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ANALYSIS OF SIR EPIDEMIC MODEL WITH RELAPSE
INCORPORATING ORNSTEIN–UHLENBECK PROCESS

ADIL EL HAITAMI1∗, HOUDA BOULMAKOUL2 and ALI EL MYR3

Abstract. In this work, we analyze a stochastic SIR epidemic model that in-
corporates the Ornstein–Uhlenbeck process, relapse, and generalized nonlinear
incidence rate. First, we demonstrate that, under all favorable initial condi-
tions, there is only one possible global solution. The new stochastic model
threshold values, Dβ and Dα, are created. We create the necessary conditions
for the disease to persist and become extinct. Lastly, we present a few computer
simulations that demonstrate the theoretical understanding we have acquired.
Our findings highlight the importance of recognizing how stochasticity affects
epidemic transmission, especially when complicated incidence mechanisms and
stochastic environmental variables are involved.

Keywords. Stochastic SIR epidemic model, Relapse, Ornstein–Uhlenbeck pro-
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1. Introduction

1.1. Background. Among the numerous causes of death, infectious diseases
rank among the most common. An infection has the potential to spread glob-
ally and become endemic in a short period of time. For this reason, infectious
diseases are of great interest and concern to governments and lawmakers. Pro-
grams and research teams of scientists are attempting to regulate and eradicate
these diseases. This research team includes mathematicians, who are continually
proposing and discussing a variety of mathematical models. To model disease
transmission in humans or animals, compartmental models divide the popula-
tion into small groups of susceptible, infected, and recovered individuals (S, I,
and R, respectively). If a susceptible individual in the population falls ill, they
join the infectious group and then transition to the recovered group once the
infection period is finished. Reactivating latent infections in certain disorders,
such as herpes and tuberculosis, can cause healed patients to relapse and become
contagious again [5]. SIRI models can be used to model these kinds of diseases.
One of the earliest epidemic models with relapse in a steady population with a

Date: Received: Dec 21, 2025; Revised: Jan 18, 2026; Accepted: Jan 28, 2026.
∗ Corresponding author
© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1

https://creativecommons.org/licenses/by-nc-nd/4.0/


2 A. EL HAITAMI, H. BOULMAKOUL, A. EL MYR

bilinear incidence rate was created by Tuder in [24]. A nonlinear incidence rate
was incorporated into the model by Moreira and Wang [19]. In order to explain
the dynamics of drinking habits resulting from interactions between individuals
in shared drinking environments, Sanchez et al. [21] introduced a SIRI epidemic
model with nonlinear relapse. Based on the cited publications and the fact that
relapse is caused by contact with the infected, it is more fair to propose a bilinear
relapse rate αR(t)I(t). We examine the following SIR compartmental model in
a population with a bilinear relapse rate.

dS =
[
b− bS − βS × I

]
dt,

dI =
[
− (b+ δ)I + βS × I + αR× I

]
dt,

dR =
[
− bR+ δI − αR× I

]
dt,

(1.1)

where b, β, δ, and α are positive constants that, in turn, stand for the birth
and death rates, the infection coefficient, the rate at which infected individuals
recover, and the rate at which immunity is lost (the relapse rate).

An essential part of mathematical epidemiology is calculating the incidence
rate, which is defined as the number of new cases per unit of time for a given
disease. According to [1, 7, 25], the bilinear incidence rate βSI has been widely
utilized in prior research. However, there are certain advantages to using a non-
linear incidence rate, such as saturation and near-bilinearity. In fact, the in-
cidence rate is most likely not linear across the entire infected and vulnerable
compartment. This encourages us to select a generalized incidence rate of the
kind βSg(I), which is more suitable for many scenarios than other incidence
rates. After taking into account all the prior notations, we express the model
(1.1) in the following way:

dS =
[
b− bS − βS × g(I)

]
dt,

dI =
[
− (b+ δ)I + βS × g(I) + αR× I

]
dt,

dR =
[
− bR+ δI − αR× I

]
dt,

(1.2)

where the function g(.) is a non-negative twice continuously differentiable func-
tion. In this work, we suppose that g(.) satisfies

g(0) = 0, g′(0) > 0,

−ς ≤
(
g(x)

x

)′
≤ 0, ∀x > 0,

with ς is a positive constant.

