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Abstract. In this work, we study a class of elliptic unilateral problems as-
sociated with some strongly nonlinear degenerate elliptic equation, where the
lower order terms satisfy general growth conditions, together with integrable
right-hand side data. We adopt a variational formulation combined with trun-
cation methods to establish the existence of entropy solutions.
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1. Introduction

The study of anisotropic elliptic equations with lower order terms has received
growing attention due to their relevance in the mathematical modeling of physical
and mechanical processes arising in anisotropic media. It is well known that
lower order terms may significantly affect qualitative properties of solutions, such
as existence, uniqueness, regularity and asymptotic behavior; see for instance,
[12, 14] and the references therein.

Let Ω be a bounded open subset of Rd (d ≥ 2) with Lipschitz boundary ∂Ω.
The aim of this paper is to establish the existence of entropy solutions for a class
of nonlinear elliptic equations with degenerate coercivity, which can be written
in the form: A(υ) +H(x, υ,∇υ) = f −

d∑
1

Diφi(x, υ) in Ω,

υ = 0 on ∂Ω,

(1.1)

where A(υ) = −
d∑
1

Diai(x, υ,∇υ) is a Leray-Lions operator A, acting from

W
1,~p(·)
0 (Ω) into its dual W−1,~p′(·)(Ω). In the particular case of φi ≡ 0, Porretta

et al. have proved in [33] the existence of solutions to problem (1.1) by means
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of rearrangement techniques. Later, Agnese Di Castro has established in [25]
the existence and regularity of solution for the problem (1.1) when the datum f
belongs to W−1,~p′(Ω) or to L(p∗)′(Ω). For the case f ∈ L1(Ω) and H(x, υ,∇υ) =
|υ|s−1υ, we refer the reader to [4, 14, 21, 23, 29]. Within the framework of
anisotropic Sobolev spaces. Benboubker et al. have investigated in [13] the
existence and regularity results for the problem (1.1) with f ∈ L1(Ω), under
some additional assumptions on the Carathéodory function H(x, υ,∇υ).
Boccardo et al. have studied in [14] the the anisotropic elliptic Dirichlet problem −

N∑
i=1

∂

∂xi

(∣∣∣∂ υ
∂xi

∣∣∣pi−2 ∂υ

∂xi

)
= µ in Ω,

υ = 0 on ∂Ω,

(1.2)

with µ is a measure data. The authors have proved the existence of solutions.
In particular, when µ = f(x) is a measurable such that |f |log(1 + |f |) ∈ L1(Ω),
the existence of a solution in suitable anisotropic Sobolev space was obtained.
For existence and regularity for data in Lm(Ω) then in the Marcinkiewicz space
Mm(Ω), we refer the reader to paper of Di castro in [23].
Elliptic and parabolic equations involving Leray-Lions type operators with degen-
erate coercivity have been widely investigated in the literature, mainly focusing
on the existence, uniqueness, and regularity of their solutions; see for example,
[5, 6, 10, 19, 21, 30, 33, 38].

The present paper contributes to this line of research by proving the existence
of entropy solutions for a class of unilateral problem associated to the degener-
ate elliptic equation (1.1) in anisotropic Sobolev spaces. The proof relies on an
approximation schema combined with suitable a priori estimates adapted to the
entropy framework.

The paper is organized as follows: In section 2, we state the assumptions on
the Carathéodory functions ai(x, s, ξ), H(x, s, ξ) and φi(x, s) under which our
elliptic equation (1.1) has at least one entropy solution. Section 3, is devoted to
the definition of entropy solutions and the statement of the main result. Finally,
section 4 contains the proof of the existence result, together with some additional
regularity properties of the solutions.

2. Preliminaries and Essential assumptions

Let Ω be a bounded domain in Rd (d ≥ 2) with Lipschitz boundary ∂Ω, and
let M(Ω) the space of all mesurable function s(·) : Ω 7−→ R, we intruduce

C+(Ω) = {s ∈M(Ω) 1 < s− ≤ s+ <∞},

where

s− = ess inf{s(x) / x ∈ Ω} and s+ = ess sup{s(x) / x ∈ Ω}.

For each s ∈ C+(Ω) the variable exponent Lebesgue space Ls(·)(Ω) is defined as

Ls(·)(Ω) = {u ∈M(Ω) : ρs(·)(u) =

∫
Ω

|u|s(x)dx}
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The Luxemburg norm on Ls(·)(Ω) is given by

‖u‖s(·) = inf{λ > 0 :

∫
Ω

( |u|
λ

)s(x)

dx ≤ 1}.

Let s′ ∈ C+(Ω) be the conjugate variable exponent to s that is

1

s(x)
+

1

s′(x)
= 1 a.e. x ∈ Ω,

we know that (Ls(·)(Ω))∗ = Ls
′(·)(Ω) and the space (Ls(·)(Ω), ‖ · ‖s(·)) is a reflexive

and separable Banach space

Proposition 2.1. (see [37]) Let un, u ∈ Lp(·)(Ω), then the following properties
hold true:

(i): ‖u‖s(·) < 1 (resp,= 1, > 1) ⇐⇒ ρs(·)(u) < 1 (resp, = 1, > 1),

(ii): ‖u‖s(·) > 1 =⇒ ‖u‖s−s(·) ≤ ρs(·)(u) ≤ ‖u‖s+s(·) and ‖u‖s(·) <
1 =⇒ ‖u‖s+s(·) ≤ ρs(·)(u) ≤ ‖u‖s−s(·),

(iii): ‖un‖s(·) → 0 ⇐⇒ ρs(·)(un) → 0, and ‖un‖s(·) → ∞ ⇐⇒
ρs(·)(un)→∞,

For more details on variable exponent Lebesgue spaces we refer the reader to [22].

Now, we introduce the anisotropic Sobolev space with variable exponents:
Let ~p = (1, p1(·), · · · , pd(·)) be N variable exponents where pi(·) ∈ C+(Ω) for
i = 1, · · · , d. We denote

D0u = u and Diu =
∂u

∂xi
for i = 1, . . . , d,

Let

p = min{p−1 , . . . , p−d } and p0 = max{p−1 , . . . , p−d }. (2.1)

The anisotropic Sobolev space with variable exponents is defined by

W 1,~p(·)(Ω) = {u ∈ W 1,1(Ω) and Diu ∈ Lpi(·)(Ω) for i = 1, 2, . . . , d},

The space W 1,~p(·)(Ω) is equipped with the norm

‖u‖1,~p(·) = ‖u‖1,1 +
d∑
i=1

‖Diu‖pi(·). (2.2)

The space
(
W 1,~p(·)(Ω), ‖u‖1,~p(·)

)
is a reflexive Banach space (see [32]).

