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A UNIFIED ANALYSIS OF STABILIZED MIXED FINITE
ELEMENT METHODS FOR THE GENERALIZED STOKES

PROBLEM
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Abstract. In this paper, we present a unified analytical framework for sta-
bilized finite element methods applied to the generalized Stokes problem using
P1 −P0 and Q1 −Q0 element pairs. Stability is attained by including discrete
pressure stabilization terms within the variational formulation. Specifically,
we investigate the global jump stabilization method, the local jump stabi-
lization method, and their reduced variants. The global approach penalizes
pressure jumps across all interior element interfaces, whereas the local and re-
duced techniques confine these penalties to macro-element partitions through
localized jump operators. We establish a unified theoretical framework that
encompasses all stabilization variants within a single analytical setting. This
framework enables systematic and rigorous proofs of stability and convergence.
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1. Introduction

The Stokes problem describes a wide range of fluid flows in which viscous forces
dominate over inertial forces. This transpires across a diverse array of applications
in both nature and technology (see, e.g., [24, 19]). The Darcy-Stokes-Brinkman
problem, or Brinkman problem, is an extension of the Stokes problem that takes
into account Darcy-type resistance in very porous media [8]. The generalized
Stokes problem, as it is commonly known, is a particular type of the Navier-
Stokes equations with time dependence, where nonlinear terms are handled ex-
plicitly within the framework of a semi-implicit temporal discretization scheme.
The generalized Stokes problem incorporates both Darcy and Stokes equations
for porous media and viscous fluid flow into a single equation. If the viscosity
disappears, the model becomes the Darcy problem, and if the permeability is set
to zero, it becomes the Stokes problem. Thus, this is important when studying
the coupling between Stokes and Darcy equations. This problem can be used
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to model a variety of fluid flows, including groundwater flow; see, for instance,
[13, 17].

The numerical approximation of viscous flow problems has been the subject
of extensive investigation in the literature; see, for instance, [10, 4, 12, 5, 21].
The Stokes and generalized Stokes equations appear simple, but their numerical
approximation has been found to be a bit difficult. The well-known Babuška-
Brezzi condition [6, 1] lies at the heart of the problem. In simple terms, the
condition states that a stable and convergent discrete formulation requires care-
ful selection of the discrete spaces. Low-order mixed approximation methods
are very popular in engineering practice, since they have simple and convenient
implementations. Nonetheless, many of them, including the mixed approaches
known as Q1 − Q1, P1 − P1, Q1 − Q0 and P1 − P0, do not fulfill the Babuška-
Brezzi criteria. The instability of these pairs motivated several researchers to
find ways to overcome this drawback. The idea of so-called stabilization was first
introduced in [7] for the P1 − P1 equal-order pair. Following that, Hughes and
Franca [16] developed a stabilized technique for solving Stokes equations. To
ensure what is known as universal stability for discontinuous pressure estimates,
additional pressure jump elements can be included into the usual Galerkin dis-
crete approach. The jump terms must, however, handle pressure jumps along
every shared boundary between elements in order to provide stability. At the
beginning of the 1990s, Silvester and Kechkar [23] established a more rigorous
stabilization framework for mixed methods with discontinuous pressure approx-
imations. Their approach, called local jump stabilization, restricts the global
jump operator to a macro-element subdivision of the problem domain. Addi-
tionally, it was demonstrated in [18] that local jump stabilization may regain
the optimal convergence behavior for the P1 − P0 and Q1 − Q0 approaches. A
fundamental aspect of this stabilization technique is that it can be implemented
using a conventional macroelement, allowing the resulting stabilized formulation
to be incorporated within element-by-element iterative solution approaches. The
stabilized P1 − P0 and Q1 − Q0 approaches, presented and analyzed in [23, 18]
have been applied in many applications, see, e.g., [10, 20].