1.2. Stochastic Model. Stochastic differential equations are being used more
and more to model population dynamics, including the spread of epidemics. This
is because they take into account the randomness of birth, death, and transmission
rates, which makes predictions more accurate and helps develop effective control
strategies (see, for example, [2, 6, 9, 11, 13, 22, 32]). Stochastic SIR epidemic
models with relapse are used to investigate infectious illness spread. These models
take into account the randomness of illness transmission and the risk of relapse
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Figure 1. The compartmental diagram illustrates the SIR model
with relapse and global incidence rate.

in recovered people. According to [3, 8, 10, 12], relapse has a major impact on
dynamics, especially persistence and extinction.

A more accurate description of the disease dynamics is achieved by incorporat-
ing Ornstein–Uhlenbeck (OU) process perturbations into infectious disease mod-
els, which improves the modeling of the inherent randomness and uncertainty
frequently encountered in real disease systems [4, 16, 23, 31]. In model (1.2), we
assume β and α follow the OU process to determine the impact of ambient noise
on transmission rate [17, 18, 28, 29]:{

dβ(t) = θ1 ×
(
β̃ − β(t)

)
dt+ ρ1dB1(t),

dα(t) = θ2 ×
(
α̃− α(t)

)
dt+ ρ2dB2(t),

(1.3)

where θ1, θ2 are the rates of reversion and β̃, α̃ are the long-run mean values of
the infection rates β, α. B1 and B2 are independent standard Brownian motion
parameters defined on a complete probability space

(
Ω,F , {Ft}t≥0 ,P

)
, where

ρi(i = 1, 2) denotes the intensity of Bi. Typically, all parameters are thought to
be nonnegative.

Using the stochastic integral format, we can derive the explicit form solution
for the arithmetic OU process:

β(t) = β̃ +
(
β0 − β̃

)
e−θ1t + ρ1

∫ t

0

e−θ1(t−τ)dB1(τ),

α(t) = α̃ +
(
α0 − α̃

)
e−θ2t + ρ2

∫ t

0

e−θ2(t−τ)dB2(τ),

(1.4)

with initial values β0 = β(0) and α0 = α(0). The term ρi
∫ t
0
e−θi(t−τ)dBi(τ) is

easily determined to follow the normal distribution N
(

0,
ρ2i×(1−e−2θit)

2θi

)
. Thus, it

is equivalent to

ρi

∫ t

0

e−θi(t−τ)dBi(τ) =
ρi√
2θi
×
√

1− e−2θitdBi(t)
dt

a.s.

Consequently, (1.4) can be written as follows:
β(t) = β̃ +

(
β0 − β̃

)
e−θ1t + σ1(t)×

dB1(t)
dt

,

α(t) = α̃ +
(
α0 − α̃

)
e−θ2t + σ2(t)×

dB2(t)
dt

,

(1.5)



4 A. EL HAITAMI, H. BOULMAKOUL, A. EL MYR

where

σi(t) =
ρi ×

√
1− e−2θit√
2θi

, i = 1, 2.

By substituting (1.5) into model (1.2), the stochastic SIR model with relapse and
global incidence rate incorporating OU process may be obtained as follows:

dS =
[
b− bS −

(
β̃ + (β0 − β̃)e−θ1t

)
Sg(I)

]
dt− σ1(t)Sg(I)dB1(t),

dI =
[
− (b+ δ)I +

(
β̃ + (β0 − β̃)e−θ1t

)
Sg(I) +

(
α̃ + (α0 − α̃)e−θ2t

)
RI
]
dt

+σ1(t)Sg(I)dB1(t) + σ2(t)RIdB2(t),

dR =
[
− bR+ δI −

(
α̃ + (α0 − α̃)e−θ2t

)
RI
]
dt− σ2(t)RIdB2(t).

(1.6)

2. Preliminaries

In the present work, we define Rd
+ =

{
(v1, ..., vd) | v1 > 0, ..., vd > 0

}
. This is

one way to express the system (1.6):

dX = f (X ) dt+ `1 (X ) dB1 + `2 (X ) dB2, (2.1)

where X =
(
S, I,R

)
. The diffusion matrix is defined as follows:

M(X ) =
(
mkj(X )

)
, mkq(X ) = `1,k(X )`1,q(X ) + `2,k(X )`2,q(X ).

Furthermore, we have included a generator L that is linked to (2.1) so that it
can be used in later parts of this research. For any ϕ that is twice continuously
differentiable,

Lϕ(X ) =
3∑

k=1

fk(X )
∂ϕ(X )

∂Xk
+

1

2

3∑
k,q=1

mkq(X )
∂2ϕ(X )

∂Xk∂Xq
.

