Gulf Journal of Mathematics ISSN: 2309-4966
Vol 22, Tssue 2 (2026) 1-25 https://doi.org/10.56947 /gjom.v22i2.4111
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ABSTRACT. In this work, we study a class of elliptic unilateral problems as-
sociated with some strongly nonlinear degenerate elliptic equation, where the
lower order terms satisfy general growth conditions, together with integrable
right-hand side data. We adopt a variational formulation combined with trun-
cation methods to establish the existence of entropy solutions.

Keywords. Degenerated coercivity, entropy solutions, strongly nonlinear el-
liptic equation, obstacle problems.

2020 Mathematics Subject Classification. Primary 35J60; 46E30; Secondary
46E35

1. INTRODUCTION

The study of anisotropic elliptic equations with lower order terms has received
growing attention due to their relevance in the mathematical modeling of physical
and mechanical processes arising in anisotropic media. It is well known that
lower order terms may significantly affect qualitative properties of solutions, such
as existence, uniqueness, regularity and asymptotic behavior; see for instance,
[12, 11] and the references therein.

Let Q be a bounded open subset of R? (d > 2) with Lipschitz boundary 92.
The aim of this paper is to establish the existence of entropy solutions for a class
of nonlinear elliptic equations with degenerate coercivity, which can be written
in the form:

d
A(v) +H(z,0, Vo) = f = > D'gy(w,v) inQ (1.1)

v=>0 on 0f),
d
where A(v) = —ZDiai(w,v,Vv) is a Leray-Lions operator A, acting from
1
Wa () into its dual W=27)(Q). In the particular case of ¢; = 0, Porretta
et al. have proved in [33] the existence of solutions to problem (1.1) by means
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of rearrangement techniques. Later, Agnese Di Castro has established in [27]
the existence and regularity of solution for the problem (1.1) when the datum f
belongs to W~ (Q) or to L¥)'(Q). For the case f € L'(Q) and H(z,v, Vv) =
lv|*~tv, we refer the reader to [1, 14, 21, 23, 29]. Within the framework of
anisotropic Sobolev spaces. Benboubker et al. have investigated in [13] the
existence and regularity results for the problem (1.1) with f € L'(Q), under
some additional assumptions on the Carathéodory function H(z, v, Vv).

Boccardo et al. have studied in [14] the the anisotropic elliptic Dirichlet problem
_i 8(’81}1%—281))_ O
v=0 on 0,

with p is a measure data. The authors have proved the existence of solutions.
In particular, when pu = f(x) is a measurable such that |f|log(1 + |f|) € LY(Q),
the existence of a solution in suitable anisotropic Sobolev space was obtained.
For existence and regularity for data in L™(2) then in the Marcinkiewicz space
M™(Q), we refer the reader to paper of Di castro in [23].

Elliptic and parabolic equations involving Leray-Lions type operators with degen-
erate coercivity have been widely investigated in the literature, mainly focusing
on the existence, uniqueness, and regularity of their solutions; see for example,
[ » ) ) ) ) ) ]

The present paper contributes to this line of research by proving the existence
of entropy solutions for a class of unilateral problem associated to the degener-
ate elliptic equation (1.1) in anisotropic Sobolev spaces. The proof relies on an
approximation schema combined with suitable a priori estimates adapted to the
entropy framework.

The paper is organized as follows: In section 2, we state the assumptions on
the Carathéodory functions a;(z,s,§), H(z,s, &) and ¢;(x,s) under which our
elliptic equation (1.1) has at least one entropy solution. Section 3, is devoted to
the definition of entropy solutions and the statement of the main result. Finally,
section 4 contains the proof of the existence result, together with some additional
regularity properties of the solutions.

2. PRELIMINARIES AND ESSENTIAL ASSUMPTIONS

Let © be a bounded domain in R? (d > 2) with Lipschitz boundary 052, and
let M(€2) the space of all mesurable function s(-) : Q2 — R, we intruduce

Ci()={seM) 1<s <s"<ool,
where
s =essinf{s(x) / z € Q} and st =esssup{s(z) / v € Q}.

For each s € C,(Q) the variable exponent Lebesgue space L*")(Q) is defined as

L) = {u € M) : puyfa) = [ Jul* Vo)
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The Luxemburg norm on L*")(Q) is given by

| Ju] <@
= : — < 1t.
ully = inf{A > 0 /Q(A) dr < 1}

Let s’ € C+(Q2) be the conjugate variable exponent to s that is
1 N 1
s(x) = §(x)
we know that (L*0)(Q))* = L*O(Q) and the space (L*(Q), || - [|s(,) is a reflexive
and separable Banach space

=1 ae z€Q,

Proposition 2.1. (see [37]) Let u,,u € LPY)(Q), then the following properties
hold true:

(i):  lullsy <1 (resp,=1,>1) <= pyy(u) <1 (resp, =1,> 1),
@) ully >1 = Julliy) < o) < Jullzly  and  Jully <
U=l < pofw) < Jully.
(iii): [Junlls(cy = 0 <= ps)(un) = 0, and |uyllsy = 00 =
Ps() (Un) — 00,
For more details on variable exponent Lebesgue spaces we refer the reader to [22].

Now, we introduce the anisotropic Sobolev space with variable exponents:
Let ¥ = (1,p1(+), -+ ,pa(:)) be N variable exponents where p;(-) € C,(Q) for
1=1,---,d. We denote
ou
8567;

D% =u and D'u= for i=1,...,d,

Let
p=min{p,...,p;} and po = max{py,...,p, }- (2.1)
The anisotropic Sobolev space with variable exponents is defined by
WOQ) = {u e WH(Q) and Diue LPO(Q) for i=1,2,...,d},
The space W) (Q) is equipped with the norm

d
lull gy = lella + D 1D ullpcy. (2.2)
i=1

The space (W'P0(Q), |lull1 7)) is a reflexive Banach space (see [32]).