Recently, Chibani and Kechkar proposed in [10] some modifications of the lo-
cal jump stabilization approach for stabilizing the Q1 −Q0 element through the
so-called reduced local jump stabilization methods. These strategies simplify the
discrete formulation by reducing the number of local jump terms to just two
jumps–or even a single jump–for each 2 × 2 macro-element. From a theoretical
perspective, the global stabilization method differs significantly from the three
locally stabilized variants. Likewise, the locally stabilized method and its two
reduced versions are based on distinct theoretical principles, making direct com-
parisons challenging. Thus far, only numerical comparisons have been conducted
in [10] to evaluate these jump stabilization techniques on some test problems. To
address this challenge, adopting a unified approach for analyzing stabilized meth-
ods applied to generalized Stokes equations proves highly advantageous. Such an
approach not only provides a cohesive theoretical framework but also enables
meaningful comparisons between different stabilization techniques. Furthermore,
this unified perspective is particularly well-suited for infiltration problems, such
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as those involving coupled (Navier-)Stokes and Darcy equations. These problems
often require a consistent framework to analyze both equations simultaneously,
despite their differing stabilization terms and physical characteristics [9, 11]. In
this paper, we propose a general unified methodology for analyzing the stability
and accuracy of both globally stabilized and locally stabilized (including reduced
variants) discrete formulations for Q1−P0 and P1−P0 elements within the frame-
work of the generalized Stokes problem. We present a detailed examination of
these methods and demonstrate their integration into this unified framework.

The remainder of this paper is structured as follows. In the next section, we
present the considered continuous problem and the weak formulations that are
used in the subsequent analysis. In Section 3, the finite element discretizations
and the various jump stabilized formulations are reviewed. Then, Stability and
convergence analysis are obtained in Sections 4 and 5, respectively. Finally, some
closing observations are made in Section 6.

2. Generalized Stokes problem

Consider an open, bounded domain Ω ⊂ Rd (d = 2 or 3) with a boundary ∂Ω
that is polygonal when d = 2 or polyhedral when d = 3. We study the generalized
Stokes problem, which consists in finding a velocity u : Ω −→ Rd and a pressure
p : Ω −→ R such that

αu− µ∆u +∇p = f in Ω,

divu = 0 in Ω, (2.1)

u = 0 on ∂Ω,

where α and µ are two positive parameters that cannot vanish simultaneously,
denote the inverse of the permeability and the viscosity coefficient, respectively,
and f is a body force.

We begin by introducing the notation and function spaces needed for the weak
formulation of (2.1). We denote by Hm (Ω) =Wm,2 (Ω) the usual Sobolev space
equipped with the norm ‖·‖m,Ω and the seminorm |·|m,Ω. In particular, H0 (Ω) =

L2(Ω) equipped with the standard inner product (·, ·)0,Ω and the norm ‖·‖0,Ω .

Furthermore, we define Hm (Ω) to consist of functions u = (u1, ..., ud), where
each ui belongs to Hm (Ω) . The norm and seminorm on Hm (Ω) are as follows

‖w‖m,Ω =

(
d∑

i=1

∥∥w(i)
∥∥2

m,Ω

) 1
2

and |w|m,Ω =

(
d∑

i=1

∣∣w(i)
∣∣2
m,Ω

) 1
2

.

We further introduce the spaces

V := H1
0 (Ω) =

{
w ∈ H1 (Ω) : w = 0 on ∂Ω

}
,

and

P := L2
0 (Ω) =

{
p ∈ L2 (Ω) :

∫
Ω

pdx = 0

}
.

For all u,v ∈ V, the identity [15]

(∇v,∇u)0,Ω = (divv, divu)0,Ω + (∇× v,∇× u)0,Ω ,
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holds, as the homogeneous Dirichlet boundary condition eliminates all boundary
terms arising in the integration-by-parts formulas. Consequently, setting v = u
yields

‖divu‖0,Ω ≤ ‖∇u‖0,Ω , (2.2)

a bound that relies on the assumption u ∈ V.
The problem (2.1) admits the following weak formulation:

Find (u, p) ∈ V × P satisfying

α (u,v)0,Ω + µ (∇u,∇v)0,Ω − (p, divv)0,Ω = (f ,v)0,Ω ∀v ∈ V, (2.3)

− (q, divu)0,Ω = 0 ∀q ∈ P.

The second equation of (2.3) is multiplied by −1 to obtain a symmetric formula-
tion. In addition, we assume that f is in L2 (Ω) to ensure that (2.3) is meaningful.

The existence of a unique solution (u, p) in (2.3) is ensured by the Babuška-
Brezzi theory [6, 1].