We denote by W
1,~p(·)
0 (Ω) the closure of C∞0 (Ω) in W 1,~p(·)(Ω), and by W−1,~p′(·)(Ω)

its dual space, where ~p′(·) = (p′0(·), p′1(·), . . . , p′d(·)) and 1
p′i(·)

+ 1
pi(·) = 1 for i =

0, 1, . . . , d.

Remark 2.2. The two norms |u|1,~p(·) =
d∑
i=1

‖Diu‖pi(·) and ‖u‖1,~p(·) are equivalent

on the Sobolev space W
1,~p(.)
0 (Ω).

Lemma 2.3. We have the following continuous and compact embedding:
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• if p < d then W 1,~p(·)(Ω) ↪→↪→ Lq(Ω) for q ∈ [p, p∗[, where p∗ =
dp

d− p
,

• if p = d then W 1,~p(·)(Ω) ↪→↪→ Lq(Ω) ∀q ∈ [p,+∞[,

• if p > d then W 1,~p(·)(Ω) ↪→↪→ L∞(Ω) ∩ C0(Ω).

Definition 2.4. Let k > 0 and s ∈ R, the truncation function Tk(·) : R 7−→ R is
defined by

Tk(s) =

{
s if |s| ≤ k,

k
s

|s|
if |s| > k,

Let ψ : Ω 7−→ R be a measurable function such that

ψ+ ∈ W 1,~p(.)
0 (Ω) ∩ L∞(Ω), (2.3)

We consider the closed convex subset defined by:

Kψ = {u ∈ W 1,~p(.)
0 (Ω) such that u ≥ ψ a.e. in Ω}. (2.4)

3. Main results:

This section is devoted to proof the existence of entropy solution for the uni-
lateral problem associated to the elliptic equation (1.1) under general structural
conditions.

Let pi(·) ∈M(Ω) for i = 1, . . . , d. We consider the following assumptions.

(H1) For i = 1, . . . , d, the functions ai(x, s, ξ) : Ω×R×Rd 7−→ R are Carathéodory
functions and satisfy:
(i) For any ξ, ξ′ ∈ Rd with ξi 6= ξ′i for each i = 1, . . . , d, and for every

s ∈ R, (
ai(x, s, ξ)− ai(x, s, ξ′)

)
(ξi − ξ′i) > 0. (3.1)

(ii) For each i = 1, . . . , d, there exists a function Ki(·) ∈ Lp
′
i(·)(Ω), and

constants β > 0 and 0 ≤ σ < p− 1 such that

|ai(x, s, ξ)| ≤ β
(
Ki(x) + |s|

p0
p′
i
(x)
−σ

+ |ξi|pi(x)−1
)

(3.2)

for almost every x ∈ Ω and all (s, ξ) ∈ R× Rd.
(iii) There exist some constants b0 > 0 and λ > 0 such that for almost

every x ∈ Ω and all (s, ξ) ∈ R× Rd,

ai(x, s, ξ)ξi ≥
b0|ξi|pi(x)

(1 + |s|)λ
for i = 1, . . . , d. (3.3)

where

0 ≤ λ < min
{
p− 1,

p0 − 1

p′

}
.

(H2) For i = 1, . . . , d, the functions g : Ω×R×Rd 7−→ R and φ : Ω×R 7−→ Rd

are Carathéodory functions and satisfy:
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(i) There exists a positive function g0 ∈ L1(Ω) and a decreasing function
h : R+ 7−→ R+ such that

(|H(x, s, ξ)| ≤ g0(x) + h(|s|)
d∑
i=1

|ξi|pi(x), (3.4)

and

(1 + |s|)λh(|s|) ∈ L∞(R) ∩ L1(R).

and exists a positive constant C > 0 such that

(1 + |s|)λh(|s|) ≤ C

1 + |s|
for any s ∈ R. (3.5)

(ii) There exist some positive functions ci ∈ Lmi(Ω) such that

|φ(x, s)| ≤ ci(x)(1 + |s|)γ
pi(x)−1

pi(x) (3.6)

where

0 ≤ γ < min
{
p0 − λp′ − 1,

p0

λ+ 1
− λ

p− 1

}
and

mi(x) ≥ p′i(x)p0

p0 − γ − λp′
a.e. in Ω.

Definition 3.1. A measurable function υ is called an entropy solution for the
unilateral problem associated to the degenerated elliptic equation (1.1) if

Tk(υ) ∈ Kψ for any k > ‖ψ+‖∞, and H(x, υ,∇υ) ∈ L1(Ω),

such that u satisfies the following inequality

d∑
i=1

∫
Ω

ai(x, υ,∇υ) ·DiTk(υ − ϕ)dx+

∫
Ω

H(x, υ,∇υ)Tk(υ − ϕ)dx

≤
∫

Ω

fTk(υ − ϕ)dx+
d∑
i=1

∫
Ω

φi(x, υ)DiTk(υ − ϕ)dx for any ϕ ∈ Kψ ∩ L∞(Ω).

(3.7)

The main result of this work is the following existence theorem.

Theorem 3.2. Let f ∈ L1(Ω). Assuming that the conditions (3.1) − (3.6) are
satisfied. Then, there exists at least one entropy solution u to the unilateral
problem associated to the strongly nonlinear anisotropic elliptic equation (1.1).

4. Proof of Theorem 3.2
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Step 1: Approximate problems.
Let n ∈ N∗, we consider the following sequence of the approximate problem: −

d∑
i=1

Diai(x, Tn(υn),∇υn) +Hn(x, υn,∇υn) = fn −
N∑
1

Diφn,i(x, υn) in Ω,

υn = 0 on ∂Ω,

(4.1)

whereHn(x, s, ξ) = Tn(H(x, s, ξ)), φn,i(x, s) = φi(x, Tn(s)) and fn(x) = Tn(f(x)).
Note that |fn(x)| ≤ n and fn(x)→ f(x) strongly in L1(Ω).

We consider the operatorBn acted fromW
1,~p(·)
0 (Ω) into it dualW−1,~p′(·)(Ω) defined

by

〈Bnu, v〉 =
d∑
i=1

∫
Ω

ai(x, Tn(u),∇u)Div dx+

∫
Ω

Hn(x, u,∇u)v dx

−
d∑
i=1

∫
Ω

φn,i(x, u)Div dx,

for any u, v ∈ W 1,~p(.)
0 (Ω).

Lemma 4.1. The operator Bn = An+Gn, acting from W
1,~p(.)
0 (Ω) into W−1,~p′(.)(Ω),

is bounded and pseudomonotone. Furthermore Bn satisfies the following coercivity
condition:

〈Bnv, v − v0〉
‖v‖1,~p(.)

−→∞ as ‖v‖1,~p(.) →∞ for v ∈ Kψ.

where v0 belongs to Kψ The proof of Lemma 4.1 follows by applying methods
analogous to those in [1]).
According to Lemma 4.1 (cf. [31], Theorem 8.2), there exists at least one weak so-
lution υn ∈ Kψ for the unilateral problem associated to the approximate problem
(4.1), i.e.

