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ON STRUCTURE OF D;(G) FOR 2-GROUP G
SHALINI GUPTA'* AND JASBIR KAUR?

ABSTRACT. The objective of this paper is to discuss some conditions on a
finite group G, under which D5(G) = v5(G).

1. INTRODUCTION AND PRELIMINARIES

Let G be a finite group and let A(G) be the augmentation ideal of the integral
group ring ZG. For k > 1, let (G) be the kth term in the lower central series of
group G and Dy (G) = GN {1+ A*(G)} be the kth dimension subgroup of group
G. For k > 1, the equality of Dy(G) and 74(G) has been a problem of interest
for so many years. G. Higman [!] reduces the problem to p-groups by proving
that if for some k, Di(G) # v,(G), then there exists a finite p-group G for which
Dy(G) # v(G). It is well known that Di(G) = v(G), for all groups G and for
k <3 (see [2]). It has been proved in [1] that Ds(G) = v4(G) for p-group G,
p odd prime. Rips [5] gave an example of 2-group G for which D4(G) # 74(G).
Further, Tahara [0] gave the structure of D5(G) and proved that the exponent of
Ds5(G)/vs(G) is divisible by 6. It has been proved in [3], that for a metabelian
p-group G, p odd prime, D5(G) = v5(G). Recently, Gupta [!] discussed certain
conditions under which for a metabelian 2-group G, D5(G) = v5(G).

In the continuation of the work done in [1], in this paper, we discuss some more
conditions on a metabelian 2-group G under which D5(G) = ~5(G) (Theorem 2.3).
Finally, we find some conditions on a finite group G (not necessarily metabelian),
under which D5(G) = v5(G) (Theorems 2.4, 2.5 and 2.6).

Let G be a finite group of class 4 and G = 71(G) 2 712(G) 2 73(G) 2 1(G) 2
v5(G) = {1}, be the lower central series of group G. We write v, (G)/72 ( ) as a
sum of s cyclic groups, each generated by x1;72(G), say, xi( ) e Y(G), 1 <i<s.
Similarly, write v2(G)/v3(G) and v3(G)/74(G) as a sum of ¢ and u cyclic groups
generated by xory3(G) and x374(G) respectively, say, [EZEC) € (@), 1<k<t
and xgl(l) € 1u(G)), 1 <Il<u.
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Write
a(i) _ b1, bio bit ,.Ci1 ,.Ci2 Ciu G 1<i<sg: 1.1
Ty = T TF . Tl W5 A5S - wayYa, Yai € 14(G), 1 <0 < s (1.1)
k dpy d divu )
SUZSC ) = rei sy st Y, vy € (@), 1<k <t (1.2)
fa v .
:Egl() = glngle gl <] < (1.3)
. (i5) () () id) (i) (i5)
d « (o3 o B B v ; ;
[xlgl),xlj] =I5 X33 ...owgt o xyl wd ooy 1<i<j<s. (1.4)

Lemma 1.1. ([0, Lemma 2.3]). Let d be a non-negative integer and x,y,z € G,
then we have

[z, 9]¢ = [x,yd][a:,y,y]_(g) [%y,y,y]_@)

— [Q;Ul7 y] [gj, v, x]_(2> [x’ Y, z, x]—(‘;)
daywz] ly, z,x, z](g)

)

S [ )

[,y,2] = [z

N

= [o,y", 2lly, vy, 2]

We now recall the structure of fifth dimension subgroup given by Tahara in [0]
as follows:

