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ANALYSIS OF SIR EPIDEMIC MODEL WITH RELAPSE
INCORPORATING ORNSTEIN-UHLENBECK PROCESS

ADIL EL HAITAMI**, HOUDA BOULMAKOUL? and ALI EL MYR?

ABSTRACT. In this work, we analyze a stochastic SIR epidemic model that in-
corporates the Ornstein—Uhlenbeck process, relapse, and generalized nonlinear
incidence rate. First, we demonstrate that, under all favorable initial condi-
tions, there is only one possible global solution. The new stochastic model
threshold values, Dg and D, are created. We create the necessary conditions
for the disease to persist and become extinct. Lastly, we present a few computer
simulations that demonstrate the theoretical understanding we have acquired.
Our findings highlight the importance of recognizing how stochasticity affects
epidemic transmission, especially when complicated incidence mechanisms and
stochastic environmental variables are involved.
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1. INTRODUCTION

1.1. Background. Among the numerous causes of death, infectious diseases
rank among the most common. An infection has the potential to spread glob-
ally and become endemic in a short period of time. For this reason, infectious
diseases are of great interest and concern to governments and lawmakers. Pro-
grams and research teams of scientists are attempting to regulate and eradicate
these diseases. This research team includes mathematicians, who are continually
proposing and discussing a variety of mathematical models. To model disease
transmission in humans or animals, compartmental models divide the popula-
tion into small groups of susceptible, infected, and recovered individuals (S, Z,
and R, respectively). If a susceptible individual in the population falls ill, they
join the infectious group and then transition to the recovered group once the
infection period is finished. Reactivating latent infections in certain disorders,
such as herpes and tuberculosis, can cause healed patients to relapse and become
contagious again [5]. SIRI models can be used to model these kinds of diseases.
One of the earliest epidemic models with relapse in a steady population with a
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bilinear incidence rate was created by Tuder in [24]. A nonlinear incidence rate
was incorporated into the model by Moreira and Wang [19]. In order to explain
the dynamics of drinking habits resulting from interactions between individuals
in shared drinking environments, Sanchez et al. [21] introduced a SIRI epidemic
model with nonlinear relapse. Based on the cited publications and the fact that
relapse is caused by contact with the infected, it is more fair to propose a bilinear
relapse rate aR(t)Z(t). We examine the following SIR compartmental model in
a population with a bilinear relapse rate.

dS = [b—bS—BS x I]dt,
dI = [—(b+86)I+BSxT+aR xI|dt, (1.1)
dR = [—bR+6I—aR x I|dt,

where b, 3, 0, and « are positive constants that, in turn, stand for the birth
and death rates, the infection coefficient, the rate at which infected individuals
recover, and the rate at which immunity is lost (the relapse rate).

An essential part of mathematical epidemiology is calculating the incidence
rate, which is defined as the number of new cases per unit of time for a given
disease. According to [I, 7, 25], the bilinear incidence rate SSZ has been widely
utilized in prior research. However, there are certain advantages to using a non-
linear incidence rate, such as saturation and near-bilinearity. In fact, the in-
cidence rate is most likely not linear across the entire infected and vulnerable
compartment. This encourages us to select a generalized incidence rate of the
kind SSg(Z), which is more suitable for many scenarios than other incidence
rates. After taking into account all the prior notations, we express the model
(1.1) in the following way:

dS = [b—1bS — BS x g(T)]dt,
dZ = [=(b+8)IT+BSxg(T)+aR xI|dt, (1.2)
dR = [—bR+I—oR x I|dt,

where the function ¢(.) is a non-negative twice continuously differentiable func-
tion. In this work, we suppose that g(.) satisfies

9(0) =0, ¢'(0) >0,
—¢ < (@)/ <0, Vx>0,

- x
with ¢ is a positive constant.

1.2. Stochastic Model. Stochastic differential equations are being used more
and more to model population dynamics, including the spread of epidemics. This
is because they take into account the randomness of birth, death, and transmission
rates, which makes predictions more accurate and helps develop effective control
strategies (see, for example, [2, 6, 9, 11, 13, 22, 32]). Stochastic SIR epidemic
models with relapse are used to investigate infectious illness spread. These models
take into account the randomness of illness transmission and the risk of relapse
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F1GURE 1. The compartmental diagram illustrates the SIR model
with relapse and global incidence rate.

in recovered people. According to [3, 8, 10, 12], relapse has a major impact on
dynamics, especially persistence and extinction.