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) Di(υn − ϕ)dx+

∫
Ω

Hn(x, (x, Tn(υn),∇υn)(υn − ϕ)dx

≤
∫

Ω

fn(υn − ϕ)dx+
d∑
i=1

∫
Ω

φi(x, Tn(υn)) Di(υn − ϕ)dx,

(4.2)
for any ϕ ∈ Kψ.

Step 2: Weak convergence of truncations.

We set B(s) = 2

∫ s

0

(1 + |τ |)λh(|τ |)
b0

dτ. Note that 0 ≤ B(|s|) ≤ B(∞) < ∞ is a

finite real number.
Let k ≥ max(1, ‖ψ+‖∞) and M = k + ‖ψ+‖∞, we have v = υn − ηTk(υn −
ψ+)eB(|υn|) ∈ Kψ for η > 0 small enough. Thus v is an admissible test function
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for the approximate problem (4.1) and we obtain

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) DiTk(υn − ψ+)eB(υn) dx

+2
d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Tk(υn − ψ+)
∣∣eB(|υn|)dx

+

∫
Ω

Hn(x, (x, υn,∇υn)Tk(υn − ψ+)eB(|υn|) dx

≤
∫

Ω

fnTk(υn − ψ+)eB(|υn|) dx +
d∑
i=1

∫
Ω

φi(x, Tn(υn)) DiTk(υn − ψ+)eB(|υn|) dx

+2
d∑
i=1

∫
Ω

φi(x, Tn(υn)) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Tk(υn − ψ+)
∣∣eB(|υn|)dx.

(4.3)
By using (3.3), (3.4) and (3.6) we obtain

d∑
i=1

∫
{|υn−ψ+|≤k}

ai(x, Tn(υn),∇υn)Diυndx+
d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣eB(|υn|)dx

≤ keB(∞)

∫
Ω

(|fn(x)|+ |g0(x)|) dx+
d∑
i=1

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x) |DiTk(υn − ψ+)
∣∣eB(|υn|) dx

+
2

b0

d∑
i=1

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x)
+λ
h(|υn|)|Diυn||Tk(υn − ψ+)

∣∣eB(|υn|) dx

+
d∑
i=1

∫
{|υn−ψ+|≤k}

ai(x, Tn(υn),∇υn)Diψ+dx.

(4.4)
Applying Young’s inequality yields:

d∑
i=1

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x)
∣∣DiTk(υn − ψ+)

∣∣eB(|υn|) dx

≤ C1

∫
{|υn−ψ+|≤k}

|ci(x)|p′i(x)(1 + |υn|)γ+ λ
pi(x)−1 dx

+
b0

2p+

d∑
i=1

∫
{|υn−ψ+|≤k}

|DiTk(υn − ψ+)|pi(x)

(1 + |υn|)λ
dx

≤ C1k
γ+ λ

p−1

d∑
i=1

∫
Ω

|ci(x)|p′i(x) dx+
b0

2

d∑
i=1

∫
Ω

|Diψ+|pi(x) dx

+
b0

2

d∑
i=1

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx

≤ C2k
γ+ λ

p−1 +
b0

2

d∑
i=1

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx.

(4.5)
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Similarly, using Young’s inequality and (3.5), we obtain

2

b0

d∑
i=1

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x)
+λ
h(|υn|)|Diυn||Tk(υn − ψ+)

∣∣eB(|υn|) dx

≤ b0

4

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣eB(|υn|) dx

+C3

∫
Ω

|ci(x)|p′i(x)(1 + |υn|)γ+λp′i(x)h(|υn|)
∣∣Tk(υn − ψ+)

∣∣eB(|υn|)dx

≤ b0

4

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣eB(|υn|) dx

+C3

∫
{|υn|≤M}

|ci(x)|p′i(x)(1 + |υn|)γ+λ(p′i(x)−1)(1 + |υn|)λh(|υn|)
∣∣Tk(υn − ψ+)

∣∣dx
+kC3

∫
{|υn|>M}

|ci(x)|p′i(x)(1 + |υn|)γ+λp′(x)h(|υn|)dx

≤ b0

4

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣eB(|υn|) dx

+C4k
γ+ λ

p−1

∫
{|υn|≤M}

|ci(x)|p′i(x)dx+ kC4

∫
{|υn|>M}

|ci(x)|p′i(x)|υn|γ+λp′(x)h(|υn|)dx

≤ b0

4

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣eB(|υn|) dx+ C5k

γ+ λ
p−1

+kC5

∫
{|υn|>M}

|ci(x)|
p′i(x)p0

p0−γ−λp′(x)h(|υn|)dx+
εkb0

4

∫
{|υn|>M}

|υn|p0h(|υn|)dx.

(4.6)
Finally, for the last term in (4.6), we use Poincaré’s inequality to obtain

εk

∫
{|υn|>M}

|υn|p0h(|υn|)dx

≤ εk

∫
{|υn|>M}

(|υn| −M)p0h(|υn|) dx+ εk

∫
{|υn|>M}

Mp0h(|υn|) dx

≤ εk

∫
Ω

∣∣∣ ∫ |υn|
|TM (υn)|

h(s)
1
p0 ds

∣∣∣p0 dx+ εC6k
p0−λ

≤ εkCp0
p0

∫
Ω

∣∣∣Di

∫ |υn|
|TM (υn)|

|h(s)|
1
p0 ds

∣∣∣p0 dx+ εC6k
p0−λ

≤ εkCp0
p0

∫
{|υn|>M}

h(|υn|)|Diυn|p0 dx+ εC6k
p0−λ

≤ εCp0
p0

d∑
i=1

∫
Ω

h(|υn|)|Diυn|p0
∣∣Tk(υn − ψ+)

∣∣dx+ εC6k
p0−λ

≤ b0

4

d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Tk(υn − ψ+)

∣∣dx+ εC6k
p0−λ.

(4.7)
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for ε > 0 small enough. Thus, we conclude that

2

b0

d∑
i=1

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x)
+λ
h(|υn|)|Diυn||Tk(υn − ψ+)

∣∣eB(|υn|) dx

≤ b0

2

d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)|Tk(υn − ψ+)
∣∣ dx+ C7(k

γ+ λ
p−1 + kp0−λ + k).

(4.8)
Therefore, combining (4.4)− (4.5) and (4.8) we deduce that

b0

2

d∑
i=1

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx+

b0

2

d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Tk(υn − ψ+)

∣∣dx
≤

d∑
i=1

∫
{|υn−ψ+|≤k}

ai(x, υn,∇υn)Diψ+dx+ C8(k
γ+ λ

p−1 + kp0−λ + k).

