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BLOW-UP OF SOLUTIONS FOR A PARABOLIC KIRCHHOFF
TYPE EQUATION WITH LOGARITHMIC NONLINEARITY

ERHAN PISKIN! AND TUGRUL COMERT?

ABSTRACT. This study deals with the parabolic type Kirchhoff equation with
logarithmic nonlinearity in a bounded domain. We obtain the finite time blow-
up of solutions. This improves and extends some previous studies.

1. INTRODUCTION

In this paper, we investigate the parabolic Kirchhoff type equation with logarith-
mic nonlinearity

u — M(||Vul)Au — Auy = [u|* Puln|ul, z€Q, t>0,
u(z,t) =0, r €, t>0, (1.1)
u(z,0) = up(x), x €,

here € is a bounded domain in R™ with smooth boundary, M (s) = 1+s?, (y > 0)
and 2 < g <2+ %.

Studies of logarithmic nonlinearity have a long history in physics as it occurs
naturally in different areas of physics such as supersymmetric field theories, in-
flation cosmology, nuclear physics and quantum mechanics [1, 5].

When M = 1and ¢ = 2, (1.1) become the following semilinear pseudo-parabolic
equation

u — Au — Auy = ulog |ul . (1.2)

Chen and Tian [1] studied the global existence, behavior of vacuum isolation and
blow-up of solutions at +oo of the equation (1.2). Without Au, (1.2) become the
following semilinear heat equation

u — Auy = ulog |u]. (1.3)

Chen et al. [3] studied the global existence, decay estimate and blow-up at +oo
of solutions of the equation (1.3).
Peng and Zhou [9] studied the following heat equation

up — Ay = |ulP" % ulog |ul .
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They studied the global existence and blow-up of solutions. Also, they discussed
the upper bound of blow-up time under suitable conditions.
He et al. [0] studied the following nonlinear pseudo-parabolic equation

w — Ay — div (|Vul ™ V) = |ul’ > ulog |u] .

They obtained the decay and the finite time blow-up for weak solutions of the
equation.

Cao and Liu [2] studied the following nonlinear evolution equation with loga-
rithmic source

u; — Auy — div (|Vul’ Vu) — kAu, = [ul"* ulog Jul.

They established the existence of global solutions. Moreover, they considered
global boundedness and blowing-up at oo.

Li and Han [7] studied the following parabolic type p-Kirchhoff initial boundary
value problem

ur — (a+ b/ IVul")Ayu = |ul* " .
Q

They obtained the global existence and finite time blow up of solutions.
Motivated by the above studies, in this work, we investigate the finite time
blow-up of weak solutions for the Eq. (1.1).
This paper is organized as follows: In Section 2, we introduce some lemmas
which will be needed later. In Section 3, we prove the blow-up of solutions.

2. PRELIMINARIES

For simplicity, we denote

1
2 2\ 3
lully =l oy Nl @) = (V™ + ul®)®

for 1 < s < 0.
Let us introduce the energy functional J and Nehari functional I defined on

H}(Q2)\{0} as following

1 1 1
) = 5 [ Vul® + [Vl — / [uf Inful o+ — lully, (2:1)

(v+1)
and
I(w) = | Vall? + | Va2 —/ ol In u de. (2.2)
Q
By (2.1) and (2.2), we get
1 q—2 2, q—27—2 2(v+1) 1
J(u) = ~I(u) + — ||Vul]” + =———— [|Vu||™"" + = |Ju||?. 2.3
() = 21+ L2 Val 4 2 P 4l (@3

Let

N ={u e Hy(\{0} : I(u) = 0},
be the Nehari manifold. Lemma 2.1, indicates N is not empty. Thus, we may
define

d= 7jgj{/J(u) (2.4)
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Lemma 2.1. Let u € H}(Q)\{0}. Then we possess

(i) limy 0+ j(A) = 0 and limy—, 1 j(A) = —o0;

(ii) there is a unique \* > 0 such that j'(A\*) = 0;

(i) j(N) is increasing on (0, \*), decreasing on (\*,+00) and attains the maz-
mmum at \*;

() I(Au) >0 for 0 < A < X*, I(Au) < 0 for \* < X\ < +o0 and I(X\u) = 0.