A more accurate description of the disease dynamics is achieved by incorporat-
ing Ornstein—Uhlenbeck (OU) process perturbations into infectious disease mod-
els, which improves the modeling of the inherent randomness and uncertainty
frequently encountered in real disease systems [, 16, 23, 31]. In model (1.2), we
assume (3 and « follow the OU process to determine the impact of ambient noise
on transmission rate [17, 18, 28, 29]:

{ dB(t) = 60y x (B—B(t))dt + pydBi(t),

da(t) = by x (@ —a(t))dt + padBs(t), (13)

where 6,60, are the rates of reversion and 3, @ are the long-run mean values of
the infection rates §,a. By and B, are independent standard Brownian motion
parameters defined on a complete probability space (Q,]—" AF 0 ,]P’), where
pi(i = 1,2) denotes the intensity of B;. Typically, all parameters are thought to
be nonnegative.

Using the stochastic integral format, we can derive the explicit form solution
for the arithmetic OU process:

Bt) = B+ (Bo—Bet+p / 00T B, (7),
0

t (1.4)
alt) = a+ (ag—a)e ™ + pz/ e~ aB, (1),
0

with initial values Sy = 5(0) and ay = «(0). The term p; fg e~ %="aB; (1) is
><(1—e_29it)

easily determined to follow the normal distribution A (O, ’)?2—01_>. Thus, it

is equivalent to

P'/t e T AB; (1) = P m—dgi(t) a.s
'y 0=, a

Consequently, (1.4) can be written as follows:

_ 7 — B)e b1t o1 dB(t)
5) = B+ (Bo—Be +ont) x TR, s

dBs(t)
at

alt) = a+ (ag—a)e ™ + oy(t) X
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where

20;
By substituting (1.5) into model (1.2), the stochastic SIR model with relapse and
global incidence rate incorporating OU process may be obtained as follows:

(ds = :b ~ b8 — (B+ (o — B’)e—@lt)sg(z)] dt — o1()Sg(T)dBi (1),
iz = |- (b+ 0T+ (B + (B — B)e ) Sg(T) + (& + (ag — a)e —92f)721} dt
+01(t)Sg(T)dBy(t) + oo (t)RTAB,(1),
| dR = [~ bR+ 0T (@+ (a0 —d)e 92t)RI} dt — oo (tYRTdBs(t).

(1.6)

2. PRELIMINARIES

In the present work, we define ]Ri = {(vl, oy V) |1 >0,y vg > O}. This is
one way to express the system (1.6):

dX = f(X)dt + 6, (X)dBy + l5 (X) dBs, (2.1)
where X = (S L, R) The diffusion matrix is defined as follows:
M(X) = (mi (X)), mig(X) = Lop(X) (X)) + Loge(X) 2, (X).
Furthermore, we have included a generator £ that is linked to (2.1) so that it

can be used in later parts of this research. For any ¢ that is twice continuously
differentiable,

L1 0%p(X)
X .
Z JelX an "2 qul il g x0x,
The existence and uniqueness of a global solution for model (1.6) will be cov-

ered in this section. The following subset must be specified before we can start
investigating the model:

O = {X = (’Ul,'UQ,Ug) S Ri; V1 + v + U3 = 1}-

Theorem 2.1. Assume that X(0) € O. Then P(X(t) € O) =1 for all t >
0. This evidence supports the claim that the set O is almost surely positively
invariant by the system (1.6).

Proof. Let X(0) = (5(0),Z(0),R(0)) € O and t > 0. In system (1.6), we can
readily demonstrate that the total population N = S + R + Z verifies on [0, ¢],

dN(v) =b(1 = N())dv a.s.,
which implies by integration
N(v )—1—( (0) — 1)e ™ for all v € [0,¢].
Hence for X(0) = (5(0),Z(0),R(0)) € O we have N(v) — 1 =0 and then, if
X(v) = (8( ) Z(v),R(v)) € R forall v e 0,8 a.s
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we get
S()+R(w)+Z(v) =1, and S(v), R(v), Z(v) € (0,1) for all v € [0,t] a.s.(2.2)

Since the coefficients of (1.6) are locally Lipschitz-continuous, for any given initial
value X (0) = (S5(0),Z(0),R(0)) € O, there is a unique maximal local solution
X(t) = (S(t), Z(t), R(t)) for t € [0,v.), where v, is the explosion time. Let
¢o € N such that §(0),R(0),Z(0) € [qio, qo]. For every integer ¢ > gy considering
the stopping times

vy = inf {1 € 0. - min {R(1), Z(1). §(1)} < é or max {R(1), Z(t). (1)} > ¢}
Let us define the functions for X = (S,Z,R) € R3:
o(X)=(-logS+S—1)+(—logZ+Z —1)+ (—logR+R —1).

