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SOME RESULTS OF GENERALIZATION BILATERAL
LAPLACE TRANSFORM
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ABSTRACT. In this paper, we formulate the Ng-Bilateral Laplace transform on
time scales, which is a generalization of the a-conformable Laplace transform.
The existence theorem is proven, as well as the linearity, absolute and uni-
form convergence, the Ng-Bilateral transform of integral, and the Ng-Bilateral
transform of derivative.
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1. INTRODUCTION

In order to combine the two methods of dynamic modeling: differential and
difference equations. Stefan Hilger first proposed the time scale theory in his
doctoral thesis in 1988. For more developments on the time scale, we refer to
[ » Yy Oy L

Integral transforms on time scales are generalizations of classical integral trans-
forms, like the Laplace, Sumudu, and Fourier transforms [16, 2, 1], designed to
handle equations that are a mix of continuous and discrete dynamics. These
transforms are defined on arbitrary "time scales.” They are used to solve dy-
namic equations and integral equations by simplifying them into algebraic forms.
Conformable integral transforms on time scales are an important focus of this
work, such as the Conformable Fourier Transform on time scales studied in [12]

+oo
Flas)= [ FOE ot A% (1)
—0oQ
And other transformations as in the following references [0, 1, 19].
Integral transforms on time scales have the same influence for solving various
ordinary, partial-dynamic and integro-dynamic equations with given initial con-
ditions [9, 10, 11, 14, 1, 17, 18].
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2 S. GEORGIEV AND R. BAHLOUL

This work is organized as follows. In Section 2, we introduce the basic defini-

tions and properties of delta Ng-derivative, Np-circle plus and minus, and Np-
exponential function. In Section 3, we give a new definition of Bilateral Laplace
transform:
In the first result (Theorem 3.8), we show that the new transform is absolute
convergence, and in the second result (Theorem 3.10), we prove that the new
transform is uniform convergence. In section 4, We prove some results of this
new Bilateral Laplace transform.

2. PRELIMINARIES AND TOOLS

Let T be a time scale with delta differentiation operator A and forward leap
operator o, respectively. Let F': T x (0,1] — (0,00) be a given rising function
with respect to the first argument, and let o € (0, 1].

Definition 2.1. Assume that f: T — R, ¢ € T*. The delta Ng-derivative of f
at t noted by fl(ma) (t) is defined by

(F0(®) = F) Fit,0) = 20 () = )| < elo(t) - sl
In the neighbourhood U C T of ¢.

Remark 2.2. If f is differentiable at t, then

70 = o) = 10+ 11710

Theorem 2.3. Let t € T* and assume that f : T — R is a function. f is
continuous at t if it is Np-differentiable at t.

Proof. By Remark, we have For s € UNJt — e,t + €]

0= £ = |10 = i o 10) = £
= |- 1) - 0o 1)

T féa’<t>[a<t>—s+s—t1]

(5@ = FEIFE @) = 20 - s+ £ 0l - ) ]

F(t,q) (‘[f(t) — f(s)F(t,0) = i (D)o(t) 8]’ )t — sy>

This completes the proof. O
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Theorem 2.4. Lett € T* and assume that f : T — R is a function. If t is right-
dense, then fis Ng-differentiable at t if and only if the limit limg_,, wF(t, a)
1$ a finite number. In this case,
@) 4y — i 28 = F(8)
po(t) = lslgi PR

F(t, ). (2.1)

Proof. Let € > 0 be given. Since f is Ng-differentiable at t, there is U of t such
that

/(o) = F&F () = [0 (o) = 5)| < elo(t) — 5]
t

Since o(t) =
(0 = F&F () = [0 = 5)| < elt — 5]
Then
LT b0 - i) <
Thus

@) =1 1O =T py )

Conversely, let’s say that t is right-dense and that L is the limit on the right side
of (2.1). Then, there is a V; such that

‘(f(t) — f(s))F(t,a) — L(t — s)‘ <elt—s|,Vse V.
Because t is right-dense (o(t) = t)

((0(0) = F() F(t,0) = L(o(t) = 5)

Then f is Ng-differentiable at t and i (t) = lim,_,, {0 p(g ). O

<elo(t) —s|,Vs € V,.