(4.9)
By (3.1) and Young’s inequality, the first behavior on the right-hand side of (4.4)
is estimated as follows

eB(∞)

∫
{|υn−ψ+|≤k}

|ai(x, Tn(υn),∇υn)| |Diψ+| dx

≤ b0

4β

∫
{|υn−ψ+|≤k}

|ai(x, Tn(υn),∇υn)|p′i(x)

(1 + |υn|)λ
dx+ C8

∫
{|υn−ψ+|≤k}

|Diψ+|pi(x)(1 + |υn|)
λ

pi(x)−1 dx

≤ b0

4

∫
{|υn−ψ+|≤k}

|a0|p
′
i(x)

(1 + |υn|)λ
dx+

b0

4

∫
{|υn−ψ+|≤k}

|υn|
p0
p′
i
(x)

p′i(x)−σp′i(x)

(1 + |υn|)λ
dx

+
b0

4

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx+ C9(1 + k)

λ
p−1

∫
{|υn−ψ+|≤k}

|Diψ+|pi(x)dx

≤ b0

4

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx+ C11k

p0−σp′0−λ + C12k
λ
p−1 .

(4.10)
As a result by combining (4.9), and (4.10) we deduce that

b0

4

d∑
i=1

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)

(1 + |υn|)λ
dx+

b0

2

d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Tk(υn − ψ+)

∣∣dx
≤ C9(k

γ+ λ
p−1 + kp0−λ + k)..

(4.11)
Thanks to (4.11), there exists a constant C10 not depending on k and n, such
that

d∑
i=1

∫
{|υn−ψ+|≤k}

|Diυn|pi(x)dx ≤ C10(k
γ+ λ

p−1 + kp0−λ + k). (4.12)
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On the other hand, we can write: {x ∈ Ω, |υn| ≤ k} ⊂ {x ∈ Ω, |υn − ψ+| ≤
k + ‖ψ+‖∞} and since ‖ψ+‖∞ ≤ k, as a result

d∑
i=1

∫
Ω

|DiTkυn|pi(x)dx =
d∑
i=1

∫
{|υn|≤k}

|Diυn|pi(x)dx

≤
d∑
i=1

∫
{|υn−ψ+|≤k+‖ψ+‖∞}

|Diυn|pi(x)dx

≤ C11(k
γ+ λ

p−1 + kp0−λ + k).

(4.13)

Hence

‖Tk(υn)‖1,~p(·) ≤ C12(k),

Where C12(λ, k) denotes a positive constant independent of n. Therefore, the

sequence (Tk(υn))n∈IN∗ is uniformly bounded in W
1,~p(·)
0 (Ω), and there exists a

subsequence, again denoted by (Tk(υn))n∈IN and a measurable function vk ∈
W

1,~p(·)
0 (Ω) such that:{

Tk(υn) ⇀ vk weakly in W
1,~p(.)
0 (Ω)

Tk(υn) −→ vk strongly in Lp(Ω) and a.e in Ω.
(4.14)

Moreover, using Poincaré’s inequality we have

kp0meas{|υn| > k} =

∫
{|υn|>k}

|Tk(υn)|p0dx

≤ Cp0
p0

∫
Ω

|Di0Tk(υn)|p0dx

≤ Cp0
p0
C13(k

γ+ λ
p−1 + kp0−λ + k).

(4.15)

then

meas{|υn| > k} ≤
Cp0
p0
C13(k

γ+ λ
p−1 + kp0−λ + k)

kp0
−→ 0

as k −→∞
(4.16)

Therefore, similarly as in [1], we show that (υn)n is a Cauchy in measure. There-
fore, there exists a subsequence that convergence almost everywhere to some
measurable function u. Using (4.14), we conclude that:{

Tk(υn) ⇀ Tk(υ) weakly in W
1,~p(.)
0 (Ω)

Tk(υn) −→ Tk(υ) strongly in Lp0(·)(Ω) and a.e in Ω.
(4.17)

Step 3: The equi-integrability of the sequences (|υn|rh(|υn|))n.
Let δ > 0, r > 0 such that r < r + δ < p0 thanks to (4.7) and (4.11) then∫

Ω

|υn|r+δh(|υn|)dx ≤ C (4.18)
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In view of (4.18), for every measurable subset E ⊂ Ω and for all h > 0, we get:∫
E

|υn|rh(|υn|)dx ≤
∫
E∩{|υn|≤h}

|υn|rh(|υn|)dx+

∫
E∩{|υn|>h}

|υn|rh(|υn|)dx

≤
∫
E

|Th(υn)|rh(|υn|)dx+
1

hδ

∫
E∩{|υn|>h}

|υn|r+δh(|υn|)dx

≤
∫
E

|Th(υn)|rh(|υn|)dx+
C

hδ

(4.19)

On the other hand there exists β(ε, h) > 0 such that: for all E ⊂ Ω with
meas(E) ≤ β(ε, h) we have∫

E

|Th(υn)|rh(|υn|)dx ≤
ε

2
(4.20)

Since

C

hδ
−→ 0 as h −→∞

This implies, for each ε > 0, there exists a constant β(ε) > 0 satisfying:∫
E

|υn|rh(|υn|)dx ≤ ε for any 0 < r < p0 (4.21)

Then

|υn|rh(|υn|) −→ |u|rh(|υ|) in L1(Ω) for any 0 < r < p0. (4.22)

Step 4: Some regularity results.
We define εi(n) for i = 1, 2, . . . some various real valued fonction verifying
lim
n→∞

εi(n) = 0. Similarly, we define εi(h) εi(n, h).

We will show that

lim
h→∞

lim sup
n→∞

1

h

d∑
i=1

∫
{|υn−ψ+|≤h}

ai(x, Tn(υn),∇υn) Diυn dx = 0. (4.23)

Indeed, let h ≥ max(‖ψ+‖∞, 1) we set

ϕ = υn − η
Th(υn − ψ+)

h
eB(|υn|) ∈ Kψ
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We can use ϕ as a test function in (4.1) and we obtain

1

h

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) DiTh(υn − ψ+)eB(|υn|) dx

+
d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣∣∣Th(υn − ψ+)

h

∣∣∣∣ eB(|υn|)dx

+

∫
Ω

Hn(x, (x, υn,∇υn)

(
Th(υn − ψ+)

h
eB(|υn|)

)
dx

≤
∫

Ω

fn
Th(υn − ψ+)

h
eB(|υn|)dx

+
d∑
i=1

∫
Ω

φi(x, υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣∣∣Th(υn − ψ+)

h

∣∣∣∣ eB(|υn|)dx

+
1

h

d∑
i=1

∫
Ω

φi(x, υn) DiTh(υn − ψ+)eB(|υn|)dx

(4.24)
By (3.4) we have

1

h

d∑
i=1

∫
{|υn−ψ+|≤h}

ai(x, Tn(υn),∇υn) DiTh(υn − ψ+)eB(|υn|)dx

+
1

h

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Th(υn − ψ+)
∣∣ eB(|υn|)dx

≤ 1

h

∫
Ω

(|f(x)|+ |g0(x)|) |Th(υn − ψ+)|eB(|υn|)dx

+
1

h

d∑
i=1

∫
{|υn−ψ+|≤h}

φi(x, υn) DiTh(υn − ψ+)eB(|υn|)dx

+
1

h

d∑
i=1

∫
Ω

φi(x, υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Th(υn − ψ+)
∣∣ eB(|υn|)dx

(4.25)
We know that lim

h→∞

∣∣{|υn| > h}
∣∣ = 0 and that ψ+ ∈ L∞(Ω). Consequently,

|Th(υn − ψ+)|
h

∗
⇀ 0 weak in L∞(Ω) as h→∞.

