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ON STRUCTURE OF D5(G) FOR 2-GROUP G

SHALINI GUPTA1∗ AND JASBIR KAUR2

Abstract. The objective of this paper is to discuss some conditions on a
finite group G, under which D5(G) = γ5(G).

1. Introduction and preliminaries

Let G be a finite group and let ∆(G) be the augmentation ideal of the integral
group ring ZG. For k ≥ 1, let γk(G) be the kth term in the lower central series of
group G and Dk(G) = G∩{1 + ∆k(G)} be the kth dimension subgroup of group
G. For k ≥ 1, the equality of Dk(G) and γk(G) has been a problem of interest
for so many years. G. Higman [4] reduces the problem to p-groups by proving
that if for some k, Dk(G) 6= γk(G), then there exists a finite p-group G for which
Dk(G) 6= γk(G). It is well known that Dk(G) = γk(G), for all groups G and for
k ≤ 3 (see [2]). It has been proved in [4] that D4(G) = γ4(G) for p-group G,
p odd prime. Rips [5] gave an example of 2-group G for which D4(G) 6= γ4(G).
Further, Tahara [6] gave the structure of D5(G) and proved that the exponent of
D5(G)/γ5(G) is divisible by 6. It has been proved in [3], that for a metabelian
p-group G, p odd prime, D5(G) = γ5(G). Recently, Gupta [1] discussed certain
conditions under which for a metabelian 2-group G, D5(G) = γ5(G).

In the continuation of the work done in [1], in this paper, we discuss some more
conditions on a metabelian 2-groupG under whichD5(G) = γ5(G) (Theorem 2.3).
Finally, we find some conditions on a finite group G (not necessarily metabelian),
under which D5(G) = γ5(G) (Theorems 2.4, 2.5 and 2.6).

Let G be a finite group of class 4 and G = γ1(G) ⊇ γ2(G) ⊇ γ3(G) ⊇ γ4(G) ⊇
γ5(G) = {1}, be the lower central series of group G. We write γ1(G)/γ2(G) as a

sum of s cyclic groups, each generated by x1iγ2(G), say, x
d(i)
1i ∈ γ2(G), 1 ≤ i ≤ s.

Similarly, write γ2(G)/γ3(G) and γ3(G)/γ4(G) as a sum of t and u cyclic groups

generated by x2kγ3(G) and x3lγ4(G) respectively, say, x
e(k)
2k ∈ γ3(G), 1 ≤ k ≤ t

and x
f(l)
3l ∈ γ4(G)), 1 ≤ l ≤ u.
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Write

x
d(i)
1i = xbi121 x

bi2
22 . . . x

bit
2t x

ci1
31 x

ci2
32 . . . x

ciu
3u y4i, y4i ∈ γ4(G), 1 ≤ i ≤ s; (1.1)

x
e(k)
2k = xdk131 x

dk2
32 . . . xdku3u y

′
4k, y′4k ∈ γ4(G), 1 ≤ k ≤ t; (1.2)

x
f(l)
3l = xfl141 x

fl2
42 . . . x

flv
4u , 1 ≤ l ≤ u; (1.3)

[x
d(i)
1i , x1j] = x

α
(ij)
1

31 x
α
(ij)
2

32 . . . xα
(ij)
u

3u x
β
(ij)
1

41 x
β
(ij)
2

42 . . . xβ
(ij)
v

4v , 1 ≤ i < j ≤ s. (1.4)

Lemma 1.1. ([6, Lemma 2.3]). Let d be a non-negative integer and x, y, z ∈ G,
then we have

[x, y]d = [x, yd][x, y, y]−(d
2)[x, y, y, y]−(d

3)

= [xd, y][x, y, x]−(d
2)[x, y, x, x]−(d

3)

[x, y, z]d = [xd, y, z][y, x, x, z](
d
2)

= [x, yd, z][y, x, y, z](
d
2)

= [x, y, zd][y, x, z, z](
d
2)

We now recall the structure of fifth dimension subgroup given by Tahara in [6]
as follows:

Theorem 1.2. ([6, Theorem 6.1]). Let G be a group of class 4. Then D5(G) is
equal to the subgroup generated by the elements

