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FINE-TUNED CUBIC GENERALIZED COMPOSITE SPLINE
INTERPOLATION WITH OPTIMAL PARAMETER

SEFTI RANIA1∗, SBIBIH DRISS2 and JENNANE RACHID3

Abstract. We develop a univariate C2 generalized composite spline approx-
imation method with an optimal parameter using Unified and Extended B-
splines (UE-splines). These basis functions depend on a parameter that can
be adjusted to minimize the error between data points and the approximation
function. To determine the optimal parameter efficiently, we have introduced a
fitting method based on genetic algorithms. This approach exploits the power
of this algorithm. A numerical example is presented to analyze the effective-
ness of our approach. We first examine the impact of the optimal parameter on
the error bound and computational cost, and then compare our approximation
model with existing interpolation methods.
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1. Introduction

Splines are now widely used for modeling curves and surfaces to visualize
and analyze available data in many domains, including engineering, computer
graphics, and the science [4, 6, 12, 14, 5]. They are also crucial in the biomedical
field, where splines play a significant role in anatomical modeling and medical
image analysis [17, 18].Over the years, several types of splines for different spaces
have been introduced in the literature, including NUAT splines [20], hyperbolic
splines [9] and UE-splines [21]. The authors in [21] present a new algebraic space
spanned by {cos(ωt), sin(ωt), 1, t, . . . , tl, . . . }, which depends on a frequency pa-
rameter ω ∈ C. They provide a generalized definition of the spline basis functions
associated with this space, called Unified and Extended splines (UE-splines). Sev-
eral existing splines are special cases of UE-splines on different spaces. Moreover,
most advantageous properties of classical polynomial B-splines are maintained.

Since the introduction of UE-splines, many researchers have adopted these gen-
eralized splines to solve various problems, making them a popular tool due to their
advantageous modeling properties. Manni et al. presented in [10] an alternative
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to the rational model based on generalized B-splines, providing the associated
isogeometric analysis to overcome the limitations of the rational model in differ-
entiation and integration. Bracco et al. extended in [1] the T-spline framework
to generalized trigonometric T-splines by introducing a new family of function-
als called TGT-splines, focusing on cases with constant frequency parameters.
Lamnii et al. developed in [7] Marsden identities associated with the UE-spline
space and introduced a generalized univariate quasi-interpolation spline based on
these identities. Maqsood et al. introduced in [11] generalized trigonometric ba-
sis functions inspired by UE-splines, which preserve many geometric properties
of classical Bernstein polynomials. They constructed the associated Bézier curve
and demonstrated that the shape parameters provide a practical control for ad-
justing the shape of the curve by changing their values, rather than by changing
the position of the control points.

Many existing methods in the literature have tested their models with given
values of the adjustable parameter ω. Some studies have demonstrated, through
numerous numerical tests, the existence of a frequency parameter that optimizes
the approximation results. However, none of them have successfully found this
optimal parameter. Finding this optimal parameter is a challenging task that
can significantly improve the quality of the approximation in many practical
problems. In this paper, we present a powerful algorithm for fitting the optimal
parameter to the given dataset.

Genetic Algorithms (GA), introduced by Holland et al. in [3], are one of the
most powerful techniques for solving complex optimization problems. Inspired
by the laws of natural selection and genetics, they are among the evolutionary
algorithms that have demonstrated impressive performance in solving complex
optimization problems. The main idea of GAs is to replicate the process of nat-
ural evolution by iteratively improving a population of candidate solutions to a
problem. These solutions are represented as chromosomes or genes and are ma-
nipulated using the genetic operations of selection, recombination or crossover,
and mutation to simulate the processes of genetic recombination and mutation
that occur in biological organisms. More broadly established in mathematics,
genetic algorithms have received a lot of attention from researchers in various
fields. GA find application in a wide range of optimization problems, including
function optimization [2], parameter tuning [13], combinatorial optimization [22],
and machine learning tasks [8].

In this paper, we present a novel cubic generalized composite spline approxi-
mation method based on uniform and extended spline basis functions. The ob-
tained results can generalize various well-known Hermite interpolations in differ-
ent spaces. Moreover, the composite partition associated with the obtained space
of basis functions leads to a very small support, which improves the complexity
of calculations. On the other hand, the basis functions depend on a parameter
that can be adjusted for each data point. To determine the optimal parameter,
we present a fitting method based on genetic algorithms. This technique has the
advantage of a robust ability to iteratively explore the solution. This is done
by encoding parameter solutions as chromosomes. Using this method, genetic
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algorithms can navigate through the search space to find the optimal solution
to the problem. Moreover, in our approach, each chromosome contains only one
gene representing the parameter, since we aim to find a single parameter that
enhances the approximation accuracy. This simplified representation makes the
GA-based fitting model less computationally expensive.

This paper proceeds as follows: Section 2 introduces a C2 generalized com-
posite spline Hermite interpolation function, analyzes its properties, and proves
error estimates for the approximation. In Section 3, we present the parameter
optimization algorithm, detail the chromosome coding of the optimization prob-
lem, and explain the various steps of the fitting process. Numerical experiments
illustrating the performance of our approach are presented in Section 4, followed
by a brief conclusion in Section 5.

2. Cubic generalized algebraic composite-spline interpolation

The goal of this section is to develop a unique generalized C2 interpolation
operator depending on a parameter ω that controls the quality of the interpola-
tion. Before starting the construction of this operator, the following subsection
presents some useful background information and initiations.

