Gulf Journal of Mathematics ISSN: 2309-4966
Vol 22, Issue 2 (2026) 1-13 https://doi.org/10.56947 /gjom.v22i2.4224

NEW GENERALIZATION OF THE CLASS OF
H-SUPPLEMENTED MODULES

ZAINAB SAEED ABBAS!, IMAN ABDULHADI DHARI? and ENAS MUSTAFA KAMIL3*

ABSTRACT. Let P be aright R-module, where R is a ring with identity. In the
present research, a class of modules is described similar to H-p-supplemented
and p-lifting modules. A module P is called principally H-pu-supplemented, if
there is a summand L of P such that pR is p-equivalent to L, for every p € P.
Additionally, we present an extension of supplemented modules. A module P
is considered to be principally u-supplemented if, for every p in P, pR has a
p-supplement in P. A number of characteristics of these modules are shown,
and it is demonstrated that both the P,-H-supplemented and P,-supplemented
modules include the class of principally p-lifting modules.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this work, R will denote an associative ring with identity and all
modules are right R-modules. For convenience, the term ”direct summand” is
denoted by ”d.s.” throughout the paper to simplify notation and avoid repetition.
A submodule V' of a module P is referred to as small in P (V < P) if whenever
P =V + L, then L = P, [7]. A submodule V" of P is known as supplement of
Lif P=L+V and LNV <V, when all submodules of P have supplements,
P is called a supplemented module, [8]. A module P is principally supplemented
when all of its cyclic submodules have supplements, according to Acar and Hara-
manci [1]. A module P is referred to as (principally) lifting, if there exists a
decomposition P = L & L' with L <V and L N L' < P, for each submodule V
of P, [1]. Ozcan [18], introduced the submodule Z*(P) as a dual concept of the
singular submodule, Z*(P) = {p € P such that pR < E(P)}, where E(P) rep-
resents the injective hull of P. A module P is called cosingular (noncosingular) if
Z*(P) = P (Z*(P) = 0). Several studies have investigated some generalizations
of small submodules, see for example [19]. The concept of p-small submodules,
a useful generalization of small submodule, was introduced by Kamil and Khalid
[12]. A submodule V' of a module P is p-small in P (V <, P) if the equality
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P =V + L with % is cosingular implies P = L. Let L and V be submodules of
P such that L <V, L is called p-coessential submodule of V' in P if % <, %,
denoted by (L <puee V in P), V is called p-coclosed (V' <o P) when ¥ is cosin-
gular and L <, V in P, [11]. A submodule V' of P is p-supplement of L in P
if P=V +Land VNL <K,V and P is p-supplemented, when each submodule
of P has p-supplement in P, [13].

In [10], P is referred to as p-lifting provided that for each submodule V' of P,

there is a decomposition P =L @& L' with L < Vand VNL' <, L', [11]. Let V
and L be submodules of a module P. In [20], V and L are related by the relation
3%, denoted by V3*L when 5= < £ and Y= < £. In [20] and [21], a module

P is H-supplemented provided that for each submodule V' of P, VuL, for some
d.s L of P. A module P is known as principally goldie*-lifting module, provided
that every cyclic submodule of P is p-equivalent to a d.s in P, [6]. A module P
is called principally p-hollow (P,-hollow) if, every cyclic proper submodule in P
is p-small in P, [10].

In [10], [I1], and [15], there were two new generalizations of p-lifting modules
are defined. A module P is principally p-lifting (P,-lifting), if P satisfies the
p-lifting condition on the cyclic submodules. A module P is referred to as prin-
cipally H-p-supplemented, for short (P,-H-supplemented), provided that each
submodule V' of P is related with a d.s L of P by the equivalent relation pu.

Inspired by these notions, we study two new types of modules: P,-supplemented
and P,-H-supplemented.

Section 2 presents several features of the relation p and p-small submodules.

The concept of P,-H-supplemented is defined and examined in section 3. Addi-
tionally, we provide the relationship between the condition of P,-H-supplemented
among various module classes and provide examples to demonstrate that, in gen-
eral, the opposite implications are not satisfied.
The presentation of P,-supplemented is covered in Section 4. It is demonstrated
that all P,-lifting is P,-supplemented, and we provide an example to demon-
strate that the opposite is false, in general. We examine the circumstances in
which the opposite implication is true. In what follows, by Z,,7Z, (), we denote,
the Z-module of integer modulo n, integers, rational set.