∏
1≤i<j≤s

[x1i
d(i), x1j]

uij
d(j)
d(i)

∏
1≤i≤s, 1≤k≤t

∏
k<l

[x2l, x2k]
vikbil

∏
1≤i≤j≤k≤s

[x1i
d(i), x1j, xik]

wijk ,

where uij, vik, v
′
ik, wijk, w

′
ijk and w′′ijk are the integers satisfying following condi-

tions:
wiii = 0, 1 ≤ i ≤ s; (1.5)

uij
d(j)

d(i)

(
d(i)

2

)
+ wiijd(i) + w′′iijd(j) = 0, 1 ≤ i < j ≤ s; (1.6)

− uij
(
d(j)

2

)
+ wijjd(i) + w′ijjd(j) = 0, 1 ≤ i < j ≤ s; (1.7)

wijkd(i) + w′ijkd(j) + w′′ijkd(k) = 0, 1 ≤ i < j < k ≤ s; (1.8)∑
i<h

uihbhk −
∑
h<i

uhi
d(i)

d(h)
bhk + vikd(i) + v′ike(k) = 0, 1 ≤ i ≤ s, 1 ≤ k ≤ t; (1.9)

uij
d(j)

d(i)

(
d(i)

3

)
+ wiij

(
d(i)

2

)
≡ 0 (mod d(i)), 1 ≤ i < j ≤ s; (1.10)
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wijj

(
d(i)

2

)
+ w′′iij

(
d(j)

2

)
≡ 0 (mod d(i)), 1 ≤ i < j ≤ s; (1.11)

uij

(
d(j)

3

)
+ w′ijj

(
d(j)

2

)
≡ 0 (mod d(i)), 1 ≤ i < j ≤ s; (1.12)

wijk

(
d(i)

2

)
, w′ijk

(
d(j)

2

)
, w′′ijk

(
d(k)

2

)
≡ 0 (mod d(i)), 1 ≤ i < j < k ≤ s; (1.13)

vik

(
d(i)

2

)
−
∑
h≤i

whiibhk −
∑
i<h

w′′iihbhk ≡ 0 (mod (d(i), e(k))), (1.14)

1 ≤ i ≤ s, 1 ≤ k ≤ t;∑
h≤i

whijbhk +
∑
i<h≤j

w′ihjbhk +
∑
j<h

w′′ijhbhk ≡ 0 (mod (d(i), e(k))), (1.15)

1 ≤ i < j ≤ s, 1 ≤ k ≤ t;

−
∑
h<i

uhi
d(i)

d(h)
αl

(hi) +
∑
i<h

uihchl −
∑
h<i

uhi
d(i)

d(h)
chl −

∑
k

v′ikdkl (1.16)

−
∑
g≤i≤h

wgihαl
(gh) −

∑
g≤h≤i

wghiαl
(gh) −

∑
i<g≤h

w′ighαl
(gh) ≡ 0 (mod (d(i), f(l))),

1 ≤ i ≤ s, 1 ≤ l ≤ u;∑
i

vikbik ≡ 0 (mod e(k)), 1 ≤ k ≤ t; (1.17)

∑
i

vikbil +
∑
i

vilbik ≡ 0 (mod e(k)), 1 ≤ k < l ≤ t. (1.18)

2. Main results

It has been proved in [3] that D2
5(G) ⊆ γ5(G)[γ2(G), γ2(G)], which implies that

D5(G) = γ5(G), if G is a metabelian p-group, p odd prime. For a metabelian
2-group G, Gupta [1] proved the following results,

Theorem 2.1. ([1, Theorem 2]). Let G be a metabelian 2-group with G/γ2(G)
as a sum of at most two cyclic groups. Then D5(G) = γ5(G).

Theorem 2.2. ([1, Theorem 3]). Let G be a finite metabelian 2-group and
G/γ2(G) ∼= C1 ⊕ C2 ⊕ · · · ⊕ Cn, where Ci, 1 ≤ i ≤ n, is a cyclic group of order
d(i), with d(1) = d(2) = · · · = d(n− 1) = 2, d(n) ≥ 22. Then D5(G) = γ5(G).

In next theorem, we will discuss some more conditions on a metabelian 2-group
G, for which D5(G) = γ5(G).

