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FURTHER PROPERTIES OF HERMITIAN ADJACENCY
MATRIX OF MIXED GRAPHS

MUHAMMAD IRFAN ARSYAD PRAYITNO! and YENI SUSANTI?* and SRI WAHYUNTI?

ABSTRACT. The Hermitian adjacency matrix of a mixed graph extends the
classical adjacency matrix to graphs containing both edges and arcs. In this
paper, we establish a unified generalised interpretation for the powers of the
Hermitian adjacency matrix, where arcs may be traversed in either direction
and the orientation is encoded through complex conjugate weights. We show
that each entry of the kth power of the Hermitian adjacency matrix
corresponds to a weighted sum of all generalised walks of length k between
the corresponding vertices. Using this correspondence, we derive explicit
combinatorial expansions for the determinant and for the coefficients of the
characteristic polynomial in terms of spanning sub-mixed graphs.
Applications to path and cycle digraphs are presented, and several spectral
consequences are discussed.
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1. INTRODUCTION AND PRELIMINARIES

1.1. Motivation. The Hermitian adjacency matrix of a mixed graph was
introduced by Liu and Li [11] as a spectral extension of the adjacency matrix to
graphs containing both undirected edges and directed arcs. Its eigenvalue
properties were studied by Guo and Mohar [12], and further refinements were
given by Mohar [15] and Abudayah et al. [2], preserving Hermitian symmetry.
In this paper, we adopt the formulation of [2], which reduces to the classical
Hermitian adjacency matrix when o = ¢ and to the adjacency matrix when
a=1.

For undirected graphs and digraphs, it is well known that the entries of powers
of the adjacency matrix count walks of fixed length [9, 16, 18]. Motivated by
this classical correspondence, we investigate analogous interpretations for the
powers of the Hermitian adjacency matrix of mixed graphs. In this setting, arcs
may be traversed in either direction; when a walk follows an arc opposite to its
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orientation, its contribution is recorded through the complex conjugate weight
determined by the Hermitian symmetry.

We show that each entry of the kth power of the Hermitian adjacency matrix
corresponds to the weighted sum of all walks of length k£ between the
corresponding vertices. This interpretation yields explicit combinatorial
expressions for the determinant and for the coefficients of the characteristic
polynomial in terms of spanning sub-mixed graphs.  We further derive
consequences for the spectrum of the Hermitian adjacency matrix, including
bounds of the spectral radius, sufficient conditions for 0 to be one of the
eigenvalue, and the Hermitian energy of a mixed graph. Consequently, several
classical results for adjacency matrices of undirected and directed graphs are
recovered within the Hermitian setting.

1.2. Preliminaries. We adopt standard terminology for undirected graphs and
digraphs from [1, 0], and for directed paths and cycles from [I11]. All graphs
considered are finite and do not allow parallel edges or arcs.

In this paper, a digraph A is an oriented digraph without parallel arcs,
although directed loops are allowed. A mixed graph M is obtained by replacing
each directed digon of a digraph with a single undirected edge while retaining
all other arcs and directed loops; undirected loops are not allowed. An
undirected graph I is regarded as a special case of a mixed graph that does not
contain directed arcs. Throughout this paper, a digraph is understood to be
oriented, so a directed digon is not allowed. On the other hand, an unoriented
digraph may be viewed as a mixed graph in which each directed digon is
replaced by an edge. Hence, results for mixed graphs can also be specialised to
digraphs and wundirected graphs. The following figure illustrates the
transformation of an unoriented digraph into a mixed graph by replacing
directed digons with undirected edges.

FIGURE 1. An unoriented digraph and the corresponding mixed graph.

For a mixed graph M and a vertex £ € V), the out- and in-neighbourhoods are

defined by Ny;(§) = {¢: (§,¢) € Anr or {&,¢} € Ay} and Ny (§) = {C: (¢.§) €
Ay or {(,&} € Ay}, so that each undirected edge incident to & contributes to

both neighbourhoods. The corresponding out-degree and in-degree are ody;(§) =

|N;7(€)] and idy(€) = | Ny, (€)]. For a digraph X and an undirected graph I', the
notation N%(ﬁ), Ni(f), odz (), idz (§) and Nr(€), degr(€) is used in the usual

sense; see [7, 8].
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A digraph X) = (V3,A%) is an induced subdigraph of K if V3 C Vz and
A = {(w,v) € Az : u,v € V3}. Similarly, an For an undirected graph I' =
(Vr, Er), a subgraph € is induced by Vo C Vp if Eq = u,v € Ep : u,v € Vg,

An induced sub-mixed graph A = (Vj, Ap) of M satisfies Vjy C V) and Ay =
{{u,v} € Ay, (w,x) € Ay : u,v,w,x € Vi}. For the definitions of induced
subdigraphs and induced subgraphs, see [7].

Directed walks in digraphs and undirected walks in undirected graphs are well
known, see [7]. In this paper, we introduce a unified notion of a walk in a
mixed graph that extends these classical definitions and applies simultaneously
to digraphs, undirected graphs, and mixed graphs. Furthermore, since in directed
and undirected walks the walks cannot contain arcs that have different directions
or contain both directed and undirected arcs, the walk that we unify in this paper
can also contain a reverse direction of arcs or edges.

Let H be a graph (digraph, mixed graph, or undirected graph) with vertex set

Vi = {v1,vs,...,0,}. A generalised walk of length &k from v; to v; in H is a
sequence (v; = Uy, ¥yy, ..., ¥y, = v;) such that for each 0 <p <k —1,
(19Tp,19¢p+1) € AH, (19%+17197’p) € AH, or {19"“10’197"p+1} € AH

Thus, a generalised walk may traverse forward arcs, reverse arcs, or undirected
edges. A generalised walk of length k from v; to v; is denoted by Wz-(jk). Moreover,
for 1 < 4,7 < n, the collection of all generalised walks of length £ from v; to v; is

denoted by WZ-(f). A generalised path is an open generalised walk in which each
vertex appears at most once, and a generalised cycle is a closed generalised path.
The mixed graph M is cyclic if it contains a generalised cycle; otherwise, it is
acyclic.