2. BASIC RESULTS.

This section collects the basic characteristics of pu-small submodules of a mod-
ule and the relation p on the collection of submodules, to allow for their easy
referencing in later sections of the paper.

Lemma 2.1. [12] Assume that P is a module. Consider the following conditions.

(i) Let V< N < P, then N <, P if and only if V <, P and % <, g.

(i1) Let V,N < P, then V + N <, P if and only if V <, P and N <,
P. Moreover, if Vi,Vao,...,V, < P with V; <, P,Vi = 1,2,...,n, then
i Vi<, P

(i13) Let VN < P with V < N. If V<, N, then V <, P.

(iv) Let ¢ : P — P’ be a homomorphism such that V <, P, then (V) <, P'.
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(v) Let P=P, & Py and V =V, @ Vs, where Vi < Py and Vo < Py. Then
Vi <, Proand Vy <, Py if and only if V <, P.

Lemma 2.2. Let P be a module, and p € P and L < P, the following features
are equivalent.
(i) P=pR+L and pRNL <, L.
(1i) P =pR+ L and for any proper submodule N of L such that % 1S COSin-
gular, P #pR+ N.

Proof. (i) = (ii) Let N < L and P = pR+ N, where £ is cosingular. Then
L=(LNpR)+ N. As LNpR <, L, then L = N.

(it) = (i) Let P = pR+ L and N < L and £ is cosingular such that L =
(pbRN L)+ N. Then, P = pR+ L = pR+ N. From (i), N = L. Hence,
pRNL <, L. O

Kamil and Khalid [15] introduced a relation p on the collection of submodules
of a module P. Let V and L be submodules of a module P, then VL if and only
if % <, g and % <, %. It is easy to see that p is an equivalence relation.
In this part, we examine several characteristics of this relationship.

Theorem 2.3. [15] Let V and L be submodules of a module P. The next state-
ments are identical.
(i) VL.
(i) VL V+LinPandL < V+LinP.
ce uce
(1ii) For every X < P satisfies P = V+L+X 18 cosingular, then P =V +X
and P =L+ X.

(iv) If P =V+A, for any A < P such that £ is cosingular, then P = L+A and
if P=L+ B, for any B < P such that % 1s cosingular, then P =V + B.

Lemma 2.4. Let P be a module, p € P and L a d.s of P. The following condi-
tions are equivalent.

(i) pRuL.
(it) If P = pR+ L+ X and £ is cosingular, for any X < P, then P = pR+X
and P=L+ X.

Proof. (i) = (ii) Assume that P = pR + L 4+ X with £ is cosingular, for some
X < P. Then pﬂ = <pR+X> + <pR+L) Also,

pR pR R+X
Corollary 2.6). Since pR+L <<u . Thus, P =pR+ X.

(i1) = (i) Let X < P such that pR < X and = R = (pR+V> + (i) with £ is

is cosingular, by ([12],

pR pR
cosingular Then, P = pR+ L+ X. By (1), pR+X and hence P = X. Thus,
pR+L <<u . In a similar way, we conclude pR+L <, L O
Corollary 2.5. [15] Assume V and L are submodules of a module P such that

VLSL+Xand LKV +Y. If X)Y are p-small in P, then VL.

Proposition 2.6. [ ] Let P is a module and V, L are submodules of P, then

VuL if and only if ¥ X,uX, for every X <V N L.
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Lemma 2.7. [I5] Let V1, Vs, Ly and Ly be submodules of a module P. If Viuly
and VapuLy, then (Vi @ Vo) u(Ly & Ls).

Lemma 2.8. [15] Let ¢ : P — P’ be R-homomorphism, then.
(i) If V.L < P,VuL, then o(V)up(L).
(i) If V,L < P',VuL, then o' (V)up™'(L).

Proposition 2.9. Let P be a module and V' be a d.s of P. If VuX, where X is
cyclic submodule of P with % 15 cosingular, then V' is also cyclic.