Theorem 2.3. Let G be a finite metabelian 2-group and G/γ2(G) ∼= C1 ⊕ C2 ⊕
· · · ⊕Cn, where Ci, 1 ≤ i ≤ n, is a cyclic group of order d(i), with d(1) = d(2) =
· · · = d(n− 2) = 2, d(n− 1) = 22, d(n) = 2k, k ≥ 2. Then D5(G) = γ5(G).
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Proof. It is enough to prove the result for a group G of class 4. It follows from
Theorem 1.2 that any element g of D5(G) is of the form

g =
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij
d(j)
d(i) .

∏
1≤i≤j≤k≤n

[x
d(i)
1i , x1j, x1k]

wijk

=
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij
d(j)
d(i) .

∏
1≤i<j<k≤n

[x
d(i)
1i , x1j, x1k]

wijk

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

wijj

= A.B.C (say) (2.1)

where uij and wijk are integers satisfying conditions given in Theorem 1.2.

A =
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij
d(j)
d(i)

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j]

uij
d(j)
d(i) .

∏
i<n−1

[x
d(i)
1i , x1n−1]

uin−1
d(n−1)
d(i)

∏
i<n

[x
d(i)
1i , x1n]

uin
d(n)
d(i)

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j]

uij
.
∏
i<n−1

[x
d(i)
1i , x1n−1]

uin−1
d(n−1)
d(i)

∏
i<n

[x
d(i)
1i , x1n]

uin
d(n)
d(i)

= A1.A2.A3 (say) (2.2)

Now, for 1 ≤ i < j ≤ n − 2, condition (1.7) becomes uij = wijjd(i) + w′ijjd(j),
which implies that,

A1 =
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j]

uij

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j]

wijjd(i)+w
′
ijjd(j)

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j]

d(j)(wijj+w
′
ijj)

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x

d(j)
1j ]

wijj+w
′
ijj

∏
1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

−(wijj+w
′
ijj)(

d(j)
2 )

(2.3)

Since G is metabelian, therefore [x
d(i)
1i , x

d(j)
1j ] = 1, as [x

d(i)
1i , x

d(j)
1j ] ∈ [γ2(G), γ2(G)].

Thus (2.3) reduces to,

A1 =
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

−wijj
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

−w′ijj

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

−wijj

, (2.4)
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because, for 1 ≤ i < j ≤ n− 2, condition (1.12) becomes, w′ijj ≡ 0 (mod d(j)).

For j = n−1, condition (1.6) becomes, uin−1
d(n−1)
d(i)

= −wiin−1d(i)−w′′iin−1d(n−1)

Thus

A2 =
∏
i<n−1

[x
d(i)
1i , x1n−1]

uin−1
d(n−1)
d(i)

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−wiin−1d(i)−w′′iin−1d(n−1)

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−wiin−1d(i) ∏
i<n−1

[x
d(i)
1i , x1n−1]

−w′′iin−1d(n−1)

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−wiin−1d(i) ∏
i<n−1

[x
d(i)
1i , x

d(n−1)
1n−1 ]

−w′′iin−1

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

w′′iin−1(
d(n−1)

2 )

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−2wiin−1
∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

w′′iin−1(
d(n−1)

2 )
(2.5)

For j = n − 1, 1 ≤ i ≤ n − 2, condition (1.10) implies that wiin−1 ≡ 0 (mod 2)
i.e. wiin−1 = 2q, for some integer q. Thus we have∏

i<n−1

[x
d(i)
1i , x1n−1]

−2wiin−1

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−22q

=
∏
i<n−1

[x
d(i)
1i , x1n−1]

−d(n−1)q
[∵ d(n− 1) = 22]

=
∏
i<n−1

[x
d(i)
1i , x

d(n−1)
1n−1 ]

−q

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

−q(d(n−1)
2 )

=
∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

−q(d(n−1)
2 )

Thus (2.5) becomes

A2 =
∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

(w′′iin−1−q)(
d(n−1)

2 )

=
∏
i<n−1

[x1i, x1n−1, x1n−1]
(w′′iin−1−q)d(n−1)(d(n−1)−1)

∏
i<n−1

[x1n−1, x1i, x1i, x1n−1]
−(w′′iin−1−q)(

d(n−1)
2 )(d(i)