For a mixed graph M = (V)s, Ay), the underlying graph is the undirected
graph obtained by replacing each arc (v;,v;) € Ay with the edge {v;,v;} and
retaining all undirected edges of M. The terminologies and notion of the
underlying graph of a digraph are well known; see [7].

Let M = (Viy, Ap) be a mixed graph. A mixed graph A = (Vj, Ap) is called a
spanning sub-mixed graph of M if it is obtained by removing some arcs and/or
undirected edges from M while keeping Vi = Vj;. We denote by Sy a spanning
sub-mixed graph whose underlying graph is isomorphic to an undirected cycle
graph. For Sy, the numbers of arcs of the form (¢9,,,7,,,,) and (9,,,,,7,,) are
denoted by a(¥,,,v,,,,) and a(v

%

Ur, )8, » TESPECtively.
For a digraph A, define a relation — on Vz by x — y if x = y or there exist
directed paths from x to y and from y to . The equivalence classes of — induce

Tp+1)

Sy Tp41)

subdigraphs of A. For an undirected graph I', define a relation <> on Vi by
x <> y if z = y or there exists an undirected path joining x and y; the equivalence
classes induce subgraphs of I'. For a mixed graph M, define a relation ~ on V),
by x ~ y if x = y or there exist generalised paths from z to y and from y to z;
the equivalence classes induce sub-mixed graphs of M.

In this paper, an elementary mixed graph is a mixed graph M whose
equivalence classes are undirected cycles, generalised cycles, undirected paths,
arcs, or directed loops. An elementary undirected graph is an undirected graph
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whose classes are undirected cycles, undirected paths, or undirected loops. An

elementary digraph is a digraph A whose classes are generalised cycles, directed
loops, or arcs.

()
ORORO ()

FIGURE 2. An elementary mixed graph, an elementary digraph,
and an elementary undirected graph.

Let M be a mixed graph with vertex set Vjy = {v; : 1 < i < n}, and let S, be
a spanning elementary sub-mixed graph of M whose classes are (', ..., C,. For
each 1 <7 < &, denote by a(¥,,,0r,,,)c))qe s, and a(ﬁqurl’ﬁTq)(Ci)SR{ the numbers

Tp)
of arcs of the forms (¢,,,7,,,,

) and (¢,_,,,v,,) in the class C;, respectively. Define

K K

5(197";7’ ﬁf‘pﬂ)sif = Z (1(197‘197 ﬁrpﬂ)(ci)s;w and 5<197‘q+17 197%1)554 = Z a(ﬁrqﬂﬁﬁw)(ci)s;/[

i=1 i=1
%
Let A be a digraph with vertex set V—> = {v; : 1 <i < n}, and let 5% be

a spanning elementary subdigraph of A whose classes are C1,...,C,. For each
1 < i < &, denote by a(Vy,,Vr,,,)(01)se, and a(Vr,,,,Vr,) (i), the numbers of
A

D

arcs of the forms (19Tp, V,,.,) and (3,,,,,7,,) in the class Cj, respectively. Define

K

5(197"17’ Tp+1 = Tp’ 7"p+1 (C) 2 and 5(197’%—1’ 19711)53 = Za(ﬁﬁﬁ—l’ 197"(1)(01')8%,'

52 7 x
=1 =1
Let T" be an undirected graph with vertex set Vi = {v; : 1 <i < n}, and let S&
be a spanning elementary subgraph of I' whose classes are 'y, ..., C. Since I" has
no arcs, for each 1 <14 < & the quantities a(?,,, 0y, ,)(c; )st and a(ﬁrqﬂ,ﬁrq)(ci)sﬁ

are equal to 0. Consequently,

K K

5(197"177 79Tp+1)519 = Z a<79rp7 797’p+1)(0i)s; =0, 5(197’#1779%)5{3 = Z a(ﬁTHl?ﬁTq)(Ci)s; =

i=1 i=1

2. ADJACENCY AND HERMITIAN ADJACENCY MATRICES

The spectral radius of a matrix A is p(A) = max{|\| : A € o(A)}, where o(A)
denotes the spectrum of A. We use the standard adjacency matrix notation for
digraphs, undirected graphs, and mixed graphs; see [3].
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Let M be a mixed graph of order n with arc set A,;, and let a € C satisfy
|a| = 1. The Hermitian adjacency matrix of M is H(M) = (h;;) € C"™" defined
by
1, if {v;,v;} € A,

a, if (v;,v5) € Ay and (vj,v;) € A,

a, if (vj,v;) € Ay and (v;,v5) ¢ Ap,

0, otherwise,

with hgr = 1 whenever M contains a directed loop at vx. When o« = 1, H(M)
coincides with the adjacency matrix of the underlying graph of M.

In particular, for a digraph A and an undirected graph I', H(A) and H(I')
are obtained as special cases of the above definition, and H(I') = A(T").

Motivated by [17, 18], we study the structure of the entries of H(M)* for k € N
and establish walk-based interpretations extending the classical adjacency-matrix
power correspondences to the Hermitian setting.

h/ij -

2.1. Powering Hermitian adjacency matrix. Motivated by the classical walk
interpretation of powering adjacency matrix of a digraph and an undirected graph,
we establish analogous results for the Hermitian adjacency matrix of a mixed
graph.