We denote by Wy (Q) the closure of C3°(Q) in W0(Q), and by W17 0)((Q)
its dual space, where p/(-) = (p)(-), 2, (-), ..., p,(-)) and p/%(_) + pL() =1fori=
0,1,...,d. Z

d
Remark 2.2. The two norms |ul; z.) = Z | D*ullp, () and |Jul|yz.) are equivalent
i=1

on the Sobolev space Wy (Q).

Lemma 2.3. We have the following continuous and compact embedding:
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e if p < d then W'"PO(Q) —— LI(Q)  for q € [p,p*[, where p* =
dp
d—p’
e if p=d then W70 (Q) —— L(Q) Vq € [p, +oo],

o ifp > d then W'PO(Q) s [2(02) N CY(Q).
Definition 2.4. Let k£ > 0 and s € R, the truncation function 7;(-) : R — R is
defined by

s i sl =k,
Ty(s) = kﬁ it |s| >k,
s

Let ¢ : © — R be a measurable function such that

Pt e WP (Q) N L2(Q), (2.3)
We consider the closed convex subset defined by:
Ky={ue Wol’ﬁ(')(Q) such that v >4 a.e. in Q}. (2.4)

3. MAIN RESULTS:

This section is devoted to proof the existence of entropy solution for the uni-
lateral problem associated to the elliptic equation (1.1) under general structural
conditions.

Let p;i(-) € M(Q) for i = 1,...,d. We consider the following assumptions.

(H1) Fori =1,...,d, the functions a;(z, s, &) : QxRxR? — R are Carathéodory

functions and satisfy:
(i) For any &,¢ € RY with & # & for each i = 1,...,d, and for every
s eR,

(ai(a:, $,&) — a;(x, s,fl))(fi —&)>0. (3.1)
(ii) For each i = 1,...,d, there exists a function K;(-) € LPi)(Q), and
constants >0 and 0 <o < p— 1 such that
TPL_U ) 1
jai(z, 5,6)] < B(Ki(x) + |s|7 7 + &) (3.2)
for almost every z €  and all (s,£) € R x R
(iii) There exist some constants by > 0 and A > 0 such that for almost
every z €  and all (s,£) € R x RY,
bolé: pi(z)
(1 +[s)A

ai(x,s,8)& > fori=1,...,d. (3.3)

where

-1
0<A< min{;_o— 1,p0p/ }
(H2) Fori=1,...,d, the functions g : Q x Rx R — R and ¢ : Q@ x R — R4
are Carathéodory functions and satisfy:
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(i) There exists a positive function gy € L*(2) and a decreasing function
h:R" — R* such that

d

(1M (2, 5.6 < golx) +h(ls]) Y _ &

i=1

Y

pi(x) (3'4)

and
(1+|s])*n(|s]) € L=(R) N L' (R).
and exists a positive constant C' > 0 such that

C

(1 15D hsh) <

for any s € R. (3.5)

(ii) There exist some positive functions ¢; € L™i(2) such that

pi(z)—1
|6(, 8)| < ci()(1+[s])" P (3.6)
where
O<fy<min{p0—)\p'—1 Po —L}
- - A+l p—1
and
/
m;(z) > M a.e. in €.
Po— 77— Ap

Definition 3.1. A measurable function v is called an entropy solution for the
unilateral problem associated to the degenerated elliptic equation (1.1) if

Ti(v) € Ky forany k> |[|v" e, and H(z,v,Vv) € L'(Q),

such that u satisfies the following inequality

d
Z/ ai(z,v,Vv) - D'Ti,(v — ¢)dx + / H(z,v, VU)Ti(v — p)dx
i=1 79 L

d
< / fTp(v —@)dx + Z/ ¢i(x,v)D'Ti(v — p)dz  for any ¢ € K, N L>(Q).
(3.7)
The main result of this work is the following existence theorem.

Theorem 3.2. Let f € L'(Q). Assuming that the conditions (3.1) — (3.6) are
satisfied. Then, there exists at least one entropy solution uw to the unilateral
problem associated to the strongly nonlinear anisotropic elliptic equation (1.1).

4. PROOF OF THEOREM 3.2
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Step 1: Approximate problems.
Let n € N*, we consider the following sequence of the approximate problem:

d
= Diai(x, Tp(vn), Vug) + Ha(, 05, Vo) = ZDqum z,v,)  in Q,

=1

v, =0 on 0,

where H, (2, 5,§) = To(H(x, 5,8)), ¢ni(2,8) = di(2, Tu(s)) and fo(x) = To(f(2)).
Note that |fn( )] <n and fn( ) — f(z) strongly in L'(Q).

We consider the operator B, acted from W, ” 2 )(Q) into it dual W17 ) (€2) defined
by

(4.1)

—Z/gbn,i(as,u)Div dx,
i=1 7

for any u,v € Wol’ﬁ(')(Q).

