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FURTHER PROPERTIES OF HERMITIAN ADJACENCY
MATRIX OF MIXED GRAPHS

MUHAMMAD IRFAN ARSYAD PRAYITNO1 and YENI SUSANTI2∗ and SRI WAHYUNI3

Abstract. The Hermitian adjacency matrix of a mixed graph extends the
classical adjacency matrix to graphs containing both edges and arcs. In this
paper, we establish a unified generalised interpretation for the powers of the
Hermitian adjacency matrix, where arcs may be traversed in either direction
and the orientation is encoded through complex conjugate weights. We show
that each entry of the kth power of the Hermitian adjacency matrix
corresponds to a weighted sum of all generalised walks of length k between
the corresponding vertices. Using this correspondence, we derive explicit
combinatorial expansions for the determinant and for the coefficients of the
characteristic polynomial in terms of spanning sub-mixed graphs.
Applications to path and cycle digraphs are presented, and several spectral
consequences are discussed.
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1. Introduction and preliminaries

1.1. Motivation. The Hermitian adjacency matrix of a mixed graph was
introduced by Liu and Li [14] as a spectral extension of the adjacency matrix to
graphs containing both undirected edges and directed arcs. Its eigenvalue
properties were studied by Guo and Mohar [12], and further refinements were
given by Mohar [15] and Abudayah et al. [2], preserving Hermitian symmetry.
In this paper, we adopt the formulation of [2], which reduces to the classical
Hermitian adjacency matrix when α = i and to the adjacency matrix when
α = 1.

For undirected graphs and digraphs, it is well known that the entries of powers
of the adjacency matrix count walks of fixed length [9, 16, 18]. Motivated by
this classical correspondence, we investigate analogous interpretations for the
powers of the Hermitian adjacency matrix of mixed graphs. In this setting, arcs
may be traversed in either direction; when a walk follows an arc opposite to its
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orientation, its contribution is recorded through the complex conjugate weight
determined by the Hermitian symmetry.

We show that each entry of the kth power of the Hermitian adjacency matrix
corresponds to the weighted sum of all walks of length k between the
corresponding vertices. This interpretation yields explicit combinatorial
expressions for the determinant and for the coefficients of the characteristic
polynomial in terms of spanning sub-mixed graphs. We further derive
consequences for the spectrum of the Hermitian adjacency matrix, including
bounds of the spectral radius, sufficient conditions for 0 to be one of the
eigenvalue, and the Hermitian energy of a mixed graph. Consequently, several
classical results for adjacency matrices of undirected and directed graphs are
recovered within the Hermitian setting.

1.2. Preliminaries. We adopt standard terminology for undirected graphs and
digraphs from [4, 6], and for directed paths and cycles from [11]. All graphs
considered are finite and do not allow parallel edges or arcs.

In this paper, a digraph
−→
∆ is an oriented digraph without parallel arcs,

although directed loops are allowed. A mixed graph M is obtained by replacing
each directed digon of a digraph with a single undirected edge while retaining
all other arcs and directed loops; undirected loops are not allowed. An
undirected graph Γ is regarded as a special case of a mixed graph that does not
contain directed arcs. Throughout this paper, a digraph is understood to be
oriented, so a directed digon is not allowed. On the other hand, an unoriented
digraph may be viewed as a mixed graph in which each directed digon is
replaced by an edge. Hence, results for mixed graphs can also be specialised to
digraphs and undirected graphs. The following figure illustrates the
transformation of an unoriented digraph into a mixed graph by replacing
directed digons with undirected edges.

u2

u1 u3

u5 u4

=

u2

u1 u3

u5 u4

Figure 1. An unoriented digraph and the corresponding mixed graph.