2 ) [∵ for i < n− 1, d(i) = 2]
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=
∏
i<n−1

[x1i, x1n−1, x
d(n−1)
1n−1 ]

(w′′iin−1−q)(d(n−1)−1)

∏
i<n−1

[x1n−1, x1i, x1n−1, x1n−1]
(w′′iin−1−q)(d(n−1)−1)(

d(n−1)
2 )

∏
i<n−1

[x1n−1, x1i, x1i, x1n−1]
−(w′′iin−1−q)(

d(n−1)
2 )(d(i)

2 )

Since [x1i, x1n−1, x
d(n−1)
1n−1 ] ∈ [γ2(G), γ2(G)] and d(n− 1) = 22 gives that

(
d(n−1)

2

)
≡

0 (mod d(i)) and
(
d(n−1)

2

)(
d(i)
2

)
≡ 0 (mod d(i)), which implies that

A2 = 1 (2.6)

Now

A3 =
∏
i<n

[x
d(i)
1i , x1n]

uin
d(n)
d(i)

=
∏
i<n

∏
1≤k≤t

[xbik2k , x1n]
uin

d(n)
d(i)
∏
i<n

∏
1≤l≤u

[xcil3l , x1n]uin
d(n)
d(i)

=
∏
i<n

∏
1≤k≤t

[x2k, x1n]uin
d(n)
d(i)

bik
∏
i<n

∏
1≤l≤u

[x3l, x1n]uin
d(n)
d(i)

cil

=
∏

1≤k≤t

[x2k, x1n]
∑

i<n uin
d(n)
d(i)

bik
∏

1≤l≤u

[xcil3l , x1n]
∑

i<n uin
d(n)
d(i)

For i = n, 1 ≤ k ≤ t, condition (1.9) gives,
∑

i<n uin
d(n)
d(i)

bik = vnkd(n) + v′nke(k),

which implies that

A3 =
∏

1≤k≤t

[x2k, x1n]vnkd(n)+v
′
nke(k)

∏
1≤l≤u

[x3l, x1n]
∑

i<n uin
d(n)
d(i)

cil

=
∏

1≤k≤t

[x2k, x
d(n)
1n ]

vnk
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )

∏
1≤k≤t

[x
e(k)
2k , x1n]

v′nk

∏
1≤l≤u

[x3l, x1n]
∑

i<n uin
d(n)
d(i)

cil

=
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )

∏
1≤k≤t

[x
e(k)
2k , x1n]

v′nk

∏
1≤l≤u

[x3l, x1n]
∑

i<n uin
d(n)
d(i)

cil

=
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )

∏
1≤l≤u

[x3l, x1n]
∑

i<n uin
d(n)
d(i)

cil+
∑

k v
′
nkdkl

For i = n, condition (1.16) becomes∑
i<n uin

d(n)
d(i)

cil+
∑

k v
′
nkdkl = −

∑
i<n uin

d(n)
d(i)

α
(in)
l −2

∑
i<nwinnα

(in)
l −

∑
i<j<nwijnα

(ij)
l −
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i<nwiinα

(ii)
l + Z-linear combination of d(n) and f(l). Thus, we have

A3 =
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )

∏
1≤l≤u

[x3l, x1n]−
∑

i<n uin
d(n)
d(i)

α
(in)
l −2

∑
i<n winnα

(in)
l

∏
1≤l≤u

[x3l, x1n]−
∑

i<j<n wijnα
(ij)
l −

∑
i<n wiinα

(ii)
l

=
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )
∏
i<n

[x
d(i)
1i , x1n, x1n]−uin

d(n)
d(i)

∏
i<n

[x
d(i)
1i , x1n, x1n]−2winn

∏
i<j<n

[x
d(i)
1i , x1j, x1n]−wijn

∏
i<n

[x
d(i)
1i , x1i, x1n]−wiin

=
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )
∏
i<n

∏
1≤k≤t

[xbik2k , x1n, x1n]−uin
d(n)
d(i)

∏
i<n

∏
1≤k≤t

[xbik2k , x1n, x1n]−2winn

∏
i<j<n−1

[x
d(i)
1i , x1j, x1n]−wijn

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]−win−1n

=
∏

1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 )

∏
1≤k≤t

[x2k, x1n, x1n]−
∑

i<n uin
d(n)
d(i)

bik

∏
1≤k≤t

[x2k, x1n, x1n]−2
∑

i<n winnbik
∏

i<j<n−1

[x
d(i)
1i , x1j, x1n]−wijn

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]−win−1n (2.7)

Now we will separately solve the terms of equation (2.7).

