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LIFE SPAN OF NONNEGATIVE SOLUTIONS TO AN
EVOLUTION EQUATION
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FAKIH?

ABSTRACT. We study the porous medium equation with a fractional integral
source. The model is considered in the whole Euclidean space and is supple-
mented with a nonnegative, bounded and nontrivial initial condition. We show
that there exists a critical exponent separating two different behaviors of solu-
tions.When the nonlinearity is below this critical value, the problem admits no
global nontrivial solution. This fact allows us to derive an upper bound for the
maximal time of existence of solutions. In particular, we prove that solutions
exist only on finite time interval and provide an estimate for the lifespan in
terms of the size of initial data.
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1. INTRODUCTION

In this article, we investigate the maximal interval of existence of the solutions
of the problem

t
N L / (t— ) uPu(s)ds, zeRY, t>0,  (L1)
0

where p > 0, m > 1, and 0 < v < 1 are real numbers with nonnegative, nontrivial,
continuous, and bounded initial condition

u(z,0) = ug(z) Z0, up(xr) >0, z€RY. (1.2)

If we consider (1.1) without nonlinear term, i.e u;—A|u|™ *u = 0, this equation
is so-called Porous Medium Equation and have been studied by so many people.
In fact, a variety of results concerning this equation have been obtained in the
literature.

This model appears in several physical applications, mainly to describe pro-
cesses involving fluid flow, heat transfer or diffusion. Maybe the best known of
them is the description of the flow of an isentropic gas through a porous medium,
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modeled independently by Leibenzon [¢] and Muskat [11] around 1930. Indeed,
this application was at the base of the rigorous mathematical development of the
theory. Other applications have been proposed in mathematical biology, spread
of viscous fluids, boundary layer theory, and other fields. When equation (1.1) is
considered with a local nonlinearity of the form |u|Pu, it reads

uy — Alu|™ tu = |ulPu,

which is a particular case of (1.1); it corresponds to v — 0. This equation has
been considered by H. J. Kuiper [6]. By life span for initial condition ug, we mean
the least upper bound of all values T" such that [0,7) is a maximal interval of ex-
istence of a solution. He found that the life span L(o) is bounded by Co~(®+1=m)
whenever u(x,0) = oug(z), 0 > 0. (see Theorem 3.6 [0]).

The analysis is based on the observation that equation (1.1) can be written in
the following form:

up — Alul™ " u = T(a) I§j, (|ul"w), (1.3)

where the left-sided Riemann-Liouville fractional integral /g, of order a € (0,1),

defined in (2.3), plays a crucial role in the proof of the theorem on life span; we
have set in (1.3) a =1—~v € (0,1).

Our article is motivated mathematically by the recent papers [3, 9] which deal
with the critical exponent and life span for the parabolic equation with nonlocal
in time nonlinearity

t
up — Au = / (t—8)* Hulfuds, ze€RY t>0, (1.4)
0

where uy € Cy(RY), the space of all continuous functions decaying to zero at
infinity, which is a particular case of (1.1); it corresponds to m — 1.

The main result of this article is to find the exponent

Na(m —1) 4+ 2am + 2
(N —2a)4

such that if p < p*, the problem (1.1)-(1.2) has no global nontrivial solution.
Suppose u, is the solution corresponding to the nontrivial, nonnegative initial
condition u,(z,0) = oug(x). Let [0,T,) be its maximal interval of existence. We
obtain a life span of the form

pf=m-—1+

L(o) < Co et
We will show for equation (1.1) a necessary condition for global solution. More
precisely, if u is a global solution with initial condition u(z,0) = ug(x), then an
inequality of the form

lim sup R_S/ up(x)p1(x/R)dx < CA*,  for some S >0 and k > 0,
Br

R—o0
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must be satisfied. Here ¢, is the positive eigenfunction corresponding to the
principal eigenvalue of the Dirichlet problem on the unit ball B;, and normal-
ized such that fBl ©1(&) d¢ = 1. The constants C' and k depend on N, m, p and «.