For a mixed graph M and a vertex ξ ∈ VM , the out- and in-neighbourhoods are
defined by N+

M(ξ) = {ζ : (ξ, ζ) ∈ AM or {ξ, ζ} ∈ AM} and N−
M(ξ) = {ζ : (ζ, ξ) ∈

AM or {ζ, ξ} ∈ AM}, so that each undirected edge incident to ξ contributes to
both neighbourhoods. The corresponding out-degree and in-degree are odM(ξ) =

|N+
M(ξ)| and idM(ξ) = |N−

M(ξ)|. For a digraph
−→
∆ and an undirected graph Γ, the

notation N+
−→
∆
(ξ), N−

−→
∆
(ξ), od−→

∆
(ξ), id−→

∆
(ξ) and NΓ(ξ), degΓ(ξ) is used in the usual

sense; see [7, 8].
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A digraph
−→
Λ = (V−→

Λ
, A−→

Λ
) is an induced subdigraph of

−→
∆ if V−→

Λ
⊆ V−→

∆
and

A−→
Λ

= {(u, v) ∈ A−→
∆

: u, v ∈ V−→
Λ
}. Similarly, an For an undirected graph Γ =

(VΓ, EΓ), a subgraph Ω is induced by VΩ ⊆ VΓ if EΩ = u, v ∈ EΓ : u, v ∈ VΩ.
An induced sub-mixed graph Λ = (VΛ, AΛ) of M satisfies VΛ ⊆ VM and AΛ =

{{u, v} ∈ AM , (w, x) ∈ AM : u, v, w, x ∈ VΛ}. For the definitions of induced
subdigraphs and induced subgraphs, see [7].

Directed walks in digraphs and undirected walks in undirected graphs are well
known, see [7]. In this paper, we introduce a unified notion of a walk in a
mixed graph that extends these classical definitions and applies simultaneously
to digraphs, undirected graphs, and mixed graphs. Furthermore, since in directed
and undirected walks the walks cannot contain arcs that have different directions
or contain both directed and undirected arcs, the walk that we unify in this paper
can also contain a reverse direction of arcs or edges.

Let H be a graph (digraph, mixed graph, or undirected graph) with vertex set
VH = {υ1, υ2, . . . , υn}. A generalised walk of length k from υi to υj in H is a
sequence (υi = ϑr0 , ϑr1 , . . . , ϑrk = υj) such that for each 0 ≤ p ≤ k − 1,

(ϑrp , ϑrp+1) ∈ AH , (ϑrp+1 , ϑrp) ∈ AH , or {ϑrp , ϑrp+1} ∈ AH .

Thus, a generalised walk may traverse forward arcs, reverse arcs, or undirected

edges. A generalised walk of length k from υi to υj is denoted by W
(k)
ij . Moreover,

for 1 ≤ i, j ≤ n, the collection of all generalised walks of length k from υi to υj is

denoted by W(k)
ij . A generalised path is an open generalised walk in which each

vertex appears at most once, and a generalised cycle is a closed generalised path.
The mixed graph M is cyclic if it contains a generalised cycle; otherwise, it is
acyclic.

For a mixed graph M = (VM , AM), the underlying graph is the undirected
graph obtained by replacing each arc (υi, υj) ∈ AM with the edge {υi, υj} and
retaining all undirected edges of M . The terminologies and notion of the
underlying graph of a digraph are well known; see [7].

Let M = (VM , AM) be a mixed graph. A mixed graph Λ = (VΛ, AΛ) is called a
spanning sub-mixed graph of M if it is obtained by removing some arcs and/or
undirected edges from M while keeping VΛ = VM . We denote by SMC

a spanning
sub-mixed graph whose underlying graph is isomorphic to an undirected cycle
graph. For SMC

, the numbers of arcs of the form (ϑrp , ϑrp+1) and (ϑrp+1 , ϑrp) are
denoted by a(ϑrp , ϑrp+1)SMC

and a(ϑrp+1 , ϑrp)SMC
, respectively.

For a digraph
−→
∆, define a relation → on V−→

∆
by x → y if x = y or there exist

directed paths from x to y and from y to x. The equivalence classes of → induce

subdigraphs of
−→
∆. For an undirected graph Γ, define a relation ↔ on VΓ by

x ↔ y if x = y or there exists an undirected path joining x and y; the equivalence
classes induce subgraphs of Γ. For a mixed graph M , define a relation ∼ on VM

by x ∼ y if x = y or there exist generalised paths from x to y and from y to x;
the equivalence classes induce sub-mixed graphs of M .

In this paper, an elementary mixed graph is a mixed graph M whose
equivalence classes are undirected cycles, generalised cycles, undirected paths,
arcs, or directed loops. An elementary undirected graph is an undirected graph
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whose classes are undirected cycles, undirected paths, or undirected loops. An

elementary digraph is a digraph
−→
∆ whose classes are generalised cycles, directed

loops, or arcs.
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v4

v5

v1

v2 v3
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v5

Figure 2. An elementary mixed graph, an elementary digraph,
and an elementary undirected graph.