Proof. For u € Hj(2)\{0}, by the definition of j, we get

, 1
iN = SIVOw®+ IV () |0

1
2(y+1)
1/M “n ol de + = [[Aul]?
—_— u n u T —_— u
qJq q? e

2(y+1)

A2 A
= S Ivul®+3 Va0

(y+1)
q q q

—A—/ |u|qln|u\dx—)\—/ uf I Adz + 2
q Jo q Jao q

q

A2 220+
= SIVul*+5 |Vl

(v+1)
A\ q Y s
- wl?In|ulde — —In M ||ul|]? + = ||u||?. 2.5
q/ﬂ|| |ul . [Jully q2||Hq (2.5)

It is clear that (i) holds due to [, |u|?dx # 0. We have

d
T = M Vul? AT [P0 e / ol I | dx
Q

q—1 q—1
q
[Jullg +

AT A [ful? — [l

= ||Vl + A2+ |]VuH2(7+1)—)\q1/|u]qln]u\d:c—)\q1ln)\HuHZ
Q

= A(uwy2+w Hvuuﬂ'””—v?/ ]u\qln\u]dx—)\qQIHAHuHZ).
Q

Let o(\) = A715’(\), thus we obtain

e(A) = AN

AN <||Vu||2 A ||V PO = ye2 (/ lu|?In |u| dz — In X |yuy|g)>
Q

IVull? + A2 |20 — )\q2/ 1o Ju] diz — X721 A a2
Q

Then
PO = 2 VPO~ (g =200 [ Jul'nful da
Q

—(q = 2)A I A lullg — A [Jullg
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which implies that there exists a A* > 0 such that ¢'(\) > 0 on (0, \*), ¢'(A\) <0
on (A*,4+00) and ¢'(A\) = 0. So, ¢(A) is increasing on (0,\*), decreasing on
(A*, +00). Since limy o+ ©(A) = ||[Vu|® > 0, limy_ 100 ©(A) = —00, there exists
a unique \* > 0 such that p(A\*) = 0, i.e., 7(A\*) = 0. So, (%) holds. Then,
J'(A) = Ap()) is positive on (0, A*), negative on (A*, +00). Thus, j(\) is increasing
on (0, \*), decreasing on (A*, +00) and attains the maximum at A\*. So, (74) holds.
From (2.2), we obtain

IOw) = HV(AU)H2+Hvuu)y;%*”—/Q|Au\q1nuu\dg;
= N Vaff? A0 y|vu||2<v+l>—v/ ]u|q1n|u|dx—)\q/|u|qln)\dx
Q Q
= A2 ||Vu® + 220+ Hvuu?“*”—v/ | In [u| daz — A In A Jlul|¢
Q

Y (A||Vu||2+>\27+1 Va0 — yat (/ |u|q1n|u|dx—ln)\||u||g))
Q

= \j'(N).
Thus, I(Au) > 0 for 0 < XA < A*, I(Au) < 0 for A* < A < 400 and I(A\*u) = 0.
So, (iv) holds. Therefore, the proof is completed. O

Lemma 2.2. d defined by (2./) is positive and there exists a positive function
u €N such that J(u) = d.

Proof. Let {ux}3° C N be a minimizing sequence for J, which means that
lim J(uy) = d. (2.6)
k—o0

It is easy to show that {|uy|}, C N is also a minimizing sequence for J due to
|ug] € N and J(|ug|) = J(ug). For this reason, we assume that u, > 0 a.e. € for
all k € N.

On the other hand, we have already observed that .J is coercive on N which
implies that {u}?° is bounded in H}(Q). Let x> 0 be sufficiently small such
that ¢ + p < -2%. Since Hg(2) < L97#((2) is compact, there exists a function u
and a subsequence of {uy}7°, still denote by {uy}2°, such that

up — u weakly in  Hy(Q),
up — u strongly in LITH(Q),
ug(xz) = u(z) a.e. in Q.

Hence, u > 0 a.e. in Q. Firstly, we prove u # 0. Using the dominated convergence
theorem, we get

/ |u|In |u|dz = lim / lug|? In Jug | dz, (2.7)
and

/\u|qd:v: lim/\uk\qdz’. (2.8)
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By the weak lower semicontinuity of Hj (), we get

IVull* < lim inf ||V |*, (2.9)
Va2 < Jim (|7 20
— 00
Using (2.1), (2.6), (2.7), (2.8) and (2.9), we have

1 9 21 1 1
Hw) = Il + g 19O = [ falt il do + [l

L
(v+1)

1
lim inf= || Vug||* + lim |V, |20FY
k—o0 2 k—o0

IA

1
2(y+1)