2.1. Preliminaries and background. Let k ≥ 2 and χ = xi = a+ 3ihk
nk−1
i=0

represents a uniform partition of the interval I = [a, b] into nk − 1 sub-intervals,
where nk = 2k and hk = b−a

3(nk−1)
. To create a cubic composite interpolant based

on this partition, we first refine χ by adding two additional knots within each
sub-interval [xi, xi+1] for i = 0, . . . , nk − 1. More precisely, the refined partition
is defined as follows:

χ̃ = {x̃i = a+ ihk, i = −3, . . . , 3nk}, (2.1)

where, for i = 0, . . . , nk − 1, x̃3i = xi.
For a given frequency parameter ω =

√
α, where α ∈ R and α ≤ ( π

hk
)2, we

define the spline space of order 4 with C2 continuity over the partition χ̃ as:

S4(I, χ̃) = {S ∈ C2(I) \ S|[x̃i,x̃i+1] ∈ Tω4 , i = 0, . . . , 3nk − 4}, (2.2)

where Tω4 is the space spanned by the set {cos(ωx), sin(ωx), 1, x} for x ∈ [xi, xi+4).
The basis functions of the space S4(I, χ̃) are the Unified and Extended B-spline

(UE-spline) Nω
i,4 functions, as introduced in [21]. These functions are defined

recursively as follows

Nω
0,2(x) =


ωhksin(ωx)

2(1− cos(ωhk))
, 0 6 x < hk

ωhksin(2ωhk − ωx)

2(1− cos(ωhk))
, hk 6 x < 2hk

0, otherwise

(2.3)

and for all i, Nω
i,2(x) = Nω

0,2(x− xi).
For l > 3, Nω

i,l is defined by

Nω
i,l(x) =

1

hk

∫ x

x−hk
Nω
i,l−1(s)ds (2.4)
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Remark 1. • The support of the UE-spline Nω
i,4 is [x̃i, x̃i+4].

• UE-splines have the same properties as usual B-splines (positivity, parti-
tion of unity, linear independence, etc.).
• Any spline function S ∈ S4(I, χ̃) admits a unique representation in terms

of the B-spline basis {Nω
i,4}:

S(x) =

3nk−4∑
i=−3

aiN
ω
i,4(x). (2.5)

Remark 2. The ω parameter can be a non-zero positive real number (α > 0),
zero (α = 0), or a purely imaginary number (α < 0). In addition, UE-spline basis
functions coincide with other existing splines in special cases, such as

• Usual algebraic polynomial splines: for ω ≡ 0 (ω in neighborhood of zero).
• Algebraic trigonometric splines: for ω = 1.
• Algebraic hyperbolic splines: for ω = ı.

2.2. Interpolation construction and properties. For a given dataset
f (r)(xi), i = 0, . . . , nk − 1; r = 0, 1, 2, the C2 generalized Hermite interpolation
operator Iω, satisfies the following conditions:

Iωf (r)(xi) = f (r)(xi), i = 0, . . . , nk − 1; r = 0, 1, 2. (2.6)

We define the generalized composite-spline Hermite basis of the space S4(I, χ̃) by
{φωi,r, i = 0, . . . , nk − 1; r = 0, 1, 2}, satisfying:

φω
(s)

i,r (xj) = δi,j δr,s, for i, j ∈ {0, . . . , nk − 1}, r, s ∈ {0, 1, 2}

where δi,j represents the Kronecker delta function.

Theorem 1. The Hermite interpolation problem with data {f (r)(xi), i = 0, . . . , nk−
1; r = 0, 1, 2} has a unique solution Iωf ∈ S4(I, χ̃) given by

Iωf(x) =

nk−1∑
i=0

2∑
r=0

f (r)(xi)φ
ω
i,r(x) (2.7)

where

φωi,0(x) = Nω
3i−3,4(x) +Nω

3i−2,4(x) +Nω
3i−1,4(x),

φωi,1(x) = −hkNω
3i−3,4(x) + hkN

ω
3i−1,4(x),

φωi,2(x) =
1− ωhkcot(ωhk)

ω2
Nω

3i−3,4(x) +
1− ωhkcsc(ωhk)

ω2
Nω

3i−2,4(x) +
1− ωhkcot(ωhk)

ω2
Nω

3i−1,4(x).

Proof. Let φωi,r ∈ S4(I, χ̃) for i = 0, . . . , nk − 1 and r = 0, 1, 2, each basis func-

tion can be represented as φωi,r(x) =
∑3nk−4

j=−3 a
r
i,j N

ω
j,4(x) for suitable coefficients

{ari,j}
3nk−4
j=−3 . To obtain a Hermite approximant, the following conditions must

be satisfied for all l = 0, . . . , nk − 1, φω
(s)

i,r (xl) = δi,lδr,s. Moreover, since the
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support of Nω
j,4 is [x̃j, x̃j+4], we get the following system of equations for all

l ∈ {0, . . . , nk − 1}:

ωhk − sin(ωhk)

2ωhk(1− cos(ωhk))
ari,3l−3 +

sin(ωhk)− ωhkcos(ωhk)
ωhk(1− cos(ωhk))

ari,3l−2 +
ωhk − sin(ωhk)

2ωhk(1− cos(ωhk))
ari,3l−1 = δi,lδr,0,

− 1

2hk
ari,3l−3 +

1

2hk
ari,3l−1 = δi,lδr,1,

ωsin(ωhk)

2hk(1− cos(ωhk))
ari,3l−3 −

ωsin(ωhk)

hk(1− cos(ωhk))
ari,3l−2 +

ωsin(ωhk)

2hk(1− cos(ωhk))
ari,3l−1 = δi,lδr,2.

(2.8)

The invertibility of the matrices associated with the system (2.8) ensures the
existence of a unique solution, which is expressed as

a0i,3i−3a0i,3i−2
a0i,3i−1

 =

1
1
1

 ,

a1i,3i−3a1i,3i−2
a1i,3i−1

 =

−hk0
hk

 and

a2i,3i−3a2i,3i−2
a2i,3i−1

 =


1− ωhkcot(ωhk)

ω2

1− ωhkcsc(ωhk)
ω2

1− ωhkcot(ωhk)
ω2


Hence, we get the results.
Furthermore, the linear independence of the family {φωi,r} can be derived directly.
Indeed, since the set Φω = {φωi,r , i = 0, . . . , nk − 1, r = 0, 1, 2} contains exactly
dimS4(I, χ̃) elements, it implies that Φω is a basis for S4(I, χ̃). �
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Figure 1. Effect of ω on basis functions φω2,0 (left), φω2,1 (middle),
and φω2,2 (right) for k = 3, shown for several values of ω.