Using Theorem 2.4 and Definition 2.1, we get the following theorem:

Theorem 2.5. If f is continuous at t and t is right-scattered, then f is Ng-
differentiable at t with

FO) = A FE, ).
1 pA () _ fle®)—f(t)

Proof. Assume that f is continuous at ¢ and t is right-scattered. By continuity,
L Fo(0) = 1) flo(®) ~ £t
o) —s ()

Hence, given € > 0, there is a neighborhood V' of ¢ such that
‘f((T(t)) _ f(S) F(t,a) _ f(O'(t)) B f(t) F(t,a)' <e

o(t) —s ()
for all s € V. It follows that

(flo(t) = f(s)) F(t,a) -

F(t,a) = F(t,a)

Flo(t) — 1)
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Thus, f is Np-differentiable at t and

£t =

Theorem 2.6. Assume f;g: T — R are differentiable at t € T*. Then:
(1) f+ g is conformable differentiable with (f + g)%a) (t) = fF (t) + g% )( ),

(2) fg is conformable differentiable with (fg)\ (¢ ) = fl(;a)( Hglo(t)+f()gs;
(3) % is conformable differentiable with ( )%a) = ff(, for which ff7 # 0;

(@) (@)
(4) % is conformable differentiable with (£ );‘) = Ir ()g(g)il(a((f)))g (t), gg° # 0.

Theorem 2.7. Let f: T — R such that f(t) =t. Then

() =t = F(t,a).

Proof. We have

F(t,a)""
then
_ w(t)
ot) =t+ g5 /i ®)
If p(t) # 0;
(a) . O'(t) —t o o
fe(t) = () F(t, o) = F(t, o)
If pu(t) # 0 (t is right-dense)
7 (1) = lim I i:{<t)F(t,a) —lin "= F(t,0) = F(t,0)

Theorem 2.8. We have

(1) ()% = (o(t) + ) F(t,@);
(2) () = (11 + (1) + G ")) Pt )0 = 3,

Proof. 1. From Theorem 2.7 and Theorem 2.6

) = () = %5t) + 'Y = (o(t) + 1) F(¢, )
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2. By recurrence, Theorem 2.7 and Theorem 2.6

(tn+1>(a) (tn t)(a) (t")(a) (t) —|—tnt(a)

(w Ly +Za" it ) F(t, 0)o(t) + 1" F(t,)
— (t”—l +Za” I( ) (t,a) + t"F(t, )
:<ﬂ+a%w+§:MﬂQW)F@a)

O

Definition 2.9. Assume that f : T — R is a regulated function. Then, the delta
Ng-integral of f, for o € (0, 1], is defined by

[ roag = [ ror

Re={fT—>R/1+ult)ft)F(t,a) #0, teT}

With

and
c={fT=>R/1+pt)f(t)F(t,a) >0, teT}

Definition 2.10. In R% "Ng-circle plus’ addition @p, is defined as below
(h1 ®Fa ho)(t) = ha(t) + ha(t) + p(t)hy (t)ha(t) F(t, @), for all t € T".

The set R% forms an abelian group under ©p,.
For h € R, the inverse of h is given as

—h(t)

for all ¢ € T*.
L+ a(Oh(OFta)y A€

@F,och =

Remark 2.11.
1 @Fah
1+ pu(t) ©ra hE(t, a = ——.
) e M) = @R )~ b0
Definition 2.12. For R, ‘Ng-circle minus’ subtraction ©p, is defined as
ha(t) — ha(t)
L+ p()ha(t) F (¢, @)

Definition 2.13. Let g € R%, then the Nj-exponential function is defined by

Ep,(t,s) = exp(/ Euin (9(T) F (T, oz))A7'>, forallt,s € T. (2.2)

Using the concept of the cylindrical transformation, Equation 2.2 can be rewritten
as

Ep,(t,s) = exp(/ ﬁLOQ(l + () g(T)F (T, oz))A7’>, forallt,s e T. (2.3)

(h1 ©Fa ho)(t) = for all t € T*.
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Theorem 2.14. If f € C,4(T) and t € TF, then

o(t)
fO)E (T, ) At = u(t) f(H) F(E, ).