The method used to prove the life span and necessary conditions for global ex-
istence is the test function method [I, 2, 4, 10, 13]. The principle of this method
is as follows: we assume, by absurd, that the solution is global, then we use the
weak formulation of the equation on [0, 7], for some T' > 0 and make an appro-
priate choice of the test function, then we make a change of variable and finally
we take the limit as T — oo to get the contradiction.

This paper is organized as follows. In section 2, we present some definitions
and properties. In section 3, we find the exponent p*. Finally, we obtain an upper
bound for the maximal interval of existence.

2. PRELIMINARIES

In this section, we present some definitions and results concerning the frac-
tional integrals and fractional derivatives that will be used in the sequel.

If AC([0,T7]) is the space of all functions which are absolutely continuous on
[0,7] with 0 < T < oo, then, for f € AC([0,7]), the left-handed and right-
handed Rlemann—LlouVﬂle fractional derivatives Dg, f(¢) and Dy f(t) of order

a € (0,1) are defined by (see (2.1.5) and (2.1.6) in [5])

o\tf() = Djé\ta (1), (2.1)
T

Dinft) =~ D | (=0 s ds (22

for all ¢t € [0,T], where D := d/dt is the usual time derivative and

1 t

I f(t) = =— [ (t—9)*""f(s)d 2.3
0 = gy [ =9 () ds (2.3
is the Riemann-Liouville fractional integral defined for all f € L9(0,7T) (1 < ¢ <

00).

Now, for every f,g € C([0,T1), such that Dg, f(¢), Dfj;g(t) exist and are con-

tinuous, and for all t € [0,T], 0 < o < 1, we have the formula of integration by
parts (see (2.1.50) in [5])

T
[ wapwaa = [ s 2:4)
Note also that, for any f € ACQ([O T]), we have (see (2.1.35) in [5])

Dirf = Dtl\—jtaf (2.5)

where

AC?([0,T)) := {f : [0,T] = R such that Df € AC([0,T))}.
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Moreover, for all 1 < ¢ < oo, the following equality (see Lemma 2.4 in [5])
ool = Idracor) (2.6)

holds almost everywhere on [0, 7.
Later on, we will use the following results [1].

o Ifw(t)=(1- t/T)i, t >0, T >0, and 0 sufficiently large, then

0—a
t
Dirult) = e (1-7) (27)
+
t 0—a—1
D3flw(t) = G+ <1_T) , (2.8)
+

for all a € (0,1); so

<D§‘Tw) (T)=0 ; (D;Tw> (0)=Cy T, (2.9)

(I1—a+6)I'@+1) (I—a+6)(0—a)'(@+1)
and CQ = .
F'2—a+0) I'2—a+90)
Now, we give the definition of weak solution of (1.3)

where C| =

Definition 2.1 (Weak solution). A measurable function u(x,t) defined in Sy =
RY x (0,77 is called a weak solution of (1.3) if for every bounded open set Q with
smooth boundary 02,

we C0,T: LNQ))N L

loc

(0.7 + W, () N Lz.(S7),

and

/ (e, ) o(, ) dac+// iy + V(|u" ) - V] da dr
/ /fgh |u|Pu) godl‘dT—i—/ u(z, to)o(x, to) dx (2.10)

forall 0 <ty <t <Tand ¢ € CHQ x [0,T]), ¢ = 0 near 9Q x (0,T) where
0=1—n.

3. THE TEST FUNCTION METHOD

Let t, > 0. Suppose that u is a solution of (1.1)-(1.2) on RY x [0,t,). We

assume that

Il<(l4+am<p+1.
Let A\r be the principal eigenvalue for the Dirichlet problem on the ball of radius
R:

—Ah(z) = Ah(x), = € Bp,

h(x) =0, x € 0Bg,
where Bp := {z € RV : |z| < R}. We note that Ag = A\/R? where )\; is the
principal eigenvalue of the Laplacian on the unit ball By. Let ¢; denote the
unique nonnegative eigenfunction corresponding to the principal eigenvalue \;
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such that fB o1(x)dz = 1. Of course ¢, is radially symmetric: ¢q(z) = p1(]z|).