Let M be a mixed graph with Hermitian adjacency matrix H(M) = (h;;). For
a generalised walk Wl-(jk) = (v =00, Vpy, ..., 0, =) € Wi(f), define its weight
by

T—1'UTE "

For the walk Wij(k) € Wij(k), there are arcs (ﬂrm,ﬁmﬂ) € Ay, arcs
(791,197771) € Ay, or edges {19%,19%“} € Ay, where 0 < m,p < k — 1,
1 <1<k, and m <1 < p. Therefore, for 0 <m <k — 1, we have h,,, ., =1;
h —a. If W;® is a directed path, then wt(W;;)* = o*.
If VVij(k) is an almost-directed walk-v; — v; with x arcs of the form (ﬁn, 19”_1),
then wt(Wij(k)) =aF " .a" = ok 2 If Wij(k) is a mixed walk-v; — v; with &
edges of the form {¥,,,9, .}, then wt(W;*) = oFt. If W;® is an
almost-mixed walk-v; — v; with s edges of the form {¥,,,9,,,,} and x arcs of
the form (¢ Or)s then wt(Wy; M) = ab=H0gHX = ob=2<+0) Hence, we

Tm+1) Y Tm

obtain the following:

Tm,Tm-+1 = O[, or hTmJ‘m«!»l

wH(Wiy®) = atOrmdras) . ga(Oatn)

bl

where 0 < a (ﬁrm,vrmﬂ) ,a ('UmUrH) < k.
Now, for arbitrary k > 2, the entries of H*(M) are given by the following
theorem..

Theorem 2.1. Let M be a mixed graph and let H*(M) = (hff)) Then for all

1<i,j<n,
= 3 wt(wi). (2.1)

(k) (k)
Wi €Wij
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Proof. We proceed by mathematical induction on k > 2 to prove
= > wt (W)
Wi €Wij
For k = 2, direct computation from the definition of matrix multiplication yields:
= X w(me)
Wi, @ ew,; @)
Assume that for k = n, it is true that
hg?) — Z wt (mj,(n)) _
Wi M ew;; ()
For the case k = n + 1, it will be proven that
= 3w (W),
Wi (D ew;; (1)

Recall that

hz(';ﬂ) - ZhEZ)hm— and  wt (Wz’j(n)> = q(Frm Prmin) . ga(Prdny),
k=1

where 0 < a (19,,m,vrm+1) ,Q (vrl,vnfl) < 7. To obtain hEZ)h,W-, all arc
configurations that involve the vertex v, € Vi and the vertex v; € Vjy must be
taken into account. For 1 < k,j < n, the possible cases are as follows.

The first condition is {v,,v;} € Ay, which implies

(m) _ n _ (v i1 )y ) = (Pr0r 1)y )
h; hg = E wt (W, M)1 = E a Wie™ . 0 Wi
W, (Mew;, (M W, (Mew;, (M

where 0 < a(ﬁrm,mm +1) ,a(vrl,vml) < n. The subsequent condition is
(v, v;) € Apr; but (v),v,) ¢ Apr, so that

(m) _ n _ (v 1) L =0 (In0r )y )
h i = E wt (W™ ).a = E o Wit o Wit
W, Mew;,. (M W, Mew;, (M

where 0 < a (19%, vrm+1) ,a (v”, Url_l) < 7. The next condition is (v;, v.,) € As;
but (vi,v;) ¢ A, giving us

h,(;z)h,{j _ Z wt (Wm(n)> o= Z aa(ﬂ"m’ﬁf'm+1)wm(n) _a“(ﬁ’“z’ﬁ"l—1>wm(n>+1’
Wi (M W, (m Wi, () e, (m

where 0 < a (19%, Uy, +1) ,a (?J”, Urz_1) < 1. The remaining condition implying

hgz)hﬁj = ZWZ-J")eWm(") wt (I/Vm(")> -0 = 0. From these cases, adding the term

W h,; for 1 < & < n gives us:

bl ™ =" WP = > wt(Wy ).
k=1

Wij (n+1) EW;j (n+1)
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Hence, we obtain Equation (2.1). O

For an undirected graph, the Hermitian adjacency matrix coincides with the
usual adjacency matrix. Since undirected graphs are special cases of mixed
graphs, Theorem 2.1 applies directly. In particular, hz(?) equals the number of
undirected walks of length two from wv; to wj, recovering the classical
interpretation of matrix powers in terms of walks [9]. Moreover, Theorem 2.2
shows that the diagonal entries of H?*(M) correspond to neighbourhood
structures.

Theorem 2.2. Let M be a mixed graph and H(M) = (h;;) be its Hermitian
adjacency matrix for 1 <4,j <n. For 1 <i,j <mn, if H*(M) = (hg.)), then

e = N (o) | Ny () |- (2.2)

That is, hf ) corresponds to the total number of vertices that are adjacent to or
adjacent from v; € V).

Proof. Recall that hz(-?) = > hithg;. By the definition of H(M), we have
hihyi = 1 whenever vy € Ny, (v;) U Ny, (v;), and hiphy; = 0 otherwise. Hence

hﬁf ) equals the number of vertices adjacent to or adjacent from v; or in other
words the Equation (2.2) is obtained. O

Let H(M) be the Hermitian adjacency matrix of a mixed graph M of order n
with characteristic polynomial

J%MZHAD)ZA"+§éQ4ﬁmAWﬁ

Then 5y = tr(H(M)), which equals the number of directed loops in M.
To determine 5, we use the identity

52 = 5 (o HOD)? = a(H2(M)))

By Theorem 2.2, each diagonal entry hf? ) equals the number of vertices adjacent
to or adjacent from v; € Vi, so tr(H?*(M)) is determined by the neighbourhood
structure of M. This yields the following result.

Theorem 2.3. Let M be a mixed graph of order n with its Hermitian adjacency
matrix H(M). Suppose that [ (M) denotes the number of directed loops in M
while d (M) denotes the number of arcs and edges excluding the directed loops
in M. If the characteristic polynomial of H(M) is

POCH () = X+ 3 (-1 B,

then the coefficient (35 is obtained as follows:

(L(M))* — U(M)
2

By = —d(M). (2.3)
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Proof. Let h% denote the main diagonal entry of the Hermitian adjacency matrix
powered by 2, where 1 < 4,7 < n. The characteristic polynomial of H(M) can
be expressed as:
PNH(M)=X"+> (-1 ga =T (A=A,
k=1 k=1

where \; € o (H(M)).