Let M be a mixed graph with vertex set VM = {υi : 1 ≤ i ≤ n}, and let Se
M be

a spanning elementary sub-mixed graph of M whose classes are C1, . . . , Cκ. For
each 1 ≤ i ≤ κ, denote by a(ϑrp , ϑrp+1)(Ci)Se

M
and a(ϑrq+1 , ϑrq)(Ci)Se

M
the numbers

of arcs of the forms (ϑrp , ϑrp+1) and (ϑrq+1 , ϑrq) in the class Ci, respectively. Define

δ(ϑrp , ϑrp+1)Se
M
=

κ∑
i=1

a(ϑrp , ϑrp+1)(Ci)Se
M

and δ(ϑrq+1 , ϑrq)Se
M
=

κ∑
i=1

a(ϑrq+1 , ϑrq)(Ci)Se
M
.

Let
−→
∆ be a digraph with vertex set V−→

∆
= {υi : 1 ≤ i ≤ n}, and let Se−→

∆
be

a spanning elementary subdigraph of
−→
∆ whose classes are C1, . . . , Cκ. For each

1 ≤ i ≤ κ, denote by a(ϑrp , ϑrp+1)(Ci)Se−→
∆

and a(ϑrq+1 , ϑrq)(Ci)Se−→
∆

the numbers of

arcs of the forms (ϑrp , ϑrp+1) and (ϑrq+1 , ϑrq) in the class Ci, respectively. Define

δ(ϑrp , ϑrp+1)Se−→
∆
=

κ∑
i=1

a(ϑrp , ϑrp+1)(Ci)Se−→
∆

and δ(ϑrq+1 , ϑrq)Se−→
∆
=

κ∑
i=1

a(ϑrq+1 , ϑrq)(Ci)Se−→
∆

.

Let Γ be an undirected graph with vertex set VΓ = {υi : 1 ≤ i ≤ n}, and let Se
Γ

be a spanning elementary subgraph of Γ whose classes are C1, . . . , Cκ. Since Γ has
no arcs, for each 1 ≤ i ≤ κ the quantities a(ϑrp , ϑrp+1)(Ci)Se

Γ
and a(ϑrq+1 , ϑrq)(Ci)Se

Γ

are equal to 0. Consequently,

δ(ϑrp , ϑrp+1)Se
Γ
=

κ∑
i=1

a(ϑrp , ϑrp+1)(Ci)Se
Γ
= 0, δ(ϑrq+1 , ϑrq)Se

Γ
=

κ∑
i=1

a(ϑrq+1 , ϑrq)(Ci)Se
Γ
= 0.

2. Adjacency and Hermitian adjacency matrices

The spectral radius of a matrix A is ρ(A) = max{|λ| : λ ∈ σ(A)}, where σ(A)
denotes the spectrum of A. We use the standard adjacency matrix notation for
digraphs, undirected graphs, and mixed graphs; see [3].
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Let M be a mixed graph of order η with arc set AM , and let α ∈ C satisfy
|α| = 1. The Hermitian adjacency matrix of M is H(M) = (hij) ∈ Cη×η defined
by

hij =


1, if {vi, vj} ∈ AM ,

α, if (vi, vj) ∈ AM and (vj, vi) /∈ AM ,

α, if (vj, vi) ∈ AM and (vi, vj) /∈ AM ,

0, otherwise,

with hkk = 1 whenever M contains a directed loop at vk. When α = 1, H(M)
coincides with the adjacency matrix of the underlying graph of M .

In particular, for a digraph
−→
∆ and an undirected graph Γ, H(

−→
∆) and H(Γ)

are obtained as special cases of the above definition, and H(Γ) = A(Γ).
Motivated by [17, 18], we study the structure of the entries of H(M)k for k ∈ N

and establish walk-based interpretations extending the classical adjacency-matrix
power correspondences to the Hermitian setting.

2.1. Powering Hermitian adjacency matrix. Motivated by the classical walk
interpretation of powering adjacency matrix of a digraph and an undirected graph,
we establish analogous results for the Hermitian adjacency matrix of a mixed
graph.