Theorem 1.2. ([0, Theorem 6.1]). Let G be a group of class 4. Then Ds(G) is
equal to the subgroup generated by the elements

z; ", 1y il a1, o] *V
J

1<i<j<s 1<i<s, 1<k<t k<l
H [xlid(i)a T1j, xik]wijka
1<i<j<k<s
where u;j, Vi, Vi, Wik, Wiy, and wiy, are the integers satisfying following condi-
tions:
d(7) (d(7) . ) o
uwm 5 + wiigd(i) + wi;d(j) = 0,1 <0 < j < s (1.6)
oy (V) + wijd(i) +wid(j) =0,1<i<j<s; (1.7)
Uij 9 Wijja(t) — Wi;0(]) = U, L 51 <] 85 .
wid (i) + wid(7) + wid(k) =0,1<i < j <k <s; (1.8)

dli
Zuihbhk — Zuhiﬂbhk + ’Umd(l) + U;ke(k) = 0, 1 S 1 S S, 1 S k S t; (19)
i<h h<i d(h)

u,]% (d;z)) + Wi (d(;)) =0(modd(i)), 1 <i<j<s; (1.10)
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d(i) _ : .
Wijj +wuj =0(modd(i)), 1 <i<j<s; (1.11)
J . .
( <3 ) —l—wm( ) =0 (modd(i)),1 <i<j<s; (1.12)

Wik (d(i)), Wl d(J)), w;;k(d(;)) =0 (modd(i)), 1 <i<j<k<s; (1.13)

Uzk( ) Z w;mbhk — Zwmhbhk = 0 IIlOd (d( ) (k‘))) (1.14)

h<i i<h

1<i<s, 1<k<Zt;

thz]bhk + Z wzh]bhk -+ wahbhk =0 mod (d( ) (k))), (115)

h<i i<h<j j<h

1<i1<7<s, 1 <k<t;

— Z uhl—ha/l (h?) + Z UihCHI — Z U}n d Z Z Uzl‘kdkl (116)

k
- Z Wg; hal Z wghzal Z wzghal(gh) =0 (mOd (d( ) f(l))>7
g<i<h 9<h<i 1<g<h
1<1<s, 1< <y
sz‘kbz‘k =0 (mode(k)), 1 <k <t (1.17)
Z'Uikbil + Z'Uilbik =0 (mode(k)), 1 <k<l<t. (1.18)

2. MAIN RESULTS

It has been proved in [3] that D(G) C v5(G)[12(G),72(G)], which implies that
D5(G) = (@), if G is a metabelian p-group, p odd prime. For a metabelian
2-group G, Gupta [1] proved the following results,

Theorem 2.1. ([I, Theorem 2]). Let G be a metabelian 2-group with G /v2(G)
as a sum of at most two cyclic groups. Then Ds(G) = v5(G).

Theorem 2.2. ([I, Theorem 3|). Let G be a finite metabelian 2-group and
G/ (G)=ZCaCy@--- @ C,, where C;, 1 < i < n, is a cyclic group of order
d(i), with d(1) =d(2) = --- =d(n — 1) = 2,d(n) > 22. Then Ds(G) = v5(G).

In next theorem, we will discuss some more conditions on a metabelian 2-group

G, for which D5(G) = 5(G).

Theorem 2.3. Let G be a finite metabelian 2-group and G/v2(G) = C; & Cy &
@ Cp, where C;, 1 < i < n, is a cyclic group of order d(i), with d(1) = d(2) =
o=d(n—2)=2,d(n—1)=2%d(n) =2k >2. Then Ds5(G) = v5(G).
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Proof. 1t is enough to prove the result for a group G of class 4. It follows from
Theorem 1.2 that any element g of D5(G) is of the form

d(j)
_ d(d) Wij a(iy d(i) Wy
9= H [21; 7, 21y] : H [21; 7, @15, T1g] 9"

1<i<j<n 1<i<j<k<n
()
_ d(i) Ui aey d(3) wyj
= H [ axlj] . H % aiElj,Ilk] Ik
1<i<j<n 1<i<j<k<n
d(i) wij;
H 15 @14, 1]
1<i<j<n
= A.B.C (say) (2.1)

where u;; and w;;;, are integers satisfying conditions given in Theorem 1.2.

a) e
A= H [z1;7, 21;]

1<i<j<n
d() _ d(n—1) _d(n)

_ d(i) uij g d(i) Win—174(7) d(i) Win q()
= [ ,131j] . (2% T1n1] (2% T1n]

