2.5249 -5.5601 5.4596 -1.0811 445.56
Sc -7.8476 6.9145 7.4880 -10.2250 7.8167 -4.1417 577.23
Sg -8.7018 7.1929 8.2452 -10.7310 7.9057 -4.5236 587.62
So 13.6100 2.7799 15.2700 -12.3610 2.6746 9.6627 460.14

TABLE 5. Local derivatives m,; and functional values I;.

H 5&) fﬂj ASS Eﬂ?
VI 19.705 21.108 24.026 24.241 21.451

TABLE 6. Derivative oscillation.
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