The existence and uniqueness of a global solution for model (1.6) will be cov-
ered in this section. The following subset must be specified before we can start
investigating the model:

O =
{
X =

(
v1, v2, v3

)
∈ R3

+; v1 + v2 + v3 = 1
}
.

Theorem 2.1. Assume that X (0) ∈ O. Then P
(
X (t) ∈ O

)
= 1 for all t ≥

0. This evidence supports the claim that the set O is almost surely positively
invariant by the system (1.6).

Proof. Let X (0) = (S(0), I(0),R(0)) ∈ O and t ≥ 0. In system (1.6), we can
readily demonstrate that the total population N = S +R+ I verifies on [0, t],

dN(v) = b (1−N(v)) dv a.s.,

which implies by integration

N(v)− 1 = (N(0)− 1)e−bv for all v ∈ [0, t].

Hence for X (0) =
(
S(0), I(0),R(0)

)
∈ O we have N(v)− 1 = 0 and then, if

X (v) = (S(v), I(v),R(v)) ∈ R3
+ for all v ∈ [0, t] a.s.,
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we get

S(v) +R(v) + I(v) = 1, and S(v), R(v), I(v) ∈ (0, 1) for all v ∈ [0, t] a.s.(2.2)

Since the coefficients of (1.6) are locally Lipschitz-continuous, for any given initial
value X (0) = (S(0), I(0),R(0)) ∈ O, there is a unique maximal local solution
X (t) = (S(t), I(t), R(t)) for t ∈ [0, νe), where νe is the explosion time. Let
q0 ∈ N such that S(0),R(0), I(0) ∈ [ 1

q0
, q0]. For every integer q > q0 considering

the stopping times

νq = inf
{
t ∈ [0, νe) : min

{
R(t), I(t),S(t)

}
≤ 1

q
or max

{
R(t), I(t),S(t)

}
≥ q
}
.

Let us define the functions for X = (S, I,R) ∈ R3
+:

ϕ
(
X
)

= (− logS + S − 1) + (− log I + I − 1) + (− logR+R− 1).

ϕ is nonnegative function. Itô’s formula gives us for any v ∈ [0, t ∧ νε]:

dϕ(X ) = Lϕ(X )dv+ σ1(v)

(
1

S
− 1

I

)
Sg(I)dB1(v) + σ2(v)

(
1

R
− 1

I

)
RIdB2(v),

(2.3)
where

Lϕ(X ) =

(
1− 1

S

)(
b− bS −

(
β̃ + (β0 − β̃)e−θ1v

)
Sg(I)

)
+

1

2
σ2
1(v)(g(I))2(

1− 1

I

)(
− (b+ δ)I +

(
β̃ + (β0 − β̃)e−θ1v

)
Sg(I)

+
(
α̃ + (α0 − α̃)e−θ2v

)
RI
)

+
1

2
σ2
1(v)

(
S g(I)

I

)2

+
1

2
σ2
2(v)R2(

1− 1

R

)(
− bR+ δI −

(
α̃ + (α0 − α̃)e−θ2v

)
RI
)

+
1

2
σ2
2(v)I2.

By (2.2), we assert that S(v),R(v), I(v) ∈ (0, 1) for all v ∈ [0, t ∧ νε] a.s. Using

the inequalities
(
β̃ + (β0 − β̃)e−θ1v

)
≤ β0 ∨ β̃,

(
α̃ + (α0 − α̃)e−θ2v

)
≤ α0 ∨ α̃,

σ2
1(v) ≤ ρ21

2θ1
and σ2

2(v) ≤ ρ22
2θ2

, we easily obtain

Lϕ(X ) ≤ 4b+ 2δ + (β0 ∨ β̃)g(I) +
ρ21
4θ1

(g(I))2 +
ρ21
4θ1

(
g(I)

I

)2

+ α0 ∨ α̃ +
ρ22
2θ2

Since (
g(I)

I

)′
≤ 0, ∀I > 0.