In Figure 1 we display the graphs of the basis functions φω2,0, φ
ω
2,1 and φω2,2 in

the interval [0, 2π] for various values of ω (positive real number and imaginary
number) and for k = 3.

Example.

1. If ω ≡ 0, the usual algebraic composite Hermite basis functions φ0
i,r, r =

0, 1, 2 are given as follows:

φ0
i,0(x) = N0

3i−3,4(x) +N0
3i−2,4(x) +N0

3i−1,4(x),

φ0
i,1(x) = −hkN0

3i−3,4(x) + hkN
0
3i−1,4(x),

φ0
i,2(x) =

h2k
3
N0

3i−3,4(x)− h2k
6
N0

3i−2,4(x) +
h2k
3
N0

3i−1,4(x),
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where we get the results by calculating the limits of φωi,r, r = 0, 1, 2 when
ω tends to zero.

2. If ω is nonzero, we can easily check the basis function by replacing the
parameter ω with its value. For example, the UAT-spline (Uniform Alge-
braic Trigonometric spline) composite basis functions φ1

i,r, r = 0, 1, 2 are
expressed by:

φ1
i,0(x) = N1

3j−3,4(x) +N1
3j−2,4(x) +N1

3j−1,4(x)

φ1
i,1(x) = −hlN1

3j−3,4(x) + hlN
1
3j−1,4(x)

φ1
i,2(x) = (1− hlcot(hl))N1

3j−3,4(x) + (1− hlcsc(hl))N1
3j−2,4(x) + (1− hlcot(hl))N1

3j−1,4(x).

These two examples are identical to the basic functions introduced in [4].

Property 2. For each i = 0, ..., nk − 1 and r = 0, 1, 2, the support of the function
φωi,r corresponds to the interval

[x̃3i−3, x̃3i+3] = [xi−1, xi+1].

This compact support is achieved through composite interpolation, which pro-
vides not only an optimal estimate of the approximation error but also simplifies
the computational process.

Property 3. The basis functions φωi,r, i = 1, . . . , nk − 1 and r = 0, 1, 2, are char-
acterized by the following asymptotic bounds:

‖φωi,0‖ 6 1;
1

hk
‖φωi,1‖ 6

2

5
; and

1

h2k
‖φωi,2‖ 6

2

13
. (2.9)

Proof. The partition of unity property of the UE-spline basis functions clearly
states that ‖φωi,0‖ 6 1 for all i = 0, . . . , nk − 1.

On the other hand, we have

1

h2k
|φωi,2(x)| =

∣∣∣∣1− ωhkcot(ωhk)ω2h2k
Nω

3i−3,4(x) +
1− ωhk csc(ωhk)

ω2h2k
Nω

3i−2,4(x)

+
1− ωhkcot(ωhk)

ω2h2k
Nω

3i−1,4(x)

∣∣∣∣
≤
∣∣∣∣max

(
1− ωhkcot(ωhk)

ω2h2k
,
1− ωhk csc(ωhk)

ω2h2k

)∣∣∣∣ (Nω
3i−3,4(x) +Nω

3i−2,4(x) +Nω
3i−1,4(x)

)
≤ max

(∣∣∣∣1− ωhkcot(ωhk)ω2h2k

∣∣∣∣ , ∣∣∣∣1− ωhk csc(ωhk)

ω2h2k

∣∣∣∣) .
As k ≥ 2, the sequence (hk) is decreasing, we have hk ∈]0, h2] = ]0, b−a

9
]. Fur-

thermore, the functions

η(t) =
1− ωt cot(ωt)

ω2t2
, and θ(t) =

ωt csc(ωt)− 1

ω2t2
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are such that η(t) ≥ 0 and θ(t) ≥ 0 for all t ∈]0, h2[.
On this interval, both functions η(t) and θ(t) are monotone increasing. In par-
ticular, computing the derivative of η(t) gives

η′(t) =
−2 + ωt cot(ωt) + ω2t2 csc(ωt)2

ω2t3
. (2.10)

The Taylor expansions of cot(ωt) and csc(ωt) around zero give cot(t) = 1
t
− t

3
+

O(t3) and csc(t) = 1
t

+ t
6

+O(t3). Then we get :

η′(t) ' t4

36
> 0 (2.11)

Therefore, η and θ are maximized at h2 = b−a
9

. The interval I = [a, b] can
be [0, 1],[−π

2
, π
2
], or [0, 2π], depending on the function to be approximated. We

consider the largest interval and assume that b − a = 2π. Moreover, as ω ≤ π
hk

,
we get

max

(∣∣∣∣1− ωhk cot(ωhk)

ω2h2k

∣∣∣∣ , ∣∣∣∣1− ωhk csc(ωhk)

ω2h2k

∣∣∣∣) ≤ 2

5

Thus, we get 1
h2k
‖φi,2‖ ≤ 2

5
. Similarly, we can prove that 1

hk
‖φi,1‖ ≤

√
2
9
π ≤ 2

13
.

This concludes the proof.
�

Remark 3. There exist many approximation problems in various areas where the
dataset can be periodic, i.e. f (r)(a) = f (r)(b), for all r = 0, 1, 2. In this case, we
can easily prove that we have

φω0,r = φωnk−1,r, r = 0, 1, 2

knowing that we used periodic UE-splines where we can define it for any x ∈ [a, b]
as follows

Nω
i,4(x) =

{
Nω
i,4(x) if i = −3, . . . , 3nk − 7

Nω
i,4(x) +Nω

i,4(x+ b) if i = 3nk − 6, . . . , 3nk − 4.
(2.12)

Then, due to the linearly independence of the basis function φωi,r, the approxima-
tion functions Ik is defined as :

Iωf(x) =

nk−1∑
i=1

2∑
r=0

f (r)(xi)φ
ω
i,r(x). (2.13)

Property 4. The approximation defined in (2.7) is exact on the space of algebraic
polynomials T ω4 , spanned by {cos(ωx), sin(ωx), 1, x}, i.e.