The problem (2.3) can be rewritten in the equivalent form:

Find (u, p) ∈ V × P such that

Q ((u, p) ; (v, q)) = (f ,v)0,Ω ∀ (v, q) ∈ V × P , (2.4)

where

Q ((u, p) ; (v, q)) = α (u,v)0,Ω + µ (∇u,∇v)0,Ω − (p, divv)0,Ω − (q, divu)0,Ω .

3. Finite element formulation

The domain Ω is partitioned into triangles or quadrilaterals, forming a parti-
tioning Th that satisfies the standard regularity conditions (see [15, 18]). Specifi-
cally, there exist constants % > 1 and 0 < ψ < 1,

hK ≤ %σK and |cos θi,K | ≤ ψ, ∀K ∈ Th (3.1)

where hK denotes the diameter of K, σK is the radius of the largest circle con-
tained in K and θi,K (i = 1, ..., 4) are the angles of K when the partitioning
consists of quadrilaterals. The discretization parameter h is defined as h =
maxK∈Th hK .

The finite element method of interest in this paper consists of seeking approx-
imations (uh, ph) of (u, p), where uh ∈ Vh and ph ∈ Qh. Here, Vh and Qh are
the classical finite element spaces defined by

Vh =
{
u ∈ V ∩C0 : u|K ∈ [R1 (K)]d ,∀K ∈ Th

}
, (3.2)

and
Ph =

{
p ∈ P : p|K ∈ P0 (K) ,∀K ∈ Th

}
, (3.3)

where R1 represents (P1) on triangles or (Q1) on quadrilateras.
As it was pointed out above, the combination Vh×Ph is unstable in the stan-

dard Babuška-Brezzi sense. For simplicity of presentation, we will restrict our
attention to rectangular axis-parallel meshes of Ω when K is quadrilateral. How-
ever, using standard isoparametric transformations, the findings can be adapted
to accommodate more general quadrilateral meshes.
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(a) Triangular macro-element
(b) Rectangular
macro-element

Figure 1. A 2× 2 macro-element.

Based on the previously defined finite element spaces, we now recall the global
jump stabilization formulation

sh (ph, qh) = β
∑
K∈Th

∫
∂K\∂Ω

h∂K [[ph]][[qh]]ds, (3.4)

with β > 0 is the global stabilization coefficient and [[·]] denotes the jump operator
along interior edges or faces, excluding those on ∂Ω.

To develop a locally stabilized formulation of the generalized Stokes problem,
we define a macro-element subdivisionMh as described below (see [18]): A macro-
element subdivisionMh can be constructed for any given mesh Th such that each
macro-element MK consists of a connected group of neighboring elements from Th.
Each element K is entirely contained within a single macro-element, ensuring that
macro-elements remain disjoint. For each MK , let EMK

represent the collection
of inter-element edges e located strictly within the interior of MK . Additionally,
for every edge e ∈ EMK

, its length is denoted by he.
We assume that for the triangular P1−P0 pair the macro-element satisfies the

following geometrical assumption: there should be only one edge of a element
which is an external edge of the macro-element to which this element belongs.

For instance, to illustrate the concept of macro-element, the Q1−P0 and P1−P0

methods can be stabilized by constructing the mesh Th where the elements are
organized into non-overlapping 2× 2 macro-elements (see Figure 1).

With these additional definitions, the choice of (3.4) can be simplified into a
local jump stabilization formulation [18]

sh (ph, qh) = β
∑

MK∈Mh

∑
e∈EMK

he

∫
e

[[ph]]e[[qh]]eds (3.5)

where β > 0 is the local stabilization coefficient and [[·]]e represents the jump
operator along inter-element edges entirely contained within each macro-element.

Furthermore, Chibani and Kechkar in [10] showed that the local jump method
can be reduced to the local (two or one)-jump formulations for the Q1 − Q0

mixed element. Thanks to the macro-element geometrical assumption, we can
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stabilized the mixed P1 − P0 method by the reduced local jump stabilization
technique discussed in [10]. To this end, we account for pressure jumps in one
direction (parallel jumps) across edges located entirely inside each macro-element
in the case of two-jump formulations. For one-jump formulations, we consider a
single jump along one of the four interior boundaries of the M-th macro-element.

Thus, we assume that EMK
is partitioned into EMK

= EHMK
∪ EVMK

such that

EHMK
= {e1, e2} and EVMK

= {e3, e4}, see Figure 1. Furthermore, we use the

notation EXMK
where X might be either H or V .