From Theorem 2.2, we acquire hEZQ ) = |Ny; (v;) U Ny, (v) |, which corresponds
to the number of arcs incident to the vertex v; € V);. Thus,

Zhg) = >IN ) [Ny (i) | = 1(M) + 24d(M).

v, EVr

Using the identity (> ., ) = (o A + 2 (Zléi,jS\VM\ )\i)\j>, we acquire
(tr(H(M)))? = tr (H(M)?) + 2B,. Observing that tr(H(M)) = I(M) and
tr (H (M)Q) = (M) +2d(M), solving for 5, we obtain Equation (2.3). O

To characterise 3; for 1 < i < n, we use the fact that 3; equals the sum of
all ¢ x ¢ principal minors of H(M). Each such minor is the determinant of the
Hermitian adjacency matrix of an induced sub-mixed graph of order i. Thus,
the computation of [3; reduces to evaluating determinant expansions governed by
permutations of the entries of H(M).

2.2. Determinant of the Hermitian adjacency matrix. Let H(M) = (h;j)
be the Hermitian adjacency matrix of a mixed graph M of order n. By the Leibniz
formula, the determinant of H(M) is given by

det(H(M)) =Y sgu(o) [ ] huiow),

gES, i=1

where sgn(o) = 1 if o is an even permutation and sgn(o) = —1 if o is odd.
Consequently, the evaluation of det(H (M)) reduces to analysing the contribution
of the products H?:l hio(:) over all permutations o € S,.

In this paper, we denote

~(r2 .- n-1ny (12 - n-1mny (1 2 -+ n—-1 n
=\t 2 n-10)"T\23 0 n 1) T 0l n—2 n—1)
Consider a generic term []}" | h; »(;) in the Leibniz expansion of det(H (M)). If

every vertex of the mixed graph M contains a directed loop, then the diagonal
contribution satisfies

h11h22 to hnn =1.

In contrast, if M contains at least one vertex without a directed loop, this product
vanishes. To analyse the remaining non-diagonal contributions, it is necessary to
associate each permutation o € S, with a corresponding spanning sub-mixed
graph of M.
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Let M be a mixed graph with vertex set Vj; and arc set A, and let S denote
a spanning sub-mixed graph induced by a permutation o € S,,. We define the
value of S by

W(S) = ] hioe)-
=1

In particular, spanning sub-mixed graphs whose underlying graphs are isomorphic
to undirected cycles play a fundamental role in determining det(H (M)). Lemma
2.4 characterises the precise conditions under which such spanning sub-mixed
graphs exist and contribute nontrivially to the determinant.

Lemma 2.4. Let M be a mixed graph with a set of vertices Vi = {v; : 1 <i < n}
and H(M) = (h;;) be its Hermitian adjacency matrix for 1 < 4,5 < n. If there
exists a spanning sub-mixed graph S such that its underlying graph is isomorphic
to an undirected cycle of length n, then

(a(’ﬂrp 77-97‘p+1 )SMC )

a9, 1,19%
h12h23 e h(nfl)nh'nl =« : a( ( o >SMC) (24)

and

Bonhon -+ 1) = a(a(ﬂrp,ﬁrpﬂ)sMc) . a(a('ﬁnrklv'ﬁrq)skfc). (2.5)

Proof. Assume that there exists a spanning sub-mixed graph S such that its
underlying graph is isomorphic to an undirected cycle of length n. Then, it is a
generalised cycle, or an undirected cycle of length n. Hence,

hihas bt = wt (W) and hihar - ey = wt (Wi, which
then we obtain Equations (2.4) and (2.5).

Following the characterisation of spanning sub-mixed graphs whose underlying
graphs are cycles, we analyse the occurrence of vertices with zero in-degree and
out-degree in such subgraphs, and Lemma 2.5 specifies when these configurations
force the corresponding determinant contributions to vanish.

Lemma 2.5. Let M be a mixed graph of order n and of size m, and let H(M) =
(hi;) be its Hermitian adjacency matrix for 1 < ¢,5 < n. Let S be a spanning
sub-mixed graph of M. If there exists a vertex vy € Vg such that ody(vy) =
idyr(vg) = 0, then for all o € S,,, we have the following:

H hiotiy = 0. (2.6)

Proof. Assume that there exists a vertex € Vs such that
ody(vy) = idy(vg) = 0. By definition, this implies that at least one
corresponding entry in the Hermitian adjacency matrix of the mixed graph M
satisfies hpoy = 0 where 1 < k,0(k) < n. Therefore, Equation (2.6) is
acquired. O

These results culminate in an explicit combinatorial expansion of det(H (M))
as a signed sum over spanning elementary sub-mixed graphs, thereby linking the
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determinant of the Hermitian adjacency matrix directly to the cyclic structure of

M.

Lemma 2.6. Let M be a mixed graph with a set of vertices Vy; = {v; : 1 <i < n}
and let H (M) = (h;;) be its Hermitian adjacency matrix for 1 <i,j < n. Let S,
be a spanning elementary sub-mixed graph of M with x classes. If there exists
o € S, such that o # 0y, 0 # 01, and ¢ # 09, then the following holds:

n 0 Fry U 5(9, R .
h(SK/I) = Hhia(z‘) — ( P p+1) a ( g1 q)sM.

i=1

S (2.7)

Proof. Suppose that S%, is an elementary sub-mixed graph of M where

C1,Cs, -+, C, are its classes. For every class C, where 1 <1 < k, recall that the

number of arcs of the form (¥,,,v, .,) and (¥, .,,7,,) are a(d,,, 0, )(c,)s and
M

Tp+1 Tq+1) U

a(Vrypr>Ur,)c)ge » respectively.  Therefore, the entries A, ., a and
M
Prgrgn = Q. Assume that the ¢-th class has ¢, vertices, where 1 < ¢, < n.

Consider the term 7y 5(,)Puis0(1) * " Puyo(s,), Which corresponds to S,. Thus, we
obtain
a(Vr, Or . _a(Yr O ) ce
hua(u)hua(bz) T thU(Ln) =« e pH)(CL)SM oY (Orasadradce )SM.