Hence,

1

h

∫
Ω

(|f |+ |g0(x)|) |Th(υn − ψ+)|eB(|υn|)dx

≤ eB(∞)

h

∫
Ω

(|g0(x)|+ |f |) |Th(υn − ψ+)|dx −→ 0 as h→∞.
(4.26)
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Similarly to (4.5) we obtain

∣∣∣∣1h
∫
{|υn−ψ+|≤h}

φi(x, υn) DiTh(υn − ψ+)eB(|υn|)dx

∣∣∣∣
≤ 1

h

d∑
i=1

∫
{|υn−ψ+|≤h}

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x) DiTh(υn − ψ+)eB(|υn|)dx

≤ C1

h

∫
{|υn−ψ+|≤h}

|ci(x)|p′i(x)(1 + |υn|)γ+ λ
pi(x)−1 dx

+
b0

4h

∫
{|υn−ψ+|≤h}

|DiTh(υn − ψ+)|pi(x)

(1 + |υn|)λ
dx

≤ Ch
λ
q−1

h

∫
{|υn−ψ+|≤h}

|ci(x)|
p′i(x)p0

p0−γ−λp′i(x) dx+
ε

h(1 + h)λ

∫
{|υn−ψ+|≤h}

|υn|p0dx

+
b0

4h

∫
{|υn−ψ+|≤h}

|Diυn|pi(x)

(1 + |υn|)λ
∣∣Th(υn − ψ+)

∣∣ dx
(4.27)

Since |ci(x)|
p′i(x)p0

p0−γ−λp′i(x) belongs to L1(Ω), we obtain

ε(h) =
Ch

λ
q−1

h

∫
{|υn−ψ+|≤h}

|ci(x)|p′i(x)q′ dx −→ 0 as h→∞. (4.28)

One other hand, thanks to Poincaré’s inequality, and since p0 = max{p−1 , · · · , p−N},
then there exists some i0 = {1, 2, · · · , N} such that p0 = p−i0 and thanks to
Poincaré’s inequality, it’s clear that we get

ε

h(1 + h)λ

∫
{|υn−ψ+|≤h}

|υn|p0dx

≤ ε

h(1 + h)λ

∫
{|υn−ψ+|≤h}

|Th(υn − ψ+)|p0dx+ ε2(h)

≤
εCp0

p0

h(1 + h)λ

∫
Ω

|Di0Th(υn − ψ+)|p
−
i0dx+ ε2(h)

≤ b0

4h(1 + h)λ

∫
Ω

∣∣Di0Th(υn − ψ+)
∣∣pi0 (x)

dx+ ε3(h)

(4.29)

Combining (4.27)− (4.29), we deduce that

∣∣∣∣1h
∫
{|υn−ψ+|≤h}

φi(x, υn) DiTh(υn − ψ+)eB(|υn|)dx

∣∣∣∣
≤ b0

4h(1 + h)λ

∫
Ω

∣∣DiTh(υn − ψ+)
∣∣pi(x)

dx+ ε4(n, h).
(4.30)
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By assumption (3.6) and Young’s inequality, it follows that

∣∣1
h

d∑
i=1

∫
Ω

φi(x, υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Th(υn − ψ+)
∣∣ eB(|υn|) dx

∣∣
≤ 1

b0h

∫
Ω

ci(x)(1 + |υn|)
γ(pi(x)−1)

pi(x)
+λ
h(|υn|)|Diυn|

∣∣Th(υn − ψ+)
∣∣eB(|υn|) dx

≤ C

h

∫
Ω

|ci(x)|p′i(x)(1 + |υn|)γ+λp′i(x)h(|υn|)
∣∣Th(υn − ψ+)

∣∣eB(|υn|) dx

+
1

2h

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Th(υn − ψ+)

∣∣eB(|υn|) dx

≤ C

h

∫
Ω

|ci(x)|p′i(x)q′ε
∣∣Th(υn − ψ+)

∣∣ dx+
1

h

∫
Ω

|υn|p0−εh(|υn|)
∣∣Th(υn − ψ+)

∣∣ dx
+

1

2h

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Th(υn − ψ+)

∣∣ dx
(4.31)

where qε = p0−ε
γ+ λ

p−1

such that ε small enough. In view of (4.22) and since |ci(x)|p′i(x)q′ε

belong to L1(Ω) we deduce that

C

h

∫
Ω

|ci(x)|p′i(x)q′ε
∣∣Th(υn − ψ+)

∣∣ dx+
1

h

∫
Ω

|υn|p0−εh(|υn|)
∣∣Th(υn − ψ+)

∣∣ dx
−→ 0 as n, h −→∞.

(4.32)
Hence ∣∣1

h

d∑
i=1

∫
Ω

φi(x, υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Th(υn − ψ+)
∣∣ eB(|υn|) dx

∣∣
≤ ε5(n, h) +

b0

2h

∫
Ω

h(|υn|)|Diυn|pi(x)
∣∣Th(υn − ψ+)

∣∣ dx
(4.33)

By combinig (4.25), (4.26), (4.30) and (4.33), we deduce that

1

h

d∑
i=1

∫
{|υn−ψ+|≤h}

ai(x, Tn(υn),∇υn) DiTh(υn − ψ+)eB(|υn|)dx

+
1

h

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) Diυn
(1 + |υn|)λh(|υn|)

b0

∣∣Th(υn − ψ+)
∣∣ eB(|υn|)dx

≤ ε6(n, h)
(4.34)

Now, by letting h go to infinity in (4.34), we obtain

lim
h→∞

lim sup
n→∞

1

h

d∑
i=1

∫
{|υn|≤h}

ai(x, Tn(υn),∇υn) Diυn dx = 0. (4.35)

Furthermore, we have:

lim
h→∞

lim sup
n→∞

∫
{|υn|>h}

h(|υn|)|DiThυn|pi(x)dx = 0, (4.36)
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and in view of (4.30) and (4.35) we obtain

lim
h→∞

lim sup
n→∞

1

h

∫
{|υn−ψ+|≤h}

|φi(x, υn)||Diυn|dx = 0. (4.37)

Step 5: Almost everywhere convergence of the gradients.
We set

Sh(s) = 1− |T2h(s)− Th(s)|
h

and ϕ(s) = s. exp(
ρ2s2

2
) for any s ∈ R,

where h > k ≥ max {1, ‖ψ+‖∞} and ρ = 2
∥∥∥(1 + |s|)λh(|s|)

∥∥∥
L∞(R)

. Evidently,

ϕ′(s)− ρ|ϕ(s)| ≥ 1

2
for any s ∈ R.