Thus g(I)
I ≤ g′(0), which implies g(I) ≤ g′(0)× I, thus one gets

Lϕ(X ) ≤ 4b+ 2δ + (β0 ∨ β̃)× g′(0) +
ρ21
2θ1

(g′(0))2 + α0 ∨ α̃ +
ρ22
2θ2

. (2.4)

From (2.3) and (2.4), we have

dϕ(X ) ≤ Kdv + σ1(v)×
(
g(I)− Sg(I)

I

)
dB1(v) + σ2(v)× (I −R) dB2(v),
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where K , 4b+2δ+(β0∨ β̃)×g′(0)+
ρ21
2θ1

(g′(0))2 +α0∨ α̃+
ρ22
2θ2

. Thus, integration
leads to the following:

ϕ(X (v)) ≤ ϕ(X (0)) +Kv + Υ1(v) + Υ2(v),

where

Υ1(v) =

∫ v

0

σ1(s)

(
g(I)− Sg(I)

I

)
dB1(s),

and

Υ2(v) =

∫ v

0

σ2(s) (I(s)−R(s)) dB2(s).

Hence, Υ1(v) and Υ2(v) are real-valued local martingales with

E(Υ1(v)) = E(Υ2(v)) = 0.

Then
E
(
ϕ(X (t ∧ νq))

)
≤ ϕ(X (0)) +K(t ∧ νq). (2.5)

This, together with (2.2), gives that

E
(
ϕ(X (νq))1(νq≤t)

)
≤ E

(
ϕ(X (t ∧ νq))

)
≤ ϕ(X (0)) +Kt. (2.6)

Suppose that νe < ∞, then there is t > 0 such that P (νe < t) > 0. Hence, for
any q > q0 we have P (νq < t) > 0. By the definition of νq, we have{

(q − 1− log q) ∧
(

1

q
− 1− log

1

q

)}
≤ ϕ(X (0)) +Kt.

Letting q −→ ∞, yields ∞ = ϕ(X (0)) + Kt < ∞. Then, P (νe ≤ t) = 0 for
all t ≥ 0. Hence P (νe =∞) = 1, consequently the solution to system (1.6) is
positive and global. The proof of the theorem is thus completed. �

3. Disease extinction

In this section, we will look at the criteria necessary for the disease to become
extinct. Initially, we shall consider the two positive numbers:

Dβ =
β̃ × g′(0)

δ + b+ (ρ1g′(0))2

4θ1

, Dα =
α̃

δ + b+
ρ22
4θ2

.

Theorem 3.1. Let X = (S, I,R) be the solution of the system (1.6), starting
with X (0) ∈ O. If even one of the following assumptions are true

(C1) Dβ < 1, α̃ ≥ ρ22
2θ2

and β̃ − α̃ ≥ ρ21
2θ1

g′(0),

(C2) Dα < 1, β̃ ≥ ρ21
2θ1

g′(0) and α̃− β̃g′(0) ≥ ρ22
2θ2

,

then

P

(
lim sup
t−→∞

log
(
I(t)

)
t

< 0

)
= 1.

Another way of putting it is that the disease should fade away at an exponential
rate.
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Proof. Using the Itô formula on I 7→ log(I), We are able to obtain:

d log(I) =

[
− (δ + b) +

(
β̃ + (β0 − β̃)e−θ1t

)(Sg(I)

I

)
− 1

2
σ2
1(t)
(Sg(I)

I

)2
+
(
α̃ + (α0 − α̃)e−θ2t

)
R− 1

2
σ2
2(t)R2

]
dt

+σ1(t)
(Sg(I)

I

)
dB1(t) + σ2(t)RdB2(t)

=

[
− (δ + b) + β̃

(Sg(I)

I

)
− ρ21

4θ1

(Sg(I)

I

)2
+ α̃R− ρ22

4θ2
R2

+(β0 − β̃)e−θ1t
(Sg(I)

I

)
+

ρ21
4θ1

e−2θ1t
(Sg(I)

I

)2
+ (α0 − α̃)e−θ2tR

+
ρ22
4θ2

e−2θ2tR2

]
dt+ σ1(t)

(Sg(I)

I

)
dB1(t) + σ2(t)RdB2(t)

=

[
Ψ
(Sg(I)

I
,R
)

+G
(
t,
Sg(I)

I
,R
)]

dt

+σ1(t)
(Sg(I)

I

)
dB1(t) + σ2(t)RdB2(t), (3.1)

where we set


Ψ(v1, v2) = −(b+ δ) + β̃v1 −

ρ21
4θ1

v21 + α̃v2 −
ρ22
4θ2

v22,

G(t, v1, v2) = (β0 − β̃)e−θ1tv1 +
ρ21
4θ1

e−2θ1tv21 + (α0 − α̃)e−θ2tv2 +
ρ22
4θ2

e−2θ2tv22.