Proof. Let P=V @ V' V' < P and let X be a cyclic submodule of P with § is
cosingular. By Theorem 2.3, P = X + V. As X‘J;,V/ = % = V and X is cyclic
yields that V' is cyclic [

Lemma 2.10. Let P = P, ® P, and let V and L be submodules of P,. The next
properties hold.
(1) VuL in Py if and only if VL in P.
(17) Let P, < X < P. Then XpuP if and only if X N Py, <, Ps.
(1i1) Let X < Py. If Py is cosingular, then X uPy if and only if X = P.

Proof. (1) Let V and L be submodules of P;. Assume that VuL in P, then

VL <<u 2 and Y <, 2L Let X be a submodule of P such that Y2+

X =< and P is Cosmgular As the cosingularity property is closed under

L~ L

. . P]_ P1+X E, Pl 3 1
1somorphlsm, then Pox = % < % hence, xS cosingular. Then
VAL B — 11 so, PN X = Py, which yields that P; < X. Moreover,

L L
% = %. By similar proof, we conclude that % <, %. Conversely,
suppose that VuL in P. Let X be a submodule of P; such that % + % =

% and % is cosingular. Then % = % + % and % = P}ji + 1s cosingular
and £ = YL 4 BAX By agsumption, Y <, . So, 22X = £
and hence P = P, + X. Thus, X = P;. Similarly, we can show that
V+L P
Vb <, B

(17) Let X be a submodule of P such that P1 < X and assume that XpP;.
Then,X:Pl@(XﬂPg)andX%lpl: <<MP AS%NXHPQEH]CI
Pﬂl = P, then X N P, <, P, by Lemma 2 1. The converse is obvious.

(7i1) Let X be a submodule of P, and P; is cosingular. Suppose that X uP;.
Then % = % <, %. Since P is cosingular, PQ% is also cosingular, by
([12], Corollary 2.6). Note that £ = £ 4 25 vields that P = Py + X.
Thus, X = P;. The converse is obvious.

O

Proposition 2.11. Assume P is a module then let V, L and T are submodules
of P. If VL and T <, P, then Vu(L +1T).

Proof. Assume that VpL and T <, P, then “H£ <, £ and HL <, £, Let W
be a submodule of P such that YA4L + & = £ and 1s cosmgular then s =
% + W and the cosmgularlty of £ implies that of T +W, by ([12], Corollary

2.6). Since V+L Lu v L and wa is cosmgular, then P =T + W. Moreover, % is
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cosingular and 7" <, P, implies P = W. Hence, W <, 5 Now, assume U

VALAT u _ _pP P :
is a submodule of P such that 77~ + ;77 = 7 and 7 is cosingular. Then
P _ V+L | THU P . . P

L = 1~ + - and 73 is cosingular because of the cosingularity of ;. Since

VL <, £ then £ = U As T <, P, then P = U. This completes the

proof. O

Proposition 2.12. AssumeV,L,N < P withP =V +N = L+N,LNN < VNN
and % <y %, then VL.

)
Proof Note that LmN += = T and V]%[N = @ = {7, define the map

fias = A by f(n+LNN)=n+(VNN),n€N,fis an epimorphism,
and define A : ——>Pbyh—w0f09 Let p € P, then p =1+ n,l € L and
neN. ThenQ(p+L):9(l—|—n+L):n—l—LﬂN,f(n+LﬂN):n+(VﬂN),
and Y(n+VNN)=n+V=n+v+VveV. So, h(p+L) =n+v+V.
Now, let v+ 1+ L € %, then there exists [y + n=v+1,l; € L,n € N. Hence,
h(v—i—lJrL):v—i-l—ll—i-Ve%. Now,assumethatvg—i-lg—i-VE%,there
exists v3 € V and n3 € N such that [ = v3 + n3. Hence, vo + 1o +V =ng+ V.
Observe that ng = —v3+l, € V + L- SO,h(’I’Lg—f—L) (@/}Of )(TLg—f-L) ¢o
f(n3+LﬂN) w(n3+VﬂN)—n3+V—v2+l2+V ThUS h(V+L)—#.
As Y <, B then EE <, £ By Lemma 2.1, this yields that VL. O

L+N _ P

IR

3. PRINCIPALLY H-p-SUPPLEMENTED

We present P,-H-supplemented modules, which are inspired by the generaliza-
tion of lifting and supplemented modules. Examining a few characteristics of this
type of modules is the focus of this section.