Let M be a mixed graph with Hermitian adjacency matrix H(M) = (hij). For

a generalised walk W
(k)
ij = (υi = ϑr0 , ϑr1 , . . . , ϑrk = υj) ∈ W(k)

ij , define its weight
by

wt
(
W

(k)
ij

)
= hϑr0 ,ϑr1

hϑr1 ,ϑr2
· · ·hϑrk−1

,ϑrk
.

For the walk Wij
(k) ∈ Wij

(k), there are arcs
(
ϑrm , ϑrm+1

)
∈ AM ; arcs(

ϑl, ϑrl−1

)
∈ AM ; or edges

{
ϑrp , ϑrp+1

}
∈ AM , where 0 ≤ m, p ≤ k − 1,

1 ≤ l ≤ k, and m ≤ l ≤ p. Therefore, for 0 ≤ m ≤ k − 1, we have hrm,rm+1 = 1;

hrm,rm+1 = α; or hrm,rm+1 = α. If Wij
(k) is a directed path, then wt(Wij)

k = αk.

If Wij
(k) is an almost-directed walk-υi − υj with κ arcs of the form

(
ϑrl , ϑrl−1

)
,

then wt(Wij
(k)) = αk−κ · ακ = αk−2κ. If Wij

(k) is a mixed walk-υi − υj with κ

edges of the form {ϑrp , ϑrp+1}, then wt(Wij
(k)) = αk−1. If Wij

(k) is an
almost-mixed walk-υi − υj with κ edges of the form {ϑrp , ϑrp+1} and χ arcs of

the form
(
ϑrm+1 , ϑrm

)
, then wt(Wij

(k)) = αk−(κ+χ)ακ+χ = αk−2(κ+χ). Hence, we
obtain the following:

wt(Wij
(k)) = αa(ϑrm ,ϑrm+1) · α a(ϑrl

,ϑrl−1),

where 0 ≤ a
(
ϑrm , vrm+1

)
, a

(
vrl , vrl−1

)
≤ k.

Now, for arbitrary k ≥ 2, the entries of Hk(M) are given by the following
theorem..

Theorem 2.1. Let M be a mixed graph and let Hk(M) = (h
(k)
ij ). Then for all

1 ≤ i, j ≤ n,

h
(k)
ij =

∑
W

(k)
ij ∈W(k)

ij

wt
(
W

(k)
ij

)
. (2.1)
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Proof. We proceed by mathematical induction on k ≥ 2 to prove

h
(k)
ij =

∑
Wij∈Wij

wt
(
W

(k)
ij

)
.

For k = 2, direct computation from the definition of matrix multiplication yields:

h
(2)
ij =

∑
Wij

(2)∈Wij
(2)

wt
(
Wij

(2)
)
.

Assume that for k = η, it is true that

h
(η)
ij =

∑
Wij

(η)∈Wij
(η)

wt
(
Wij

(η)
)
.

For the case k = η + 1, it will be proven that

h
(η+1)
ij =

∑
Wij

(η+1)∈Wij
(η+1)

wt
(
Wij

(η+1)
)
.

Recall that

h
(η+1)
ij =

n∑
κ=1

h
(η)
iκ hκj and wt

(
Wij

(η)
)
= αa(ϑrm ,ϑrm+1) · α a(ϑrl

,ϑrl−1),

where 0 ≤ a
(
ϑrm , vrm+1

)
, a

(
vrl , vrl−1

)
≤ η. To obtain h

(η)
iκ hκj, all arc

configurations that involve the vertex vκ ∈ VM and the vertex vj ∈ VM must be
taken into account. For 1 ≤ κ, j ≤ n, the possible cases are as follows.