1 1
_ fim / ot 10 |z + Timn — [z |
q Ja k—00 q

k—oo
T 1 2 2(v+1)
= tpnint (5 190"+ s [V

(v+1)
timin (2 el In fu] de 4 g2
llgr—l&)gl q o Uk 1 Uk T q2 Uk q
= liminfJ(ux) = d. (2.10)
k—o0

Using (2.2), (2.7) and (2.9), we have

I(u) = ||Vu||2+||vu|12<”“>—/|u|q1n|u|dx
Q
< liminf [V — Tim [V 2070 — lim/\uk]qln\uk]dx
k—o0 k—oo k—00 Q

= liminf <||Vuk\|2 — ||V |0V —/ [ug|? I g | d;v)
k—o0 Q
= liminf/(ug) = 0. (2.11)

k—o0

Since uy € N, we have I(u) = 0. So, by using the fact z #Inxz < (eu)™! for
x > 1 and the Sobolev embedding inequality, we obtain

IVl + [ V]2 = /\uk\qlnluk\dfv
Q

(en) ™ / T d

< (em) ™ luellgs,

< ClVurls™,

for some positive constant C. This implies that

IN

/ Jug " In [ug| do = || Vug||* + || Vg |[P0F > €.
Q
Combining this inequality with (2.7), we obtain
/ |u|In |u| dz > C.
Q
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Thus, we have v € Hg(Q)\{0}.
If I(ux) < 0, by Lemma 2.1, there exists a A\* such that I(A\*u) = 0 and
0 < A* < 1. Thus, \*u € N. By (2.3), (2.4), (2.8) and (2.9), we have

d < J(\u)
= L+ 22 v o u>u2+—2m+2 IV P+ 2 ul;
_ q_2 * 2 q_2’}/ % (v+1) - * 14
- 2wl + IR P+ Sl
—2 q—2y 2(7+1)
— o2 (L2 v 2 4 (\9)20+D <—) (y+1)
002 (4522 19l + e (22122 o
. 1
s (—) Jul
q
q—2v— 1
< * (v+1) il q
< 0P [T+ ISR T ]
o - q—2v— 2(v+1) 1
< #)2 2 (v+1) , ~ q
< <A>h,ggggf[ S 17l + 2 Tl
= (\*)’liminfJ (uy,)
k—o00
—_ ()\*)2d,

which indicates A* > 1 by d > 0. It contradicts 0 < A* < 1. Then, by (2.11), we
have I(u) = 0. Therefore, u € N. By (2.6), we have J(u) > d. By (2.10), we have
J(u) < d. So, J(u) =d. O

3. BLow up

As in ([8]), we introduce the follows sets:

Wi = {ue Hy(Q\{0}: J(u) <d}, Wo={ue Hy(Q\{0}: J(u) = d},
Wi = {ueW : I(u) >0}, WS ={ueW,:I(u)>0},

Wy = {ueW I(u) <0}, Wy ={ueW,:I(u) <0},

W = WiUW, WE=W/UW,", W =W, uWw,.

Definition 3.1. (Maximal Existence Time). Let u(t) be weak solutions of prob-
lem (1.1). We define the maximal existence time T},.x as follows

Tinax = sup{7T > 0 : u(t) exists on [0,7]}.

Then

(i) If Thax < +o00, we say that u(f) blows up in finite time and Ty is the
blow-up time;

(ii) If Thnax = +00, we say that u(t) is global.

Theorem 3.2. Assume that ug € Wy, and let u(t) be a unique local weak solution
to the problem (1.1). Then u(t) blows up in finite time, that is, there exists T, > 0
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such that

2
thr% [Ju(t )||H3(Q) = .

Proof. Since ug € Wy, we obtain a unique local solution u(t) of problem (1.1)
satisfying the energy inequality

t
2
[ o) gy s+ T0(0) < o) <, 0 ¢ < Ty
where T, is maximal existence time of solution u(t).
Next, we prove that ug € Wy for ¢t € [0, Tinax) - We assume u(t) leaves W, at

time ¢ = t¢, then there exists a sequence {t,}, such that I(u(t,)) <0 ast, — t;.
By the lower semicontinuity of H}(2), we have

I(u(ty)) < ligg)lff(u(tn)) <0.

We have I(u(tg)) = 0 according to u(ty) ¢ W, . However, by variational definition
of d and energy inequality, this leads to a contradiction

d= JQE[J(U) < J(u(ty)) < d.