For i = n, 1 ≤ k ≤ t, condition (1.14) implies that∏
1≤k≤t

[x2k, x1n, x1n]−vnk(d(n)
2 ) =

∏
i<n

[x
d(i)
1i , x1n, x1n]−winn (2.8)

For i = n, condition (1.9) gives,
∑

i<n uin
d(n)
d(i)

bik = vnkd(n) + v′nke(k), which

implies that ∏
1≤k≤t

[x2k, x1n, x1n]−
∑

i<n uin
d(n)
d(i)

bik = 1 (2.9)

For i = n, 1 ≤ k ≤ t, condition (1.14) becomes,
∑

i<nwinnbik = vnk
(
d(n)
2

)
+ Z-

linear combination of d(n) and e(k), which implies that∏
1≤k≤t

[x2k, x1n, x1n]−2
∑

i<n winnbik = 1 (2.10)

For i < j < n − 1, d(i) = d(j) = 2, therefore, condition (1.13) becomes, wijn ≡
0 (mod (d(j))), which implies that∏

i<j<n−1

[x
d(i)
1i , x1j, x1n]−wijn = 1 (2.11)
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From (2.8), (2.9), (2.10) and (2.11), equation (2.7) reduces to

A3 =
∏
i<n

[x
d(i)
1i , x1n, x1n]−winn

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]−win−1n (2.12)

Hence, from (2.2), (2.4), (2.6) and (2.12),

A =
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

−wijj
∏
i<n

[x
d(i)
1i , x1n, x1n]−winn

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]−win−1n (2.13)

Now, consider

B =
∏

1≤i<j<k≤n

[x
d(i)
1i , x1j, x1k]

wijk

=
∏

i<j<n−1

[x
d(i)
1i , x1j, x1k]

wijk

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]win−1n

As before, condition (1.13) implies that∏
i<j<n−1

[x
d(i)
1i , x1j, x1k]

wijk = 1 (2.14)

Thus, we have

B =
∏
i<n−1

[x
d(i)
1i , x1n−1, x1n]win−1n (2.15)

Finally, consider

C =
∏

1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

wijj

=
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

wijj

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

win−1n−1

∏
i<n

[x
d(i)
1i , x1n, x1n]winn (2.16)

For 1 ≤ i ≤ n−2, j = n−1, condition (1.11) becomes, win−1n−1+w′′iin−1
(
d(n−1)

2

)
=

d(i)q, for some integer q, which implies that∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

win−1n−1 =
∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

−w′′iin−1(
d(n−1)

2 )

∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

d(i)q
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=
∏
i<n−1

[x1i, x1n−1, x1n−1]
−w′′iin−1d(n−1)(d(n−1)−1) [∵ for i < n− 1, d(i) = 2]

∏
i<n−1

[x1n−1, x1i, x1i, x1n−1]
w′′iin−1(

d(n−1)
2 )(d(i)

2 )

∏
i<n−1

[x1i, x1n−1, x1n−1]
d(n−1)q [∵ d(n− 1) = 22]

∏
i<n−1

[x1n−1, x1i, x1i, x1n−1]
−d(i)(d(i)

2 )q

Since, for i < n− 1,
(
d(n−1)

2

)(
d(i)
2

)
≡ 0 (mod (d(i))) and d(i)

(
d(i)
2

)
≡ 0 (mod (d(i))),

implies that,∏
i<n−1

[x
d(i)
1i , x1n−1, x1n−1]

win−1n−1 =
∏
i<n−1

[x1i, x1n−1, x1n−1]
−w′′iin−1d(n−1)(d(n−1)−1)

∏
i<n−1

[x1i, x1n−1, x1n−1]
d(n−1)q

=
∏
i<n−1

[x1i, x1n−1, x
d(n−1)
1n−1 ]−w

′′
iin−1(d(n−1)−1)