Iωp = p, ∀ p ∈ Tω4 . (2.14)

Proof. Following the approach based on Marsden’s identity for the generalized
algebraic space [7], each basis function of Tω4 = 〈cos(ωx), sin(ωx), 1, x〉, admits a
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representation in the UE-spline space. In particular, we obtain:

1 =

3nk−4∑
i=−3

Nω
j,4(x); cos(ωx) =

3nk−4∑
i=−3

ωhkcos(ωx̃i+2)

sin(ωhk)
Nω
i,4(x),

x =

3nk−4∑
i=−3

x̃i+2N
ω
i,4(x); sin(ωx) =

3nk−4∑
i=−3

ωhksin(ωx̃i+2)

sin(ωhk)
Nω
j,4(x).

Then, for p(x) = 1, we have

Iωp(x) =

nk−1∑
i=0

2∑
r=0

p(r)(xi)φ
ω
i,r(x) =

nk−1∑
i=0

φωi,0(x)

=

nk−1∑
i=0

Nω
3i−3,4(x) +Nω

3i−2,4(x) +Nω
3i−1,4(x)

=

3nk−4∑
i=−3

Nω
i,4(x) = 1 = p(x).

For p(x) = x, we have

Iωp(x) =

nk−1∑
i=1

xiφ
ω
i,0(x) + φωi,1(x)

=

nk−1∑
i=1

(x̃3i − hk)Nω
3i−3,4(x) + x̃3iN

ω
3i−2,4(x) + (x̃3i + hk)N

ω
3i−1,4(x)

=

nk−1∑
i=1

x̃i+2N
ω
i,4(x) = x.
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For p(x) = cos(ωx), we have

Iωp(x) =

nk−1∑
i=1

cos(xi)φ
ω
i,0(x)− ωsin(xi)φ

ω
i,1(x)− ω2cos(xi)φ

ω
i,2(x)

=

nk−1∑
i=1

(ωhkcot(ωhk)cos(ωxi) + ωhksin(ωxi))N
ω
3i−3,4(x) + ωhkcosin(ωhk)cos(ωxi)N

ω
3i−2,4(x)

+ (ωhkcot(ωhk)cos(ωxi)− ωhksin(ωxi))N
ω
3i−1,4(x)

=

nk−1∑
i=1

ωhk
sin(ωhk)

(cos(ωhk)cos(ωxi) + sin(ωhk)sin(ωxi))N
ω
3i−3,4(x)

+
ωhk

sin(ωhk)
cos(ωxi)N

ω
3i−2,4(x) +

ωhk
sin(ωhk)

(cos(ωhk)cos(ωxi)− sin(ωhk)sin(ωxi))N
ω
3i−1,4(x)

=

nk−1∑
i=1

ωhkcos(ω(xi + hk))

sin(ωhk)
Nω

3i−3,4(x) +
ωhkcos(ωxi)

sin(ωhk)
Nω

3i−2,4(x)

+
ωhkcos(ω(xi − hk))

sin(ωhk)
Nω

3i−1,4(x)

=

nk−1∑
i=1

ωhkcos(ωx̃3i+1)

sin(ωhk)
Nω

3i−3,4(x) +
ωhkcos(ωx̃3i)

sin(hk)
Nω

3i−2,4(x) +
ωhkcos(ωx̃3i−1)

sin(ωhk)
Nω

3i−1,4(x)

=

3nk−4∑
i=−3

ωhkcos(ωx̃i+2)

sin(ωhk)
Nω
i,4(x)

= cos(ωx) = p(x).

Similarly, for p(x) = sin(ωx), we obtain

Iωp(x) = sin(ωx) = p(x).

Then, we have for all

p ∈ Tω4 , Iωp = p.

�

2.3. Interpolation error. We now examine the interpolation error arising from
the composite interpolant Iω. For this purpose, we recall several differential op-
erators and the generalized Taylor formula presented by Schumaker in [16].

Denote by Lωm the linear differential operators defined by Lωm = Dm−2(D2 +
ω2I), where D and I are the differential and identity operators respectively.
Note that the operator Lωm is null on the space Tωm = 〈cos(ωx), sin(ωx), 1, x, . . . , xm−3〉,
i.e.

Lωmf = 0 for all f ∈ Tωm.
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We also denote by Gωm the Green’s function, which corresponds to Lωm and is
expressed as

Gωm =


(−1)

m+2
2

1

ωm−1
sin(ω(x− y)+) + (−1)

m
2

1

ωm−1

m−4
2∑
j=0

(−1)j
(ω(x− y)+)2j+1

(2j + 1)!
, for m even,

(−1)
m−1

2
1

ωm−1
cos(ω(x− y)+) + (−1)

m+1
2

1

ωm−1

m−3
2∑
j=0

(−1)j
(ω(x− y)+)2j+1

(2j)!
, for m odd.

(2.15)

where (·)+ is the truncated power.
To see more properties of this function, we refer the reader to the work cited in [7].

Now let us represent the space given by

Lmp [a, b] = {f : Dm−1f is absolutely continuous on [a, b] and Dm−1f ∈ Lp[a, b]}.

Lemma 5. Let m ≥ 1 and f ∈ Lm1 (I), with I = [a, b]. The generalized Taylor
formula [7] is given by:

f(x) = uf (x) +

∫ b

a

Gωm(x, t)Lωmf(t)dt, (2.16)

where uf is the unique element in Tωm such that

Dj−1f(a) = Dj−1uf (a).