0
t
We define py(t) = (1 — T_Rﬁ) , where 1 < T' < R is such that when R — oo

we don’t have T" — oo simultaneously, 6 > 1 is large enough and

20+ 1)+ (m—-1)N
p+2—m

b= > (.
We also define
P(x,t) = p1(x/R)pa(t) , w(x,t) = Dyjrpsp(,)

and for TR? < t,,

TRP
/ / ol ( (uP™)p(x,t) dx dt.
Br

As u is a weak solution, we have

IT) = = [ o/ Rue) Dysa0) do
TR
/ / Dz‘?}‘wg@ Yp1(z/R) dx dt
TRA
+/0 /BR umefTR[g(pQ(t)R’Z)\l(pl(x/R) dz dt,

where we have used the fact that Ap;(z/R) = R™>M\1¢1(z/R).

Using (2.9) and letting Vi := / ©1(x/R)ug(z) dx, we get
Br

T)+C TRV,

TRﬁ TRA
/ / Dt‘TRﬁcpg gal(m/R)dxdt—i—/ / u" Dy petp2(t) R \io1(x/R) dx dt
Br

TRA
— [ [ W/ R o/ R alt) 1 Dlatt) dadt
0 Br

pt+l—m

TRP
# 0B [ [ e/ Rypa 0 0/ R alt) F D) do
0 Br

Ty {/OTRB /BR p1(x/ R)pa(t) » (D Dyrrata(t £)" da dt} i

pt+l—m
p+1

TRA
m _ m p+1
+ MR JR(T) {/ /B p1(x/ R)pa(t)” P71 (Difppatpa(t)) i da dt}
0 R
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We multiply by 7% and use (2.7) and (2.8); we obtain

p
p+l14+a +1

Hp(T)+ R™*%V, < Hp(T)ri1 R-A0+e) [/TRB/B T 7 oi(x/R)pa(t)™ dmdt}

pt+l—m
p+1

TRP
+ Hp(T)» A\ R~ (+f) [/ / T wimm gy (2 ) R) s (8) da dt}
0 Br

where

Ho(T) = T In(T), 6, = p(6—1) —;;(p+ n-1 5, — (p n;(lg(izf)m—) mf

Making the change of variable ¢ = /R and 7 = t/R?, we deduce that

Hp(T) + R%Vy < Hp(T)#1 R A(T)#7 + Hy(T)# T M R2B(T) 5, (3.1)

where
31:—5(1+a)+%, 52:—2—|—N—|—ﬁ(1—a)—(6;—TNl)m,
T
ATy =T""%" o dg d
(1) | ] ety agar
and .
Br) =175 [ [ e
e 2p-+ 1) + (m = )N
_z2p+ 1)+ (m—
p= P g > 0, (3.2)
we have
3231232:(p+1_m)N_a[2(p+1)+N(m_1)]_2. (3.3)
p+2—m

We aim to use (3.1) in order to obtain information on the relationship between
the initial condition and the length of the maximum interval of existence.

Theorem 3.1. If s <0, that is to say

Na(m —1) 4+ 2am + 2
(N = 2a) 7

then problem (1.1)-(1.2) has no global nontrivial solution.

p<p'=m-—1+

Proof. In the case of s <0 (i.e p < p*), we use (2.4), (2.6), and (3.1) to obtain

TRP TRS
lim / oj¢ (uP™)p(z,t) dz dt = lim / uP G (2, t) de dt = 0,
Br Br

R—o0 R—o0 0

/ / u’t dx dt = 0, (3.4)
o Jry

ie.
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which implies that u = 0 is the only global solution.