(3.2)
Division by t after integrating from 0 to t yields

log
(
I(t)

)
t

=
1

t

∫ t

0

Ψ
(S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ +

log
(
I(0)

)
t

+
1

t

∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ +

Υ3(t)

t
+

Υ4(t)

t
, (3.3)

where

Υ3(t) =

∫ t

0

σ1(τ)× S(τ)g(I(τ))I(τ) dB1(τ) and Υ4(t) =

∫ t

0

σ2(τ)×R(τ)dB2(τ). (3.4)
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Assuming (C1) holds, since α̃ ≥ ρ22
2θ2

, the function v2 7→ Ψ(., v2) is increasing on

(0, 1). Consequently, from R ≤ 1− S ≤ 1− Sg(I)

Ig′(0)
, we obtain:

Ψ
(S × g(I)

I
,R
)
≤ Ψ

(S × g(I)

I
, 1− Sg(I)

g′(0)× I

)
= − ρ22

4θ2
+ α̃− (b+ δ) +

(
ρ22

2θ2g′(0)
− α̃

g′(0)
+ β̃

)
Sg(I)

I

−
(
ρ21
4θ1

+
ρ22

4θ2(g′(0))2

)
×
(Sg(I)

I

)2
, H

(Sg(I)

I

)
. (3.5)

Since β̃ − α̃ ≥ ρ21
2θ1
g′(0), the function H is increasing on (0, g′(0)), which gives

H
(Sg(I)
I

)
≤ H(g′(0)). By substituting this inequality in (3.5), we are able to

derive

Ψ
(Sg(I)

I
,R
)
≤ − ρ21

4θ1
(g′(0))2 + β̃g′(0)− (b+ δ)

=

(
ρ21
4θ1

(g′(0))2 + b+ δ

)(
Dβ − 1

)
. (3.6)

Moreover, ∣∣∣∣∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ

∣∣∣∣
≤ |β0 − β̃|g′(0)

∫ t

0

e−θ1τdτ +
ρ21
4θ1

(g′(0))2
∫ t

0

e−2θ1τdτ

+|α0 − α̃|
∫ t

0

e−θ2τdτ +
ρ22
4θ2

∫ t

0

e−2θ2τdτ

≤ g′(0)

θ1
|β0 − β̃|+

ρ21
8θ21

(g′(0))2 +
1

θ2
|α0 − α̃|+

ρ22
8θ22

,

which implies that

lim
t−→∞

1

t

∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ = 0. (3.7)

Since Υ3(t) and Υ4(t) are real-valued local martingales having the following qua-
dratic variation

< Υ3(t),Υ3(t) > =

∫ t

0

σ2
1(τ)

(S(τ)g(I(τ))

I(τ)

)2
dτ ≤ ρ21

2θ1
(g′(0))2t < ∞, (3.8)

and

< Υ4(t),Υ4(t) > =

∫ t

0

σ2
2(τ)R2(τ)dτ ≤ ρ22

2θ2
t < ∞. (3.9)
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We have by using the large number theorem for martingales [15] along with (3.8)
and (3.9) that we can say the following:

lim
t→∞

Υ3(t)

t
= 0 and lim

t→∞

Υ4(t)

t
= 0. (3.10)

Then, from (3.3), (3.6), (3.7), (3.10), and the condition Dβ < 1, we obtain

lim sup
t→∞

log
(
I(t)

)
t

≤
(
ρ21
4θ1

(g′(0))2 + b+ δ

)(
Dβ − 1

)
< 0.

Now, if (C2) holds, in light of β̃ ≥ ρ21
2θ1
g′(0), the function v1 7→ Ψ(v1, .) is

increasing on (0, g′(0)). Consequently, from Sg(I)
I ≤ Sg′(0) ≤ (1 − R)g′(0), we

derive that

Ψ
(Sg(I)

I
,R
)
≤ Ψ

(
(1−R)g′(0),R

)
= −

(
ρ21
4θ1

(g′(0))2 +
ρ22
4θ2

)
R2 +

(
ρ21
2θ1

(g′(0))2 − β̃g′(0) + α̃

)
R

− ρ21
4θ1

(g′(0))2 + β̃g′(0)− (b+ δ)

, Q(R). (3.11)

In light of the fact that α̃ − β̃g′(0) ≥ ρ22
2θ2

, the function Q is increasing on (0, 1),

so Q(R) ≤ Q(1). We put this inequality into (3.11) to get

Ψ
(Sg(I)

I
,R
)
≤
(
− ρ22

4θ2
+ α̃− (b+ δ)

)
=

(
ρ22
4θ2

+ b+ δ

)(
Dα − 1

)
. (3.12)

Using (3.3), (3.7), (3.10), (3.12), and the condition Dα < 1, we obtain

lim sup
t−→∞

log
(
I(t)

)
t

≤
(
ρ22
4θ2

+ δ + b

)(
Dα − 1

)
< 0.