Let η small enough such that ϕ = υn − ηϕ(Tk(υn)− Tk(υ))Sh(υn)eB(|υn|) belongs
to Kψ, by taking v as a test function in the pproximate problem (4.2), we obtain

Kn,k1 +Kn,k2 +Kn,k3 +Kn,k4 = Kn,k5 +Kn,k6 +Kn,k7 +Kn,k8 , (4.38)

where

Kn,k1 =
d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn)(DiTk(υn)−DiTk(υ))ϕ′(ωn)Sh(υn)eB(|υn|) dx.

Kn,k2 = −1

h

d∑
i=1

∫
{h<|υn|≤2h}

ai(x, Tn(υn),∇υn) Diυnsign(υn)ϕ(ωn)eB(|υn|) dx.

Kn,k3 =
d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn)Diυn
(1 + |υn|)λh(|υn|)

b0

sign(υn)ϕ(ωn)Sh(υn)eB(|υn|) dx.

Kn,k4 =

∫
Ω

Hn(x, (x, υn,∇υn)ϕ(ωn)Sh(υn)eB(|υn|) dx.

Kn,k5 =
d∑
i=1

∫
Ω

φn,i(x, υn)(DiTk(υn)−DiTk(υ))ϕ′(ωn)Sh(υn)eB(|υn|) dx.

Kn,k6 = −1

h

d∑
i=1

∫
{h<|υn|≤2h}

φn,i(x, υn) Diυnsign(υn)ϕ(ωn)eB(|υn|) dx.

Kn,k7 =
d∑
i=1

∫
Ω

φn,i(x, υn) Diυn
(1 + |υn|)λh(|υn|)

b0

sign(υn)ϕ(ωn)Sh(υn)eB(|υn|) dx.

Kn,k8 =

∫
Ω

fn(x)ϕ(ωn)Sh(υn)eB(|υn|) dx.
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For the first behavior Kn,k1 :
We have Sh(υn) = 1 on the set {|υn| ≤ h}, and since ai(x, s, 0) = 0, we obtain

Kn,k1 =
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn)) · (DiTk(υn)−DiTk(υ))ϕ′(ωn)eB(|υn|) dx

−
d∑
i=1

∫
{|υn|>k}

ai(x, Tn(υn),∇υn) DiTk(υ))ϕ′(ωn)Sh(υn)eB(|υn|) dx

≥
d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ))ϕ′(ωn)eB(|υn|) dx

−
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υ))(DiTk(υn)−DiTk(υ))ϕ′(ωn)eB(|υn|) dx

−
d∑
i=1

∫
{|υn|>k}

ai(x, T2h(υn),∇T2h(υn))DiTk(υ))ϕ′(ωn)eB(|υn|) dx.

(4.39)
It manifest to see from Tk(υn) → Tk(υ) in Lpi(·)(Ω) and dominated convergence
theorem That

|ai(x, Tk(υn),∇Tk(υ))| −→ ai(x, Tk(υ),∇Tk(υ)) strongly in Lp
′
i(Ω),

and since DiTk(υn) converges to DiTk(υ) weakly in Lpi(·)(Ω), we obtain

ε8(n) =
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υ))(DiTk(υn)−DiTk(υ))ϕ′(ωn)eB(|υn|) dx

−→ 0 as n→∞.
(4.40)

Look at the last term on the right-hand side of (4.39), thanks to (3.1), we have
(ai(x, T2h(υn),∇T2h(υn)))n is bounded in Lp

′
i(Ω), it follows that: there exists a

measurable function ϑi,h ∈ Lp
′
i(·)(Ω) such that ai(x, T2h(υn),∇T2h(υn)) ⇀ ϑi,h

weakly in Lp
′
i(·)(Ω). Hence

ε9(n) =
d∑
i=1

∫
{|υn|>k}

ai(x, T2h(υn),∇T2h(υn))DiTk(υ))ϕ′(ωn)eB(|υn|) dx

−→ ϕ′(2k)eB(∞)

d∑
i=1

∫
{|υ|>k}

ϑi,hD
iTk(υ)ϕ′(0)eB(|υ|) dx = 0 as n→∞.

(4.41)
By combining (4.39)− (4.41), we get

Kn,k1 ≥
d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ))ϕ′(ωn)eB(|υn|) dx+ ε10(n).

(4.42)
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For the second behavior Kn,k2 :
By using (4.35), we get

|Kn,k2 | ≤
|ϕ(2k)|eB(∞)

h

d∑
i=1

∫
{h<|υn|≤2h}

ai(x, υn,∇υn) Diυn dx→ 0 as n, h→∞.

(4.43)

For the third behavior Kn,k3 :
We have ϕ(ωn)sign(υn) = |ϕ(ωn)| on the set {|υn| > k}, then

Kn,k3 =
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn))DiTk(υn)
(1 + |υn|)λh(|υn|)

b0

sign(υn)ϕ(ωn)eB(|υn|) dx

+
d∑
i=1

∫
{|υn|>k}

ai(x, Tk(υn),∇Tn(υn))Diυn
(1 + |υn|)λh(|υn|)

b0

|ϕ(ωn)|Sh(υn)eB(|υn|) dx

≥ −
∥∥∥(1 + |s|)λh(|s|)

∥∥∥
L∞(R)

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ))|ϕ(ωn)|eB(|υn|) dx

−
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn))DiTk(υ)|ϕ(ωn)|(1 + |υn|)λh(|υn|)
b0

eB(|υn|) dx

−
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υ)))(DiTk(υn)−DiTk(υ)))
(1 + |υn|)λh(|υn|)

b0

|ϕ(ωn)eB(|υn|) dx

+
d∑
i=1

∫
{|υn|>k}

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx.

(4.44)
Concerning the second term on the right-hand side of (4.44), it manifests to

see ai(x, Tk(υn),∇Tk(υn)) ⇀ ϑk,i weakly in Lp
′
i(·)(Ω), with ϑk,i is a function in

Lp
′
i(·)(Ω). And thanks to the Lebesgue dominated convergence theorem, we get

DiTk(υ)ϕ(ωn)→ 0 strongly in Lpi(·)(Ω). Therefore

ε11(n) = −
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn))DiTk(υ)|ϕ(ωn)|

(1 + |υn|)λh(|υn|)
b0

eB(|υn|) dx→ 0 as n→∞.
(4.45)

Similary to (4.40), we obtain

ε12(n) = −
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υ)))(DiTk(υn)−DiTk(υ)))

(1 + |υn|)λh(|υn|)
b0

|ϕ(ωn)eB(|υn|) dx −→ 0 as n→∞.
(4.46)
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By combining (4.44) and (4.45)− (4.46) that

Kn,k3 ≥ −
∥∥∥(1 + |s|)λh(|s|)

∥∥∥
L∞(R)

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×|DiTk(υn)−DiTk(υ)|ϕ(ωn)|eB(|υn|) dx

+
d∑
i=1

∫
{|υn|>k}

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx+ ε13(n).