The reduced local two-jump representation is written as

sh (ph, qh) = β
∑

MK∈Mh

∑
e∈EXMK

he

∫
e

[[ph]]e[[qh]]eds, (3.6)

and the reduced local one-jump formulations by

sh (ph, qh) = β
∑

MK∈Mh

he

∫
e

[[ph]]e[[qh]]eds, (3.7)

where e ∈ EMK
.

The stabilized discrete formulation of the problem (2.3) may be expressed as
follows:

Find (uh, ph) ∈ Vh × Ph such that

α (uh,vh)0,Ω + µ (∇uh,∇vh)0,Ω − (ph, divvh)0,Ω = (f ,vh)0,Ω ∀vh ∈ Vh,

(3.8)

− (qh, divuh)0,Ω − sh (ph, qh) = 0 ∀qh ∈ Ph,

where sh is one of the previous stabilization terms presented before.
Here again, we can rewrite (3.8) as:

Find (uh, ph) ∈ Vh × Ph such that

Qh ((uh, ph) ; (vh, qh)) = (f ,vh)0,Ω ∀ (vh, qh) ∈ Vh × Ph, (3.9)

where

Qh ((uh, ph) ; (vh, qh)) = Q ((uh, ph) ; (vh, qh))− sh (ph, qh) . (3.10)

Assuming that the pressure belongs to H1 (Ω), the penalization term is consistent;
thus, we obtain the following result.

Lemma 3.1. If (u, p) is the weak solution of (2.1) with (u, p) ∈ V×H1 (Ω) then

Qh ((u− uh, p− ph) ; (vh, qh)) = 0 ∀ (vh, qh) ∈ Vh × Ph. (3.11)

Proof. By the definition of Qh, we have

Qh ((u− uh, p− ph) ; (vh, qh)) = Qh ((u, p) ; (vh, qh))−Qh ((uh, ph) ; (vh, qh))

= Q ((u, p) ; (vh, qh))− sh (p, qh)−Qh ((uh, ph) ; (vh, qh)) .

From (2.4) and (3.9), it follows that

Qh ((u− uh, p− ph) ; (vh, qh)) = −sh (p, qh) .
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Since p ∈ H1(Ω), its trace is single-valued across every interior interface; that is,
the values from adjacent elements coincide on each interior face. Hence, the inter-
element jump [[p]] vanishes, and it follows that sh (p, qh) = 0 for all qh ∈ Ph. �

4. Stability

We begin by equipping the space Vh × Ph with the following norm

‖(uh, ph)‖2
s = ‖uh‖2

1,Ω + ‖ph‖2
0,Ω + sh (ph, ph) .

Throughout this analysis, c denotes a positive constant, possibly with a subscript,
independent of h but possibly depending on α and µ.

Let πh denote the Scott–Zhang interpolation operator for both the velocity and
pressure spaces, i.e., πh : L2 (Ω) −→ Vh and πh : L2 (Ω) −→ Ph . This operator
satisfies the following standard properties ([22, 3, 14]):

(i): Stability:

‖πhv‖m,Ω ≤ c ‖v‖l,Ω , ∀v ∈ H l (Ω) (4.1)

for 0 ≤ m ≤ min (1, l).
(ii): Interpolation:

‖v − πhv‖m,Ω ≤ chl−m ‖v‖l,Ω , ∀v ∈ H l (Ω) (4.2)

for 0 ≤ m ≤ l.
(iii): Orthogonality:

(v − πhv, qh)0,Ω = 0, ∀qh ∈ Ph. (4.3)

Finally, we have the trace inequality [25]:

‖v‖2
0,∂K ≤ c

(
h−1
K ‖v‖

2
0,K + hK ‖v‖2

1,K

)
, ∀v ∈ H1 (K) . (4.4)

We can now establish that the stabilized discrete formulation (3.9) is well-
posed.