∏
i<n−1

[x1n−1, x1i, x1n−1, x1n−1]
−w′′iin−1(

d(n−1)
2 )(d(n−1)−1)

∏
i<n−1

[x1i, x1n−1, x
d(n−1)
1n−1 ]q

∏
i<n−1

[x1n−1, x1i, x1n−1, x1n−1]
(d(n−1)

2 )q

= 1, as

(
d(n− 1)

2

)
≡ 0 (mod (d(i))). (2.17)

From (2.16) and (2.17), we get that

C =
∏

1≤i<j≤n−2

[x
d(i)
1i , x1j, x1j]

wijj

∏
i<n

[x
d(i)
1i , x1n, x1n]winn (2.18)

Hence, from (2.1), (2.13), (2.15) and (2.18), we get that g = 1. �

In next theorems, we will find some conditions on a finite group G (not neces-
sarily metabelian) under which the exponent of D5(G)/γ5(G) is 1, i.e., D5(G) =
γ5(G).

Theorem 2.4. Let G be a finite group. Let G/γ2(G) be sum of two cyclic groups
and let γ2(G)/γ3(G) be cyclic group. Then D5(G) = γ5(G).

Proof. It is enough to prove the result for a group G of class 4. Let G/γ2(G) ∼=
C1 ⊕C2, where Ci, 1 ≤ i ≤ 2, is a cyclic group of order d(i). Let γ2(G)/γ3(G) =
< x21γ3(G) >, where order of x21γ3(G) is e(1). It clearly follows from Theorem

1.2 that an arbitrary element g of D5(G) is [x
d(1)
11 , x12]

u12
d(2)
d(1) [x

d(1)
11 , x12, x12]

w122 ,
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subject to the conditions given in Theorem 1.2.
Using (1.1) and Lemma 1.1, we get that

[x
d(1)
11 , x12]

u12
d(2)
d(1) = [xb1121 , x12]

u12
d(2)
d(1)

∏
1≤l≤u

[xc1l3l , x12]
u12

d(2)
d(1)

= [x21, x12]
u12

d(2)
d(1)

b11
∏

1≤l≤u

[x3l, x12]
u12

d(2)
d(1)

c1l

For i = 2, condition (1.9) becomes, u12
d(2)
d(1)

b11 = v21d(2) + v′21e(1). Thus,

[x
d(1)
11 , x12]

u12
d(2)
d(1) = [x21, x12]

v21d(2)+v′21e(1)
∏

1≤l≤u

[x3l, x12]
u12

d(2)
d(1)

c1l

= [x21, x12]
v21d(2).[x21, x12]

v′21e(1)
∏

1≤l≤u

[x3l, x12]
u12

d(2)
d(1)

c1l

= [x21, x
d(2)
12 ]v21 .[x21, x12, x12]

−v21(d(2)
2 )[x

e(1)
21 , x12]

v′21∏
1≤l≤u

[x3l, x12]
u12

d(2)
d(1)

c1l

= [x21, x
d(2)
12 ]v21 .[x21, x12, x12]

−v21(d(2)
2 )

∏
1≤l≤u

[xd1l3l , x12]
v′21

∏
1≤l≤u

[x3l, x12]
u12

d(2)
d(1)

c1l

= [x21, x
d(2)
12 ]v21 .[x21, x12, x12]

−v21(d(2)
2 )∏

1≤l≤u

[x3l, x12]
v′21d1l+u12

d(2)
d(1)

c1l

= A.B.C (say) (2.19)

We have,

A = [x21, x
d(2)
12 ]v21

= [x21, x
b21
21 ]v21

∏
1≤l≤u

[x21, x
c2l
3l ]v21

= 1 (2.20)

For i = 2, condition (1.14) becomes, we have v21
(
d(2)
2

)
= w122b11 + Z-linear com-

bination of d(2) and e(1).
Thus,

B = [x21, x12, x12]
−v21(d(2)

2 )

= [x21, x12, x12]
−w122b11

= [xb1121 , x12, x12]
−w122

= [x
d(1)
11 , x12, x12]

−w122 (2.21)
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For i = 2, condition (1.16) becomes, u12
d(2)
d(1)

c1l+v
′
21d1l = −u12 d(2)d(1)