t

Proof. Let f € C,4(T), then there exist an antiderivative F*: F@)(t) = f(t)F(t, a).
Then

o(t)
/t F(F)F(r,0)Ar = F(o(t)) — F(t)
= (o(t) — ) F9(2)
— WO (1),

This completes the proof. O

Theorem 2.15. Let f,g € R%,, for all s,t,r € T and

(1) Ero(t,s) = Ers(t,t) = 1;
Ep¢(t,s)Epp(s,1) = Eps(t,r);

= 1st) =Erg,.f(5,1);

L+ u(t)f()F( o) Ers(t, s);

_ O F(ta) .
]EFf (t,S) 7

6 E%f(t, s) = f()Eps(t, s)F(t, a);

s) = f(t)Ep(t, s)F2(t,a);
Efe, ;(t.t0) = Oraf(Ere,,f(t.to) F(t, ).
Proof. Let f,g € R%,, for all s,t,7 € T. Then

L. Epo(t,s) =Eps(t,t) =€’ = 1.
2.

\_/AA

EFf(tv S)EFf(Sa 7“)

= eap /: %Log(l T+ u(r) () F(r, ) AT + / -~ Log(1 + u(r) f(r) F(7,0)) A7)

u(7)

b1
_ / Ly LoaL+ H()F(7)F () AT (1.7).

3.
Er(t, ) —exp(/ MLT)Log(HM(T)f(T)F(T, 0))Ar)
1
= exp( -/ mLog(l + p(m) f(7)F (T, a))AT)
1
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On the other hand

t
EF@F,af(S7t) = exp /

t H(T)
" Epg(s,t)
Then
1
Epr (t,s) = E t
Ff< S) Ff(57t> F@F,af(s )
4. From (2)

EFf(‘7<t)a s) = EFf<0'(t)7 t)]EFf(ta s)
and by Theorem 2.14
Epg(o(t), )

5. From (3) and (4).
6. From (4), we have

I
—~
—_
_l’_
=
=
—
S
~—
T
=
Q
=
&=
Bl
~
=~
NG

A Ere(o(t),s) —Ep,(t,s
EFf<t78) _ f( ( ) M)@) f( )
(L+pu@)f@)F(t o) Ers(t,s) — Eps(t, s)

7. From (6) and 2.14
S (t,5) = B3 (1, 8)F(t,0) = F(£)Exs(t, ) F2(t, ).

8. We have
E%e“f(t’to) _ EF@F,af<U(t)7t0) — Epeﬂaf(t’ to)
| u(t)
_ Breps(0(8) )Erep st t0) — Erep st to)
pu(t)
) a0)

== @Fﬂf(t)EF@F,af<t7 to)F(t, Oé).
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3. THE DELTA Ng- BILATERAL LAPLACE TRANSFORM

Suppose that inf T = —oo, sup T = co. For s € T, define

pe(s) = inf p(t),
te[s,00)

p(s) = sup ul(t),
te(—o0,s]

As) = _nf_ulo)
te(—o0,s]

and

M(t) = My(0,t) = / F(r,a)Ar

Lemma 3.1. Let s € T, A € R ((—00,5]). Then

(1) ML(t,s) <0 for allt € (—o0, s)

(2) limy—y— oo My(t,s) = 00.
Proof. (1) According to the function M) definition, it follows
F(t,a)

MRs) =~

< 0, te(—oo,s].

(2) We will consider two cases.
(a) Let supye(_ooq #(t) < 00. Then

L+Au(t) < 1+ [Mu(t)

< 1+A[ sup pu(t), t€(—oo,s].

te(—o0,s]
Hence,

B * F(r,a)
My(ts) = /tmm

/ts F(r,«) Ar

1+ |>\| SUDP¢e (—o0,s] Iu(t)

(i) Let s > 0. Then

/S F(r,a) o

1+ |)‘| Supte(—oo,s] :u(t)

t

(3.1)
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f 1+ |)\| Supte(—oo,s] H o 1+ |>\| Supte(—oo,s] :U’(t)

S

/O F(t, ) (t)AT+/ F(r,a) Ar

f 1+ |)‘| SUDP¢e(—o0,s] # 9 1+ |)‘| SUD¢e (—o0,s] lu(t)

ASICTRNY SR L
1+ |>\| Supte(foo,s] lu(t) 1+ |)‘| Supte(foo,s} H’(t)

0

— 00, as t— —oo.