The first condition is {vκ, vj} ∈ AM , which implies

h
(η)
iκ hκj =

∑
Wiκ

(η)∈Wiκ
(η)

wt
(
Wiκ

(η)
)
·1 =

∑
Wiκ

(η)∈Wiκ
(η)

α
a(ϑrm ,ϑrm+1)Wiκ

(η) ·α a(ϑrl
,ϑrl−1)Wiκ

(η) ,

where 0 ≤ a
(
ϑrm , vrm+1

)
, a

(
vrl , vrl−1

)
≤ η. The subsequent condition is

(vκ, vj) ∈ AM ; but (vj, vκ) /∈ AM , so that

h
(η)
iκ hκj =

∑
Wiκ

(η)∈Wiκ
(η)

wt
(
Wiκ

(η)
)
·α =

∑
Wiκ

(η)∈Wiκ
(η)

α
a(ϑrm ,ϑrm+1)Wiκ

(η)+1 ·α a(ϑrl
,ϑrl−1)Wiκ

(η) ,

where 0 ≤ a
(
ϑrm , vrm+1

)
, a

(
vrl , vrl−1

)
≤ η. The next condition is (vj, vκ) ∈ AM ;

but (vκ, vj) /∈ AM , giving us

h
(η)
iκ hκj =

∑
Wiκ

(η)∈Wiκ
(η)

wt
(
Wiκ

(η)
)
·α =

∑
Wiκ

(η)∈Wiκ
(η)

α
a(ϑrm ,ϑrm+1)Wiκ

(η) ·α a(ϑrl
,ϑrl−1)Wiκ

(η)+1
,

where 0 ≤ a
(
ϑrm , vrm+1

)
, a

(
vrl , vrl−1

)
≤ η. The remaining condition implying

h
(η)
iκ hκj =

∑
Wiκ

(η)∈Wiκ
(η) wt

(
Wiκ

(η)
)
· 0 = 0. From these cases, adding the term

h
(η)
iκ hκj for 1 ≤ κ ≤ n gives us:

h
(η+1)
ij =

n∑
κ=1

h
(η)
iκ hκj =

∑
Wij

(η+1)∈Wij
(η+1)

wt(Wij
(η+1)).
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Hence, we obtain Equation (2.1). □

For an undirected graph, the Hermitian adjacency matrix coincides with the
usual adjacency matrix. Since undirected graphs are special cases of mixed

graphs, Theorem 2.1 applies directly. In particular, h
(2)
ij equals the number of

undirected walks of length two from υi to υj, recovering the classical
interpretation of matrix powers in terms of walks [9]. Moreover, Theorem 2.2
shows that the diagonal entries of H2(M) correspond to neighbourhood
structures.

Theorem 2.2. Let M be a mixed graph and H(M) = (hij) be its Hermitian

adjacency matrix for 1 ≤ i, j ≤ n. For 1 ≤ i, j ≤ n, if H2(M) =
(
h
(2)
ij

)
, then

h
(2)
ii = |N+

M (vi)
⋃

N−
M (vi) |. (2.2)

That is, h
(2)
ii corresponds to the total number of vertices that are adjacent to or

adjacent from vi ∈ VM .

Proof. Recall that h
(2)
ii =

∑n
k=1 hikhki. By the definition of H(M), we have

hikhki = 1 whenever vk ∈ N+
M(vi) ∪ N−

M(vi), and hikhki = 0 otherwise. Hence

h
(2)
ii equals the number of vertices adjacent to or adjacent from vi or in other

words the Equation (2.2) is obtained. □

Let H(M) be the Hermitian adjacency matrix of a mixed graph M of order n
with characteristic polynomial

P (λ;H(M)) = λn +
n∑

k=1

(−1)kβkλ
n−k.

Then β1 = tr(H(M)), which equals the number of directed loops in M .
To determine β2, we use the identity

β2 =
1

2

(
(trH(M))2 − tr(H2(M))

)
.

By Theorem 2.2, each diagonal entry h
(2)
ii equals the number of vertices adjacent

to or adjacent from vi ∈ VM , so tr(H2(M)) is determined by the neighbourhood
structure of M . This yields the following result.

Theorem 2.3. Let M be a mixed graph of order n with its Hermitian adjacency
matrix H(M). Suppose that l (M) denotes the number of directed loops in M
while d (M) denotes the number of arcs and edges excluding the directed loops
in M . If the characteristic polynomial of H(M) is

P (λ;H (M)) = λn +
n∑

k=1

(−1)k βkλ
n−k,

then the coefficient β2 is obtained as follows:

β2 =
(l (M))2 − l(M)

2
− d (M) . (2.3)
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Proof. Let h2
ii denote the main diagonal entry of the Hermitian adjacency matrix

powered by 2, where 1 ≤ i, j ≤ n. The characteristic polynomial of H(M) can
be expressed as:

P (λ;H (M)) = λn +
n∑

k=1

(−1)k βkλ
n−k =

n∏
k=1

(λ− λi) ,

where λi ∈ σ (H(M)).