Theorem 6. Let f ∈ L4
1(I). Then the interpolation error between a function f

and its generalized composite spline approximant Iωf defined in (2.7) is given
by:

‖Iωf − f‖ ≤ 59

260
h̃4‖Lω4 f‖L1 , (2.17)

where h̃k = xi+1 − xi and ‖ · ‖ denotes the sup norm in I.

Proof. Let x ∈ I, by using the Taylor’s generalized formula (2.16) of order four,
we get:

f(x) = uf (x) +

∫ b

a

Gω4 (x, t)Lω4 f(t)dt, (2.18)

this expression is equivalent to

f(x) = uf (x) +

∫ x

a

− sin(ω(x− t)) + ω(x− t)
ω3

Lω4 f(t)dt.

Recalling that the approximation function Iω is exact on the space Tω4 and since
uf ∈ Tω4 therefore, Iωuf = uf .
Consequently, if we apply the operator Iω to the function f , we obtain:

Iωf(x) = uf (x) + IωR4(x),

where Rω
4 (x) =

∫ x

a

− sin(ω(x− t)) + ω(x− t)
ω3

Lω4 f(t)dt.
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On the other hand, since x ∈ I, there exists p ∈ {0, . . . , nk − 2} such that
x ∈ [xp, xp+1]. Then, for y ∈ [xp, xp+1] we have

f(x) = uf (x) +

∫ x

y

− sin(ω(x− t)) + ω(x− t)
ω3

Lω4 f(t)dt.

Therefore,

Iωf(y)− f(y) = IωRω
4 (y)−Rω

4 (y) = IωRω
4 (y),

where

IωRω
4 (y) =

nk−1∑
i=1

2∑
r=0

Rω(r)

4 (xi)φ
ω
i,r(y).

Moreover, as supp(φωi,r) = [x̃3i−3, x̃3i+3] = [xi−1, xi+1], r = 0, 1, 2, we deduce
that only φωp,r and φωp+1,r intercept the interval [xp, xp+1]. Therefore,

IωRω
4 (y) =

p+1∑
i=p

2∑
r=0

Rω(r)

4 (xi)φi,r(y). (2.19)

Indeed, for all i ∈ { p, p + 1 } and for k > 2, using Taylor expansion of sin(·) in

neighborhood of 0, we have sin(ω(xi−t)) = ω(xi−t)− ω3(xi−t)3
6

+O
(
(ω(xi − t))5

)
.

Then, we get

|Rω
4 (xi)| =

∣∣∣∣∫ xi

y

− sin(ω(xi − t)) + ω(xi − t)
ω3

Lω4 f(t)dt

∣∣∣∣
≤
∫ xi

y

∣∣∣∣((xi − t)3

6
)

∣∣∣∣ |Lω4 f(t)| dt

≤ 1

24
|xi − y|4‖ Lω4 f‖L1 , (2.20)

and

|Rω′

4 (x)| ≤ ‖Lω4 f‖L1

∣∣∣∣ ddx
(∫ x

y

− sin(ω(x− t)) + ω(x− t)
ω3

dt

)∣∣∣∣
≤ ‖Lω4 f‖L1

∣∣∣∣− sin(ω(x− t)) + ω(x− t)
ω3

∣∣∣∣ .
Hence, we have

|Rω′

4 (xi)| ≤
1

6
|xi − y|3‖ Lω4 f‖L1 . (2.21)

Similarly, using Taylor expansion of cos(·) in neighborhood of 0, we have cos(ω(xi−
t)) = 1− ω2(xi−t)2

2
+O

(
(ω(xi − t))4

)
,we have:
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|Rω(2)
4 (x)| ≤ ‖Lω4 f‖L1

∣∣∣∣ d2dx2
(∫ x

y

− sin(ω(x− t)) + ω(x− t)
ω3

dt

)∣∣∣∣
≤ ‖Lω4 f‖L1

∣∣∣∣−ω cos(ω(x− y)) + ω

ω3

∣∣∣∣ .
Therefore,

|Rω(2)
4 (xi)| ≤

1

2
|xi − y|2 ‖Lω4 f‖L1 . (2.22)

On the other hand, according to (2.19), we have

|IkRω
4 (y)| 6 |Rω

4 (xp)φp,0(y)|+ | Rω(1)

4 (xp)φp,1(y)|+ |Rω(2)

4 (xp)φp,2(y)|

+ |Rω
4 (xp+1)φp+1,0(y)|+ |Rω(1)

4 (xp+1)φp+1,1(y)| + | Rω(2)

4 (xp+1)φp+1,2(y)|.

Using the inequalities in (2.9) alongside (2.20), (2.21), and (2.22), we obtain

‖IkRω
4 ‖ ≤ | R4(xp)|‖φp,0‖+ |Rω(1)

4 (xp)| ‖φp,1‖+ |Rω(2)

4 (xp)|‖φp,2‖+ |Rω
4 (xp+1)| ‖φp+1,0‖

+ |Rω(1)

4 (xp+1)|‖φp+1,1‖+ | Rω(2)

4 (xp+1)| ‖φp+1,2‖

≤ (‖φp,0‖+ ‖φp+1,0‖)
1

24
(xi − y)4‖Lω4 f‖L1 + (‖φp,1‖+ ‖φp+1,1‖)

1

6
(xi − y)3‖Lω4 f‖L1

+ (‖φp,2‖+ ‖φp+1,2‖)
1

2
(xi − y)2‖Lω4 f‖L1

≤ 2

(
1

24
h̃4‖Lω4 f‖L1 +

2

5
× 1

6
h̃4‖Lω4 f‖L1 +

2

13

1

2
h̃4‖Lω4 f‖L1

)
≤ 59

260
h̃4‖Lω4 f‖L1 ,

where h̃ = xi+1 − xi =
b− a
2k − 1

.

Consequently, we obtain the expected result:

‖Ikf − f‖ ≤
59

260
h̃4‖Lω4 f‖L1 .

�

3. Genetic algorithm approach to parameter optimization

In genetic algorithms, chromosomes, also known as ”individuals,” represent
sets of genes that encode independent variables, with each chromosome serving
as a solution to a specified problem.