Consequently, there exists a permutation o € 5, such that o # 09, 0 # 01, and
o # 09, which implies that h(S§;) = [[i_; hio;) is obtained by multiplying all
the terms corresponding to the classes of S,, where 1 < 1 < k. Therefore, we
conclude that Equation (2.7) follows. O

Having characterised elementary spanning sub-mixed graphs, we now
determine their precise contribution to the determinant of the Hermitian
adjacency matrix. Theorem 2.7 presents an explicit formula for det(H(M))
expressed as a sum over spanning elementary subgraphs, with coefficients
governed by the presence of vertex loops and the structure of their underlying
cycles.

Theorem 2.7. Let M be a mixed graph of order n and of size m, where the
set of vertices and arcs are denoted by Vj; and Ay, respectively. Suppose that
H(M) = (hij) represents the Hermitian adjacency matrix of M for 1 <i,j < n.
Let ¢(S§;) be the number of classes in S§;, Néif be the number of loops in S,
and w(S5,) be the number of undirected cycles or directed cycles or mixed cycles
of order > 3 in SY%,.

(a) If every vertex in M contains a directed loop, then

a 19,-p ,197ap —a ﬁrq ,ﬁrq
det(H(M)) -1 + (_1)n—1 9. R@ (Oé ( +1>sMC ( +1 )SMCI> +

S (—1) I 9= (550) L e (aw’“p’ﬁ’“ﬁ“)sm ‘6(“”q+1’“”q>si4|> .28
Sk

(b) If M contains at least one vertex without a loop, then

|(l ﬁrp,ﬁrp 1 —a ﬂrq 1,19,4(1 ‘
det(H(M)) = (=1)"*-2- Re (a (o tryin) g, =o(Pros )SMC)+
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S (- R (a'é(ﬁ””ﬂ%)s& ‘5(19’“‘1“*9’“0)3%1') . (29)
S

The sum extends over all spanning elementary sub-mixed graphs S%,. Moreover,
(=1)""'-2. Re (a'a(ﬁ"”m’)“)% _“(‘”q“’ﬂ“’)%l) _o,

if there is no spanning sub-mixed graph of M that its underlying graph is
isomorphic to an undirected cycle graph. Meanwhile, if the spanning elementary
sub-mixed graph S, does not exist, then

Z (_1>c(s;4)_zvls]ew 9% . Re (ala(mp,mp+1)% 5(ﬁrq+1,ﬁrq)sill) _o

S

Proof. By the definition of the determinant of a matrix, we express the following.
det(H(M)) = Xpes,sign(o) I higgy,

where sign(o) = 1 if o is an even permutation while sign(c) = —1 if ¢ is an odd

permutation.

Consider the term hi,(1)hog(2) * - Pno@n), Where o € S,. The objective is to
determine spanning sub-mixed graphs of M corresponding to this term, as well
as the sign of the associated permutation. For the term hqihgs - - hy,, the
permutation involved is the identity, and hence sign(o) = 1. If every vertex in
M has a directed loop, then hjihes - - - h,, = 1, otherwise, if at least one vertex
lacks a loop, then this product vanishes. Now, for the term hi3h93 -« - A(n—1)n/ftn1
and its reverse hinhor -« R_1)(n—2)fn(n—1), the sign remains sign(o) = (—1)",
as they depend on n being even or odd. By Lemma 2.4, If M contains a
spanning sub-mixed graph with its underlying graph is isomorphic to an
undirected cycle, then

(a(ﬁrp Drpi1 )SMC ) o (a<19rq+1 ra >SMC )

highosz - - - h(n—l)nhnl = e

and
_ a(a(’ﬁrp 7197‘p+1 >SAIC) o ((I(ﬂ'rtﬁ_l 7197'q ) SMQ) .

Summing the terms h12h23 s h(n—l)nhnl and hlnhgl tee h(n_l)(n_Q) hn(n—l) with
their respective permutation signs gives

(aa@?"p Vrpi1 )SMC _a(ﬂhﬁl e ) SMc |> .

hanhot + - D1y (n—2)n(n—-1)

(=1)""-2-Re

In contrast, whenever M does not contain a spanning sub-mixed graph with its
underlying graph is isomorphic to an undirected cycle, we obtain that term is
equal to zero.

By Lemma 2.5, the terms associated with any spanning sub-mixed graph
containing a vertex v; € Vi such that idys(v;) = odys(v;) = 0 vanish. Thus, such
cases are ignored. The remaining spanning sub-mixed graphs could consist of
classes such as undirected cycles, directed cycles, mixed cycles, paths, or
directed loops. These classes imply that the remaining spanning graphs are all



12 MUHAMMAD IRFAN ARSYAD PRAYITNO, YENI SUSANTI, SRI WAHYUNI

elementary. By Lemma 2.6, if there exists ¢ # 09, 0 # 01, and 0 # 0o, We
obtain the following:

n
hSE) = H oy — O{(s(mp,m,,ﬂ) s, _aé(mﬁlmq) 55,
i=1

Recall that sign(c) = —1 if the permutations in o are odd and sign(c) =
1 if the permutations in o are even. Moreover, for the remaining term, the
permutations in ¢ are odd or even depending on the number of classes in M
with odd and even length. Observe that ¢(S§,) = N. + N,, where N, is the
number of classes that have even length while N, is the number of classes that
have odd length. Thus, we find that the permutations in ¢ are odd whenever
c(Sy) — N élew is an odd number. Hence, for the remaining terms, we have their

respective permutation signs equal to
e \_ Nyl
(—1) s,
If for each classes of S, corresponds to exactly two distinct ways of forming a

cycle in the permutation ¢, summing the remaining terms with their respective
permutation signs gives:

S (—1) 0N, gm0 L e (aw(%ﬁ%)% W%ﬂ’ﬁ%)sii') .
Sir
However, if the spanning elementary sub-mixed graph does not exist, then these
remaining terms are equal to zero.