Lemma 4.1. The operator B,, = A,+Gy, acting from Wol’ﬁ(')(Q) into W‘l”;'(')(Q),
is bounded and pseudomonotone. Furthermore B, satisfies the following coercivity

condition:
B _
M — 00 as  ||vll1g) =00 for wve Ky.
vll50)

where vy belongs to K, The proof of Lemma 4.1 follows by applying methods
analogous to those in [1]).
According to Lemma 4.1 (cf. [31], Theorem 8.2), there exists at least one weak so-
lution v,, € Ky for the unilateral problem associated to the approximate problem
(4.1), i.e

Z/ z, Th(vy), Vu,) D'(v dx+/7-l, Un), Vup) (v, — p)dx
< / fulvn — @) + Z / 612, Tu(0n)) Di(vn — @)de,

(4.2)
for any ¢ € Ky.
Step 2: Weak convergence of truncations.
*(1 Ah
We set B(s) = 2/ (1+ |T£) (|T|)d7'. Note that 0 < B([s|) < B(oo) < o0 is a
0 0
finite real number.
Let k& > max(1,||¢"||o) and M = k + || " ||, we have v = v, — nTk(v, —

YpH)eBlvnl € K, for n > 0 small enough. Thus v is an adm1851b1e test function
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for the approximate problem (4.1) and we obtain

d
Z/ ai<x7Tn(Un), V'Un) DlTk('Un _ w+>€B(U") dr
i=1 78

d
(LA o) (vn
+22/ai(x,Tn(vn),an) D’vn( o l|)) (o |)‘Tk<Un_1/1+)|€B(|U"DdZ'
; Q 0

+/ Hn(x, (l’7 Un, V’Un)Tk(Un _ ¢+) |7Jn| dl’
Q

d
< / fnTk(’Un — ¢+)€B(‘UTLI) de + Z/ ¢i(x,Tn(Un)) DiTk(Un _ ¢+)6B(|Un|) dx
@ =1

d
~ 1
+2Z ¢Z($’Tn(vn)) Dlvn< + |Un|) ’Un‘ |T ¢+)|€B(|UH‘)d1}.
i=1 7/ bo

(4.3)
By using (3.3), (3.4) and (3.6) we obtain

d

d
Z/ ai(xaTn(Un)7VUn)Divnd$+Z/ h(|Un|)|Di’Un|pi(x)|Tk(Un—¢+)|63(‘U7l‘)dx
i=1 Y {lvn—yT|<k}

y(pi(z)—

< ke /(lfn( )|+ lgo(z dw+Z/cz (1 + [va]) 5T | DT (v — 1) [P0 da

v(pi(x)—1) )\ . )
bOZ/ (1 + |vn|) Pz(m + h(|vn]) | D 0p || Ty (0 _¢+ {eB(‘ D) gy

+ Z/ a;(x, T, (vn), Vua) D'y da.
{lon—y+I<k}

=1

(4.4)
Applying Young’s inequality yields:
Y(pi (= z)—
Z/ 1+ |u,|) 7@ |D Ty (v — ) |eB(‘“”D dx
<0 (@) P (1 + [on]) T d
{Ivn Yt|<k}
b DT, Uy, — +)|pi(@)
S Ay
=7 Jlon—ytI<k} (1 + |vn])
(4.5)

d d
A , b )
< Clkj'y'*‘gfl Z/ |C,(I) pi(z) dx + 20 Z/ |Dz¢+|p1(ac) dx
i=1 79 2 = Ja
Up, pi(z)

bo / | D"
+ ——dx
2 z; {om—vti<ky (1 va])?
d .
2 b | Div, [Pi@)
< Ok T 4 / =l g
2 ; (Jon—v+i<k} (L +[va])?
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Similarly, using Young’s inequality and (3.5), we obtain

d
2 —_— .
b / 1 + |Un| p (m) +/\h(|Un|)|DZUn||Tk('Un _ ¢+>‘€B(|U"|) dr
0 e Q0
bo Z
h(va])|D"0p

—|—Cg/ |Cl
< —/ (|vn]) |Dzvn

+Cs5 |cz(x) i

{lunl<M}
+kCs lei(x)
) {lvn|>M}

x h(h}anivn

pz |Tk(Un _ w+)|6B(|U7LD dx

1+ oY HOn (0| T v, — )P0

pi(x |Tk( ¢+)|€B(Ivn\) dx

YL+ [0a]) PO o ) R([va) | Ti(vn — ¢F) ] da

PO (L A+ o )P h(|va ] da

< —

pi(x)’Tk(Un — ¢+)|€B(Ivn\) dr
A ,
+Cu ke /{ . |ei(2)|Pi @ da + kC’4/ lei(x)
un <

{|vn|>M}
< —/ (Joa])| Do

B
pi(x ’Tk( ¢+ |eB(|vn\) dr + C'5k;7+2—1
P (=)pg kb
kG [ (oS b+ S [ b,
{jun|>M} 4 Jonsmy
(4.6)

o [ (o, ) do

Finally, for the last term in (4.6), we use Poincaré’s inequality to obtain

5k/ (n [P h((0n )z
{lvn|>M}

<ck ([vn] = MY™h(|va]) dz + sk/ MPh(|v,]) da
{lvn|>M} {lvn|>M}
vn 1 Po )
/ h(s)wo ds‘ d + eCgk?®
|

< 5k/

Q Tt (vn)l |

< ekCEo / D’ / h(s)ods|” o+ =Cobm
Q |Tas (vn)|

< ckCP0 h(|vn|)| D'y |Po da 4 eCghPo™>
{lvn|>M}

<gcpoz/ (o) [ DivlP [Te(vn — )| di + eCeh?o™

d
S0 RICHERE

(4.7)

P\ Ty (v, — ) |da + eCekP™ 2.
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for ¢ > 0 small enough. Thus, we conclude that