¢ is nonnegative function. It6’s formula gives us for any v € [0, A v.]:

do(X) = Lo(X)dv + 01 (v) (% - %) Sg(T)dB: (v) + 7(v) <% - %) RTdBy(v),
(2.3)
where
£od) = (1-5) (0= - B+ (= Bre)S(D) + 300 0(D)
(1 — %) ( —(b+ 6T + (E+ (Bo — B)e ") Sy(T)
+(a + (a0 — a)e_GQ”)RI> + %af(v) (S@) + %U%(U)RQ

2
By (2.2), we assert that S(v), R(v),Z(v) € (0,1) for all v € [0,¢ A v] a.s. Using
the inequalities (3 + (8o — B)e™") < By V B, (@ + (ap — @)e™®") < ag V 4,
2

2 2
07 (v) < 55- and 03(v) < 42, we easily obtain

(1 — %) ( — bR+ 0T — (@ + (ap — a)e—92”)7zz> + 103(1})12.

~ 2 2 2 9
LoX) < W42+ G0y DD + @) + 1 (B2) waovar 22

(KDY <o, vao

Thus 22 < ¢/(0), which implies g(Z) < ¢'(0) x Z, thus one gets

Since

p2 p2

Lo(X) < 4b+25+ (ByV B) x ¢'(0) + 2

From (2.3) and (2.4), we have

~ S9(T)

do(X) < Kdv+01(v)><(g(f) L

) dB;(v) + o3(v) X (Z —R) dBy(v),
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where K £ 4b+26+ (8o V 3) x ¢'(0) + %(9/<0))2 +apVa+ %. Thus, integration
leads to the following:

p(X(v) < @(X(0) + Kv+ Ti(v) + Ta(v),

where
110 = [ on(s) (o12) - 22 as)
and ’ ;
Yav) = [ 0a(s) (T(6) - R(s) dBals).
Hence, YT4(v) and YTs(v) are re;l—valued local martingales with
E(T1(v)) = E(Y2(v)) = 0.

Then
E(p(X(t Avy))) < o(X(0)) + K(tAvy). (2.5)
This, together with (2.2), gives that
E(p(X () lu<n) SE(o(X (A1) < p(X(0) + Kt (26)

Suppose that v, < oo, then there is ¢ > 0 such that P (v, <t) > 0. Hence, for
any ¢ > qo we have P (v, < t) > 0. By the definition of v,, we have

{(q— 1 —logg) A G -1 —logé>} < p(X(0)) + Kt.

Letting ¢ — o0, yields co = ¢(X(0)) + Kt < oco. Then, P (v, <t) = 0 for
all t > 0. Hence P (v, = 00) = 1, consequently the solution to system (1.6) is
positive and global. The proof of the theorem is thus completed. 0

3. DISEASE EXTINCTION

In this section, we will look at the criteria necessary for the disease to become
extinct. Initially, we shall consider the two positive numbers:

B x 4'(0) Lo @
/ ) a T .
0+ b g OF S+b+ L2

Dp =

Theorem 3.1. Let X = (S,Z,R) be the solution of the system (1.6), starting
with X(0) € O. If even one of the following assumptions are true

2 2
~ P2 T o~ P11y
D 1 > 4 — >

(Cy) <1, a> 20, and [ —a > 2019(0),

o~ 2 ~
(€)  Da<l, Bz 21g(0) and &—Pg(0)= 22
1

P (hmsupw < 0) =1

then

t—00

Another way of putting it is that the disease should fade away at an exponential
rate.
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Proof. Using the It6 formula on Z — log(Z), We are able to obtain:

9By _ ;Uz(t><39_<f>>2

dlog(Z) = | = (@+b)+(F+ (B —Be ) (2L

! S(HR? | dt

+(@+ (ap — @)e )R — 502

You(t )(59( )) By (1) + ao(t)RdBs(t)
g(

z
~osn+5(2) - (PP var - G

3o (D) e PP e

P o 2020732 Sy(I)
e R e o (24 - )dB1(1) + o2t RdBy 1)
_ Sg(7) Sy(7)
- \If(TR) +G(t,T,R> dt
Sg(Z
+ou(t) (%) B (t) + o3 () RdBs (1), (3.1)
where we set
U (v = —(b+0)+7 L LA
17U2) - ( + )_'—/8,01 461,01—1_0{1)2 4821}27
G(t,vr,v) = (Bo— B)efto, + -1 o’ e 20?2 4+ (g — a)e %ty + &6_262%3.
461 4‘92
(3.2)
Division by t after integrating from 0 to ¢ yields
log (Z()) 1 [ rS(1)(Z(7)) log (Z(0))
/ - ?/0 \IJ( Z(r) ’R(T))dT+ /