Depending on the nature of M, we distinguish two distinct cases, leading to
the results given in Equations (2.8) and (2.9), which conclude the proof. O

_>
Theorem 2.7 applies directly to digraphs A. Recall that each permutation

%
term []7"; his(;) corresponds to a spanning subdigraph of A. In this setting, the
spanning elementary subdigraphs S¢ consist of directed loops, directed cycles, or

single arcs. If a class (C}) g, is an arc (v,,v,), then hyehy, = a@ = 1, which yields
equal contributions from both orientations. Consequently, when all classes of SeX
are arcs, the associated exponent difference vanishes, and the weight satisfies

h(sg) =ama =1,

— —
for some 1 € N. In particular, path digraphs P, and cycle digraphs C,, admit a
unique spanning elementary subdigraph of this form, implying that their
determinants are governed by a single nonzero contribution. This motivates a

— —

detailed investigation of det H(P,) and det H(C},), beginning with Theorem 2.8.
— —

Theorem 2.8. Let P, be a path digraph, and let H (Pn> be its Hermitian

adjacency matrix. Then,

. 0 if nis an odd number,
det (H (Pn)> =<1 if n = 2k where kis even,
—1 if n = 2k where kis odd.
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Combining Theorem 2.8 with the classical results of [1], we obtain

det (1 (Eﬁ)) — det(A(P,)).

We next examine whether an analogous equality holds for cycle digraphs, namely
whether

det(H@)) — det(A(C)) |
which leads to Theorem 2.9.
Theorem 2.9. Let C—>’n be a cycle digraph, and let H (C > be its Hermitian

adjacency matrix. Then,

N 2 Re(a™) if nis an odd number,
det <H (Cn>> = —2-Re(a™)+2 if n=2kwhere kis even,
—2- Re(a™) —2 if n =2k where kis odd.

%
A path digraph P, is defined as a digraph isomorphic to the digraph with vertex
set {v; : 1 < i < n} and arc set {(v;,v;41) : 1 < i < n—1}. Similarly, a cycle

digraph C is a digraph isomorphic to the digraph with vertex set {v; : 1 <1i < n}
and arc set {(v;,v;41): 1 <i<n—1}U{(v,v1)}.

Recall that the coefficients of the characteristic polynomial of an n x n matrix
are obtained as sums of determinants of its principal submatrices. Since every

%
principal submatrix of H(A) corresponds to the Hermitian adjacency matrbg)f
an induced subdigraph of A, determining the characteristic polynomials of H(P,)
and H (C’ ) requires a systematic analysis of their induced subdigraphs.

For Pn, the induced subdigraphs of order ¢ (1 < ¢ < n) fall into the following
classes:

(1) the null digraph N,, consisting of ¢ isolated vertices and no arcs;
(2) the path digraph P, for 2 < < n; and
(3) digraphs obtained from FL by deleting p arcs, where 1 < p < — 2, which

may be further subdivided according to whether they contain isolated
vertices.

This classification enables a complete enumeration of principal minors and
forms the basis for determining the characteristic polynomial of H(P,) and,
analogously, of H (C’_> ).

We define an isolated path digraph m as a digraph obtained by removing p
arcs in a path digraph P such that there is an isolated vertex, where 1 < p <.

It is trivial that det( <P’>) = ( since H (P’) has a zero row and a zero

column. Clearly, Plso (where n > 3 are some of the induced subdigraphs (of order
> 3) of P (where n > 4). This implies that we do not have to cou_ric_}the sum of
the determinant of the induced subdigraphs of order > 3 that are Pffo.
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We define a non-isolated k-path digraph ﬁ as an induced subdlgraph of ?
of order i (where 4 < ¢ < n) that consists of k& > 2 path digraphs B where
1 <t < kand i, > 2. Clearly, EL 1% = 1. From Theorem 2.7, we derive
the determinant of the Hermitian adjacency matrix of a non-isolated digraph, as
stated in the following theorem.

ﬁ

Theorem 2.10. Let P" be a non isolated-path digraph with & > 2 path
<

ok

_)
digraphs P;, where 1 t < k, and let H (PZ ’ ) be its Hermitian adjacency

matrix. Then
0 if¢is odd,
det (H (W)) _ (1] if 7 is even and there exists an odd number i,,

if © = 2l where [is even and no odd number 7,,
—1 if 4 = 2l where [is odd and no odd number 1,.

From this classification, every induced subdigraph of order i (1 < i < n) of
— 0 B P o DL .
P, is isomorphic to F;, P*°, or PF. By Theorem 2.10, the determinant of the

K3 K3
Hermitian adjacency matrix of a non-isolated path digraph is zero whenever its

order is odd. Hence, any induced subdigraph of order ¢ containing a connected
class of odd order has a zero determinant. Consequently, when summing all ¢ x ¢

_>
principal minors of H(F,), it suffices to consider induced subdigraphs isomorphic
to ?l or to P whose connected classes all have even order.
%
We denote by m (ﬁ) the number of induced subdigraphs of order ¢ of P,, and

”

—» —
of order 1 < i < n —1 of C,, that are isomorphic to F;; similarly, m (H

denotes the number of induced subdigraphs of order 7 of }7)” and C’_:L that are
isomorphic to P Where 1 and 7, are even.

For a cycle dlgraph C’n, each induced subdigraph of order ¢ with 1 <7 <n-—1
is 1somorphlc to F;, P;SO or P, while the only induced subdigraph of order n is
C Thus, for 1 < ¢ <n —1, the sum of all ¢ x i pr1nc1pal minors of H(C—>’n) is
determined solely by induced subdigraphs isomorphic to R or ﬁ with all class
orders even, and the principal minor of order n is det (H (C’_>n) )

Recall that the setting @ = 1 in the Hermitian adjacency matrix of a digraph
coincides with the adjacency matrix of its underlying undirected graph. By

Theorem 2.9 and [1], the equality det! (H! (@)) = det! (A!(C,)) holds only

when a = 1; consequently, for general a, these determinants do not coincide.
We next specialise to the case where the mixed graph reduces to an undirected
graph, and by applying Theorem 2.7 obtain Corollary 2.11.