Definition 3.1. A module P is referred to as principally H-p-supplemented
(briefly P,-H-supplemented) if, for each cyclic submodule pR of P, there is a d.s
L of P such that pRulL.

Proposition 3.2. Let P be a module and consider the next statements

(1) P is a principally lifting module.
(13) P is a principally G*-lifting.
(i13) P is a P,-lifting.
(iv) P is a P,-H-supplemented. Then (i) = (ii) = (iv) and (1) = (iii) = (iv)
Proof. (i) = (ii) See [0].
(17)= (iv) It is obvious from the fact that p-small submodule is a generalization
of small submodule.
(i)= (4it) See [10].
(i17) = (iv) Let P be a P,-lifting and let pR be a submodule of P. As P is
P,-lifting, there is a d.s L of P such that pTR <, %: hence, pRuL.Thus, P is
P,-H-supplemented.
(17) # (i) The Z-module Zs @ Zs is principally G*-lifting, which is not principally
lifting. Also, this is an example to show that (iv) # (ii7).
(iv) # (ii) Let S =[[;2, H;, where H; = Z,, assume R is the subring of S which
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is generated by @2, H; and 1,. As Rp is p-hollow, it is H-u-supplemented, and
hence it is P,-H-supplemented, Ry is not supplemented. This is also an example
shows that (iii) # (i) O

Example 3.3. Clearly, H-pi-supplemented is P,-H-supplemented. However, Q as
Z-module shows that the converse is false, in general.

Proposition 3.4. Assume P is an indecomposable module the next properties
coincide.
(i) P is P,-hollow.
(¢1) P is P,-lifting.
(iti) P is P, — H-supplemented.

Proof. (i)=-(i1) See [10].

(77) = (i7i) Proposition 3.2.

(i73) = (i) Let pR be a proper cyclic submodule of a P,-H-supplemented module
P, there is a d.s L of P such that pRuL. As P is indecomposable, either L = P
or L =0. If L = P, then pR = P which is a contradiction; L = 0 yields that
pR <, P. Thus, P is P,-hollow. 0

Proposition 3.5. Assume P is a P,-H-supplemented. If each submodule of P
has a unique p-coclosure, then P is P,-lifting.

Proof. Let V be a cyclic submodule of a P,-H-supplemented module P, there is a
d.s L of P such that VL. Let X be a p-coclosure of V ;then X <, V in P and
X <pee L'in P, hence X <, V4L in P, ie, X is p-coclosure of V + L. However,
L is a p-coclosure of V' + L; therefore, L = X < V. Thus, P is P,-lifting. OJ

Proposition 3.6. Let End (Pg) be Abelian such that, if V. < P, then V =
Y i1 Yi(P), where each v; € End (Pgr). Then P is P,-lifting if and only if it is
P,-H-supplemented.

Proof. Assume pR is a cyclic submodule of P, then pR = ) .., ¥;(P), where
Y; € End (Pg), by hypothesis. As P is P,-H-supplemented, there exists g*> = g €
End(Pg) such that gP is p-supplement of V. Since End (Pg) is Abelian, then
(1 — g)P< V; hence, (1_‘;)13 <, (I—IZ)P' Thus, P is P,-lifting. O

Proposition 3.7. In a cosingular module, the P,-H-supplemented and H-p-
supplemented properties are equivalent.

Proof. Straightforward. O
Our next results are equivalent to the conditions of P,-H-supplemented.

Theorem 3.8. The following conditions are identical for a module P.
(i) P is P,-H-supplemented.
(i1) P can be expressed by P = Py @ P, where (V + P) N Py <K, P, for each
cyclic submodule V' of P.
(i4i) For each cyclic submodule V' of P,we have V + L = L &® N, where L is a
d.sof P and N <, P.
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Proof. (i) = (i) Assume P is P,-H-supplemented, let V' be a cyclic submod-
ule of P, there is a decomposition P = P; & P, such that VuP,. Let P, =
(V+P)N P+ X, where X < P, and 2 is cosingular. Then P = PP P, =

P+ [(V+P)N P+ X; hence, £ = P1+X 4 [VFPOOR P However, P; <

=) P1 Py
(V4+P)NR]+P <V+P and Py <uee V 4+ L in P; therefore, P; <ee
Pi+X)+Ps A
(V4 P)NP+ P in Pand L = Bl = BEOMR o By By

cosingular, this yields that P = P+ X. As PPNX < PLNP, =0, then P,NX = 0.
HencePzPlEBX,X:PQ. Thus, (V+P1)QP2 <<# P2.