(ii) Let s < 0. Then

S S

/ F(r,«) Ar > / F(t,a) Ar
f 1+ |)\| Supte(foo,s] M(t) f 1+ |)‘| Supte(foo,s] lu(t)

F(t,a)(s —t)
1+ |)\‘ SUDP¢e(—o0,s] :u(t)

— o0, as t— —o0.

(b) Suppose that sup,c(_o, g #(t) = oo. Because A € Rg, ((—o0, 5]), we
have that A > 0. If A =0, then

Mi(ts) — / F(r, a)Ar

(i) Let s > 0. Then

S

My(t,s) = /OF(T,a)AT—i-/F(T,a)AT

s

> F(t,a)(—t) + /F(T, a)AT

0

— 00, as t— —oo.
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(ii) Let s < 0. Then
My(t,s) > /F(t,a)AT

t

= F(t,a)(s—1)

— 00, as t— —o0.

Assume that A > 0. Since sup,e(_ 4 #(t) = 00, there exists a de-
creasing and divergent sequence {& }ren C (—00, s] of right-scattered
points such that {u(&x)F (&, @) bren is a divergent sequence. Hence,
we get

B * F(r,«)
My(t,s) = /thT

o (&k)
Z F(r,a)AT

(&) >t,Ex<s ” Sk

= ) w&)F ()

(&) >t,Ek<s

v

— oo, as t— —oo.
]

Theorem 3.2 (Decay of the Generalized Exponential Function). Let s € T,
A€ RE((—o00,5]) and

@u*(s)()\) = {Z eC: Reu*(s)(z) < )\} .
Then, for any z € @u*(s)(/\)> we have the following properties.

(1)
‘EF)\GF#XZ({A S)‘ S ]EFA@F@,RE#*(S>(Z) (tﬂ 8)7 t e (_007 8]7
(2)

: F
tEI_IlOOE )‘eFvaReu*(s)(z) (t7 S) = 07

(3) limy oo By, . (t,8) = 0.

Proof. Let W, (z,\) be the following function

tlog|1H2] if h>0
\Ijh(z7)‘):

A—Re(z) if h=0.
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(1) We have
Uz, A) = ¥p(Ren(2), A)
and
B sopa:(ts)] < EF \oraRe, (=)t 8), T € (—00,s].
(2) For z € @u*(s)()‘>7 we have
A —Rey(9(2)
T+ iRy (o (=) F )
)\ - Reu*(s)(z)
L4+ Au(t)F(t, «)

A OFa Re#*(s)(z) =

> 0, te(—o0,s],

and
1+ (1) (A Opo Repe(s)(2)) F(t,a) = L+ Au(t)F(t, )

I+ alb)Reyo(2) F(F, )

L+ () F(t, a)
T T MbF(Ea)
= 1, te(—o0,sl.
Thus,
A OFa Reyr(s)(2) € R ((—00, 8])
and

A—Re, x5 (2) f: - eF(T’a)Z — AT
E AOF,aReyu* (5 (2 )(t7 S) = 6( W) ) Tru(m)Reyx () (2)F(7.2)

(RC *(s)(2)— )MRe k() (R F (T, o) (t,8)

— 0, as t— —o0.
(3) By 1 and 2, we obtain

]EF/\GF,QZ@?S)‘ < EFA@F,aReH*(S)(Z)(tS)

— 0, as t— —o0.

This completes the proof.
OJ

Definition 3.3. Assume that s € T, f : T — R is regulated. The definition of
the conformable bilateral Laplace transform of f is

Cra(f)(25) = / RS, (1 s)As
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for z € C for which 1+ pu(t)zF(t, ) # 0 for any ¢ € T* and the improper integral
exists.

Definition 3.4. Let s € T. A function f € C,4(T) has conformable double
exponential of order (8,7) on T (or of conformable double exponential order

(B,7)) if

(1) 6 € R%+([S,OO)), Ve R%+<(—OO, 5])7
(2) 3K, K

If(O] < KGE"s(t,s), tE€[s,00),

f(O] < KB, (ts), te(—o0,s].

Example 3.5. Let v > 0. Consider the function
ft)=EF (t,5), teT.
If s <t then 8 =~.If s > ¢ then 0 < f(¢t) <1and Efg, . (¢t s) > 1. Thus,
f(t) S EF@F,O/Y(t’ 3)'
Therefore f is of double exponential order (v, Srq7).