Theorem 4.1. The formulation (3.9) satisfies the following conditions:

(C1): For all (uh, ph) , (vh, qh) ∈ Vh × Ph we have

|Qh ((uh, ph) ; (vh, qh))| ≤ δ1 ‖(uh, ph)‖s ‖(vh, qh)‖s (4.5)

where δ1 is a positive constant independent of h.
(C2): For all (uh, ph) ∈ Vh × Ph, there existe a pair (vh, qh) ∈ Vh × Ph

such that

Qh ((uh, ph) ; (vh, qh)) ≥ δ2 ‖(uh, ph)‖s ‖(vh, qh)‖s (4.6)

where δ2 is a positive constant independent of h.

Proof. Using Cauchy-Schwarz inequality followed by (2.2), we obtain

|Qh ((uh, ph) ; (vh, qh))| ≤ c1 ‖uh‖1,Ω ‖vh‖1,Ω + ‖ph‖0,Ω ‖vh‖1,Ω + ‖qh‖0,Ω ‖uh‖1,Ω

+ (sh (ph, ph))1/2 (sh (qh, qh))1/2 .

Noting that
√
a ≤
√
a+ b+ c for a, b, c > 0, we obtain

|Qh ((uh, ph) ; (vh, qh))| ≤ δ1 ‖(uh, ph)‖s ‖(vh, qh)‖s .
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That is, (4.5) is satisfied.
Setting (vh, qh) = (uh,−ph) in (3.10) yields

Qh ((uh, ph) ; (uh,−ph)) ≥ c2 ‖uh‖2
1,Ω + sh (ph, ph) . (4.7)

Let ph ∈ Ph ⊂ P be arbitrary and ξ1 a positive constant to be determined below.
Since ξ1ph ∈ P , it is well known that by the surjectivity of the divergence operator
[15], there is a function vp ∈ V such that

div vp = ξ1ph and ‖vp‖1,Ω ≤ c3 ‖ph‖0,Ω . (4.8)

Now, choosing (vh, qh) = (−πhvp, 0) in (3.10) and use the fact that

ξ1 ‖ph‖2
0,Ω − (ph, div vp) = 0,

by the properties of vp yields

Qh ((uh, ph) ; (−πhvp, 0)) = −α (uh, πhvp)0,Ω − µ (∇uh,∇ (πhvp))0,Ω + ξ1 ‖ph‖2
0,Ω

+ (ph, div (πhvp − vp))0,Ω .

We estimate each term. Using Young’s inequality with ε > 0 together with the
stability of πh (4.1) and (4.8) gives∣∣∣α (uh, πhvp)0,Ω

∣∣∣ ≤ 1

ε
‖uh‖2

0,Ω + c4ε ‖ph‖2
0,Ω , (4.9)∣∣∣µ (∇uh,∇ (πhvp))0,Ω

∣∣∣ ≤ 1

ε
‖∇uh‖2

0,Ω + c5ε ‖ph‖2
0,Ω , (4.10)

where the constants c4 and c5 are proportional to α2 and µ2, respectively.
Consequently,

−α (uh, πhvp)0,Ω ≥ −
1

ε
‖uh‖2

0,Ω − c4ε ‖ph‖2
0,Ω , (4.11)

−µ (∇uh,∇ (πhvp))0,Ω ≥ −
1

ε
‖∇uh‖2

0,Ω − c5ε ‖ph‖2
0,Ω . (4.12)

Finally, using Cauchy-Schwarz inequality, (4.2) and (4.8) we get∣∣∣(ph, div (πhvp − vp))0,Ω

∣∣∣ ≤ c6 ‖ph‖0,Ω ‖vp‖1,Ω ≤ c7 ‖ph‖2
0,Ω , (4.13)

and hence
(ph, div (πhvp − vp))0,Ω ≥ −c7 ‖ph‖2

0,Ω . (4.14)

Then combining (4.11), (4.12) and (4.14) yields

Qh ((uh, ph) ; (−πhvp, 0)) ≥ −1

ε
‖uh‖2

1,Ω + (ξ1 − (c8ε+ c7)) ‖ph‖2
0,Ω , (4.15)

with choosing ξ1 > c8ε+ c7, where c8 = max(c4, c5).
To conclude we take (vh, qh) = (ξ2uh − πhvp,−ξ2ph) with ξ2 sufficiently large.

which yields by (4.7) and (4.15)

Qh ((uh, ph) ; (vh, qh)) ≥
(
ξ2c2 −

1

ε

)
‖uh‖2

1,Ω + (ξ1 − (c8ε+ c7)) ‖ph‖2
0,Ω + ξ2sh (ph, ph)