(17) = (di1) Let V is a cyclic submodule of P. So, there is a decomposition
Pzpl@Pg, and (V—}-Pl)ﬂpg <<# Pg, by (Zl) Observe that V+P1:
(7ii) = (i) Let V be a cyclic submodule of P,(V + L) = L & N, where L is
adsof Pand N < ,P, by (iii). Let £ = ¥ 4+ X B s cosingular, then
P=V+L+X=L+N+X=N+X=2X,so0, FLt <, £ By similar way,
# <, g. Thus, P is P,-H-supplemented. 0]

Theorem 3.9. A module P is P,-H-supplemented if and only if for each cyclic
submodule V' of P, there is a d.s L of P and a submodule X of P such that
V Lpee X in P and L <pee X in P

Proof. Assume P is a P,-H-supplemented and V' is cyclic submodule of P, there
isad.s L of P such that V <, V+Lin Pand L <. V+ L in P. In particular,
let X =V 4 L. For the converse let V' be a cyclic submodule of P, there is X < P
and a d.s L of P such that V' <. X in P and L <, X in P, then V+L <ce X
in P, by ([10], Proposition 2.6); hence, V' < ee V + L in P and L <yee V + L in
P, by ([10], Proposition 2.5). Thus, P is P,-H-supplemented. J

The next example shows if § is P,-H-supplemented, then P may not be P,-H-
supplemented.

Example 3.10. Assume P = Z%,p is prime, n € Z*. Then P is P,-lifting;
hence P is P,-H-supplemented. However, Z is not P,-H-supplemented.

Our next propositions investigate conditions when the factor of P,-H-supplemented
is also P,-H-supplemented.

Proposition 3.11. Let P be a P,-H-supplemented, and let V < P. If % 1S a
d.s of g, for any cyclic d.s L of P, then g is P,-H-supplemented.

Proof. Let pR+V be a cyclic submodule of %,pe P. As Pis P,-H-supplemented,
there is a d.s L of P such that pRuL. From ([15], Proposition 2.8), we con-
clude that pR+VuLJ‘;V. By hypothesis, % is a d.s of g.Thus, § is a P,-H-
supplemented. ]

A module P is called distributive, if for every submodules P;, P, and P of P,
the next equality holds Py N (P, + P;) = (PN P2) + (Py N Ps), [5] and [9]. When
©(X) < X, for each ¢ € End (P), X is said to be fully invariant, P is referred
to as a duo module if all of its submodules are fully invariant, [17], [2].
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Corollary 3.12. Let P be a P,-H-supplemented. If P is distributive (or duo)
module, then each factor module of P is P,- H-supplemented.

Proof. Assume P is a distributive or duo module, and let L be a d.s of P, one
can easily prove that # is a d.s of 5, for every V' < P. By Proposition 3.11, 5
is P,-H-supplemented. O

Proposition 3.13. Let P be a P,-H-supplemented, and then let V' be a submodule
of P. If for each f € J(End(P)) there is g € J (End (%)) such that Im g <ce
VJ‘F/fP in &. Then & is P,-H-supplemented, where J(End(P)) ={f: P — P| f
is homomorphism with fo f = f}.

Proof. Assume pR‘j Y is a cyclic submodule of 5 As P is P,-H-supplemented,

there is f € J(End(P)) such that pRufP. So, there exists g € J ( End (£))

such that Im g <ce V+Tfp in ; hence, Img uv+fP and pR+foP‘;FV However, p is
equivalence relation, [15]; therefore pR+V pImg Thus, P is P,-H-supplemented.

O

Proposition 3.14. Let P be a P,-H-supplemented, let V < P such that, V =
(VNP)® (VN P), for every decomposition P = P, & P,. Then & is P,-H-
supplemented.