W1 /t G(T, S(r)g(Z(r)) , R(T))dr + T?’T(t) + T‘*T(t) (3.3)

Ty(t) = /0 o1(7) x SDLEE B, (7) and T (t) = /0 05(7) x R(7)dBa(7). (3.4)
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Assuming (C;) holds, since a@ > the function vy — W(.,v9) is increasing on

26”

Sg(Z) .
0,1). Consequently, from R <1-5§<1— , we obtain:
0:1) Y Zg'(0)
\I,(ng(f) R) < \I,(SXQ(I) LS9 )
T ) = T g0 xZ
5 -
P P2 o 7\ S9(Z)
= —+2 45— b+5+( - +)—
46, (b+9) 2029'(0)  ¢'(0) )T
2
P1 P2 S9(Z)\?
(491 * 492(9/(0))2) x < 7 )
a Sg(Z)
S H<T> (3.5)
Since § — & > %g’(O)7 the function H is increasing on (0, ¢'(0)), which gives
H(SQT(I)) < H(g¢'(0)). By substituting this inequality in (3.5), we are able to
derive
SQ(I) p% ’ 2, o
At < _
V(ZGER) < (0 + B (0) ~ (b+9)
2
= (41)71(9’(0))2 +b+ 5) (Ds —1). (3.6)
1
Moreover,

[ 6(nSD2ED rr))ar

t t
S ‘60 . B’g / 6791Td 4+ 101 (g'(O))Q/ 672017-(317'
0 0

46,

t
+|a0—a|/ _927d7‘+402/ e 2027 qr

< €0

< |50—5|+892( JO)F + rlag— |+ 22 0,

802’
which implies that
1 S(m)g(Z(7)) _
tgnoo—/o G(T, T,R(T))dr —0. (3.7)

Since Y3(t) and Y,(¢) are real-valued local martingales having the following qua-
dratic variation

< Ta(t), Ta(t) > = /0 03(7)(%)% < 2”—011@’(0))% < o0, (3.8)
and

< Tyu(t), Tyu(t) > = /Otag(T)Rz(T)dT < 2'0—622t < 00. (3.9)
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We have by using the large number theorem for martingales [15] along with (3.8)
and (3.9) that we can say the following:
T T
limﬂ =0 and lim Ya®) =0. (3.10)
t—oo T t—oo T

Then, from (3.3), (3.6), (3.7), (3.10), and the condition Dg < 1, we obtain

log (Z(t)) - <p_%
481

lim sup <
t—o0 t

(g'(0))* +b+ (5) (Ds—1) <0.

Now, if (C3) holds, in light of § > %g’(O), the function v; — U(vy,.) is
S

increasing on (0, ¢'(0)). Consequently, from gI(I) < 8¢(0) < (1 -=R)J(0), we
derive that

\IJ(SQT(I)R> < \If((1—7z)g’(0),7z)

-~ (Lo 2R+ (S or -0 +a) R

Y ((0))2 + B (0) = (b+ 0)

46,
£ Q(R). (3.11)
In light of the fact that o — gg’(O) > %, the function @ is increasing on (0, 1),
so Q(R) < Q(1). We put this inequality into (3.11) to get

w(SgT(I)R> < (—4p—52+a—(b+5)> = (4p—§2+b+6) (Do —1). (3.12)

Using (3.3), (3.7), (3.10), (3.12), and the condition D, < 1, we obtain

log (Z(t 2
limsupmﬁ &+5+b (Da—1)<0.
t—00 t 492
The proof is so completed. |

4. PERSISTENCE IN MEAN

In epidemic models, extinction and persistence of diseases are the most fasci-
nating topics to research. We discussed the first one in Section 3. Following this
section, we shall show that the disease is persistent for a long time. According to
reference [26], the following lemma is required.