(4.47)

For the fourth behavior Kn,k4 :
In view of (3.3) and (3.4) we get

|Kn,k4 | ≤
∣∣∣ ∫

Ω

Hn(x, (x, υn,∇υn)ϕ(ωn)Sh(υn)eB(|υn|) dx
∣∣∣

≤ eB(∞)

∫
Ω

|g0||ϕ(ωn)| dx+
d∑
i=1

∫
Ω

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx

≤ eB(∞)

∫
Ω

|g0||ϕ(ωn)| dx+
d∑
i=1

∫
{|υn|>k}

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx

+
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn))DiTk(υn)
(1 + |υn|)λh(|υn|)

b0

|ϕ(ωn)|eB(|υn|) dx,

(4.48)

Furtheremore, we have |ϕ(ωn)| ∗⇀ 0 weak in L∞(Ω), then

ε14(n) = eB(∞)

∫
Ω

|g0||ϕ(ωn)| dx→ 0 as n→∞. (4.49)

According to (4.47), which implies that

Kn,k4 ≥ −
∥∥∥(1 + |s|)λh(|s|)

∥∥∥
L∞(R)

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ))|ϕ(ωn)|eB(|υn|) dx

−
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υn))(DiTk(υ))
(1 + |υn|)λh(|υn|)

b0

|ϕ(ωn)|eB(|υn|) dx

−
d∑
i=1

∫
Ω

ai(x, Tk(υn),∇Tk(υ)))(DiTk(υn)−DiTk(υ)))
(1 + |υn|)λh(|υn|)

b0

|ϕ(ωn)|eB(|υn|) dx

−
d∑
i=1

∫
{|υn|>k}

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx

≥ −
∥∥∥(1 + |s|)λh(|s|)

∥∥∥
L∞(R)

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ))|ϕ(ωn)|eB(|υn|) dx

−
d∑
i=1

∫
{|υn|>k}

h(|υn|)|Diυn|pi(x)|ϕ(ωn)|Sh(υn)eB(|υn|) dx+ ε15(n)

(4.50)
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For the fifth behavior Kn,k5 :
We have

Kn,k5 =

∫
Ω

φn,i(x, T2h(υn)) · (DiTk(υn)−DiTk(υ))ϕ′(ωn)Sh(υn)eB(|υn|) dx

(4.51)
Firstly, in view of Lebesgue dominated convergence theorem, we have

φi(x, T2h(υn))ϕ′(ωn)Sh(υn)eB(|υn|) → φi(x, T2h(υ))ϕ′(0)Sh(υ)eB(|υ|) strongly in Lp
′
i(·)(Ω),

and since DiTk(υn) converges to DiTk(υ) weakly in Lpi(·)(Ω), we obtain

ε17(n) =
d∑
i=1

∫
Ω

|φn,i(x, T2h(υn))(DiTk(υn)−DiTk(υ))ϕ′(ωn)Sh(υn)eB(|υn|) dx −→ 0 as n→∞.

(4.52)

For the sixth behavior Kn,k6 :
Thanks to (4.37), we get

ε18(n, h) = |Kn,k6 |

≤ |ϕ(2k)|eB(∞)

h

d∑
i=1

∫
{h<|υn|≤2h}

|φn,i(x, υn)||Diυn| dx→ 0 as n, h→∞.

(4.53)

For the seventh behavior Kn,k7 :
We have

Kn,k7 =
d∑
i=1

∫
Ω

φn,i(x, T2h(υn)) DiT2h(υn)
(1 + |υn|)λh(|υn|)

b0

sign(υn)ϕ(ωn)Sh(υn)eB(|υn|) dx,

(4.54)
Applying the dominated convergence theorem, it follows that:

φi(x, T2h(υn))
(1 + |υn|)λh(|υn|)

b0

sign(υn)ϕ(ωn)Sh(υn)eB(|υn|) → 0 strongly in Lp
′
i(·)(Ω),

and since DiT2h(υn) converges to DiT2h(υ) weakly in Lpi(·)(Ω). Hence

ε19(n, h) = Kn,k7 =
d∑
i=1

∫
Ω

φn,i(x, T2h(υn)) DiT2h(υn)
(1 + |υn|)λh(|υn|)

b0

·sign(υn)ϕ(ωn)Sh(υn)eB(|υn|) dx→ 0 as n, h→∞.
(4.55)

For the eighth behavior Kn,k8 :

In view of definition of fn, and since |ϕ(ωn)| ∗⇀ 0 weak in L∞(Ω) as n→∞, then

ε21(n) = |Kn,k8 |

≤ eB(∞)

∫
Ω

|fn(x)||ϕ(ωn)| dx→ 0 as n→∞. (4.56)

Finally, since
(
ϕ′(ωn)−2

∥∥∥(1+|s|)λh(|s|)
∥∥∥
L∞(R)

|ϕ(ωn)|
)
eB(|υn|) ≥ 1

2
, by combining

(4.38)− (4.43),(4.47),(4.47),(4.50),(4.52)− (4.53) and (4.55)− (4.56) we conclude
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that

1

2

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))

×(DiTk(υn)−DiTk(υ)) dx+ ε22(n, h)

≤
d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ)))(DiTk(υn)−DiTk(υ))

×
(
ϕ′(ωn)− 2

∥∥∥(1 + |s|)λh(|s|)
∥∥∥
L∞(R)

|ϕ(ωn)|
)
eB(|υn|) dx+ ε23(n, h)

≤ Kn,k1 +Kn,k2 +Kn,k3 +Kn,k4 − |K
n,k
7 |

≤ |Kn,k5 |+ |K
n,k
6 |+ |K

n,k
8 |

≤ ε24(n, h).
(4.57)

Thus, letting n and h tend to infinity in the preceding inequality, and since
Tk(υn)→ Tk(υ) holds in Lp(Ω) we deduce that:

d∑
i=1

∫
Ω

(ai(x, Tk(υn),∇Tk(υn))− ai(x, Tk(υn),∇Tk(υ))) · (DiTk(υn)−DiTk(υ)) dx

+

∫
Ω

(
|Tk(υn)|p−2Tk(υn)− |Tk(υ)|p−2Tk(υn)

)
(Tk(υn)− Tk(υ)) dx→ 0 as n→∞.

(4.58)
By using Lemma 3.3 in [12], we deduce that:

Tk(υn) −→ Tk(υ) strongly in W 1,~p
0 (Ω) and ∇υn −→ ∇υ a.e. in Ω.