Corollary 2.11. Let I' be an undirected graph with a vertex set V1 consisting of
n elements and an edge set Er of cardinality m, and let H(I') = (h;;) and A(T") =
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(a;j) be its Hermitian adjacency matrix and adjacency matrix, respectively, for
1 <14,7 <n. Now, let @w(Sf) be the number of undirected cycles of order greater
than or equal to 3 in S§. Then, the determinant of H(I') and A(I") follows the
conditions outlined below:

(a) If each vertex in I" has an undirected loop, then

det(H(T)) = det(AT)) = 1+ ( 2+ Z )R om0 (2.10)

(b) If at least one vertex in I" has no loop, then

det(H(T)) = det(A(T)) = (=)™ " 24 3 (1) 5 9= (2.11)

where the sum extends over all spanning elementary subgraphs Sf. In addition,
(—1)”_1 -2 vanishes if there is no spanning subgraph, that is, an undirected cycle.
c(sg)—NlSlg .

Meanwhile, if there is no spanning elementary subgraph, then s (—1)
2=(50) = (),

Proof. By definition, the Hermitian adjacency matrix of an undirected graph
coincides with its adjacency matrix. Consequently, the result of Theorem 2.7
extends naturally to both matrices in the case of an undirected graph T
Furthermore, we observe that

a9, ,197‘ —a( Yy ,797‘
2- Re (Oél (0 p“)SFc (97 q>SFC|) =2 Re (ao) =2
and

2=(5) . Re (oz'(;(“”p’”%)s; “5(79’“q+1”9”)3?) = 278). Re (a°) = 27050)

Taking into account the possible structural characteristics of I, we establish the
determinant formulas as in Equations (2.10) and (2.11).  Moreover, the
determinant expressions follow directly from Theorem 2.7. 0

Since the coefficients of the characteristic polynomial of H (M) are obtained
from the determinants of the Hermitian adjacency matrices of induced sub-mixed
graphs, explicit formulas for these coefficients are derived in Theorem 2.12.

Theorem 2.12. Let M be a mixed graph of order n and of size m, and let H (M)
be its Hermitian adjacency matrix. Now, let M’ be an induced sub-mixed graph
of M, of order j where 1 < j < n. Suppose that ¢ (S%,,) denotes the number of
classes in S§,/, NSEI denotes the number of directed loops in S%,, and w(S5,)
denotes the number of undirected cycles or directed cycles or mixed cycles of
order greater than or equal to 3 in S¢,,. If the characteristic polynomial of H (M)
takes the form

P\ H(M —)\"+Z Dl

then for 1 < j < n, the coefficients 3; adhere to the following cases.
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(a) If every vertex of M’ has a directed loop, then

la(9rp 91, —a(Frgyy9r |
=3 (1 e )

M/

co(S¢ V— . 6( 9, , 00 e —O6(Vr RS .
Z (_1> (SM’) Né;,w ) QW(SM/) . Re <a ( D P+1)S]M/ ( q+1 q)sl\/[/|> . (212)
S

(b) If at least one vertex of M’ has no directed loop, then

e (o (D A
M/
o(Se Y- . 5(9ry,0r o = (9ry g Prq) e

Z (—1) S 2% . Re (05 ( pH)SM’ (Pris )SMII> . (2.13)
Shr

where the first summation extends over all induced sub-mixed graphs M’ of M,
while the second iterates over all spanning elementary subgraphs S, within M.
In addition,

[a(Prp 9y 11 )SM’c

—a(9r O |
(=1)""-2-Re (a P t)sy )
vanishes if there is no spanning sub-mixed graph of M’ has an undirected cycle
graph as its underlying graph. On the other hand, if the spanning elementary
sub-mixed graph 5S¢, does not exist, then

Z (_1)0(531,)—1\7[5%[ . 2W(SKI’) - Re (a|6(191"p7197"p+1)sijl —5(19rq+1719rq>s§zw> —0

e
SJV[ /

Proof. For any j in the range 1 < j < n, the coefficients 3; correspond to the
sum of its principal minor. Furthermore, since each principal submatrix of
H(M) serves as the Hermitian adjacency matrix of an induced sub-mixed graph
M' (with order satisfying 1 < j < n), it follows that these coefficients 3; can
alternatively be interpreted as the sum of the Hermitian adjacency matrices of
all such induced sub-mixed graphs. Invoking Theorem 2.7, which establishes
det(H(M)), we deduce the results shown in Equations (2.12) and (2.13). O

Applying Theorem 2.12 to undirected graphs yields the following Corollary
2.13.

Corollary 2.13. Let I" be an undirected graph of order n and of size m, and let
H(T") be its Hermitian adjacency matrix. Now, let IV be an induced subgraph of
I', of order j where 1 < j < n. Suppose that ¢ (S§/) denotes the number of classes
in Sf, N, fqlg denotes the number of directed loops in S§,, and @w(Sf,) denotes the
number of undirected cycles or directed cycles or mixed cycles of order greater
than or equal to 3 in S§,. If the characteristic polynomial of H(I") is given by

POGH(T) = X'+ 3 (-1 X
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then for 1 < j < n, the coefficients ; satisfy the following conditions:
(a) If every vertex in [ has an undirected loop, then

— C(S /)= N e
G = Z 1+ (—1)" I 2+Z (—1)"r . 9@(S5)
S,

1"/

(b) If at least one vertex in [ lacks an undirected loop, then

-1 C(SE/)*Nle w(Se
o= 5 [ 2e Ty g
se,

FI

The outer summation extends over all induced subgraphs I of I, while the
inner summation is taken over all spanning elementary subgraphs Spe of I".
Whenever IV contains a spanning subgraph that forms an undirected cycle,

C €,)— le e
(=1)""' . 2 dissolves. In contrast, <(—1)T’71 24 e (1) () =N -2w(5r'))
F/
dissolves whenever the spanning elementary subgraph S§,) does not exist.