(vl | Do | Th (v, — %) [eB00nD da

;2 [ ata

d
= %0 Z/ B([al) | Do PO T (v, — %) da 4+ Co (K7 5T 4+ k= 4 k).
i=1 v

(4.8)
Therefore, combining (4.4) — (4.5) and (4.8) we deduce that

CE

d
|DZ bo / .
E dx + — E h(|vn])| D
/Ivn ¢+|<k} 1+ |U D 2 — Ja

< Z/ {L’ Un,VUn)DWererC’ (k7+p T 4 fpo— )\—F/{)
{lvn— 7/1+|<k}

OnlP ) | T (v — ¥07)| da

(4.9)
By (3.1) and Young’s inequality, the first behavior on the right-hand side of (4.4)
is estimated as follows

GB(OO)/ |ai(x7Tn(Un)avvn)| |DZ¢+’ d.I
{|'Un ¢+|<k}

< 'l |CL ('Ta (U )7 1: ) d.’L’—i-Cg/ ’Dlw+
AB J{jvn—u+ 1<k} (1+ |vn]) {[on—1+|<k}

Pi@) (1 4 |u,]) T dx

PO/ (z)—opl(z
bo |ao|Pi(®) bo |Un,p;(z>pz( )=ori(@)
<2 S dr 4 = — dx
A Jgnmvrigiy (el 4 Jgonprizg (L foul)
7 pi(x
! |Dlon [ dr + Co(1 + k)P T / | Dyt |P@) dg
4 J{jon—v+i<y (L4 |va])? {vn—t+|<k}
bo | D, |Pi(®) VN -
< — —)\ dx + Cllkpo Po + Clgkg_l .
4 J{on—vti<ey (1+ |onl)
(4.10)

As a result by combining (4.9), and (4.10) we deduce that

Z/ ‘DZU |pl(z) dr + — Z/ (lvn]) ]Dlvn
|Un

pi(z Tk er) dx
wt<ky (14 |Un| ‘ }

< Co(KTET 4 k0 4 k).
(4.11)
Thanks to (4.11), there exists a constant Cjy not depending on k& and n, such
that

d

> D
i—1 Y {lon—yT|<k}

[P P dr < C’lg(kwﬁ + kP 4 k). (4.12)
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On the other hand, we can write: {z € Q,|v,| < k} C {x € Q,|v, — Y| <
k+]|Y"||e} and since ||¢1 ]| < k, as a result

d d

|D'Tyv, Pi@) gy = / | D",
d

<>/ D',
i=1

[vn—¢F[<k+(¢ [l }
A
< Ok 4 kN 4 k).

Pi(2) o

) g (4.13)

Hence
1T (V) ll1,50) < Cra(k),

Where C13(\, k) denotes a positive constant independent of n. Therefore, the

sequence (Ty(vn))nenv+ is uniformly bounded in Wy (')(Q), and there exists a
subsequence, again denoted by (Tj(v,))nenv and a measurable function vy €

Wol’ﬁ(')(Q) such that:

Ti(vy) = v weakly in Wol’ﬁ(')(Q) (4.14)
Ti(vn) — v strongly in  LP(Q) and a.e in S '
Moreover, using Poincaré’s inequality we have
kEPmeas{|v,| > k} :/ | Ty (v,)|PPdx
{lon|>k}
<O / | DT (v,) P d (4.15)
Q
A
< CPC(K 2T 4 kA k).
then
CPo (K TTT 4 ko> 4 k)
Po
meas{|v,| >k} < T —0 (4.16)
as k — oo
Therefore, similarly as in [1], we show that (v,), is a Cauchy in measure. There-

fore, there exists a subsequence that convergence almost everywhere to some
measurable function u. Using (4.14), we conclude that:

{Tk@n);n(v) weakly in Wy™(Q) (4.17)

Te(vy) — Tp(v)  strongly in  LPO(Q) and a.e in Q.

Step 3: The equi-integrability of the sequences (|v,|"h(|v,]))n-
Let § > 0,7 > 0 such that r < r 4 ¢ < py thanks to (4.7) and (4.11) then

/ wal "R ([on] )z < C (4.18)
Q
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In view of (4.18), for every measurable subset £ C 2 and for all A > 0, we get:

/ |Up|"h(|vp|)dx g/ ]Un\’”h(\vn])d:c—i-/ |on|"h(|vn|)da
En{lvn|<h} En{[vn|>h}

/ Ty (vn)]"h( |vn])dx—|-—/ [0 " B (|| ) de

En{|vn|>h}

/ T (o) |vn])d:1:+ &
(4.19)

On the other hand there exists f(e,h) > 0 such that: for all £ C Q with
meas(E) < B(e, h) we have

£
[ o < 5 (4.20)
E
Since
% — 0 as h— o0

This implies, for each € > 0, there exists a constant S(¢) > 0 satisfying:
/ [Up|"W(|vp])da < e for any 0<r <pg (4.21)
E
Then

[un|"h(|vn]) — [u|"h(|v]) in  LY(Q) for any 0<r < pp. (4.22)

Step 4: Some regularity results.