If s =0 (i.e p = p*), suppose a nontrivial global solution exists. From monotonic-
ity, we have [;° [y u? Tt dadt > 0. But using the critical estimate, we have

TRP i
/ / u? T dx dt < ClogR.
0 Br

After dividing by logR and taking the limit as R — oo, we get

/ / uP T dr dt = 0.
0 JRN

Hence v = 0. Contradiction
O

4. LIFE SPAN OF A SOLUTION

Suppressing argument and subscripts (3.1) becomes

H+ RV < Hiri R Av1 + Hi1AR®B

S (4.1)

p+1

We will use this to obtain an estimate for V. First we state some lemmas.

Lemma 4.1. Suppose that a,b,r, and q are positive constants. Define the func-
tions F(x) := ax? — bx",G(x) := ax™ 9+ bzx" on 0 < x < co. Then

q

max F(z) = (1 _ g) ara (%)qu

>0

min G(z) = <1 + g) avFa (%r) " :

>0

Lemma 4.2. Let 0 < wy,wy < 1,w; # we. On [0,00) define

T(x) := max(x™, z?).
Let n be an arbitrary positive number, then

ln i) = (70 (o) — ) = e ( (1 w77 ).

For n sufficiently large
(wn, wain) = (1 W@y e, (4.2)
where W = max(wy, ws).

We will use the notation
I = 1— m m_\ )
p+1 p+1

Then, for n sufficiently large,

1 m p+1
\Ij N ENEE) = Jm pl-m,
(p+1 p+1 77) n
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Theorem 4.3. If u is a nonnegative solution of (1.1)-(1.2) on Bg, x [0,t.) and
s given by (3.3), then for all (R, T) € {(p,7) : Ro < p< R.,,0< 7 <t,p P}, we
have
RP [ wo(a)pr(x/R)de < U (L . [A(T)p% +AB(T) ”Zi’“] Rs) .
Bn - \pt+1lp+ T

In particular, if v is a global nonnegative solution then

p+1
p+1—m} ptl-m
)

lim sup R_S/ up(z)p1(x/R) dx < Jﬁir%f {A(T)pil + AB(T) »+1
Bgr

R—oc0
(4.4)
where b+ 1)
_ sp+
= p—+ - + af.
Proof. For the sake of convenience we define
O(T) = A(T)#*1 + \B(T) vt
From (4.1) we see that
R~V <Y (J)O(T)R® — J, (4.5)

where )
(4 = s {ute ).
Then by Lemma 4.2, we have (4.3). For R sufficiently large we can use equation
(4.2) to conclude the validity of (4.4). O

Corollary 4.4. Suppose that u is a nonnegative global solution. Then

. _g pffjﬁ (p+1)(a+1)
limsup R up(z)p1(z/R) dr < JmK5 T AGFI=m eFI=led Him=1))
Bgr

R—o0

where K,, 1s a constant depending on m,6 and p.

Proof. We easily obtain

AT)< Ay =
(1) <4 pd—a(p+1)—1

and
(p+1)—m(1+a)

(p+1—m)T  »ii-m

BI) < B = Op+1—m)+p+1)(1—a)—m

Then, from (4.5), we have

RP /B uo(x) g1 (z/R) dr < R°Oy(T)Y(J) — J,

where

(at1) ptl-—m(l+a)

@(T) S GO(T) = OéoT_ p+1l 4 /BOT p+1
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with
P p+l—m
p 1 5 \ p+1—m } 1

Qg = , = :

0 p—alp+1)—1 0 p+1-m)f+(p+1)(1—a)—m
By Lemma 4.1, we get
Oy = minOy(7T)

a+1

L a+l s [ (04 1) = m(1 - o) |
p+l1—m(l4+a)) " 0 a+1
B [p—l—l—(oz—{—l)(m—l)}[p—l—l—m(ale)}PHWﬁrll)(ml)
B (p+1)—m(l+a) a+1
plpt+l-—m(l+a)]

P GFL) [pF1=(a+1)(m=1)]
Op—alp+1)—1

a+1
X \p+i=(a+D)(m—-1)