From Theorem 2.2, we acquire h
(2)
ii = |N+

M (vi)
⋃
N−

M (vi) |, which corresponds
to the number of arcs incident to the vertex vi ∈ VM . Thus,

n∑
i=1

h
(2)
ii =

∑
vi∈VM

|N+
M (vi)

⋃
N−

M (vi) | = l(M) + 2 d(M).

Using the identity (
∑n

i=1 λi)
2
= (

∑n
i=1 λ

2
i ) + 2

(∑
1≤i,j≤|VM | λiλj

)
, we acquire

(tr(H(M)))2 = tr
(
H (M)2

)
+ 2β2. Observing that tr(H(M)) = l (M) and

tr
(
H (M)2

)
= l(M) + 2 d(M), solving for β2, we obtain Equation (2.3). □

To characterise βi for 1 ≤ i ≤ n, we use the fact that βi equals the sum of
all i × i principal minors of H(M). Each such minor is the determinant of the
Hermitian adjacency matrix of an induced sub-mixed graph of order i. Thus,
the computation of βi reduces to evaluating determinant expansions governed by
permutations of the entries of H(M).

2.2. Determinant of the Hermitian adjacency matrix. Let H(M) = (hij)
be the Hermitian adjacency matrix of a mixed graphM of order n. By the Leibniz
formula, the determinant of H(M) is given by

det(H(M)) =
∑
σ∈Sn

sgn(σ)
n∏

i=1

hi,σ(i),

where sgn(σ) = 1 if σ is an even permutation and sgn(σ) = −1 if σ is odd.
Consequently, the evaluation of det(H(M)) reduces to analysing the contribution
of the products

∏n
i=1 hi,σ(i) over all permutations σ ∈ Sn.

In this paper, we denote

σ0 =

(
1 2 · · · n− 1 n
1 2 · · · n− 1 n

)
; σ1 =

(
1 2 · · · n− 1 n
2 3 · · · n 1

)
; σ2 =

(
1 2 · · · n− 1 n
n 1 · · · n− 2 n− 1

)
.

Consider a generic term
∏n

i=1 hi,σ(i) in the Leibniz expansion of det(H(M)). If
every vertex of the mixed graph M contains a directed loop, then the diagonal
contribution satisfies

h11h22 · · ·hnn = 1.

In contrast, ifM contains at least one vertex without a directed loop, this product
vanishes. To analyse the remaining non-diagonal contributions, it is necessary to
associate each permutation σ ∈ Sn with a corresponding spanning sub-mixed
graph of M .
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Let M be a mixed graph with vertex set VM and arc set AM , and let S denote
a spanning sub-mixed graph induced by a permutation σ ∈ Sn. We define the
value of S by

h(S) =
n∏

i=1

hi,σ(i).

In particular, spanning sub-mixed graphs whose underlying graphs are isomorphic
to undirected cycles play a fundamental role in determining det(H(M)). Lemma
2.4 characterises the precise conditions under which such spanning sub-mixed
graphs exist and contribute nontrivially to the determinant.

Lemma 2.4. LetM be a mixed graph with a set of vertices VM = {υi : 1 ≤ i ≤ n}
and H(M) = (hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. If there
exists a spanning sub-mixed graph S such that its underlying graph is isomorphic
to an undirected cycle of length n, then

h12h23 · · ·h(n−1)nhn1 = α

(
a(ϑrp ,ϑrp+1)SMC

)
· α

(
a(ϑrq+1 ,ϑrq)SMC

)
(2.4)

and

h1nh21 · · ·hn(n−1) = α

(
a(ϑrp ,ϑrp+1)SMC

)
· α

(
a(ϑrq+1 ,ϑrq)SMC

)
. (2.5)

Proof. Assume that there exists a spanning sub-mixed graph S such that its
underlying graph is isomorphic to an undirected cycle of length n. Then, it is a
generalised cycle, or an undirected cycle of length n. Hence,

h12h23 · · ·h(n−1)nhn1 = wt
(
W

(k)
ij

)
and h1nh21 · · ·hn(n−1) = wt

(
W

(k)
ji

)
, which

then we obtain Equations (2.4) and (2.5). □

Following the characterisation of spanning sub-mixed graphs whose underlying
graphs are cycles, we analyse the occurrence of vertices with zero in-degree and
out-degree in such subgraphs, and Lemma 2.5 specifies when these configurations
force the corresponding determinant contributions to vanish.