Proof. Let Z’VR be a cyclic submodule of P As P is pP -H-supplemented, there
exists a d.s L of P and X < P such that X 7 <u ﬁ and X <y f Put P =
Le L,/ < Pthen V=VNP = Vﬂ(L@L’)—(VﬁL) (VmL’)

(L+V)N(L' + V), by hypothesis. So, Z£Y @ LY = L Now, we have % o <
X P

and v <, v and hence £ 7 1s P,-H-supplemented.
\4 14

0 <1\ |<h; I

Proposition 3.15. Let P be a module such that each cyclic submodule of P has
p-supplement that is relatively projective d.s of P, then P is P,-H-supplemented.

Proof. Assume pR is a cyclic submodule of P,p € P. By the assumption, there
is a decomposition P = L@ L’ such that P = pR+ L and pRNL <, L, and L, L
are relatively projective. As L is L'-projective, P =V & L,V < pR, by ([10],
Lemma 4.47). Thus, P is P,-H-supplemented. O

4. DECOMPOSITIONS

Direct summands of P,-H-supplemented may not be again P,-H-supplemented.
Under certain conditions, P,-H-supplemented is inherited by d.s.

Proposition 4.1. Let P be a P,-H-supplemented. If P is distributive, then each
d.s of P is P,-H-supplemented.

Proof. Straightforward. O

Module P is considered to have the summand sum property (SSP), when the
sum of each of the d.s of P is a d.s of P, P is said to have the (D3) if P, and P,
are d.s of P with P = P, + P», then P, N Py is d.s of P, [16] and [3].
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Proposition 4.2. Let P be a P,-H-supplemented. If P has the (SSP), then each
d.s of P is P,-H-supplemented.

Proof. Assume that P = L & L'. It is sufficient to prove that % is P,-H-
supplemented. Assume K is a d.s of P. As P has the ( SSP ), L' + K is a
dsof P,let P=(K+L)®Y,Y <P, then £ = KZ—,L,EB Y+L' Hence, L = L o s
P,-H-supplemented, by Proposition 3.11. 0
Proposition 4.3. Let P be a P,-H-supplemented with (D3), then each d.s of P

is P,-H-supplemented.

Proof. Let P = P, @ P, and pR be a cyclic submodule of P;. As P is P,-
H-supplemented, there is a submodule X of P and e € J(End(P)) such that
e(P) < X and p% <, L and X) <, TIIDD). Since P has the Ds-property, then

pR
e(p)N Py is d.s of P, and Thus, P, is P,-H-supplemented. [J

X
cPp n e(P)mPl :

Proposition 4.4. Let P be a P,-H-supplemented, let L be a d.s of P such that,
for every decomposition P =V @& N of P, there exist submodules V' of V and N’
of N such that P= L& V' & N’', then % is P,-H-supplemented.

Proof. Let pR < &, there exists a decomposition P = V & N such that pRuV'.

“”V <<M Loand 22X <, L. Then, P = L ea Ve N,V <V and

N "< N, by hypothe51s it is obv10us that B R+L+V < On the other hand
p PR

Hence,

> N and - v’ &~ N’ and pRLJZrLJ,V <, L—H/” by Lemma 2.4. Therefore,
B uL@V hence 7 is P,-H-supplemented. Il

Theorem 4.5. Let P = P, @& P; be a distributive (or duo) module. Then, P is
P,-H-supplemented if and only if P, and P> are P,-H-supplemented.

Proof. In two cases, P is distributive or duo, for each submodule V of P,V =
(VNP)ae(VNPR). Let p € P, then p = p; + pa,p1 € Py and ps € P». Then
pR = (pRN P)® (pRN P,). Hence, pyR = pRN P, and poR = pRN P, are cyclic
submodules of P, and P, respectively. So, there exists d.s Ly of P, and Ly of
P, such that pyRuLy and poRuLs. Then, pRu (L @& Ls), according to Lemma
2.7, and Ly @ Lo is a d.s of P. Thus, P is P,-H-supplemented. The converse is
obvious. O

A module P is said to be a weak duo, if every d.s of P is fully invariant [17].

Corollary 4.6. Let P be a P,-H-supplemented. If P is a weak duo, then each
d.s of P is P,-H-supplemented.