Lemma 3.6. Let s € T and f € C.q(T) be a function of conformable double
exponential order (5,7). Then

(1) limy o f(t)EF@F,az<t7 5) =0,Vz € Cﬁ*(s) (ﬁ)
(2) liInt—>—<>o f(t)EF@F,az(t7 S) - O,VZ S C,u*(s) (7)

Proof. Since f is of double exponential order (3, ), there exist positive constants
Kpg, K, such that

[f(O] < KGE"s(t,s), te€ s, 00),

If@®)] < K,E" (t,s), te€(—o0,s]
By Theorem 3.2, we have
‘f(t)EF@F,az(tv S)| S KW ‘EF'Y@F,aZ(t’ 8)|

IN

F
KWE 'Y@F,aRey.*(s)(Z)(t’S)

— 0, as t— —oo0.

For z € C, denote
(s) = 1'(s) i Repe(z) <0

=l

and

=l

(s) =T7i(s) if Regp(z) > 0.
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Definition 3.7. Let s € T, 8 € Ry, ([s,00)), v € RE,((—00,5]). We say that
(s,3,7) is an admissible triple if

Copny = {Z € C: Rep5)(2) <7, Repus(2) > B,

L+ s e (2)F (5,0) £ 0}

Theorem 3.8. Let f € C.4(T) is double exponential of order (5,7v), and let
(s,8,7) be an admissible triple. Then on Cq g, Lra"(f)(-,5) exists and converges
absolutely.

Proof. Since f is of double exponential order (3, ), there exist positive constants
Kpg, K, such that

[F] < KpE"s(t,s), t€[s 00),
FO] € KE(ts), te (-3
Next, for t < s, we have
L4+ ()P (@) = 1+ p(t)Reu (2)F ()
> 1+ 7i(s)Regs) (2) F'(t, ).

For z € C, 5., we find

|Lra’(F)(z,8)] =

s

< [ OB epnlo()0) [ 857+ [ |FOE e, lo(r),9)] A7

S —00

| O o988+ [ OB o), 988
F

= Ji+ Jo.

We have
Kp

S <
! Reu*(s)(z) — 6

2 € Csay.

Consider the integral

= /t (T oy (o(r), 8)| AT, ¢ <.
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Using Theorem 3.2, 1, 2, we obtain

|]E (T, 3)|
K ’Y@Fa Aa
= / 11+ p(7)zF (1, ) rr

. |E oo
- 5 e R

EF’Y@F,QRB;L(T) (Z) (7—7 S)

(o) .
= K / v — Re,u 7_) E YOF,aRey,(r) (2 )(T,S)AFT

AT

—7() (1 —E" e aRe, (2 (s 8)>

7~ Reyn) (2
Therefore
Jo < 5y
v — Repr(5)(2)
and
Kp Ky

|Lra(F)(z,5)] <

+ .
Rey,s)(2) =B 7 — Reps()(2)

Consequently the conformable bilateral Laplace transform of the function f con-
verges absolutely on C, 5 ,. This completes the proof. O

Corollary 3.9. Let (s, 3,7) be an admissible triple, f € C,.q(T) is of conformable
double exponential order (3,7). Then

lim Lr."(f)(z,s) =0.

|z]—o00

Proof. Note that |z| — oo implies Re,,, (5)(2) — 00, Re,«(s)(2) — 00 and Reg)(2) —
00. 0J

Theorem 3.10. Given an admissible triple (s, 3,7), f € Cra(T) is conformable
double exponential of order (a,7y). The uniform convergence of Lra"(f)(-,s) in

Cs,8,y follows.

Proof. Let € > 0 be arbitrarily chosen. We have that there exists an r € [s, 00)
such that

/ F(E oy (0(r), )A%T| <€ t€[roo), =€ Conn
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Let t € (—o0,s] and a < t. We get

a K
e paz(a(1),8)A%T| < ~—TRey(2) Ret( B (EFVeF,aReW)(Z)(t, 5) = EX oy Repn () (@, s))
u*(s
K F
= 5= Re:*(s)(Z)E 10 raRey(r () (1 )
K F
= 5= Re:*(s)(z)E 10raReys (o () (£ 5).
Thus, there exists an r € (—o0, s], such that

' / F(E oy o (0(r), )AST| < e, te(—o0,m], =€ Cupe.