(p+1-—m)(a+1)
p+1—m ] PFDpF T (a1 (m—1)]
X .
[9(p+1 -—m)+(p+1)(1—a)—m
As 0 > 1 we have 9, < Km)\wl—(’iﬂ)(aﬂk Then after substituting this into
equation (4.4), the proof is complete. O

When we are dealing with the problem originally considered by Fujita (m — 1
+1)

(
and o — 0), then J; = p(p+1)~ % and K, = (p+ 1)p71’%, and we see that the
above inequality reduces to

lim sup R_NH/”/ uo(x)p1(z/R) dx < CAYP,
Br

R—o0
This is precisely the result found in [7]. Note that if m > 1 and a — 0, we
recover the case of Kuiper [6]. As it is done in that article, we can deduce the

following result.
Corollary 4.5. When N > S, Theorem 4.5 and Corollary 4.4 remain valid if we

replace

limsup R~ up(z)p1(z/R) dx by lim inf (|z| NS ug(x)).

R—o0 Br |z|—o00

Proof. The statement of this corollary follows from the inequalities:

lim R™°V > lim R_S/ inf  (|z|N"Suo(z))R¥ Ny (x/R) da
B

R—oc0 R—o0 R\ B R>|z|>k

lim inf (|x|N_Su0(x))/ RN (x/R)dx
Br\By

R—00 R>|a|>k

~ lim it (Y Sue(a) /B G
1\By/r

v

R—00 R>|x|>k

o N-S
= i (oo ).
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The proof is complete by letting k& — oo. O

Now, we consider the problem (1.1)-(1.2). By the life span for initial condition
ug, we mean the least upper bound of all values T such that [0, 7T) is the maximal
interval of existence of the solution to (1.1)-(1.2). Let us fix ug # 0 and up > 0
for all z € RY. We denote by L(c), o > 0, the life span corresponding to initial
condition oug. There exists a value A such that

AR™PV = U(R*O(Tw)),
where T}y is the value of T' at which ©(T") attains its minimum value.

Let ©f denote the restriction of © to the interval [0,T)/). If we take o > A,
then L(o) < 0o, and we have

L(o) < O, (R*U Yo R*V)). (4.6)
In the next result we use this inequality to obtain an explicit upper bound for
the life span of a solution.

Theorem 4.6. Let uy be a nonnegative, nontrivial, continuous function in RY.
Then, there exists positive constants A,,,C'" and o1 so that the life span L(o)
corresponding to the initial condition oug with o > A,, satisfies

ptl—m

L(o) < Co™ a1, (4.7)

Proof. Decreasing the value of Ty, to a value T,, if needed, we may assume that
the function Oy, introduced above, is decreasing on (0,7T);). We can choose A,,
such that in the meantime A,, R-**V > U(R*O(T,,)) and A,, R~V > C}, where
C is a sufficiently large constant so that whenever o > A,,, then

pt+l—m

U oR™V) = [(1 - @) '@ e (e R V)
with w = m/(p + 1). We write

_ _ _apptl=m __pt+l-m ptl-m
‘If 1(0’R a,@v) = ’yOR of p+1 V r+l g p+1l ,
p+l1—m m

where vo = (p+ 1)(p+1—m)~ » m” »+1. Since

p+l1-m(l4a)

O(T) < ©y(T) < agT 7 + foTw ™ |
on [0,7},), it follows that

p+lfrz(11+a) p+l (o)
— BT, P “at1 pti-m(i+a)
0;' < n = fo Z , for n>pGyT, "
0
Let [0, Thax) be the maximal interval of existence of u and T € [0, Tinax). We

define

1 _ _ ptl-—m ptl-m _p+1l
G(R’ 0’) = Ozg+ [’yQR SRTOPY Tort g sl — 50] ot
p+l—-m(l+a)

where g = foTm "™ . Whenever T' < L(o) we have T' < G(R, o). Therefore
L(o) < G(R,0). (4.8)
It is easily seen that this implies equation (4.7).
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