1<i<j<n—2 i<n—1 <n

dGi) v (i) win-1 475" d@) U

= H (21,7, 2] H [1; 7, T1p-1] H[wu , T1n)

1<i<j<n—2 i<n—1 <n
= Al.AQ.Ag (say) (22)

Now, for 1 <i < j < mn — 2, condition (1.7) becomes u;; = w;;;d(i) + w,;.d(j),

j3
which implies that,
A= ] B eyl

1<i<j<n—2
N )
d(i) wijjd(l)erijjd(])
= H [1; 7, @]
1<i<j<n—2
: ’
d(i) d(§)(wijz+wi; ;)
= I =52y
1<i<j<n—2
/
o d(i) d(j)WisitWis;
= H [27; L1y ]
1<i<j<n—2
4! d(j)
d(7) _(wljj+wijj)( 2 )
H [27; s 15, 21 (2.3)
1<i<j<n—2

Since G is metabelian, therefore [xfgi),xfgj)] =1, as [xi(-i), xcll;j)] € [12(G),12(G)].

Thus (2.3) reduces to,

/
. d(7) —Wijj d(4) W54
A= [ B my e | R

1<i<j<n—2 1<i<j<n-—2

= H [xilz(i)y ) (2.4)

1<i<j<n—2
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because, for 1 < i < j <n — 2, condition (1.12) becomes, w,,. = 0 (mod d(j)).

ijj
d(n—1
For j = n—1, condition (1.6) becomes, ;1 (;()) —Wiin—1d(i) —wl, _d(n—1)
Thus
d(n—1)
uln 1 d(i)
Ay = H l’h 7‘T1n 1 '
i<n—1
wim,ld(i)fw;’inild(nfl)
= H xlz 7$1n 1
i<n—1
d(i) —Wiin—1d(i) d(4) —wii, _yd(n—1)
= H [ T1n—1] H [ T1n—1]
i<n—1 i<n—1
N 1!
. d(4) ~wiin—1d(7) d(i) _d(n—1)1~Wiin—1
= H [1; " T1n—1] H (21, T1nq ]
i<n—1 i<n—1
d(n—1
d(i) wélmfl( (2 ))
H [xli axln—laxln—l]
<n—1
B 17 d(n—1)
d(i) ~2wiin—1 d(i) w1 (Y5Y)
= H [:L‘h- ,xln_l] H [:Ch- ,$1n—1,$1n—1] (2-5)
<n—1 <n—1

For j=n—1,1<4i<n—2, condition (1.10) implies that w,—1 = 0 (mod 2)
i.e. win_1 = 2q, for some integer q. Thus we have

i —2Wjin— —22
H [x(fg)?xln—l] 1 = H [xll()axln 1] !

i<n—1 i<n—1
i —d(n—l)q
= [T =57 2] [od(n—1) =27
i<n—1
d(7 d(n—1)7"4
= H [x1§)7$1£171 )]
<n—1
i —q d(n—1)
H [1’11()7l’1n 1; L1n— 1] ( ’ )
i<n—1
; —q d(n—1)
= H [xfg),xlnq,xmq] (=)
i<n—1

Thus (2.5) becomes

(Wi =) (")

Ay = H [xf?)ﬂln—hxln—l]

i<n—1

- H (@16, T1p1, Ty Phin—r "D DE=) =)

i<n—1

H [.Tln_l,xh‘, TR Iln_l]_(w;;”_l_q)@(ngl))(d(;)) [ for 2 <n-— ]., d(l) = 2]

i<n—1
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n ( iin— q)(d(nfl)fl)
= [ 2w z1n. 29y Sy

<n—1
" _ d(n—1)—1 d(n—1)
H [‘Tln—laxl’i)xln—l?xln—l](wunil a)(dn—1) )( 2 )

i<n—1
H [T1n—1, T1is Ty Tino1] it —0 ("5 ) ()

i<n—1
Since [T14, T1n— 179517(1 1 ] € [12(G),%2(G)] and d(n — 1) = 2% gives that ( (n— 1)) =
0 (mod d(7)) and ( ) d(2’ ) = 0 (mod d(i)), which implies that