We define ¢;(n) for ¢ = 1, 2,... some various real valued fonction verifying
lim €;(n) = 0. Similarly, we define €;(h) €;(n, h).
n—oo

We will show that

d
1 .
lim limsup — E / a;(z, T, (vy), Vu,) D'v, dz = 0. (4.23)
{lon—9*|<h}

h—=oo  psoo

Indeed, let h > max(||1)" ||, 1) we set
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We can use ¢ as a test function in (4.1) and we obtain

d
1 )
EZ/ai(x,Tn(Un),an) DTy, (v, — H)ePvnD dy
i=1 Y

! i /Q o, Tovn), Vi) Dy 5 |Unzl)?h(|vn|) Th(Unh_ Y| JBtond g
— Ho(z, (2, 0,, VU,) (Memvnb) A
/ g, Jilon = 07) - V) Bl gy
! 2 /Q ¢i(x,vn) D'y d+ |Unz|;3jh(|vn|) Th(“”h_ YT) oBlvnl) gy
+% i /Q ¢i(x,v,) DTy (v, — )Pl dy
(4.24)

By (3.4) we have

d
1
‘Z/ ai(z, Tn(vy), V) DTy (v, — ¢ )eBlvnDay
h i—1 Y {lvn—yt|<n}

d
1 c (1 *h

+—Z/ai(x,Tn(Un),an) Dlvn( aal V) | T (v, — wF)| Bz
h~— Jq

- b
1
<3 U5+ @) aton — 0P
i
R i(,vn) D'Th (v, — vH)eBIDdy
h; {lvn—y*|<h}
d
1 . (T + Jua) A (|oa]) Bl
+E;/Q¢i(:v,vn) D'v, b [ Th(v — )| 20D
(4.25)
We know that hlim ‘{\vny > h}] — 0 and that ¢+ € L®(Q). Consequently,
—00
Tn(v, — )| .
|h(U—h¢>| —~ (0 weak in LOO(Q) as h — oo,
Hence,
E/ (U1 + lgo(@)]) [Ti(wn — 9PV d
o) (4.26)
< £

[ + 1) [Tl =l — 0 as s
Q
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Similarly to (4.5) we obtain

1 .
’_ / sz(l', Un) DlTh(’Un — 1/}+)GB(|UH|)dx
h {lon—yF|<h}

y(pi(=)=1)

1
<> @)1+ [val) S DT (0 — ) B g
{|'Un ¢+|<h}

@ (1 + |vn )" FET da

h
C ,
<— |ci(a)[™
b Soa—ptizny
b DTy (v, — )
A Jijon—y+1<n) (14 [on])*

pi(z)

P} (z)po

Chi / O :
S |Ci(x)|p0*vfkpi(z) dx e — / |Un|p0d$
B Jifon—ut|<h) AL+ 1) (o, -yt i<n)

bo |D’ pi(x) N
—_— P h(Un - ¢ ) dl’
AR Jgon—upri<ny (14 [vn]) 5| |

_l’_
(4.27)

pl(2)pg
Since |¢;(z)|7~ = belongs to L'(2), we obtain

A

Cha-—1 /

)= [ ()i
{lon—yT|<h}

One other hand, thanks to Poincaré’s inequality, and since pg = max{p;, -+ , Dy}
then there exists some 79 = {1,2,---, N} such that py = p; and thanks to
Poincaré’s inequality, it’s clear that we get

h — oo. (4.28)

__ (on [Pod
h(1+ h)* /{vnw+|<h}

< — T (v — 7)) [Pdx + e5(h)
h(lgph) {{on—vrt|<h} (4.29)
£ 0
= ﬁ/ | DTy (v, — 7)) |Podz + £5(h)

P g 4 e4(h)

< DloT +
< 1+h /\ (U — %)

Combining (4.27) — (4.29), we deduce that

1

‘— / ¢i(,vn) D'Ty(v, — )P Vdy
h Jjon—w+1<n) (4.30)

: /\Dim — )

< - i) g h
S Tt ean.h).
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By assumption (3.6) and Young’s inequality, it follows that

d
}% Z/ oi(w,vy,) Divn(l a |Un(|,>Ah(|Un|> | T (v — )| 200D da
=1 0

< o @) o) HE b D e [T, = )] da
< % / @)+ fo )R, )T, — 9P d
A1) D0 P Ty (v, — %) ]P0 i
< —/ i (z pz )4 Th(vp @ZJ+)| d:ic+—/ |vn|p°_5h(|vn|)‘Th(vn—1/J+)| dz

2h (|Un|)|DZU |p1($)|Th v, — Y1) { dx
(4.31)

ACHLE

where g = 2= such that ¢ small enough. In view of (4.22) and since |¢;(z)
p—

belong to Ll(Q) we deduce that
T [lat
— 0

Hence

i () gL

1
Tofvn —h)] di+ 1 /Q a2 B | Th (0 — %)

as n,h — oo.
(4.32)

’_ /¢1 z, Un Dz ( + |'Unl|)():‘h<|vnl> ‘Th(vn _w-‘r)} 6B(\vn\) dl”

pl($)|Th(vn — @W)’ dx

< 55(n h) +ﬁ/ h(Jvn])| Doy,

(4.33)
By combinig (4.25), (4.26), (4.30) and (4.33), we deduce that

d
2/
— z, T (vy), V) DTy (v, — ) eB1vnDdy
h Z jun—t+|<h} ! h Ve .
g
1 (1 WNAR (o,
+ > | ai(@, Ta(vn), Vuy,) Dlvn< s V(O | Ty (v, — wh)| Dz
h i=1 v by
< 86(”7 h)
(4.34)
Now, by letting h go to infinity in (4.34), we obtain
1
lim lim sup — Z/ ai(z, T,,(vy), Vu,) D'v, dx = 0. (4.35)
h=00 n—oo {lvn|<h}
Furthermore, we have:
lim lim sup/ h(|v|)| D' Thv, [P/ @ dz = 0, (4.36)
h=00 nooo J{|un|>h}
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and in view of (4.30) and (4.35) we obtain

h—oo nsoo

1 .
lim limsup — / |pi(, v,)|| Doy |dz = 0. (4.37)
{|Un 7/)+‘§h}

Step 5: Almost everywhere convergence of the gradients.
We set

T - T 2.2
[ Ton(s) ; () and  @(s) =s. exp(%) for any s e R,

Sh(S) =1-

where & > k > max {1, [¢*]|o} and p = 2H(1 + |s\)’\h(|s])H . Evidently,
L>*(R

1
#'(s) = ple(s)| = 5 for any s € R.