So, u(t) € Wy for t € [0, Tiax) - Now, we prove that u(t) blows up at a finite
time. By contradiction, we assume that u(t) is global. We contract a function

[':[0,00) = R, and
t
= |l ds. (3.1
Then, a direct calculation gives

I'(t) = llus)llzp @ — luollz e
= / / usu + VusVu) deds. (3.2)
By (2.2) and (3.2), we get
) = 2/(u5u—|—VuSVu) dx

0

= 2/U(US—AUS)dZE
Q

= 2/ \u|qln|u]—2/M(HVuH2)uAu
0 Q

= 2/ |u|"1In |ul —2/(1—|— | Vul|*) (V) ?
= —2?(11). ) (3.3)
By (3.3) and I(u) < 0, we have I'’(t) > 0, so
I'(t) > T'(0) = Jluo|l 7 () > O- (3.4)
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Thanks to the Holder’s inequality and combining (3.3), we obtain

Lrw-ror = 5/ tF”<s>d8)2

0
t 2
= (/ /(usu—i-VuSVu) dxds)
0 Jo

t t
< [ @y ds [ Tl 63
From (2.3) and (3.3) that it follows
() = —2I(u)
2y —2

q_
= —2¢J(u) + (¢ —2) | Vul* +
qJ(u) + (q = 2) [|Vu] o

t
> —2q.J(uo) + 24 / Jts(5)l123 gy s
0

2
2 1
Va0 + o 1l

q—2y—2 2y41) | 2
+(q—2) | Vul? + ———= | V| + Zjul|?. 3.6
(¢ —2)[[Vul P IVl . [Jullg (3.6)

Since u(t) € Wy, t € [0,T], so I(u) < 0. By Lemma 2.1, there exists a A* € (0,1)
such that I(A*u(t)) = 0. Thus, by the definition of d, it follows that
d = inf < “u(t
Inf J(u) < J(Xu(?))

1

< el

-2 —2v =2
q HWH‘@%

< VU 2('Y+1)+
5 507 £ % V|

|ullg - (3.7)
Combining (3.6) and (3.7), we have

t
M) > —2qJ(u) + 2 / oo () 8y
0

— 2y =2

q 2+1) | 21 11
+(q—2) |Vul|?* + Vu + 2
(g —2) |Vl 1 [Vl q|| I3

t
— 2qJ(uo) + 2 / 1ty () 50y s
0

q—2 2 q—27—2 2(y+1) 1
+2q | —— [IVu|” + ————— ||Vu|™" + = ||ul|?
| T2 I+ S 2 O
t
> 2(d— J(uo)) + 2 / o)1y . (3.9)
0

Using (3.1), (3.5) and (3.8), we get
t t
POTO) = 20 [ uls) g ds [ 006) g ds + 20 (@ = T(uo) T

> 29(d = J(w)) D(t) + 5 (I'(t) = T'(0))°. (3.9)
Now, fix a ty > 0, then from (3.4), we get
L(t) > T(to) > [[uol51 () to > 0, for all ¢ > to. (3.10)
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Hence, by (3.9) and (3.10), we get

(T (t) — 2 (I(t) = T'(0))° 2 2 (d — J (u0) [[u[3y3 gy to > 0, for all ¢ > .

2
(3.11)
Choose T' > t, sufficiently large and let

V() =Tt)+ (T —1) ||u0||§{5(9) to, for all t € [0, T].

Then ¥(t) > I(t) > 0, ¢/(t) = I'(t) — T'(0) and ¢"(t) = I”(t) > 0, so (3.11)

implies

=
=
e
v

DOL'(t) — 5 (T'() = T'(0))°

> 2q(d — J(up)) l[uol[31 () to > 0, t € [t, T]. (3.12)

Y(t) = ———@)2¢'(1). (3.13)

From (3.12) and (3.13), we get

ORI e O R e MR

- 2 q+2
- QTW)—% g¢'(t)2 — (" ()] <0, for all t € [to, T.
This shows that, for any sufficiently large T' > t¢, y(t) is a concave function in
[to, T']. Since y(tp) > 0 and y/(ty) < 0, there exists a finite time 7, such that

lim y(¢t) =0,
t—T,.
which implies
lim ¥ (t) = co.
t—T,
Hence, we get
t
. 2
tim [ us) ) ds = oo,

t—T, Jo
ie.,

. 2
lim[u(s)] 330 = oc-
t—T,

This contradicts with u(t) being a global solution. O
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