Ay =1 (2.6)
Now
d@) e
1 [3
'l<7’L
wz% 1 u d(n)
1 1 mn 7
=1 I 5w I TT it o] o
<n 1<k<t i<n 1<I<u
=TI II o waa] 5" T T lvars wna)
i<n 1<k<t i<n 1<I<u
_ i win G bik ¢ Sin tin IH
= T lraw ana e merat b T [y e =i
1<k<t 1<i<u

For i =n, 1 <k <t, condition (1.9) gives, ) _,_, g, L d b,k Uppd(n) + vl e(k),
which implies that

d(n)
o vpkd(n)+v!,  e(k) Dien Ui il
Az = | | [Tk, T1n) k [Ty, i A0

1<k<t 1<i<u
/
d(n)Unk — g (4 e(k) Vnk
— H [x2k7x1n ] H [$2k7$1n,x1n] " ( 2) H [xgk; 7'/1"171]
1<k<t 1<k<t 1<k<t
Zi nuin&?)cil
H (231, T 1] =i 1 AD
1<i<u
d(n) v’
—Unk e(k) nk
= H [Tok, T1n, T1n] (%3”) H (25 T1n]
1<k<t 1<k<t
Z Uin din )Czl
H [x3l)x1n] i<n ()
1<i<u
d(n) _d(n) /
—VUnk D ion Win g Cil 2 Vr e dii
- H [IQk,fln,xln] " ( 2) H [$3lax1n] e @) kTnk
1<k<t 1<i<u

For i = n, condition (1.16) becomes

d(n)  (in) (in)
D icn Uin G5 d(z CZH—Zk Unkllkt = = 2 iy Yin gy amu 2 Dicn Winn® =D icicn w”nal
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> ien Wil + Z-linear combination of d(n) and f(I). Thus, we have
d(n) ~d(n) (in) ) (in)
—v —D iU e —2) . WinnQ
A3 = H [kaa Lin, xln] "k( : ) H [:E3l7 xln] Zz<n (i) Zz<n ol
1<k<t 1<i<u

oo d) o (4d)

1<I<u

— d(n) d(i g, ) i

= Vnk (@) Uin d(i) —ows

= [Tok, Tin, T1n] " (") | |[$1Z s T, T1p) IO (27,7, T1n, T1n)
1<k<t <n <n

d(q) —wi; d(i) —wi
|| Ty, 7$1j7m1n] un | |[9171Z , T4, T1p) 00"
1<j<n i<n
d(n)

_ d(n) ] o
- H [x2k7x1”7x1"] Unk( ? )H H ['rgzlf7x1n7$1n] tinam

1<k<t i<n 1<k<t

bik —2w; d(i) —wij
H ll [l‘2lkaxlmx1n] o || [‘Tli 7$1j’x1n] b

<n 1<k<t 1<j<n—1

d(t) —Win—
H [*1'11‘ 7x1n717x1n] nin

i<n—1

_ d(n) _ Cd(n)
= H [x2k7xlnax1n] Unk( 2) H [.TQk,.Z'ln,l’ln] Zi<"umd(i)blk

1<k<t 1<k<t

| | —23 . _ Winnb; | | d(i) —w;;
[kaa T1n, $1n] Zz<n innDik [xli ) x1j7 xln] amn
1<k<t 1<j<n—1

[T (=57, e, ) (2.7)
<n—1
Now we will separately solve the terms of equation (2.7).