Let 7 small enough such that ¢ = v,, — no(Tx(v,) — Ti(v))Sk(v,)eBIvnD) belongs
to Ky, by taking v as a test function in the pproximate problem (4.2), we obtain

KV + Ky 4+ G5+ I = KM+ K+ K 4+ G, (4.38)

where

Kk = Z:/aZ 2, Ty (Vn), VU ) (DT (vn) — D'T3(0)) (wn)Sh(vn)eP 1) da.

Kk = —— Z/ (2, Th(vy), V) Divgsign (v, )o(wy,)eP1omD dz.
h<\fun\<2h}

A
SO [ ae. L), wmmn“ DM 0, ) )5 )P0 i

lCZ’k = / Ho(z, (:E,Un,an)gp(wn)sh(vn)eB(‘“”D dx.

0
d
Kt =) / Gs(@, 02) (D'Te(va) — DT(0)) (wn) Sh(va)e? ) d.
—Ja
i d
Kpk = —— Z/ Gri(,0n) D'vysign(vy)p(w, )P dz.
h {h<|vn|<2h}

1=

A
IC”k Z/gbm z,v,) D', (1+ ’Unl‘)) h(yvn‘)&gn(vn) (wn)Sh(vn)eB(‘“"D dz.
0

/fn ©(wp)Sh(vp)e B(jonl) g,
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For the first behavior K"
We have Sj(v,) = 1 on the set {|v,| < h}, and since a;(z, s,0) = 0, we obtain

Kt :Z /Q ai(z, Ti(vn), VTi(0n)) - (D' Ti(v,) — D'Ti(v))¢' (wy)eP1nD da

— i(x, T, Vu,) DT (v))o (w,)Sh (v,)eBUnD) dy
Z/{W} 04(, T (), V) DT (0))¢ () Sn(0n)

>Z [ @l ). VTien)) = il Ta(w). VI (o))
X (DTy(vy) — DT (v)) ! (wy) e da

—Z/Qai(x,Tk(vn),VTk(v))(DiTk(vn) — DT, (v)¢' (wn)eP D da
= ai(x, Top(vy), VTon(0n)) D Ty (0)) @ (wy)eBUnl dz.
o[ e T, VT ) DTilo) )

(4.39)
It manifest to see from Ty (v,) — Ty(v) in LP{)(Q) and dominated convergence
theorem That

la;(x, T (vy), VIg(v))| — ai(x, T(v), VI(v)) strongly in LPQ(Q),

and since DT} (v,) converges to DTy (v) weakly in LP*)(Q), we obtain

es(n) = Z/Qai(x,Tk('Un),VTk<’U))(DiTk(Un) — D'Ty(0))¢ (wy)eP1onD) dg

— 0 as n— oo.
(4.40)
Look at the last term on the right-hand side of (4.39), thanks to (3.1), we have
(ai(z, Ton(vp), VTon(vn)))n is bounded in LPi(€2), it follows that: there exists a
measurable function ¥, € LPiO)(Q) such that a;(z, Ton(vy), VTan(vy)) — Yin
weakly in LPi)(Q). Hence

d
go(n) = ; /{|vn|>k} a; (2, Top(Un), VT (Un)) D' T (0)) @ (wn )P da
— ¢/ (2k)eP>) sz; /{|U|>k} Vi n DT (0)' (0)ePI) de =0 as n — oo,
(4.41)
By combining (4.39) — (4.41), we get
d
o Z / a2, To(0n), VTk(vn)) — as(z, Te(vn), VTR(0))) s

x(D'Ty(v,) — D'Tr(v)) @' (wp)eBUonD da + £19(n).
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For the second behavior )"
By using (4.35), we get

2k B(oco .
|’Cg,k| S |(10( )‘6 E ai(;pyvn’VUn) DZ'Un dr — 0 as n,h — OQ.
h
i—1 {h<|vn|<2h}

(4.43)
For the third behavior K}
We have ¢p(wy)sign(v,) = |¢(w,)| on the set {|v,| > k}, then
s 7 (1 y L LoD ()
= Z/ a;(x, Te(vn), VIi(v,)) DTy (vy) 2 sign(vy,) @ (wn )P dz
— 0
(1 + v, VMo, y
23 [ B, VI, ) i, 0
i—1 7 lvn|>k} 0

> |+ s (s, 3 [ e T Vo) = e, Ta(w). VI(0)
X (DT — DT (v)) | (wn) [P0 da
_Z/ai(xyTk<Un>,VTk(Un»DiTk(Uﬂ(P(wn”(1+|Un|) h(|vn|)€B(\vn|) dr
—1 /0

bo

d . )
) ;/g“*“"TM%VTk<v>>><DiTk<vn> - Do) A e

d
n / h(loal) | Divs
Z*Z1 {lvn|>k}
(4.44)

Concerning the second term on the right-hand side of (4.44), it manifests to
see a;(x, Tp(vy), VIk(vy,)) — Vg,; weakly in Lpg(')(Q), with ¥, is a function in
LPi)(Q). And thanks to the Lebesgue dominated convergence theorem, we get
DTy (v)@(w,) — 0 strongly in LP*")(Q). Therefore

P (0[S (0)eP 1D de.

d
culn) ==Y / i, To(0n), VT(00)) DT (0) ()|

\ (4.45)
(1+ [vnl) h<|U"D Bllval) dz -0 as n — oo.
bo
Similary to (4.40), we obtain
e12(n Z / ai(z, Ty(vy), VIe(0))(D'Ty(vy) — D'Ti(v)))
(4.46)

(1 [ou) ()

2 lp(wn)eP D) dz — 0 as n — oo,
0
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By combining (4.44) and (4.45) — (4.46) that

K5k = ||+ lshrrash| . Z/ (ai(x, Te(va), VTi(va)) — ai(, Ti(vy), VTi(0))

) < | DT (0n) = DTi(0) ()| 20D d

T / h(loal) | Divs
21 {lvn|>k}

1

P o (wn)[Sn(va)e® ) da + e13(n).