Lemma 2.5. Let M be a mixed graph of order n and of size m, and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. Let S be a spanning
sub-mixed graph of M . If there exists a vertex vk ∈ VS such that odM(vk) =
idM(vk) = 0, then for all σ ∈ Sn, we have the following:

n∏
i=1

hiσ(i) = 0. (2.6)

Proof. Assume that there exists a vertex vk ∈ VS such that
odM(vk) = idM(vk) = 0. By definition, this implies that at least one
corresponding entry in the Hermitian adjacency matrix of the mixed graph M
satisfies hkσ(k) = 0 where 1 ≤ k, σ(k) ≤ n. Therefore, Equation (2.6) is
acquired. □

These results culminate in an explicit combinatorial expansion of det(H(M))
as a signed sum over spanning elementary sub-mixed graphs, thereby linking the
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determinant of the Hermitian adjacency matrix directly to the cyclic structure of
M .

Lemma 2.6. LetM be a mixed graph with a set of vertices VM = {υi : 1 ≤ i ≤ n}
and let H(M) = (hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. Let Se

M

be a spanning elementary sub-mixed graph of M with κ classes. If there exists
σ ∈ Sn such that σ ̸= σ0, σ ̸= σ1, and σ ̸= σ2, then the following holds:

h(Se
M) =

n∏
i=1

hiσ(i) = α
δ(ϑrp ,ϑrp+1)Se

M · α
δ(ϑrq+1 ,ϑrq)Se

M . (2.7)

Proof. Suppose that Se
M is an elementary sub-mixed graph of M where

C1, C2, · · · , Cκ are its classes. For every class Cι where 1 ≤ ι ≤ κ, recall that the
number of arcs of the form (ϑrp , ϑrp+1) and (ϑrq+1 , ϑrq) are a(ϑrp , ϑrp+1)(Cι)Se

M
and

a(ϑrq+1 , ϑrq)(Cι)Se
M
, respectively. Therefore, the entries hrprp+1 = α and

hrqrq+1 = α. Assume that the ι-th class has ιη vertices, where 1 ≤ ιη ≤ n.
Consider the term hι1σ(ι1)hι2σ(ι2) · · ·hιησ(ιη), which corresponds to Sι. Thus, we
obtain

hι1σ(ι1)hι2σ(ι2) · · ·hιησ(ιη) = α
a(ϑrp ,ϑrp+1 )(Cι)Se

M · α
a(ϑrq+1 ,ϑrq )(Cι)Se

M .

Consequently, there exists a permutation σ ∈ Sn such that σ ̸= σ0, σ ̸= σ1, and
σ ̸= σ2, which implies that h(Se

M) =
∏n

i=1 hiσ(i) is obtained by multiplying all
the terms corresponding to the classes of Sι, where 1 ≤ ι ≤ κ. Therefore, we
conclude that Equation (2.7) follows. □

Having characterised elementary spanning sub-mixed graphs, we now
determine their precise contribution to the determinant of the Hermitian
adjacency matrix. Theorem 2.7 presents an explicit formula for det(H(M))
expressed as a sum over spanning elementary subgraphs, with coefficients
governed by the presence of vertex loops and the structure of their underlying
cycles.

Theorem 2.7. Let M be a mixed graph of order n and of size m, where the
set of vertices and arcs are denoted by VM and AM , respectively. Suppose that
H(M) = (hij) represents the Hermitian adjacency matrix of M for 1 ≤ i, j ≤ n.
Let c(Se

M) be the number of classes in Se
M , N l

Se
M

be the number of loops in Se
M ,

and ϖ(Se
M) be the number of undirected cycles or directed cycles or mixed cycles

of order ≥ 3 in Se
M .

(a) If every vertex in M contains a directed loop, then

det(H(M)) = 1 + (−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)
+

∑
Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)
. (2.8)

(b) If M contains at least one vertex without a loop, then

det(H(M)) = (−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)
+
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Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)
. (2.9)

The sum extends over all spanning elementary sub-mixed graphs Se
M . Moreover,

(−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)

= 0,

if there is no spanning sub-mixed graph of M that its underlying graph is
isomorphic to an undirected cycle graph. Meanwhile, if the spanning elementary
sub-mixed graph Se

M does not exist, then∑
Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)

= 0.