For i =n, 1 < k <t, condition (1.14) implies that

—v d(n) i —ws
H [Tk, T1n, T1n) (") = H[xig)axlmxln] e (2.8)
1<k<t i<n
For ¢ = n, condition (1.9) gives, > ._, um%bik = Uprd(n) + vl e(k), which
implies that
d(n)
H [‘%‘Qka T1in, xln]izi<n Hinam i =1 (29)
1<k<t
For i = n, 1 < k < t, condition (1.14) becomes, Y., Winnbik = Vni (d(Q”)) + Z-
linear combination of d(n) and e(k), which implies that
H [x2kax1m$1n]72zi<n Winnbik _ 1 (210)
1<k<t
Fori < j <n—1,d(i) = d(j) = 2, therefore, condition (1.13) becomes, w;j, =
0 (mod (d(7))), which implies that

H [(’Eilgi),xlj,l’ln]iwijn =1 (211)

1<j<n—1
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From (2.8), (2.9), (2.10) and (2.11), equation (2.7) reduces to
Az = H[$f§i),x1n>$1n]7wi"n H [Qﬁgi)ﬁlnfl,mln]*wm*l” (2.12)
i<n i<n—1
Hence, from (2.2), (2.4), (2.6) and (2.12),
A= II B egeg] 7 [0, 2, wn)

1<i<j<n—2 <n

H [xCllEZ), Tin—1, xln]iwmiln (213)

i<n—1
Now, consider

B= [ [0 2zl

1<i<j<k<n

(i) wi; d(i) Win—
= H [21; s w1y, 2] H (21,7, Tin—1, T1p)

1<j<n—1 i<n—1

As before, condition (1.13) implies that

H [0, g, 2] = 1 (2.14)
1<j<n—1
Thus, we have
B = H [‘rOIIEZ)v Tin—1, xln]wmiln (215)
<n—1

Finally, consider

C= T 5,22

1<i<j<n
d(4) wi d(4) wi
= H (21,7, @15, 214]" H (21,7, T1n—1, T1p—q ] 0t
1<i<j<n—2 i<n—1
d(i) w;
H[a:li vwlnwxln] o (2.16)
<n

For1 <i<n-—2,j=n—1, condition (1.11) becomes, w;, 1,1+ W, 1 (d(”gl)) =
d(i)q, for some integer ¢, which implies that

] ) ; i d(n—1)

H [xfEZ)al'ln—la Tipq] it = H [xi(l),%ln—h T1n-1] whin-a (72 7)

i<n—1 i<n—1

H ['T(liz(i)a Tin—1, l’1n—1]d(i)q

i<n—1
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= H [T14, T1n—1, l’ln—ﬂ_w%"’ld(n_l)(d(n_l)_l) [ fori<n—1,d(i) =2
i<n—1

H [xlnfly L1iy L1is $1n71]w22"*1(d(n;l))(dg))
i<n—1

H [iﬂli, Tin—1, wlnfl]d(nfl)q [ d(n - 1) = 22]
i<n—1

H [$1n—17 L1iy L4y $1n—1]7d(i)(d(22))q

i<n—1

Since, for i <n —1, (d(”Q_l)) (d(i)) = 0 (mod (d(7))) and d(z) (d(;)) = 0 (mod (d(z))),
implies that,

d(4) Win—1n— —w!_d(n—1)(d(n—1)—1
H [:Cli 71’1774717:6177,71] in—1ln—1 — H [xli,xlnflyxlnil] iin—1 ( )(( ) )

et i<n—1
d(n—1
H Lr”’ xln*hxlnfl] ( )a
i<n—1
| | d(n—1)71—w’" din_1)—1
— [ZE17,7 xln_l,xln_l ] ’L’Ln—l( ( ) )
i<n—1

—w! A=Y (d(n—1)—1
H [T1n—1, T14, T1n—1, T1p—1) tin (1) @n=1)=1)

<n—1

d(n—1) d(n—1) q
H [$1¢>$1n—1>331n—1 ]q H [$1n—1>$1i,$1n—1>$1n—1]( 2 )
<n—1 i<n—1

1, as <d(”2_ ”) — 0 (mod (d(i))). (2.17)

From (2.16) and (2.17), we get that
C= JI &5y

1<i<j<n—2
H[mfgi)axlnw%ln]wmn (218)
i<n
Hence, from (2.1), (2.13), (2.15) and (2.18), we get that g = 1. O]

In next theorems, we will find some conditions on a finite group G' (not neces-
sarily metabelian) under which the exponent of D5(G)/v5(G) is 1, i.e., D5(G) =

Theorem 2.4. Let G be a finite group. Let G/v2(G) be sum of two cyclic groups
and let v2(G) /v3(G) be cyclic group. Then Ds(G) = ~5(G).