This completes the proof. O

Theorem 3.11. Let f € C.q4([s,0)) be a conformable double exponentz’al of order
(a1,71), and let (s,c1,71) be an admissible triple. Assume that Lro"(f)(,s) on
Cs,n m has a limited number of regressive poles of finite order. {z1,za,...,2n}

and Fb( ) is the bilateral Laplace transform of the function f on R, which is
equivalent to the transform Lro"(f)(2,s) of f on T.If

/ : 18

Zresz LETL(t S)EFQ (f)(z,5)

has conformable bilateral Laplace transform Lo (f)(z, ) for all z € Cqy , [ C.

then

Proof. Without loss of generality, suppose that s = 0. We have that Lr,"(f)(")
converges uniformly on C, ,, , () C and hence, it is analytic in this region. Next,
we have that

‘1|1m Lr"(f)(z) = 0.

Let C' be the collection of the bilateral Laplace transforms over R, D be the col-
lection of the conformable bilateral Laplace transforms over T, i.e., C = {E{g(z) },

D ={Lr."(f)(2)}, where
FR(z) = G(z)e™,

Lra'(f)(z) = G(2)Ec,,.(7,0)

where 7 € T is a constant and G a rational function. Suppose that C,_(R,R)
denotes the space of piecewise continuous functions of exponential order. The
space of right-hand piecewise continuous functions of conformal double expo-
nential type, where the exponential function coincides with a conformal Hilger
exponential function, is denoted Cp g, (T, R). Each of the functions 0, ~, 6!, y~!
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associates the functions involving the time-scale conformal exponential with the
continuous exponential, and vice versa. For example, v represents the function

to the function

Lrb(f)(2) = M’

z

while v maps Lpo"(f)(z) back to F(z) in the obvious manner. If the repre-
sentation of Lr,"(f)(z) is independent of the exponential, that is 7 = 0, then
and its inverse yv~! will act as the identity. For example,

A |
K 14 22 =7 1+22) 1422

The map 6 will set the continuous exponential function to the time scale con-
formable exponential function in the following manner: if we write f € C,_. (R, R)
as

= Z Res.—.,e* FL(2),

i=1
then

< ) ZRGSZ SEFL(60)Lra (f)(2).

To go from ﬁ]fé(z) to Lra"(f)(2), we simply switch expressions involving the
continuous exponential in F} with the time scale conformable exponential giv-
ing Lr."(f)(2) as was done for v and its inverse §~' will then act on g €

Cprdfez (T, R) )

ZResZ LETL(t,0)Gr(2)
as

0~ (g(t)) = ZResZ:ZieZtéR(z).

For example, we know from the continuous result that we may express the unit
step function %, (t) on R as

- 6*&2
q(t) = Res,—ge* o

so that if a € T, then

EF@F,aZ(a’7 O)
—Z .

0 (tq(t)) = Res.—oE".(t,0)

Now, for a given time scale conformable bilateral Laplace transform Lr."(f)(2),
we begin by mapping to F(z) via v~. We have that the inverse of FJ(z) exists
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for all z with z € C; 4,4, [1C and it is given by

f(t) = Z ResZ:ZieZtﬁﬂg(z).
i=1

Applying 6 to f(t) to retrieve the time scale function, we get

f(t) = Z ResZ:ZiEFZ(t, O)EF,ab(f> (2),

whereby
(voFEot™) (1) = Lra"(£)(2)
This completes the proof. O

Theorem 3.12. Suppose that the functions f, g : T — R have the same conformal
bilateral Laplace transform and satisfy Theorem 3.11, then f = g a.e.

Proof. Suppose that

[ E sz = [T, g

—00 —

Hence, h = f — g has conformable bilateral Laplace transform zero and h €
ker L F,ab. If we denote by EFﬁab_l the inversion of LEab, then

ﬁF’ab_10£F7ab(h) = ﬁp,ab_l(())

= h.
Therefore f = g a.e. This completes the proof. 0

4. BILATERAL LAPLACE TRANSFORM
Theorem 4.1. Let f,g: T — R, \,u € C. Then

Lra" (M +pg)(2,8) = Mopa'()(2,9) + nLra’(9)(, ).
For all z € R%.