Lemma 4.1. Assume that Y € C(Ry x Q;Ry) and M € C(Ry x Q;R) such that
Mt !

lim () =0. If forallt >0, log(Y(t) > mt— 7r2/ Y (7)dr + 9M(t).
0

t— 00

Then,

S Y 5!

hmlnf; Y(r)dr > — a.s,
0

t—o0 7T2

m and my are both positive constants.
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Theorem 4.2. If Dg > 1 and & > £ %5 S0 that, starting with any given value
X (0) = (S(0),Z(0), R(0)) € O, the solution for system (1.6) satisfies the property
that
T b
(i) liminf- [ S(r)dr > —
et (B0 v B)g'(0) +b

(17) hmmfl/tI(T)dT > (,

t—ro0

(441) hmmf /R > LCA,,
(b+a0\/a)

for some positive constant (.

Proof. (i) Based on 3+ (8, — B)e %t < By V 3 and the first equation in (1.6), we
may deduce that

dS + [bS + (,@0 VA)Sg(T)]dt > bdt — ,Sg(Z)dB,.

Using Z € (0,1) and g < ¢'(0), integrating the above inequality and dividing
both sides by ¢, we get

b + (50 V g)g,(o) /tS(T)dT 2 b _ M — l/t gl(T)S(T)g(I(T))dBl(T)

t t t
_ . S0-50)_ Tsl) o
t t
where .
To(1) / 01 (1)S(7)g(Z(7))dBy (7). (4.2)

T5(t) is real-valued local martingales having the following quadratic variation

TS0 T5(t) > = / 2SN T < D@0 < .

26,
From the strong law of large numbers for local martingales and the fact that
S € (0,1), we obtain
t) — Ts(t
t—ro0 t t

which, when combined with (4.1), produces

t
liminfl/ S(r)dr >
t Jo b+ (

t—o0

b
Bo V 5)9'(())‘

(i) From the formula (3.3), we can obtain

log( ) log (I ) / (—( )Ig((rz)( )>,R(T))d7'

+/ G T, ()92 )>,R(T)>dT+T3(t)+T4(t). (4.4)
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Considering that S, R € (0,1) and g < ¢'(0), one can conclude

\I,<SQT(),R> - —(b+5)+ﬁ< I(I))+aR— (291<ng( )> +2/)622R2>

> _(b+5)+B(SgI(I))—4—91(SQI( )> +(& 462>R2

— _(b+8)+Bg0) = L) + a—”—g) R?

46, 40,
B - B - £ (P4D) 4 Ly oy
> —(b+4) + B (0) ﬁ(g%o»u(a_f_é)w

= (f—;l(g’(O))2 +b+ 5) (Ds—1) + (62 —~ 4p—§2) R

From a > —2’752, we have
SQ(Z) p% / 2
7 > - _

- (3-2y0) (v0 - 242).

If we insert another inequality into (4.4); we get

log (Z(t)) > t (4’0—51(9’(0))2 +6+ b) (Ds — 1) + log (Z(0))

(- Ly0) [ (v0- 22D

+/O G(T, %,Rm)dr +Ys(t) + Ya(t).

From the first equation in the system (1.6); we get

dS >

dt—o,Sg(T)dBi ().

g’?O) (g/(o)_ng@)> —bS (1_;g,23) )~ (8VB)g ()T

Take note of that

g(v) @ — lim M M - g’(O)

—c S _ v v—=0 VU _ v S 0.
(% (% (%
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We acquire that

9(Z)

0) - L2 < 7.
g'(0) 7 =¢

As a result, the inequality that follows

9(Z) bs
(1 2y) = g0

Which implies

9'(0) z
then
- [ (g0 - 22D ar > g'é(”{ ~ (st + oV B @) [ Ztryar
5(0) — S(t) T5(t)}. (4.6)

We get by substituting (4.6) into (4.5) and rearranging

log (Z(1)) > (4p—jl(g'(0))2+b+5>><(2)3—1)t

2

IO+ 50w 90 (5 Log) [ 2rrar-+ 0,

b \g(0) 40,
where
m) 2 ~L0 (5 L)) (S0 - S0+ To(0) +1og (20)
+/0 G(r, % R(7))dr + Ts(t) + Ta(2).

Moreover, from (3.7), (3.10) and (4.3), we obtain lim 2% = 0 as. When

t— o0 t

paired with Lemma 4.1, this leads to

1 t
liminf—/I(T)dT > (,
0

t— 00

where

(4L (502 +b+3) (Ds 1)
: g > 0.