Proof. 1t is enough to prove the result for a group G of class 4. Let G/, (G) =
Cy & Oy, where C;, 1 <14 <2, 1is a cyclic group of order d(7). Let v(G)/v3(G) =
< x9173(G) >, where order of x9;73(G) is e(1). It clearly follows from Theorem

(2)
1.2 that an arbitrary element g of D;(G) is [xcll(ll),xm]“”d(l) [xfgl),xlg,xu]wlm,
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subject to the conditions given in Theorem 1.2.
Using (1.1) and Lemma 1.1, we get that

d(1) w232y u12 32 c1y 1232
[211 7, 212] PO =[5y, wep] IO H 251" T10] 127D

1<I<u

o u12%b11 u12%61z
= [z21, 712] (231, 12]

1<i<u

For i = 2, condition (1.9) becomes, uu%bn = v91d(2) + vh,e(1). Thus,

d(1) w1z X2 d(2)+v,, e(1 w1 X2 ey,
[xll ;x12] dl) — [x21’x12]1)21 (2)+vhe(1) H [x?.l,xlz] a1

1<i<u
d(2)
_ vo1d(2 vhie(l u12 777y €1l
= [z21, T12|"* ( ).[$21,$12] 1) H (231, T12] 24D
1<i<u

= [$21; x’ff)]””-[a:m, T12, $12]_U21(d(22)) [xi(ll), $12]v/21

UlQ%Cll
[$3l7 $12]

1<i<u
= [I21,Ic1l§2)]v21,[$21,Ilz,xlz]—v21(d(22)) H [Igl”,xm]”él
1<i<u
u12%011
(231, T12]
1<i<u
- d(2)
= [221, T[22, T1g, 1) 2 ()
H [x3l7.l’12]vé1dll+u12%cu
1<i<u
o (2.19)
We have,
A = [war, 2157]
[5172171173211]1121 H [g;zl,xgjz]vgl
1<i<u
. (2.20)

d(2)

For i = 2, condition (1.14) becomes, we have va; (“);

bination of d(2) and e(1).
Thus,

) = wi92b11 + Z-linear com-

d(2))

B = 3521@12@12]7”21( 2

w122

[

[$21;$127I12] —wizbn
[ Lol =$12,I12]

= [}

Y, 219, 210) "2 (2.21)
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For i = 2, condition (1.16) becomes, ulg%cu—kvéldu = —ulg%alﬂ?)_lemal(m)_

wngal(n) + Z-linear combination of d(2) and f(I), which implies that

d(2) (12) (12) (11)
—ui2 a —2wi220 —wW112¢
C = | | [173l71312] am 1 1
1<i<u
d(2) (12)

- H [x3l7x12]_ummal H [I31,$12]_2w122al(12) H [xghxm]—wnzaz(ll)

1<i<u 1<i<u 1<i<u

d(1) w1 g 1,40 |~2wiaz [y

C]
= [271 7, T12, T12] a0 ] 7, T12, T12

d(1) —up X2 g1
= (277, T12, ¥12] a0 277, T12, T12

d(l) —wi112
11 > 11, $12]

]—2w122

b11 *u12M
= 25}, 212, w12] IO [
e
= [T91, T19, w12 IO

b

11 —2wi22
21 » 12, 55'12]

bll[ ]—2w122b11

T21, T12, L12
For i = 2, conditions (1.9) and (1.14) yield

(2
]*ulzﬁbll =1, [ —2wizbin _ q

[$21,$127$12 $217$12,$12]
Thus,
C=1 (2.22)

Now, after putting the values of A, B and C from (2.20), (2.21) and (2.22) in
equation (2.19), we get that,

d(1) u1p 42 d(1) _
(17, 212] 290 =[xy, 12, T12] 122,
d(1) w1222 - d(1)
Thus, g = [z, x12] 7O [27; 7, 12, T10]""2 = 1. O

Theorem 2.5. Let G be a finite 2-group. Let G /v2(G) be sum of n cyclic groups
each of order 2 and let vo(G)/v3(G) be cyclic group. Then D5(G) = v5(G).