Proposition 4.7. Let P = P, @ P, be a direct sum of P,-H-supplemented. If
ann Py 4+ ann P, = R,then P is P,-H-supplemented.

Proof. Let pR be a cyclic submodule of P, p € P, then p = p; + po,p1 € P,
and py € Py; Hence, pR = (pRN P;) ® (pR N P,) implies that py R = pRN P, and
poR = pR N P, are cyclic submodules of P, and Ps, respectively. So, there exists
d.s Ly of Py and Ly of P, such that p; RuLy and pyRuLs, then pRu (Ly & Ls), by
Lemma 2.7. Thus, P is P,-H-supplemented. O
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We will end this section with the next result.

Theorem 4.8. Assume pR is a projection invariant cyclic submodule of a module

P.

(¢) If P is P,-H-supplemented, then there is a decomposition P = P, &
Py, P, < pR and %I: <, P%.

(¢1) If P is P,-H-supplemented, pR has a unique p-coclosure and every d.s
of pR hgs p-coclosure in P, then P = Py & P, such that P, < pR and

%% <u B and each of Py and P, are P,-H-supplemented.

Proof. (¢) Since P is P,-H-supplemented and pR < P, there is a d.s L of P
such that pRLJrL <, £ and pl;”;%L <, z%' Let m : P — L be the projection
map, let 7(P) = L = P, and (1 — 7)(P) = P1. As pR is projection
invariant, then 7(pR) < pR; hence pR = w(pR) & (1 — 7)(pR), n(pR) =
pRN7(P) and (1—m)(pR)=pRN(1—m)(P). Note that P = n(P) @
(1—m)(P) implies that P = pR+(1—7)(P). So, n(P) = m(pR) = L < pR

(P)+pR _ pR P
and P — 2P K wm

(17) From (i), we get P = P, @ P,, where ’I’D—f < P% and P, < pR and
e(P) = Py and (1 —¢)(P) = P,e € J(P). Let P = X @Y, then
pR = (pRNX) @ (pRNY). By hypothesis, pR N X has u-coclosure N in
P and pRNY has p-coclosure say N’ in P; hence, N & N’ is a p-coclosure
of pRin P. However, pR has a unique p-coclosure; therefore, P, = N&N'.
Now, XN(N&N)=N@(XNN)andYN(N&N')=N @ (NNY).
Hence, P, = N@® N' = (X NFP) & (Y NF,). Since P, and P, are d.s of
P, then P, and P, are P,-H-supplemented, by the construction above.

OJ

5. PRINCIPALLY u-SUPPLEMENTED MODULES

In this part, a new class of modules is introduced, namely, P,-supplemented,
with some of its properties.

Definition 5.1. A module P is referred to as a principally u-supplemented if for
each cyclic submodule L of P, there is a submodule B of P such that P =L+ B
and L N B < B, for short we will denote P,-supplemented.

o

Proposition 5.2. Let P be a module and consider the following conditions.
(1) P is a principally lifting.

(7i) P is a principally supplemented.

(1i3) P is P,-lifting.

(iv) P is P,-supplemented. Then (i) = (it) = (iv) and (i) = (iii) = (iv).

Proof. (i) = (ii) See [1].

(17)= (iv) It follows from the fact that each small submodule is p-small in P.
(i) = (it7) see [10].

(i7i)= (iv) and (i7) = Straightforward.

(

= (1v)
i1) # (i) Let P = Zy & Zg as Z-module. Then P is principally supplemented
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which is not principally lifting. Also, this is an example to show that (iv) % (iii)
(iv) # (17) Let P =[], P, where P, = Z; and R is the subring of P which is
generated by 1p and ®52, P;. As Ris V-ring, R is p-hollow; hence, it is P,-lifting
which is not supplemented. Also, this is an example to show that (ii7) (i) O

Example 5.3. Let P = Zy @ Zg as Z-module. It is easy to verify that P is
principally supplemented and hence it is P,-supplemented. On the other hand,
P is not P,-lifting, [10].

The following result provides a condition that makes the P,-supplemented and
P,-lifting conditions equivalent.

Proposition 5.4. Let P be a P,-supplemented. If P has the (SSP), then P is
P,-lifting.