The proof is so completed. �

4. Persistence in mean

In epidemic models, extinction and persistence of diseases are the most fasci-
nating topics to research. We discussed the first one in Section 3. Following this
section, we shall show that the disease is persistent for a long time. According to
reference [26], the following lemma is required.

Lemma 4.1. Assume that Y ∈ C(R+×Ω;R+) and M ∈ C(R+×Ω;R) such that

lim
t−→∞

M(t)

t
= 0. If for all t ≥ 0, log

(
Y (t)

)
≥ π1t − π2

∫ t

0

Y (τ)dτ + M(t).

Then,

lim inf
t→∞

1

t

∫ t

0

Y (τ)dτ ≥ π1
π2

a.s,

π1 and π2 are both positive constants.
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Theorem 4.2. If Dβ > 1 and α̃ ≥ ρ22
2θ2

, so that, starting with any given value

X (0) = (S(0), I(0),R(0)) ∈ O, the solution for system (1.6) satisfies the property
that

(i) lim inf
t−→∞

1

t

∫ t

0

S(τ)dτ ≥ b

(β0 ∨ β̃)g′(0) + b
,

(ii) lim inf
t−→∞

1

t

∫ t

0

I(τ)dτ ≥ ζ,

(iii) lim inf
t−→∞

1

t

∫ t

0

R(τ)dτ ≥ δ × ζ(
b+ α0 ∨ α̃

) ,
for some positive constant ζ.

Proof. (i) Based on β̃ + (β0− β̃)e−θ1t ≤ β0 ∨ β̃ and the first equation in (1.6), we
may deduce that

dS +
[
bS + (β0 ∨ β̃)Sg(I)

]
dt ≥ bdt− σ1Sg(I)dB1.

Using I ∈ (0, 1) and g(I)
I ≤ g′(0), integrating the above inequality and dividing

both sides by t, we get

b+ (β0 ∨ β̃)g′(0)

t

∫ t

0

S(τ)dτ ≥ b− S(t)− S(0)

t
− 1

t

∫ t

0

σ1(τ)S(τ)g(I(τ))dB1(τ)

= b− S(t)− S(0)

t
− Υ5(t)

t
, (4.1)

where

Υ5(t) ,
∫ t

0

σ1(τ)S(τ)g(I(τ))dB1(τ). (4.2)

Υ5(t) is real-valued local martingales having the following quadratic variation

< Υ5(t),Υ5(t) > =

∫ t

0

σ2
1(τ)S2(τ)(g(I(τ)))2dτ ≤ ρ21

2θ1
(g′(0))2t < ∞.

From the strong law of large numbers for local martingales and the fact that
S ∈ (0, 1), we obtain

lim
t−→∞

(
−S(t)− S(0)

t
− Υ5(t)

t

)
= 0, (4.3)

which, when combined with (4.1), produces

lim inf
t−→∞

1

t

∫ t

0

S(τ)dτ ≥ b

b+ (β0 ∨ β̃)g′(0)
.

(ii) From the formula (3.3), we can obtain

log
(
I(t)

)
= log

(
I(0)

)
+

∫ t

0

Ψ
(S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ

+

∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ + Υ3(t) + Υ4(t). (4.4)
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Considering that S,R ∈ (0, 1) and g(I)
I ≤ g′(0), one can conclude

Ψ
(Sg(I)

I
,R
)

= −(b+ δ) + β̃
(Sg(I)

I

)
+ α̃R− 1

2

(
ρ21
2θ1

(Sg(I)

I

)2
+

ρ22
2θ2
R2

)
≥ −(b+ δ) + β̃

(Sg(I)

I

)
− ρ21

4θ1

(Sg(I)

I

)2
+

(
α̃− ρ22

4θ2

)
R2

= −(b+ δ) + β̃g′(0)− ρ21
4θ1

(g′(0))2 +

(
α̃− ρ22

4θ2

)
R2

+β̃
(Sg(I)

I

)
− β̃g′(0)− ρ21

4θ1

(Sg(I)

I

)2
+

ρ21
4θ1

(g′(0))2

≥ −(b+ δ) + β̃g′(0)− ρ21
4θ1

(g′(0))2 +

(
α̃− ρ22

4θ2

)
R2

−
(
β̃ − ρ21

4θ1
g′(0)

)(
g′(0)− Sg(I)

I

)
=

(
ρ21
4θ1

(g′(0))2 + b+ δ

)(
Dβ − 1

)
+

(
α̃− ρ22

4θ2

)
R2

−
(
β̃ − ρ21

4θ1
g′(0)

)(
g′(0)− Sg(I)

I

)
.