Proof.

Lra O+ pg)z.) = | TV + pgOIER, (1 $)A%

o0

_\ / F(OEFS, (1 $)A%t + / GOEFS, (1, 5)A%t

—0o0

= ALra (1) (2, 8) + HLra"(9) (2, 9).
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Theorem 4.2. Assume that H(t) is requlated function such that H(t fo
such that limy 4o F(t)Opa2(t,s) = 0. Then

(/ f(D)F(ra m) (2,5) = éﬁgabf(t)(z,s).
Proof. By Theorem 2.15

Lro (/tf(T)F(T, a)m) / (/ F(r)F(r,a AT) EF7, (1, s)A%

/ </ A AT)[ +ut)F(t, @) Opa 2E o .. (. 5) ARt

-/ </ R 87) (aga B lt50

([ rorpmans) @99, o

1 o
= _/ EF@F,a2<t7 S)Alaft

z

= éﬁp,abf(t)(z, s).

O
Theorem 4.3. Let f : T — R such that limy_,1 f(t)Sraz(t,s) =0. Then
1
b (o) _ b
‘CF,a <F2(t,04)f (t)> (Za 3) ZﬁF,a f(t)(zv S)'
For all z € R%.
Proof. By Theorem 2.15
1 oo
L R (o) — (01) Fo a
Lra (G O 0) O = [ s OB, LA
- / F(t) S 2B o (t,5) A
E OF, Z(t 8)
— d AL
/ /() 1+ p(t)zF(t, ) rt
= / FORTE, (8 ) A%kt
= 2Lpa"f(1)(2,5).
O

And by recurrence we have the following theorem.
Theorem 4.4. Let f : T — R such that lim;_,4 f(ak)(t)@F,GZ(t, s) =0,k €
{0,1,...,n — 1} Then

[,F,ab< f("‘n)(t)> (2,8) = 2"Lr"f(t)(z,5).

F(t, a)

a)AT
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where f@") = fl@) fla™h) R% and n € N.

Theorem 4.5. Let f € C.4(T) be a function double exponential of order («

Then, we have

d
%El})ﬂaf@)(z‘/? S) = _‘Cll)*—’,oa (f(t)M;F(T,a)) (Zv S)'

Proof. We have

d _po 1 u(r)F (1, 0)z .
dzE oraz(l5) exp( / [L(T 1 + p(7)F (T, a)zAT> ’
e:xp( / /L(lT Log[1 + p(1)F (T, a)zAT> :
B F(r,a) Fo
ARt (o) ot
= — Mot $)ETS, (t,9).
Then
LLr 0 = [ ORT, 055
dz e ’ dz J_ OF.a? F
+oo
= fog SR, (AR

Theorem 4.6. Let f € C,q(T) be a function double exponential of order (c

and M (t) defined in (3.1). Then
Lralf * 9)()(2,8) = Lo f(t)(2,5) "Liag(t)(2, 5).

Where *L% ,g(t)(z,s) = f:oo g(Mfl(M(t) — M(s )))EFUGF (t, 8)A%t and

_ / ; (g (M~ (M(1) = M()) ) Ag

19

).

)
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Proof. We have

LhalF e o0 = [ (Fxg) 0BT, L(ts)ag

— /+oo t f(T)g(M*1 (M(t) — M(T)))A‘}T) EFgF,aZ(t, S)A%L

—00 —00

_ / - f(7)< / +Oog(M1(M<t)—M(T)))Iﬁiwémz@’3) ?t> L
:/+OOf(T)(/OJroog(u)EFgF,az(M_l(M(u)+M(T))’S> %u) FT
B /+Oof(7)1EFéFyaz(T,s) %T( /0+°°g(u)EFéFvaz<M—1(M(u)+M(T)),7) %u)

+OO o
b ()2 s) / g(MH(M(v) — M(r)JEFS, (0, 7)A%w

= L5 (F)(2:5) Lra(9)(2, 9).
This completes the proof. Il

5. CONCLUSION

A new definition of Np-Bilateral Laplace transform has been given. Many
results relating to the classical Laplace and conformable Laplace case have been
obtained and demonstrated in the Np-Bilateral Laplace case.
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