α
(12)
l −2w122α

(12)
l −

w112α
(11)
l + Z-linear combination of d(2) and f(l), which implies that

C =
∏

1≤l≤u

[x3l, x12]
−u12 d(2)

d(1)
α
(12)
l −2w122α

(12)
l −w112α

(11)
l

=
∏

1≤l≤u

[x3l, x12]
−u12 d(2)

d(1)
α
(12)
l

∏
1≤l≤u

[x3l, x12]
−2w122α

(12)
l

∏
1≤l≤u

[x3l, x12]
−w112α

(11)
l

= [x
d(1)
11 , x12, x12]

−u12 d(2)
d(1) [x

d(1)
11 , x12, x12]

−2w122 [x
d(1)
11 , x11, x12]

−w112

= [x
d(1)
11 , x12, x12]

−u12 d(2)
d(1) [x

d(1)
11 , x12, x12]

−2w122

= [xb1121 , x12, x12]
−u12 d(2)

d(1) [xb1121 , x12, x12]
−2w122

= [x21, x12, x12]
−u12 d(2)

d(1)
b11 [x21, x12, x12]

−2w122b11

For i = 2, conditions (1.9) and (1.14) yield

[x21, x12, x12]
−u12 d(2)

d(1)
b11 = 1, [x21, x12, x12]

−2w122b11 = 1

Thus,

C = 1 (2.22)

Now, after putting the values of A, B and C from (2.20), (2.21) and (2.22) in
equation (2.19), we get that,

[x
d(1)
11 , x12]

u12
d(2)
d(1) = [x

d(1)
11 , x12, x12]

−w122 ,

Thus, g = [x
d(1)
11 , x12]

u12
d(2)
d(1) [x

d(1)
11 , x12, x12]

w122 = 1. �

Theorem 2.5. Let G be a finite 2-group. Let G/γ2(G) be sum of n cyclic groups
each of order 2 and let γ2(G)/γ3(G) be cyclic group. Then D5(G) = γ5(G).

Proof. It is enough to prove the result for a group G of class 4. It follows from
Theorem 1.2 that any element g of D5(G) is of the form

g =
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij
d(j)
d(i) .

∏
1≤i≤j≤k≤n

[x
d(i)
1i , x1j, x1k]

wijk

=
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij
.

∏
1≤i<j<k≤n

[x
d(i)
1i , x1j, x1k]

wijk .

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

wijj

= A.B.C (say) (2.23)
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Now, for 1 ≤ i < j ≤ n, d(i) = d(j) = 2, condition (1.7) becomes uij =
wijjd(i) + w′ijjd(j), which implies that,

A =
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

uij

=
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

wijjd(i)+w
′
ijjd(j)

=
∏

1≤i<j≤n

[x
d(i)
1i , x1j]

d(j)(wijj+w
′
ijj)

=
∏

1≤i<j≤n

[x
d(i)
1i , x

d(j)
1j ]

wijj+w
′
ijj

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−(wijj+w
′
ijj)(

d(j)
2 )

=
∏

1≤i<j≤n

[x21, x
d(j)
1j ]

bi1(wijj+w
′
ijj)

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−wijj

, (using (1.1))

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−w′ijj

=
∏

1≤i<j≤n

[x21, x21]
bi1bj1(wijj+w

′
ijj)

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−wijj

∏
1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−w′ijj

=
∏

1≤i<j≤n

[x
d(i)
1i , x1j, x1j]

−wijj

, (∵ w′ijj ≡ 0 (mod d(j)) by condition (1.12))

(2.24)

Now, using condition (1.13) we get that,

B = 1 (2.25)

From (2.23), (2.24) and (2.25), we get that g = 1. �

Similarly, the following result can be proved.

Theorem 2.6. Let G be a finite 2-group and G/γ2(G) ∼= C1 ⊕ C2 ⊕ · · · ⊕ Cn,
where Ci, 1 ≤ i ≤ n, is a cyclic group of order d(i), with d(1) = d(2) = · · · =
d(n− 1) = 2, d(n) ≥ 22. Let γ2(G)/γ3(G) be cyclic group. Then D5(G) = γ5(G).
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