Proof. By Theorem 2.11, det(H(I')) has been established. Applying a method
analogous to the proof of Theorem 2.12, we extend these results to derive the
characteristic polynomial of H(I'). Consequently, the following corollary holds.
O
After finding the determinant of H (E:) and H (C_>’n>, we can derive explicit
forms of their characteristic polynomials based on their determinant. Thus, we
show the characteristic polynomial of H (FZ) and H (CT:) in the following
Theorem 2.14 and Theorem 2.15, respectively.

— —
Theorem 2.14. Let P, be a path digraph and H (Pn> be its Hermitian

adjacency matrix. If O = {2k : kisan odd number and2k < n} and
E = {2k : kis an even number and 2k < n}, then the characteristic polynomial

of 1 (P, ) is as follows:
P () <55 o () 0 () -5 o (7)o ()

—>
Theorem 2.15. Let C’n be a cycle digraph and H (C’n) be its Hermitian

adjacency matrix. Suppose that O = {2k : kis an odd number and 2k < n — 1}
and E = {2k : kis an even number and 2k < n —1}=. If n is an odd number,

then the characteristic polynomial of C’ is as follows:

P (€)= 23 (m (B) m (B 0=t (o (B) o () s2e o).
j€0

If n = 2] where [ is even, then the characteristic polynomial of C_’>n is as follows:

P (130 €0)) =303 o () o () -5 ( () 6 () -2 2

je
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If n = 2] where [ is odd, then the characteristic polynomial of C’_:L is as follows:

P (11 (€)) =243 ( () 0 () -5 ( () 6 (7)) -2y

jE
3. EIGENVALUES OF HERMITIAN ADJACENCY MATRIX

In this section, we investigate the eigenvalues properties of the Hermitian
adjacency matrix. Since H (M) is Hermitian, all its eigenvalues are real and can
be ordered as A\; > Ay > -+ > \,, with Ay = p(H(M)); see [13].

We will also use the standard Frobenius norm bounds for the spectral radius,

z] w‘ Z|aij|27

2
which hold for any A € C™*"™; see |19,

Applying the standard Frobemus norm bounds to H(M) yields the following
estimate of its spectral radius.

Theorem 3.1. Let M be a mixed graph of order n and size m and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 <4i,j <n. For 1 <i < n, suppose
that \; € o(H(M)) where Ay > Ay > -+ \,,, then we obtain the following:

2 < ot < v (31)

Proof. For 1 < i < n, suppose that \; € o(H(M)) where A\; > Ay > -+ \,.

Applying the Frobenius norm bounds to H(M), we obtain 1/ M <
p(H(M)) < \/Zlgz‘,jgn |hi;|”. Based on the definition of the Hermitian adjacency

matrix, we obtain |h;;|° = 1 whenever there is an arc or edge connecting the
vertex v; € Vi and the vertex v; € Vi and hif = 0 otherwise. This implies
> i<ij<n |hi;|> = m. Consequently, we obtain Equation (3.1). O

Theorem 3.1 establishes bounds for the spectral radius of the Hermitian
adjacency matrix based on the order and size of the graph. Although it
estimates the largest absolute eigenvalue, it does not identify specific
eigenvalues. The focus now shifts to conditions that result in zero being one of
the eigenvalues of the Hermitian adjacency matrix. We further derive a
sufficient condition that 0 € o(H(M)) is based on the structure of the mixed
graph M, as presented in Theorem 3.2 below.

Theorem 3.2. Let M be a mixed graph of order n and size m; and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 <, j < n. If each of the following
conditions is satisfied:

(a) there exists a loopless vertex in the mixed graph M,

(b) there is no spanning sub-mixed graph of M that its underlying graph is
isomorphic to an undirected cycle, and

(c) spanning elementary sub-mixed graphs S§,; does not exist,
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then 0 € o(H(M)).

Proof. Based on Theorem 2.7, if there exists a loopless vertex in the mixed graph
M, then

9

Tp>s

|a(19

Tp+1 —a 19Tq 1’19”1
det(H(M)) — (_1)71—1 .2. Re (Oé P+ )SMC ( + )SMC) i

Z <—1)C(Sle”)7Nézew 2% . Re (alé(ﬁrpmp“)szew _6(19”“’1%)516‘4') .

Sir

Moreover, if there is no spanning sub-mixed graph of M that its underlying graph
is isomorphic to an undirected cycle graph, then

(1) 2. Re (&Ia(ﬁ,.p,ﬂT.p+1)sMc —a(ﬂ,.q+1,z9,.q)sMcl) o,

while, if the spanning elementary sub-mixed graph S%, does not exist, then

Z (_1)0(534)_]\[15;3” . 2w(S§fM) . Re (Otlé(ﬁrp’ﬁ’“wl)si{ 5(79’“11+1”9’“q)si{|) —0.

e
SI\/I

Therefore, if conditions (a), (b), and (c¢) are satisfied, then det(H(M)) = 0.
Recall that if det H(M) = 0, then 0 € o(H(M)). Consequently, if each of the
conditions is satisfied, then 0 € o(H(M)). O

Extending the skew-energy concept of Cavers et al. [5], we define the Hermitian
energy of a mixed graph by ey = Y., |Ai|. An upper bound for e (ap follows
directly from Theorem 3.1 and is presented in Corollary 3.3.

Corollary 3.3. Let M be a mixed graph of order n and size m and let H(M) =
(hi;) be its Hermitian adjacency matrix for 1 <4, j < mn. For 1 <i < n, suppose
that \; € o(H(M)) where Ay > Xy > -+ - A, then ey < ny/m.

Proof. Based on Theorem 3.1, we obtain |\;| < y/m. Thus, the upper bound of
the sum of |\;| is obtained, that is, ey < ny/m. O
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