(4.47)

For the fourth behavior K"
In view of (3.3) and (3.4) we get

P <] [ Aol (2,00 TS w)e 1 da
d

7 [ lallotn] da+ 3 [ n(endip

™ [ Jgnllo(en) d:c+2 [

{lvn|>k}
) 1 n AL N
"‘Z/ai(xaTk(Un)7VTk(Un))DZTk(Un)( v Z|)) { D\go(wn)]eB““”‘) dz,

(4.48)

PO ()| S (vn)e D do

P p(wn) 1S (vn)e D da

Furtheremore, we have |¢(w,)| — 0 weak in L>(Q2), then
ea(n) = eB(oo)/ lgol|p(wn)| dz — 0 as n — . (4.49)
Q

According to (4.47), which implies that

Ktz | s s . Z/ ai(, To(vn), VTi(0n)) — a5, Te(vn), VTi(0)))

X (D'Ty(vy) — DTk( ) (wn)|eBlnl) da

d R §
_;/Qai(a?,Tk(vn),VTk(vn))(DiTk(U>)(1+|Unl|)i POnD, 1B i

- Z/ @, (), VT(0)) (D Te(00) — DT(0)) 'U"ZB) MDD

_Z/|Un|>k} (1o D1,
> =@t adsp], 3 [ @l ). VTie) =l Ta(w,). VI (o))
X (DTi(vn) = DT(0))iwn) 1) d

3 DD )10 i+
{|lvn|>k}
(4.50)

PO p(wn) 1S (vn)e” ) dw
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For the fifth behavior K"
We have

KKk = /Q<Z5m(x, Ton(Vy)) - (DT (vn) — D'Ti(0))¢ (wy) Sh (v )P da

(4.51)
Firstly, in view of Lebesgue dominated convergence theorem, we have

@i(, Ton(0n)) @ (wn) Sn (V)P0 = (2, Ton (1)) (0) Sy () ™V strongly in - LPO(Q),
and since DT}, (v,) converges to DT}, (v) weakly in LPi()(Q), we obtain

e1r(n Z/ | i (z, Top(v,)) (D T (vp)— DTy (V) (wn)gh(vn)eB(\vnl) de —3 0 as 1 — oo.

(4.52)
For the sixth behavior K}
Thanks to (4.37), we get

eis(n h) = |Kg"|

2k)|eB(>) ¢ ,
< lp(2k)le™™ / |Oni(z,0,)|| D0y | dz — 0 as n,h — oco.
h i=1 Y {h<|vn|<2h}
(4.53)
For the seventh behavior K*:
We have
d
n i 1+ v ) (v, v
=2 / sl Tov)) DT ) T 1'3 D) im0, o) 9 (01) P i
=179 0
(4.54)

Applying the dominated convergence theorem, it follows that:

(L + [on)*(|vnl)
bo

and since DTy, (v,,) converges to DTy, (v) weakly in LP/0)(Q). Hence

ro(n, h) = K3+ = / b, i) DT L A0

sign (Un )@(wn) Sk (vn)ePU ) dz — 0 as n,h —>( 00. )
4.55

oi(x, Top(vy)) sign(vn)go(wn)sh(vn)eB(lv"l) — 0 strongly in Lpg(')(Q),

For the eighth behavior Ky
In view of definition of f,, and since |¢(w,)| — 0 weak in L=(£2) as n — oo, then

ea(n) = |Kg"

< GB(OO)/ | fn(@)]|o(wn)| dz — 0 as n — oo. (4.56)
Q

1
> Bllonl) > 5 , by combining

Finally, since (go’(wn)—QH(l—i-|s| (|s]) H . )
(4.38) — (4.43),(4.47),(4.47),(4.50),(4.52) — (4. 53) and (4.55) — (4.56) we conclude
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that

%Z /Q(ai(x,Tk(vn), VTi(vn)) — ai(z, Ti(vy,), VI (v)))
- X (D'Ty(vs) — D'T},(v)) d + £22(n, h)

< ;/{)(ai(x,Tk(Un),VTk(vn)) — ai(z, Ti(vn), VT(0)) (D' Ty (v,) — DTy (v))

(20D, ) 5o

) GLUSEY SNy G CLINEY /) sl
n,k n,k n,k

< K57+ 1K™+ 1K™

S 524(71,, h’)

L= (R)

(4.57)
Thus, letting n and h tend to infinity in the preceding inequality, and since
Ti(v,) — Ti(v) holds in L2(£2) we deduce that:

Z /Q(ai(x, Te(vn), VTi(vy)) — ai(z, Ti(v,), VTi(v))) - (D'Ty(v,) — D'Ti(v)) da

+/Q (1 Tk (vn) 2T (vn) — |T3(0) P> Ti(vn)) (Ti(vn) — Ti(v)) dz — 0 as n — oc.