From α̃ ≥ ρ22
2θ2

, we have

Ψ
(Sg(I)

I
,R
)
≥

(
ρ21
4θ1

(g′(0))2 + δ + b

)(
Dβ − 1

)
−
(
β̃ − ρ21

4θ1
g′(0)

)(
g′(0)− Sg(I)

I

)
.

If we insert another inequality into (4.4); we get

log
(
I(t)

)
≥ t

(
ρ21
4θ1

(g′(0))2 + δ + b

)(
Dβ − 1

)
+ log

(
I(0)

)
−
(
β̃ − ρ21

4θ1
g′(0)

)∫ t

0

(
g′(0)− S(τ)g(I(τ))

I(τ)

)
dτ (4.5)

+

∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ + Υ3(t) + Υ4(t).

From the first equation in the system (1.6); we get

dS ≥

[
b

g′(0)

(
g′(0)−Sg(I)

I

)
−bS

(
1− g(I)

Ig′(0)

)
−(β0∨β̃)g′(0)I

]
dt−σ1Sg(I)dB1(t).

Take note of that

−ς ≤
(
g(v)

v

)′
=

g(v)

v
− lim

v→0

g(v)

v
v

=

g(v)

v
− g′(0)

v
≤ 0.
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We acquire that

g′(0)− g(I)

I
≤ ςI.

As a result, the inequality that follows

bS
(

1− g(I)

Ig′(0)

)
≤ bς

g′(0)
I.

Which implies

dS ≥

[
b

g′(0)

(
g′(0)− Sg(I)

I

)
−
( bς

g′(0)
+ (β0 ∨ β̃)g′(0)

)
I

]
dt− σ1Sg(I)dB1(t),

then

−
∫ t

0

(
g′(0)− S(τ)g(I(τ))

I(τ)

)
dτ ≥ g′(0)

b

{
−
( bς

g′(0)
+ (β0 ∨ β̃)g′(0)

)∫ t

0

I(τ)dτ

S(0)− S(t)−Υ5(t)

}
. (4.6)

We get by substituting (4.6) into (4.5) and rearranging

log
(
I(t)

)
≥

(
ρ21
4θ1

(g′(0))2 + b+ δ

)
×
(
Dβ − 1

)
t

−g
′(0)

b

( bς

g′(0)
+ (β0 ∨ β̃)g′(0)

)(
β̃ − ρ21

4θ1
g′(0)

)∫ t

0

I(τ)dτ + M(t),

where

M(t) , −g
′(0)

b

(
β̃ − ρ21

4θ1
g′(0)

)(
S(t)− S(0) + Υ5(t)

)
+ log

(
I(0)

)
+

∫ t

0

G
(
τ,
S(τ)g(I(τ))

I(τ)
,R(τ)

)
dτ + Υ3(t) + Υ4(t).

Moreover, from (3.7), (3.10) and (4.3), we obtain lim
t−→∞

M(t)
t

= 0 a.s. When

paired with Lemma 4.1, this leads to

lim inf
t−→∞

1

t

∫ t

0

I(τ)dτ ≥ ζ,

where

ζ =

(
ρ21
4θ1

(g′(0))2 + b+ δ
) (
Dβ − 1

)
g′(0)

b

( bς

g′(0)
+ (β0 ∨ β̃)g′(0)

)(
β̃ − ρ21

4θ1
g′(0)

) > 0.
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(iii) Integrating the third equation of the system (1.6) yields

R(t)−R(0) = −
∫ t

0

(
α̃ + (α0 − α̃)e−θ2t

)
R(τ)I(τ)dτ − b

∫ t

0

R(τ)dτ

+δ

∫ t

0

I(τ)dτ −
∫ t

0

σ2(τ)I(τ)R(τ)dB2(τ)

≥ −
(
(α0 ∨ α̃) + b

) ∫ t

0

R(τ)dτ + δ

∫ t

0

I(τ)dτ −Υ6(t),

where

Υ6(t) ,
∫ t

0

σ2(τ)I(τ)R(τ)dB2(τ).