≥ c9 ‖(uh, ph)‖2
s , (4.16)

where c9 = min
(
ξ2c2 − 1

ε
, ξ1 − (c8ε+ c7), ξ2

)
.
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In addition, we have

‖(vh, qh)‖2
s = ‖ξ2uh − πhvp‖2

1,Ω + ξ2
2 ‖ph‖

2
0,Ω + ξ2

2sh (ph, ph)

≤ 2ξ2 ‖uh‖2
1,Ω +

(
2c10 + ξ2

2

)
‖ph‖2

0,Ω + ξ2
2sh (ph, ph)

≤ c2
11

(
‖uh‖2

1,Ω + ‖ph‖2
0,Ω + sh (ph, ph)

)
= c2

11 ‖(uh, ph)‖2
s . (4.17)

The claim now follows by combining (4.16) and (4.17) with δ2 = c9
c11
. �

Remark 4.2. The constants δ1 and δ2 in Theorem 4.1 are independent of the mesh
size h, but they do depend on the physical parameters µ and α. In particular, δ2

deteriorates as µ→ 0, corresponding to the Darcy limit of the generalized Stokes
problem. This behavior stems from the choice of the energy norm ‖ · ‖s, which
is natural for the Stokes-dominated regime, as it includes the full H1-norm of
the velocity; in the Darcy limit, uniform stability would require a different triple
norm incorporating control of the divergence of the velocity, for instance, through
the L2-norm of ∇· u.

Remark 4.3. The local stabilization term can also be replaced by alternative re-
duced forms by minimizing the number of local jump terms within the discretized
formulation. For instance, this can involve reducing the terms to three jumps or
to two non-parallel jumps within each 2× 2 macro-element.

5. A priori error analysis

The stability result established earlier, together with the fact that the stabilized
formulation is consistent, yields an a priori error estimate. To begin, we present
the following property.

Lemma 5.1. For p ∈ H1 (Ω). Then, we have

sh (πhp− p, πhp− p) ≤ ch2 ‖p‖2
1,Ω . (5.1)

Proof. Since the global jump operator takes into account all the inter-element
boundaries, whereas the local jump operators discards those not strictly within
any macro-element from Mh, we have

sh (πhp− p, πhp− p) ≤ β
∑
K∈Th

hK

∫
∂K

[[πhp− p]]2ds.

Using the inequality (a− b)2 ≤ 2a2 + 2b2 , which holds for all real numbers a and
b, we obtain:

sh (πhp− p, πhp− p) ≤ c1

∑
K∈Th

hK

∫
∂K

|πhp− p|2 ds.

Further, we have, using (4.4) and (4.2),

‖p− πhp‖2
0,∂K ≤ c2

(
h−1
K ‖p− πhp‖

2
0,K + hK ‖p− πhp‖2

1,K

)
≤ c3hK ‖p‖2

1,K .
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By summation, we obtain:

sh (πhp− p, πhp− p) ≤ ch2 ‖p‖2
1,Ω .

�

Lemma 5.2. Let (u, p) ∈ H2 (Ω)×H1 (Ω). Then, we have

‖(u− πhu, p− πhp)‖s ≤ ch
(
‖u‖2,Ω + ‖p‖1,Ω

)
. (5.2)

Proof. By writing the terms in ‖(u− πhu, p− πhp)‖2
s, we get

‖(u− πhu, p− πhp)‖2
s = ‖u− πhu‖2

1,Ω + ‖p− πhp‖2
0,Ω + sh (p− πhp, p− πhp) .

We estimate the three terms as follows

‖u− πhu‖2
1,Ω ≤ c1h

2 ‖u‖2
2,Ω ,

and
‖p− πhp‖2

0,Ω ≤ c2h
2 ‖p‖2

1,Ω ,

where we used the standard interpolation error estimates (4.2). Further, (5.1)
implies

|sh (p− πhp, p− πhp)| ≤ c5h
2 ‖p‖2

1,Ω .