The purpose of this section is to explore the use of a genetic algorithm to de-
termine the optimal frequency parameter ω that improves approximation results.
This is achieved by iteratively adjusting ω, starting with an initial population set
of parameters and evolving them using various genetic operators until the most
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suitable parameter is identified. The genetic algorithm simulates biological evo-
lution by applying selection, crossover, and mutation operations to the parameter
population, gradually refining the search for the best ω. Therefore, for any given
input dataset as described in (2.6), there exists an optimal parameter that leads
to the best approximation function as defined in (2.7). This optimization process
aims to increase the accuracy and reliability of the approximation model by fine-
tuning ω to the characteristics of the input data.

Initial population. To initiate the GA implementation, we begin by encoding our
problem into genetic representations. In our context, individuals correspond to
the frequency parameter ω, serving as candidate solutions for the optimization
problem. Let N ∈ N, the initial population Ω0 consists of N individuals and
is randomly generated, ensuring that each individual is within a specified range.
Specifically,

Ω0 = {ω0
1, ω

0
2, . . . , ω

0
N},

where ω0
j =

√
α0
j , j = 1, . . . , N represent the initial individuals (chromosomes),

such that for all j ∈ {1, . . . , N}, α0
j ≤

(
pi
hk

)2
.

Fitness function and selection. The fitness function plays a crucial role in the
GA process, as it quantitatively evaluates the suitability or fitness of a candidate
solution (chromosome) to solve the given optimization problem. In simple terms,
the quality of each chromosome is determined by calculating the value of the
fitness function. To find the optimal value of the parameter ω using the proposed
interpolation operator Iω defined in (2.7), we define the fitness function as the
sup norm of the error between our interpolant and the dataset f (r)(xi), i =
0, . . . , nk − 1; r = 0, 1, 2 as follows:

F(ω) = ‖Iωf − f‖, (3.1)

Remark 4. When the function f is unknown and only discrete data {(xj, yj)}Mj=0

are available, we select a subset of nk knot points {(x̃i, ỹi)}nk−1
i=0 from the dataset.

In this case, to construct the interpolant Iωf , we approximate the required deriva-
tives using finite differences. For each knot x̃i, where (x̃i, ỹi) = (xpi , ypi) where
pi ∈ {0, . . . ,M}, the first derivative is approximated by

f (1)(x̃i) ≈
ypi+1 − ypi
xpi+1 − xpi

, i = 0, . . . , nk − 1,

The second derivatives are obtained as f (2)(x̃i) = D ◦ D(x̃i). Then, the fitness
function is calculated for all data points.

F(ω) = sup
j=0,...,M

|Iωf(xj)− yj|.

This approach enables the fitness function to control the quality of interpola-
tion based on the value of each chromosome in the population Ωt = {ωt1, . . . , ωtN}
at each generation t. Then the parents P t are selected with an error threshold βt
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for reproduction within the population Ωt by the following mechanism:

For all t ∈ τ , where τ = {0, 1, . . . , t, ...} ⊂ N represents the set of generation
numbers, and for all j = 1, . . . , N , we have

ωtj ∈ P t, if and only if F(ωtj) < βt. (3.2)

Genetic operators. After selecting parent individuals P t, two essential genetic
operators, crossover and mutation, are used to generate a new population Ωt+1

of solutions based on P t. Crossover combines genetic material from two parent
individuals to create two new recombinant offspring, thus promoting exploration
by diversifying solutions. In contrast, mutation introduces randomness by chang-
ing individual genes, leading to new solutions and helping to avoid local optima.
Together, these operators play a critical role in the GA’s ability to adapt and
evolve, ultimately improving its efficiency in finding optimal solutions over mul-
tiple generations.

(1) Crossover: At each generation t, we introduce a crossover operation
within the selected parent P t, where successive individuals ωtk and ωtk+1

have the chance to combine through two linear combinations as follows:

ω̃tk = pkω
t
k + (1− pk)ωtk+1,

and

ω̃tk+1 = (1− pk)ωtk + pkω
t
k+1,

where ω̃tk and ω̃tk+1 represent the children individuals resulting from crossover,
and pk is a randomly selected probability parameter.

(2) Mutation: In the final step, each child individual undergoes a Gaussian
mutation. In this type of mutation, a randomly generated value ηtk from
a Gaussian distribution with mean µ and standard deviation σ is added
to the gene value. The mutation process can be expressed as follows:

ω′tk = ω̃tk + ηtk.

We denote the set of mutated children as Ct = {ω′tk , k = 1, . . . , r}.
Thus, a new generation is evolved from the parent P t and the mutated children
such that

Ωt+1 = P t ∪ Ct.
Afterwards, we repeat the process of computing the fitness function, selection,
crossover, and mutation operations. This iterative process generates successive
generations aimed at finding the optimal individual parameter (frequency param-
eter ω) until the stopping criteria is met.

Stop Process. The stopping criteria are crucial for ensuring the convergence of the
proposed GA algorithm in finding the optimal value of the frequency parameter
ω. When the fitness values of the population stop improving over successive gen-
erations, it indicates that convergence to the optimal solution has been achieved.
At this point, the selected values of the individuals reach equilibrium despite the
application of genetic operators. This state means that the proposed model has
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converged to the desired solution.

The complete algorithm for the proposed GA process for fitting the optimal
parameter ω is detailed in Algorithm 1.

Algorithm 1: Optimization algorithm for determining the optimal pa-
rameter ω using genetic Algorithms.

input : Dataset f (r)(xi), i = 0, . . . , nk − 1; r = 0, 1, 2.
The constants: number of individuals in initial population N ,

the fitness threshold β, the crossover chance cross,
the mean µ, standard deviation σ, and the mutation chance

mut.
output: Optimal frequency parameter ωf .

Cubic generalized algebraic composite-spline interpolation Iω
f
f .