Then,

1

t

∫ t

0

R(τ)dτ ≥ 1

t
(
(α0 ∨ α̃) + b

)(δ ∫ t

0

I(τ)dτ − (R(t)−R(0))−Υ6(t)
)
.

Based on the large-number martingale theorem and the knowledge that R ∈
(0, 1),

lim
t−→∞

1

t
×
(
−R(t) +R(0)−Υ6(t)

)
= 0.

Next, we deduce (iii) from (ii). Which concludes the proof. �

5. Numerical examples

In this section, we present a number of numerical simulations of our theoretical
findings using the saturation incidence rate as an example [20], i.e., let g(I) =

I
1+0.001×I . To solve the system (1.6) with a given initial value, we employ the
classical numerical method, Milstein’s Higher Order Method [14]. The values of
b = 0.09, δ = 0.28, β0 = 0.2, α0 = 0.18, and (S(0), I(0),R(0)) = (0.7, 0.2, 0.1)
are selected to be the same in every example.

Example 5.1 (Case Dβ < 1). For the extinction of the disease, we choose β̃ =

0.33, α̃ = 0.27, θ1 = 0.41, θ2 = 0.40, ρ1 = 0.23 and ρ2 = 0.31. Since α̃ ≥ ρ22
2θ2

,

β̃ − α̃ ≥ ρ21
2θ1
g′(0) and Dβ = 0.8187 < 1. The stochastic model (1.6) predicts that

the disease will eventually disappear from the population in accordance with
Theorem 3.1. See Figure 2 for more illustrations of this example.

Example 5.2 (Case Dα < 1). Consider the parameters β̃ = 0.28, α̃ = 0.42,

θ1 = 0.41, θ2 = 0.40, ρ1 = 0.25 and ρ2 = 0.3. Since β̃ ≥ ρ21
2θ1
g′(0), α̃− β̃g′(0) ≥ ρ22

2θ2

and Dα = 0.9384 < 1. The stochastic model (1.6) predicts that the disease
will eventually disappear from the population in accordance with Theorem 3.1.
Figure 3 provides further instances of this.

Example 5.3 (Case Dβ > 1). For illustrating the persistence condition of The-

orem 4.2, we set β̃ = 0.45, α̃ = 0.45, θ1 = 0.41, θ2 = 0.3, ρ1 = 0.2 and ρ2 = 0.3.

It is easy to calculate that α̃ ≥ ρ22
2θ2

and Dβ = 1.141 > 1, then the condition of
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Figure 2. The case where Dβ < 1 is shown, simulations of the
system (1.6) will be extinct. The blue trajectories indicate the
solution of model (1.6), while the orange trajectories describe the
comparable deterministic system.

Figure 3. When Dα < 1 is revealed, simulations of the system
(1.6) will be extinct. The blue trajectories indicate the solution of
model (1.6), while the orange trajectories describe the comparable
deterministic system.

Theorem 4.2 is verified. It indicates that the disease will remain. This result is
illustrated by Figure 4.
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Figure 4. Here are the paths of the solution (S, I,R) of the sys-
tem (1.6), based on data from Example 5.3. The stochastic solution
is shown by the blue lines. The deterministic solution is shown by
the orange lines. As a result, S, I, and R persist in the mean.

6. Conclusion

In this study, we examined the dynamics of a stochastic SIR epidemic model
with relapse and global incidence rate, including OU process, by perturbing β
and α successively. The stochastic system (1.6) determines whether the epidemic
disease will terminate or remain active based on two threshold values: Dβ and
Dα. We find that if Dβ < 1 or Dα < 1, consequently, with minor supplemen-
tary conditions, the disease is almost surely exponential extinction (see Theorem
3.1). However, using Theorem 4.2, we demonstrated that the processes S, I, and
R are persistent in mean if Dβ > 1. Importantly, we produce simulations with
different parameter values to illustrate and verify our theoretical results. These
findings provide crucial insight into the operation of stochastic epidemic models,
which has implications for disease management and prevention. They can help
us develop focused tactics to stop the spread of infectious illnesses. Furthermore,
the successful implementation of the theoretical methods used in this work can
help other stochastic epidemic models [27, 30]. The project is currently underway.

Acknowledgement. The authors thank the editor, professional reviewers, and
editorial office for their feedback.
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