Proof. Tt is enough to prove the result for a group G of class 4. It follows from
Theorem 1.2 that any element g of D5(G) is of the form

d(5)
_ d(i) Wig d(iy d(i) Wi
9= H (21, 1] . H (2}, 214, T1g] "

. d(i) Wij d(i) Wijk
= || (2% T] || (2% T1j, T1k] R
1<i<j<n 1<i<j<k<n
0 i
[T =07 2,20
1<i<j<n

= A.B.C (say) (2.23)
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Now, for 1 < i < j < n, d(i) = d(j) = 2, condition (1.7) becomes u,;; =
w;j;d(i) + w;;.d(j), which implies that,

1jj

A= T[] B a™

1<i<j<n
i wij;d(8)Fw) . . d(j
_ H [xclzz() 1] 5340 +wi;;d(5)
1<i<j<n
i d(5)(wezj+w) .
ST
1<i<j<n
= I @717 I i ey, ol (5)
1<i<j<n 1<i<j<n
_ d(j)ybir (wigj+wij;) d(i) —Wijj .
= H [$217$1j ] H [ 7w1j7$1j] ,  (using (1.1))
1<i<j<n 1<i<j<n
| R
1<i<j<n
= ] (221, oy ]P0t (437 5) 11 EH AT an
1<i<j<n 1<i<j<n
| R
1<i<j<n
= ] &2y ", (o w),; =0 (mod d(j)) by condition (1.12))
1<i<j<n
(2.24)
Now, using condition (1.13) we get that,
B=1 (2.25)
From (2.23), (2.24) and (2.25), we get that g = 1. O

Similarly, the following result can be proved.

Theorem 2.6. Let G be a finite 2-group and G/v(G) 2 C1 & Cy @ -+ & Cp,
where C;, 1 < i < n, is a cyclic group of order d(i), with d(1) = d(2) = --- =
d(n—1)=2,d(n) > 2%. Let v(G)/v3(GQ) be cyclic group. Then Ds(G) = v5(G).

Acknowledgement. Research supported by CSIR, India, is gratefully ac-
knowledged.

REFERENCES

1. S. Gupta, The Fifth Dimension Subgroup for Metabelian 2-Groups, Chinese Journal of
Mathematics (2016) doi:10.1155/2016/5342926.

2. G. Losey, N-series and filtrations of the augmentation ideal, Canad. J. Math 26 (1974),
962-977.

3. R. Mikhailov, and I. B. S. Passi, Lower central and dimension series of groups, Vol. 1952
of Lecture Notes in Mathematics, Springer, Berlin, Germany, 2009.



46 S. GUPTA, J. KAUR
4. 1. B. S. Passi, Dimension subgroups, Journal of Algebra 9, 2 (1968), 152-182.
5. E. Rips On the fourth integer dimension subgroup, Israel Journal of Mathematics 12, 4
(1972), 342-346.

6. K. I. Tahara, The augmentation quotients of group rings and the fifth dimension subgroups,
Journal of Algebra 71, 1 (1981), 141-173.

I DEPARTMENT OF MATHEMATICS, PUNJABI UNIVERSITY, PaTiaLA, PO BOX 147002,
PuniaB, INDIA.
Email address: shalini@pbi.ac.in

2 DEPARTMENT OF MATHEMATICS, PUNJABI UNIVERSITY, PaTiaLa, PO BOX 147002,
PunNJiAB, INDIA.

Email address: kjasbirOQgmail.com



	1. Introduction and preliminaries
	2. Main results
	References