1 Ω← Ω0 = {ω0
1, . . . , ω

0
N} // Population initialization

2 t← 1
3 while t < tmax do
4 for k ← 1 to N do

5 Iω
t
kf(x)←

∑nk−1
i=0

∑2
r=0 f

(r)(xi)φ
ωt
k
i,r(x)

6 F(ωtk)← ‖Iω
t
kf − f‖ // The fitness function

7 if F(ωtk) < αt then
8 P t ← Select[ωtk] // Parents selection
9 end

10 end
11 for k ← 1 to N − 1 do
12 if rand() < cross then
13 ω̃tk ← pkω

t
k + (1− pk)ωtk+1, //Crossover

14 ω̃tk+1 ← (1− pk)ωtk + pkω
t
k+1,

15 end
16 if rand() < mut then
17 ηtk ← Gaussian(µ, σ), // Mutation
18 ω′tk = ω̃tk + ηtk
19 end
20 end
21 Ωt ← {ω′t1 , . . . , ω′tN} ∪ P t // New population
22 if Ωt == Ωt−1 then
23 Exit loop // Convergence criteria
24 end
25 t← t+ 1
26 end

27 return (Ωf )
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4. Numerical results

In this section, we perform experiments to demonstrate the effectiveness of our
proposed generalized interpolation function Iω as defined in (2.7). We analyze the
effect of the obtained optimal parameter ω on three different functions, namely
f1, f2, and f3. Additionally, we evaluate the computational cost of the GA al-
gorithm by measuring the time and iterations required to achieve convergence to
the optimal parameters. Furthermore, we include a comparative analysis with an
existing differential quasi-interpolant Qk of [7] to demonstrate the robustness of
our approach.

To implement the proposed approximation model with the optimal param-
eter using GA, we used MATLAB R2022b. The population of the GA algo-
rithm was initialized with 100 individuals, where α ranged within the interval

[−1000,
(
π
hk

)2
]. The threshold βt is chosen depending on the value of the fitness

function at each generation t. Further details on the constants used are provided
in Table 1.

Table 1. Constants used in the implementation of the proposed
approximation model.

a b N cross µ σ mut tmax
−pi
2

pi
2

100 0.8 0 1 0.2 100

For the development of the proposed approximation method, we consider of the
following three functions defined on the interval I = [−π

2
, π
2
]:

f1(x) =
2 sin(x) + 1

sin(x) + 2
, f2(x) =

1

24
exp

1
1+x2 +x cos(x), and f3(x) = xe−x

2/2.

We define the error between a function f and its corresponding approximation
If as follows:

E (If) = ‖If − f‖,
where ‖ · ‖ denotes the sup norm in I.

4.1. Effect of optimal parameters on interpolation performance. As part
of our initial experiments, we examine the error evolution of the first six selected
parent parameters ωl, l = 1, . . . , 6 over generations for the three functions f1, f2,
and f3 for k = 3 such that nk = 2k. The results are shown in the table 2.

From the table 2, we observe that the error bound between the introduced in-
terpolation function Iω and the data function improves with each generation of
optimal individuals in Ωt. Notably, at the 7th generation, this error converges to
close values for all the selected parameters in the three function cases.
The optimal values of the frequency parameter ωfr for the functions fr, where
r = 1, 2, 3, varying with different values of k, are presented in Table 3. As shown
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Table 2. The error estimation between the functions f1, f2 and
f3 and our approximation method (2.7), evaluated over different
generations t with k = 3.

Generation E (Iωf)
t = 1 8.4928× 10−5 4.1221× 10−4 8.3985×−3 1.0240× 10−2

f1 t = 3 8.4928× 10−5 1.2529× 10−4 1.4563× 10−4 1.5922× 10−4

t = 7 8.0959× 10−5 8.0962× 10−5 8.0970× 10−5 8.0974× 10−5

t = 1 7.3671× 10−5 7.4948× 10−4 6.4775× 10−3 1.2981× 10−2

f2 t = 3 1.4122× 10−5 1.5542× 10−5 2.2644× 10−5 2.3958× 10−5

t = 7 1.3913× 10−5 1.3965× 10−5 1.3972× 10−5 1.3983× 10−5

t = 1 4.5532× 10−5 9.5948× 10−5 2.3693× 10−4 1.1713× 10−3

f3 t = 3 3.2181× 10−5 4.4736× 10−5 4.8626× 10−5 5.3301× 10−5

t = 7 2.1266× 10−5 2.1454× 10−5 2.1472× 10−5 2.1510× 10−5

in this table, the optimal frequency parameter varies depending on the type of
data points and the number of interpolation points.

Table 3. Final and optimal ωfr values for fr with r = 1, 2, 3, on
different k.

k ωf1 ωf2 ωf3
3 1.8189 1.0919 + 0.0030ı 1.0936 + 0.0015ı
4 1.8803 + 0.0023ı 1.5863 + 0.1376ı 1.2023
5 1.9290 + 0.0256ı 1.4057 + 0.4458ı 1.1090 + 0.0073ı
7 1.9290 + 0.0256ı 1.6980 + 0.0916ı 1.6737 + 0.0143ı
9 10.6110 + 0.5281ı 20.7893 + 0.0069ı 9.5487 + 4.2136ı

The next experiment aims to demonstrate the optimality of the discovered pa-
rameter value in minimizing the error bound of the proposed cubic generalized
composite interpolation function (2.7). To achieve this, we compare the inter-
polation errors over different values of the parameter ω, including the GA-based
optimal parameter ωfr with r = 1, 2, 3. This comparison is performed for differ-
ent values of k. Tables 4, 5, and 6 show the results for the three data functions
fr, r = 1, 2, 3, respectively.

To visually compare the error evolution between our interpolation method using
different test values of the parameter ω and the optimal parameter ωfr for r =
1, 2, 3, we present the results in Figure 2.

4.2. Computational cost. The computational cost of such iterative method is
crucial to prove its efficiency and practicality. In this subsection, we delve into the
numerical results regarding the computational cost of our method. This includes
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Table 4. Error estimation between f1 and our approximation
method for different values of the parameters ω and k.