+onv D) (5 £Ee)

b
g'(0)
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(iii) Integrating the third equation of the system (1.6) yields
R(t) —R(0) = —/0 (@ + (g — @)e ) R(T)I(r)dr — b/o R(r)dr
+§/ T(r)ir = [ oa(MT(r)R()Bs(7)

> aOVa +b /R dT—|—5/ 7)dT — Ye(1),
where
n@éAUWﬂURUwﬂ>
Then,
1/t 1 ¢
: /0 RO 2 e (s /0 I(r)dr — (R(t) ~ R(0)) = To(1)).

Based on the large-number martingale theorem and the knowledge that R €
(0,1),
t—>ro0

1
lim X (—R(t)+R(0) —Te(t)) = 0.
Next, we deduce (iii) from (ii). Which concludes the proof. O

5. NUMERICAL EXAMPLES

In this section, we present a number of numerical simulations of our theoretical

findings using the saturation incidence rate as an example [20], i.e., let g(Z) =
W. To solve the system (1.6) with a given initial value, we employ the
classical numerical method, Milstein’s Higher Order Method [11]. The values of

b=009,6 =028 B = 0.2, ao = 0.18, and (S(0),Z(0), R(0)) = (0.7,0.2,0.1)
are selected to be the same in every example.

Example 5.1 (Case Dg < 1). For the extinction of the disease, we choose B =
0.33,a = 027 01 = 0.41, 6, = 0.40, p; = 0.23 and p, = 0.31. Since a > 20 ,
B—a>2 5 g '(0) and Ds = 0.8187 < 1. The stochastic model (1.6) predicts that

the disease will eventually disappear from the population in accordance with
Theorem 3.1. See Figure 2 for more illustrations of this example.

Example 5.2 (Case D, < 1). Consider the parameters B =028, a = 0. 42

0, = 0.41, 6, = 0.40, p; = 0.25 and py = 0.3. Since 3 > 299( ), a 59( ) > 2 2%
and D, = 0.9384 < 1. The stochastic model (1.6) predicts that the disease
will eventually disappear from the population in accordance with Theorem 3.1.
Figure 3 provides further instances of this.

Example 5.3 (Case Dz > 1). For illustrating the persistence condition of The-
orem 4.2, we set § = 0.45, a = 0. 45 61 =041, 0, = 0.3, p; = 0.2 and py = 0.3.
It is easy to calculate that a > 2 = and Dg = 1.141 > 1, then the condition of
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FIGURE 2. The case where Dy < 1 is shown, simulations of the
system (1.6) will be extinct. The blue trajectories indicate the
solution of model (1.6), while the orange trajectories describe the
comparable deterministic system.
Time series of S(¢) Time series of 1(f)
10 0.25
0.9 0.20

0.15

(1)
I(t)

0.10

0.05

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Time Time

Time series of R(f)

Time
FiGUurRE 3. When D, < 1 is revealed, simulations of the system
(1.6) will be extinct. The blue trajectories indicate the solution of
model (1.6), while the orange trajectories describe the comparable
deterministic system.

Theorem 4.2 is verified. It indicates that the disease will remain. This result is
illustrated by Figure 4.



ANALYSIS OF SIR EPIDEMIC MODEL INCORPORATING OU 15

Time series of S() Time series of (1)
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Time series of R(f)

W\Wr‘w

Time
FIGURE 4. Here are the paths of the solution (S,Z,R) of the sys-
tem (1.6), based on data from Example 5.3. The stochastic solution
is shown by the blue lines. The deterministic solution is shown by
the orange lines. As a result, S,Z, and R persist in the mean.

6. CONCLUSION

In this study, we examined the dynamics of a stochastic SIR epidemic model
with relapse and global incidence rate, including OU process, by perturbing S
and « successively. The stochastic system (1.6) determines whether the epidemic
disease will terminate or remain active based on two threshold values: Dg and
D,. We find that if Dg < 1 or D, < 1, consequently, with minor supplemen-
tary conditions, the disease is almost surely exponential extinction (see Theorem
3.1). However, using Theorem 4.2, we demonstrated that the processes S,Z, and
R are persistent in mean if Dg > 1. Importantly, we produce simulations with
different parameter values to illustrate and verify our theoretical results. These
findings provide crucial insight into the operation of stochastic epidemic models,
which has implications for disease management and prevention. They can help
us develop focused tactics to stop the spread of infectious illnesses. Furthermore,
the successful implementation of the theoretical methods used in this work can
help other stochastic epidemic models [27, 30]. The project is currently underway.
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