Collecting the above bounds provides the required inequality (5.2). �

Theorem 5.3. Let (u, p) ∈ H2 (Ω) × H1 (Ω) and (uh, ph) ∈ Vh × Ph be the
solution of (2.4) and (3.9), respectively. Then, we have

‖(u− uh, p− ph)‖s ≤ ch
(
‖u‖2,Ω + ‖p‖1,Ω

)
. (5.3)

Proof. First, we note that

‖(u− uh, p− ph)‖s ≤ ‖(u− πhu, p− πhp)‖s + ‖(πhu− uh, πhp− ph)‖s .
By Theorem 4.1, we have

‖(πhu− uh, πhp− ph)‖s ≤
1

δ2

sup
(vh,qh)∈Vh×Ph

Qh ((πhu− uh, πhp− ph) ; (vh, qh))

‖(vh, qh)‖s
and, by Lemma 3.1,

‖(πhu− uh, πhp− ph)‖s ≤
1

δ2

sup
(vh,qh)∈Vh×Ph

Qh ((πhu− u, πhp− p) ; (vh, qh))

‖(vh, qh)‖s
.

(5.4)
Expanding the terms in Qh ((πhu− u, πhp− p) ; (vh, qh)) gives

Qh ((πhu− u, πhp− p) ; (vh, qh)) = α (πhu− u,vh)0,Ω + µ (∇ (πhu− u) ,∇vh)0,Ω

− (πhp− p, div vh)0,Ω − (qh, div (πhu− u))0,Ω

− sh (πhp− p, qh) , (5.5)

The result is obtained through the use of interpolation estimates to the right-
hand side. The first four terms are handled by applying Cauchy–Schwartz in-
equality followed by the interpolation operator properties (4.2)

α (πhu− u,vh)0,Ω ≤ c1 ‖πhu− u‖1,Ω ‖vh‖0,Ω ≤ c2h ‖u‖2,Ω ‖(vh, qh)‖s , (5.6)
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µ (∇ (πhu− u) ,∇vh)0,Ω ≤ µ ‖∇ (πhu− u)‖0,Ω ‖∇vh‖0,Ω ≤ c3h ‖u‖2,Ω ‖(vh, qh)‖s ,
(5.7)

(πhp− p, div vh) ≤ ‖πhp− p‖0,Ω ‖div vh‖0,Ω ≤ c4h ‖ph‖1,Ω ‖(vh, qh)‖s , (5.8)

and

(qh, div (πhu− u))0,Ω ≤ ‖qh‖0,Ω ‖∇ (πhu− u)‖0,Ω ≤ c5h ‖u‖2,Ω ‖(vh, qh)‖s .
(5.9)

For the jump term, we use the same proof as in Lemma 5.1. We obtain

|sh (πhp− p, qh)| ≤ c6

(∑
K∈Th

hK

∫
∂K

|πhp− p|2 ds

)1/2(∑
K∈Th

hK

∫
∂K

|qh|2 ds

)1/2

.

The terms are bounded as follows.(∑
K∈Th

hK

∫
∂K

|πhp− p|2 ds

)1/2

≤ c7h ‖ph‖0,Ω ,(∑
K∈Th

hK

∫
∂K

|qh|2 ds

)1/2

≤ c8 ‖qh‖0,Ω ,

implying that
|sh (ph, qh)| ≤ c9h ‖ph‖0,Ω ‖(vh, qh)‖s .

So,
|sh (ph, qh)| ≤ c10h ‖ph‖1,Ω ‖(vh, qh)‖s . (5.10)

Combining (5.6)-(5.10), we get

Qh ((πhu− u, πhp− p) ; (vh, qh)) ≤ c11h ‖u‖2,Ω ‖(vh, qh)‖s + c12h ‖ph‖1,Ω ‖(vh, qh)‖s
≤ c13h

(
‖u‖2,Ω + ‖ph‖1,Ω

)
‖(vh, qh)‖s ,

which yields

‖(πhu− uh, πhp− ph)‖s ≤ c13h
(
‖u‖2,Ω + ‖p‖1,Ω

)
.

The Theorem follows by Lemma 5.2. �

In the following, we will prove L2-error estimate for the velocities using the
Aubin-Nitsche duality argument. Let (ϕ, r) ∈ V × P denote the solution of the
dual equation

Q ((v, q) ; (ϕ, r)) = (η,v)0,Ω ∀ (v, q) ∈ V × P. (5.11)

We further assume that the dual solution satisfies the required smoothness con-
dition

‖ϕ‖2,Ω + ‖r‖1,Ω ≤ c ‖η‖0,Ω , (5.12)

if the boundary is sufficiently smooth, see [15].