(4.59)
Therefore, for each i = 1, · · · , d, ai(x, Tn(υn),∇υn) Diυn converges almost every-
where to ai(x, υ,∇υ) Diυ in Ω, By applying Fatou’s lemma together with (4.35),
it follows that:

lim
h→∞

1

h

∫
{|υ|≤h}

ai(x, υ,∇υ) Diυ dx

≤ lim
h→∞

lim inf
n→∞

1

h

∫
{|υn|≤h}

ai(x, Tn(υn),∇υn) Diυn dx

≤ lim
h→∞

lim sup
n→∞

1

h

∫
{|υn|≤h}

ai(x, Tn(υn),∇υn) Diυn dx = 0.

(4.60)

Step 6: Equi-integrability of the sequence Hn(x, υn,∇υn).
In this section, we will establish that:

Hn(x, υn,∇υn) −→ H(x, υ,∇υ) strongly in L1(Ω). (4.61)

In view of (4.59) we have

Hn(x, υn,∇υn) −→ H(x, υ,∇υ) a.e. in Ω. (4.62)

By applying Vitali’s theorem, in order to prove (4.61) it’s suffisant to show that
the sequence Hn(x, υn,∇υn) is uniformly equi-integrable. More precisely, for all
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measurable subset E ⊂ Ω and for any h > 0, we can write:

∫
E

|Hn(x, υn,∇υn)| dx ≤
∫
E

|g0| dx+
d∑
i=1

∫
E

h(|υn|)|Diυn|pi(x) dx

≤
∫
E

|g0| dx+
d∑
i=1

∫
E

h(|υn|)|DiThυn|pi(x) dx+
d∑
i=1

∫
{|υn|>h}

h(|υn|)|DiThυn|pi(x)dx.

(4.63)
On the one hand, in view of (4.36), we have:for every ε > 0 there exists h0 > 0
such that

d∑
i=1

∫
{|υn|>h}

h(|υn|)|DiThυn|pi(x)dx ≤ ε

2
for all h ≤ h0 (4.64)

On the other hand, in view of (4.59) there exists a positive constant β(ε) > 0
such that: for every measurable set E ⊂ Ω satisfying meas(E) ≤ β(ε):

d∑
i=1

∫
E

h(|υn|)|DiThυn|pi(x)dx+

∫
E

|g0|dx ≤
ε

2
(4.65)

By combining (4.63), (4.64) and (4.65) we obtain∫
Ω

|Hn(x, υn,∇υn)| dx ≤ ε (4.66)

For all measurable subset E ⊂ Ω with meas(E) ≤ β(ε). Thus, the sequence
(Hn(x, (x, υn,∇υn))n is uniformly equi-integrable. Consequently, the strng con-
vergence (4.61) is concluded.

Step 7: Passage to the limit.
Now, we will pass to the limit in the approximate problem (4.1).
Let ϕ ∈ Kψ∩L∞(Ω) and we set M = k+‖ϕ‖∞. By choosing v = υn−ηTk(υn−ϕ)
as a test function in the approximate problem (4.1) we have

d∑
i=1

∫
Ω

ai(x, Tn(υn),∇υn) DiTk(υn − ϕ) dx+

∫
Ω

Hn(x, υn,∇υn)Tk(υn − ϕ) dx

≤
∫

Ω

fnTk(υn − ϕ) dx+
d∑
i=1

∫
Ω

φi,n(x, Tn(υn)) DiTk(υn − ϕ) dx.

(4.67)
On the one hand, in the case of |υn| > M we have |υn − ϕ| ≥ |υn| − ‖ϕ‖∞ ≥ k
then {|υn − ϕ| ≤ k} ⊆ {|υn| ≤ M}. By applying Fatou’s lemma, the first term
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of the left-hand side of (4.67) can be written as:

lim inf
n→∞

∫
Ω

ai(x, Tn(υn),∇υn) DiTk(υn − ϕ) dx

= lim inf
n→∞

∫
Ω

ai(x, TM(υn),∇TM(υn)) · (DiTM(υn)−Diϕ)χ{|υn−ϕ|≤k} dx

≥
∫

Ω

(ai(x, TM(υ),∇TM(υ))− ai(x, TM(υ),∇ϕ))

×(DiTM(υ)−Diϕ)χ{|υ−ϕ|≤k} dx

+ lim
n→∞

∫
Ω

ai(x, TM(υn),∇ϕ) · (DiTM(υn)−Diϕ)χ{|υn−ϕ|≤k} dx

≥
∫

Ω

ai(x, TM(υ),∇TM(υ)) · (DiTM(υ)−Diϕ)χ{|υ−ϕ|≤k} dx

=

∫
Ω

ai(x, υ,∇u) DiTk(υ − ϕ) dx.

(4.68)

On the other hand, we have Tk(υn − ϕ)
∗
⇀ Tk(υ − ϕ) weak in L∞(Ω). thanks to

(4.62) we have Hn(x, υn,∇υn) −→ H(x, υ,∇υ) strongly in L1(Ω), and having
in mind that fn −→ f strongly in L1(Ω), it follows that

lim
n→∞

∫
Ω

Hn(x, υn,∇υn)Tk(υn − ϕ) dx =

∫
Ω

H(x, υ,∇υ)Tk(υ − ϕ) dx. (4.69)

and

lim
n→∞

∫
Ω

fn(x)Tk(υn − ϕ) dx =

∫
Ω

f(x)Tk(υ − ϕ) dx. (4.70)

Finally, for the last term on the right-hand side of (4.67) we obtain φi(x, TM(υn)) −→
φi(x, TM(υ)) strongly in Lp

′
i(.)(Ω), we conclude that

lim
n→∞

∫
Ω

φn,i(x, Tn(υn)) DiTk(υn − ϕ) dx

= lim
n→∞

∫
Ω

φn,i(x, TM(υn))(DiTM(υn)−Diϕ)χ{|υn−ϕ|≤k} dx

=

∫
Ω

φi(x, TM(υ))(DiTM(υ)−Diϕ)χ{|υ−ϕ|≤k} dx

=

∫
Ω

φi(x, υ) DiTk(υ − ϕ) dx.

(4.71)

By combining (4.67) and (4.69)− (4.71) we deduce that

d∑
i=1

∫
Ω

ai(x, υ,∇υ) DiTk(υ − ϕ) dx+

∫
Ω

H(x, υ,∇υ)Tk(υ − ϕ) dx

≤
∫

Ω

fTk(υ − ϕ) dx+
d∑
i=1

∫
Ω

φi(x, υ) DiTk(υ − ϕ) dx,

(4.72)

for all ϕ ∈ Kψ ∩ L∞(Ω), which complete the proof of Theorem 3.2.
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715-734. https://doi.org/10.1016/j.anihpc.2003.12.001
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