E (Iωf1)

k
ω

31ı 6 + 9ı 20 + ı 45
3 + 13ı 5 + 9

2 ı ωf1

3 1.3060× 10−2 3.2660× 10−3 5.9844× 10−2 1.0236× 10−2 1.3379× 10−3 8.0945× 10−5

4 2.5456× 10−3 1.8648× 10−4 7.4150× 10−4 6.2792× 10−4 7.1574× 10−5 4.8861× 10−6

5 9.4748× 10−5 1.0751× 10−5 3.6936× 10−5 3.5590× 10−5 4.0623× 10−6 2.8449× 10−7

7 3.0768× 10−7 3.8455× 10−8 1.2671× 10−7 1.2617× 10−7 1.4463× 10−8 1.0536× 10−9

Table 5. Error estimation between f2 and our approximation
method for different values of the parameters ω and k.

E (Iωf2)

k
ω

31ı 6 + 9ı 20 + ı 45
3 + 13ı 5 + 9

2 ı ωf2

3 1.0717× 10−2 2.8110× 10−3 5.9119× 10−2 8.8291× 10−3 1.7094× 10−3 1.9394× 10−5

4 9.1515× 10−4 1.4859× 10−4 6.1431× 10−4 5.1022× 10−4 5.8129× 10−5 1.6208× 10−6

5 6.2955× 10−5 8.3359× 10−6 2.9489× 10−5 2.8129× 10−5 3.2092× 10−6 1.0725× 10−7

7 2.4215× 10−7 2.9750× 10−8 1.0117× 10−7 1.1259× 10−7 1.1403× 10−8 3.7072× 10−10

Table 6. Error estimation between f3 and our approximation
method for different values of the parameters ω and k.

E (Iωf3)

k
ω

31ı 6 + 9ı 20 + ı 45
3 + 13ı 5 + 9

2 ı ωf3

3 1.7613× 10−2 1.6182× 10−3 3.2758× 10−2 5.0664× 10−3 6.7379× 10−4 1.9308× 10−5

4 1.2116× 10−3 8.6891× 10−5 3.5403× 10−4 2.9581× 10−4 3.3662× 10−5 1.7096× 10−6

5 4.4132× 10−5 4.9453× 10−6 1.7275× 10−5 1.6546× 10−5 1.8851× 10−6 1.1056× 10−7

7 1.4366× 10−7 1.7705× 10−8 5.9414× 10−8 5.8769× 10−8 6.7201× 10−9 3.7234× 10−10

examining the time required for convergence and the number of generations re-
quired to reach optimal solutions. These findings provide valuable perspectives
on the scalability and performance of our method in real-world applications.

Table 7. Number of generations and time required to achieve
optimal approximation results for the three data functions over
different values of k.

f1 f2 f3
k Generations Time (s) Generations Time (s) Generations Time (s)
3 19 6.1512 5 3.9583 20 4.9023
4 11 10.3869 12 1.51204 12 8.2886
5 16 49.1705 20 40.0078 18 43.3225
7 17 203.2917 20 156.4783 19 171.3402
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Figure 2. Comparison of the interpolation error evolution for the
functions f1 (a), f2 (b), and f3 (c) for k = 7 using different test ω
values and optimal parameters ωfr (r = 1, 2, 3).

As shown in Table 7, our proposed scheme achieves convergence within a few
seconds using 8 GB of GPU memory, even with a large dataset size. This efficiency
strongly supports the application of our model in real-world scenarios, especially
when dealing with large datasets. It’s worth noting that we used standard GPU
memory; with more powerful hardware, the time required may be even more
optimal.

4.3. Comparison with similar approximation models. To provide a com-
prehensive comparison of the performance of the proposed C2 composite Hermite
spline interpolant with optimal parameters against existing interpolation meth-
ods, we consider the following two test functions in the interval [0, 1]:

g1(x) = − 1

1 + x+ log(1 + x2)
, g2(x) = e−x sin(5πx).

The optimal values of the parameter ω for the two examples of functions g1 and
g2 are listed in Table 8:



20 R. SEFTI, D. SBIBIH, R. JENNANE

Table 8. Optimal values of the parameter ω for the functions g1
and g2 for different values of k.

k 3 4 5 6 7
ωg1 3.8738 3.9559 3.9758 + 0.04518ı 4.0230 + 0.0905ı 2.1500 + 6.2699ı
ωg2 15.7050 15.7253 + 0.0159ı 15.7267 15.7074 + 3.2901ı 15.8250 + 0.3139ı

Table 9. Comparison by error estimations between the oscillatory
quasi-interpolant [19] and the proposed interpolant.

k E (Qg1) [19] E (Iωg1) E (Qg2)[19] E (Iωg2)
5 3.63× 10−8 3.87× 10−9 1.01× 10−4 1.97× 10−6

6 2.26× 10−9 2.26× 10−10 6.38× 10−6 4.14× 10−7

7 1.41× 10−10 5.87× 10−11 3.99× 10−7 7.20× 10−9

The obtained results from the error comparison in Table 9 clearly show a signifi-
cant improvement in accuracy with our model compared to the existing oscillatory
quasi-interpolant [19]. The computed errors show a marked reduction, indicat-
ing that our model outperforms the oscillatory quasi-interpolant significantly in
terms of approximation accuracy.

5. Conclusion

In this paper, we introduced a new generalized composite Hermite spline basis
function with optimal support and error bounds. Since the constructed inter-
polant depends on an adjustable parameter, we successfully identified the param-
eter that optimizes the interpolation results by drawing inspiration from genetic
algorithms. The obtained numerical results demonstrate that our method effi-
ciently achieves the optimal parameter, resulting in superior approximation ac-
curacy compared to existing equivalent models. These promising results suggest
that our method can be effectively applied in practical areas for modeling curves
and surfaces in various domains.
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