Theorem 5.4. Let (u, p) ∈ H2 (Ω) × H1 (Ω) and (uh, ph) ∈ Vh × Ph be the
solution of (2.4) and (3.9), respectively. Then

‖u− uh‖0,Ω ≤ ch2
(
‖u‖2,Ω + ‖ph‖0,Ω

)
. (5.13)
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Proof. Choosing (v, q) = (u− uh, p− ph) and η = u− uh in (5.11) and proceed
using Galerkin orthogonality to get

‖u− uh‖2
0,Ω = Q ((u− uh, p− ph) ; (ϕ, r))

= Q ((u− uh, p− ph) ; (ϕ− πhϕ, r − πhr)) + sh (p− ph, πhr)
= α (u− uh, ϕ− πhϕ)0,Ω + µ (∇ (u− uh) ,∇ (ϕ− πhϕ))0,Ω

− (p− ph, div (ϕ− πhϕ))0,Ω − (r − πhr, div (u− uh))0,Ω

+ sh (p− ph, πhr) . (5.14)

We now estimate the right-hand side terms of the above equation. By applying
Cauchy–Schwartz inequality followed by the interpolation operator properties we
get

α (u− uh, ϕ− πhϕ)0,Ω ≤ c1h ‖(u− uh, p− ph)‖s ‖ϕ‖2,Ω , (5.15)

µ (∇ (u− uh) ,∇ (ϕ− πhϕ))0,Ω ≤ c2h ‖(u− uh, p− ph)‖s ‖ϕ‖2,Ω , (5.16)

(p− ph, div (ϕ− πhϕ))0,Ω ≤ c3h ‖(u− uh, p− ph)‖s ‖ϕ‖2,Ω , (5.17)

(r − πhr, div (u− uh))0,Ω ≤ c4h ‖(u− uh, p− ph)‖s ‖r‖1,Ω . (5.18)

To estimate the jump term in (5.14), observe that r ∈ H1 implies sh (p− ph, r) =
0. Consequently, sh (p− ph, πhr) = sh (p− ph, πhr − r). Applying the triangle
inequality and the Schwarz inequality (while leveraging the regularity condition
(3.1)) yields

sh (p− ph, πhr) ≤ sh (p− ph, p− ph)1/2 sh (πhr − r, πhr − r)1/2

≤ c5 ‖(u− uh, p− ph)‖s

(∑
K∈Th

hK

∫
∂K

|πhr − r|2 ds

)1/2

,

and by using (4.4) and (4.2) we have(∑
K∈Th

hK

∫
∂K

|πhr − r|2 ds

)1/2

≤ c6h ‖r‖1,Ω ,

implying that

sh (p− ph, πhr) ≤ c7h ‖(u− uh, p− ph)‖s ‖r‖1,Ω . (5.19)

Combining (5.15)-(5.19), we get

‖u− uh‖2
0,Ω ≤ c8h ‖(u− uh, p− ph)‖s

(
‖ϕ‖2,Ω + ‖r‖1,Ω

)
.

We conclude by combining (5.3) with the regularity condition on the dual problem
stated in (5.12). �

6. Conclusion

In this paper, we have investigated various stabilization terms introduced in
[18, 16, 10] within a unified framework for the generalized Stokes problem. Ad-
ditionally, we have analyzed the reduced local jump stabilization methods for
the P1 − P0 mixed element method. Stability and error estimates for all these
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methods were derived within a common theoretical framework, demonstrating
the versatility and robustness of the unified approach. This unified perspective is
especially advantageous for infiltration problems, such as those involving coupled
(Navier-)Stokes and Darcy equations. In these problems, it is critical to analyze
both equations within a consistent framework, even though they involve different
stabilization terms and physical characteristics. The proposed methodology of-
fers a robust and cohesive foundation for effectively addressing these challenges.
Ongoing work aims to further explore the effectiveness of the reduced local jump
stabilization methods for the P1−P0 mixed element method through comprehen-
sive numerical benchmarks. Our objective is to refine the unified model, enhance
its applicability, and develop more efficient numerical schemes to improve compu-
tational performance. These efforts will contribute to advancing the robustness
and efficiency of stabilized finite element methods for complex multiphysics prob-
lems.
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