(4.58)
By using Lemma 3.3 in [12], we deduce that:

Ti(v,) — Ti(v)  strongly in - W,?() and Vv, — Vv a.e. in .

(4.59)
Therefore, for each i = 1,--- ,d, a;(x, T,,(v,), Vv,) D'v, converges almost every-
where to a;(z,v, Vv) D in €, By applying Fatou’s lemma together with (4.35),
it follows that:

1

lim — ai(z,v,Vv) D'v dz
h=oo b J(juj<ny
< lim liminf — ai(z, T, (v,), Vu,) D', dx (4.60)
< lim limsup — ai(z, Ty (vy,), Vu,) D', dx = 0.
=00 oo {lual<h}

Step 6: Equi-integrability of the sequence H,(z,v,, Vu,).
In this section, we will establish that:

Hnp(z, vy, VU,) — H(z,v, V) strongly in  L'(Q). (4.61)
In view of (4.59) we have
H,(z,v,, Vvu,) — H(x,v, Vv) a.e. in (. (4.62)

By applying Vitali’s theorem, in order to prove (4.61) it’s suffisant to show that
the sequence H,(x,v,, Vu,) is uniformly equi-integrable. More precisely, for all
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measurable subset E' C ) and for any h > 0, we can write:

Pi®) g

d
/lHn($,Un,VUn)|da:§/|go| dx+2/h(|vn|)|Divn
E B — JE

d d
S/lgo| dw+2/h(lvn|>|DiThvn|pi<$> dx+2/ h([0a))| D Ty [P d.
E i=1 /B i—1 /A

|un|>h}
(4.63)
On the one hand, in view of (4.36), we have:for every £ > 0 there exists hg > 0
such that

d

> / h(|oa|) | DT, [P/ dx < for all h < hg (4.64)
i Jlval>n}

DO | ™

On the other hand, in view of (4.59) there exists a positive constant S(¢) > 0
such that: for every measurable set E C 2 satisfying meas(F) < 5(e):

d
Z/ h(|vp|)| D Ty pi(“’)da?%—/ lgoldz < = (4.65)
i=1 7/ F E 2
By combining (4.63), (4.64) and (4.65) we obtain
/ |Hn (2, vy, Vop,)| de < e (4.66)
Q

For all measurable subset £ C Q with meas(F) < [B(¢). Thus, the sequence
(Hn(z, (z,0n, VUy,))n is uniformly equi-integrable. Consequently, the strng con-
vergence (4.61) is concluded.

Step 7: Passage to the limit.

Now, we will pass to the limit in the approximate problem (4.1).

Let ¢ € KyNL>®(Q2) and we set M = k+||¢||c. By choosing v = v,, =T} (v, — ¢)
as a test function in the approximate problem (4.1) we have

d
Z/ ai(z, Ty(vy), Vu,) DTy (v, — ) dx + / Ho(z, vy, Vo, )Tk (v, — @) dz
i=1 79 Q

d
< /anTk(vn — ) dx + ;/ﬂ@,n(x,Tn(vn)) D'Ty.(v, — ) du.

(4.67)
On the one hand, in the case of |v,| > M we have |v, — | > |v,]| — [|¢|lc = &
then {|v, — ¢| < k} C {|v,| < M}. By applying Fatou’s lemma, the first term
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of the left-hand side of (4.67) can be written as:

n—o0

lim inf/ a;(x, T, (v,), Vu,) DT (v, — ) da
0

= lim inf/ a;(x, Ty (vn), VT (vn)) - (DiTM(’Un) — Di(p)X{‘Un,ﬂgk} dx

n—oo 0

Z /(GZ(ZL‘,TM<U),VTM(U)) - az<x7TM(U)7VSD))

Q. .
< (BT31(0) — Do) (i da (1.68)
+ le / a;(x, Ty (vy,), Vo) - (DiTM(Un) — Dicp)x{‘vn_ﬂgk} dx
n oo Q

> / a;(x, Tar(v), VI (v)) - (D'Tar (V) = D'@)X{jo-pi<hy do
— /Zal-(:c,v,Vu) D'Ty(v — ) du.

On the other hand, we have Ty(v, — ¢) — Ti(v — ) weak in L>®(Q). thanks to
(4.62) we have H,(z,v,, Vv,) — H(z,v,Vv) strongly in L'(Q2), and having
in mind that f, — f strongly in L'(Q), it follows that

lim [ H,(z,vn, Vo) Tk (v, — @) dx = / H(z,v, VO)T(v — @) dz.  (4.69)
Q

n—oo 9]

and

lim fn( )T, da:—/f )Tk(v — ¢ (4.70)

n—oo

Finally, for the last term on the right-hand side of (4.67) we obtain ¢;(x, Th(v,,)) —
bi(x, Thr(v)) strongly in LP0)(Q), we conclude that

im [ i, Tu(va) D'Ti(v, — ) da

n—oo QO

= lim [ @i, Tar(va)) (D Tar(0n) = D'O)X(jon ity do
v (4.71)

¢i(x, T (0)) (D' Tas (V) — D*@) X {jo—ypl <y d

[ s Tur
- fgbl(x,v) D'Ty(v — ) du.
Q

By combining (4.67) and (4.69) — (4.71) we deduce that
d
Z/ ai(z,v, Vu) D'Ti(v — ¢) dx + / H(z,v, V)T (v — @) dz
i=1 79 Q
1 ; |
< / [Ti(v— ) dz+ Z/ oi(x,v) DT (v — ) dz,
Q — Jo

for all ¢ € Ky N L>(€2), which complete the proof of Theorem 3.2.

(4.72)
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