Proof. Let p € P, there is X < P such that P = pR+ X and pRN X <, X.
There exists a d.s X; of P such that X; < X and P = pR+ X; = X| & X;.
Again, the assumption, there exists a d.s Xy of P such that Xo < pR and P =
Xy + X7 = Xo @ X Since P satisfies the (SSP), Xo N X; isa d.s of P, let P =
(XgﬂXl)@K,K < P. Then X1 = (Xngl)@ (KﬂXl) and P = XQ@(Kle)
Observe that pRN (K NX;) <, KNX;, as pRN(KNX;) <pRNX; < X and
pRN X, <, Xi; hence, pRNX; <, KN X, because KN X, is a d.s of P. Thus,
P is P,-lifting. O

Proposition 5.5. Let P be a P,-H-supplemented. If P is cosingular, then P is
P,-supplemented.
Proof. The proof is immediate. OJ

Recall that a module P is called regular if for any p € P, there is 6 €
Hompg (P, R) with p = pf(p), [22].

Proposition 5.6. Every regular module is P,-supplemented.

Proof. As a consequence of that each cyclic submodule of a regular module is a
d.s. O

The converse implication of Proposition 5.6 is false, in general.

Example 5.7.

(i) We know that Q as Z-module is P,-supplemented, while it is not regular,
because Homz(Q,Z) = 0.

(i7) A submodule of P,-supplemented may not be again P,-supplemented,
for example Q as Z-module is P,-lifting; hence it is P,-supplemented,
while the submodule Z of Q is not P,-supplemented since 2Z has no P,-
supplement in Z.

From [13], the finite sum of p-supplemented modules is again u-supplemented.
However, in case of P,-supplemented this statement is false. In several classes of
modules it is true.

Theorem 5.8. Let P = P, @ P is a direct sum of P,-supplemented modules. If
P is duo module, then P is P,-supplemented.
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Proof. Let P = P, & P, be a duo module and let pR be a submodule of P,
then pR = (pRNP) & (pRNP,y). Let p = p1 + pa,p1 € P, and py € P.
Then p1R = pR N P, and poR = pR N P, respectively, there exist X; < P,
and Xy < P, such that P, = piR+ Xy, p RN Xy <, X4, = ppR+ X, and
pgRﬂXQ <<M XQ. Then, P = p1R+p2R+ Xl —|—X2 = pR-'-Xl + X2. We prove
(pR) N (X1 + X») <, X1 + Xo.

(pR) N (X1 + Xo) = ((pR) NP1 + (pR) N P2) N (X1 + Xo)

< (X1 N (((pR) N PY) + P2)) + (Xa N (((pR) N Py) + )
< ((PR)NP)N (X1 + P) + ((pR)NP) N (Xy + Py)

On the other hand ((pR)NP) N (X1 +FP) = (mR)N(Xi+P) < XiN
(91 R) + Py) < (prR)N(X, + Py) implies (p RYN(X; + Po) = X;((pR) + P) =
(p1R)NX;. Similarly (poR)N (X2 4+ P1) = XoN((p2R) + P1) = (p2R)N X5, Since
le N X1 <'LL< X1 and pgR N X2 < XQ, then le N X1 —|—p2R N XQ <§ X1 -+ X2.

“w

Again by Lemma 2.1, pRN (X; + X5) < X7 + Xo. O
I

Theorem 5.9. Let P be a P,-supplemented. If P is duo module. Then every d.s
of P is P,-supplemented.

Proof. Let P = P, & Py and p € P;. There exist X < P such that P =pR+ X
and pRN X <« X. Then P, = pR+ (P NX). Since P is duo module, then
m

X =(XNP)®(XNP). Now, let U be a submodule of X N P with 232 is

cosingular, then X = pRN (X NP)+U+(XNPEk)=pPRNX)+U+ (X NPB).

Since pRNX < X and 575, is cosingular, then X = U& (X N Py). It follows
n

that U = X N P, that is what we have to do. Il

Theorem 5.10. Let P be a P,-supplemented. If P is distributive, then every d.s
of P is P,-supplemented.

Proof. Let P = P, & P, and p € Py, there exists X < P such that P =pR+ X
and pRNX <« X. Then P, = pR+ (PN X). It is simple to clarify that

m
pRNX K PNX. 0J
m
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