Proof. By the definition of the determinant of a matrix, we express the following.

det(H(M)) = Σσ∈Snsign(σ)Π
n
i=1hiσ(i),

where sign(σ) = 1 if σ is an even permutation while sign(σ) = −1 if σ is an odd
permutation.

Consider the term h1σ(1)h2σ(2) · · ·hnσ(n), where σ ∈ Sn. The objective is to
determine spanning sub-mixed graphs of M corresponding to this term, as well
as the sign of the associated permutation. For the term h11h22 · · ·hnn, the
permutation involved is the identity, and hence sign(σ) = 1. If every vertex in
M has a directed loop, then h11h22 · · ·hnn = 1, otherwise, if at least one vertex
lacks a loop, then this product vanishes. Now, for the term h12h23 · · ·h(n−1)nhn1

and its reverse h1nh21 · · ·h(n−1)(n−2)hn(n−1), the sign remains sign(σ) = (−1)n,
as they depend on n being even or odd. By Lemma 2.4, If M contains a
spanning sub-mixed graph with its underlying graph is isomorphic to an
undirected cycle, then

h12h23 · · ·h(n−1)nhn1 = α

(
a(ϑrp ,ϑrp+1)SMC

)
· α

(
a(ϑrq+1 ,ϑrq)SMC

)

and

h1nh21 · · ·h(n−1)(n−2)hn(n−1) = α

(
a(ϑrp ,ϑrp+1)SMC

)
· α

(
a(ϑrq+1 ,ϑrq)SMC

)
.

Summing the terms h12h23 · · ·h(n−1)nhn1 and h1nh21 · · ·h(n−1)(n−2)hn(n−1) with
their respective permutation signs gives

(−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)
.

In contrast, whenever M does not contain a spanning sub-mixed graph with its
underlying graph is isomorphic to an undirected cycle, we obtain that term is
equal to zero.

By Lemma 2.5, the terms associated with any spanning sub-mixed graph
containing a vertex vi ∈ VS such that idM(vi) = odM(vi) = 0 vanish. Thus, such
cases are ignored. The remaining spanning sub-mixed graphs could consist of
classes such as undirected cycles, directed cycles, mixed cycles, paths, or
directed loops. These classes imply that the remaining spanning graphs are all
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elementary. By Lemma 2.6, if there exists σ ̸= σ0, σ ̸= σ1, and σ ̸= σ2, we
obtain the following:

h(Se
M) =

n∏
i=1

hiσ(i) = α
δ(ϑrp ,ϑrp+1)Se

M · α
δ(ϑrq+1 ,ϑrq)Se

M .

Recall that sign(σ) = −1 if the permutations in σ are odd and sign(σ) =
1 if the permutations in σ are even. Moreover, for the remaining term, the
permutations in σ are odd or even depending on the number of classes in M
with odd and even length. Observe that c(Se

M) = Ne + No, where Ne is the
number of classes that have even length while No is the number of classes that
have odd length. Thus, we find that the permutations in σ are odd whenever
c(Se

M) − N l
Se
M

is an odd number. Hence, for the remaining terms, we have their

respective permutation signs equal to

(−1)
c(Se

M )−N l
Se
M .

If for each classes of Se
M corresponds to exactly two distinct ways of forming a

cycle in the permutation σ, summing the remaining terms with their respective
permutation signs gives:∑

Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)
.

However, if the spanning elementary sub-mixed graph does not exist, then these
remaining terms are equal to zero.

Depending on the nature of M , we distinguish two distinct cases, leading to
the results given in Equations (2.8) and (2.9), which conclude the proof. □

Theorem 2.7 applies directly to digraphs
−→
∆. Recall that each permutation

term
∏n

i=1 hiσ(i) corresponds to a spanning subdigraph of
−→
∆. In this setting, the

spanning elementary subdigraphs Se−→
∆
consist of directed loops, directed cycles, or

single arcs. If a class (Ck)Se−→
∆

is an arc (vp, vq), then hpqhqp = αα = 1, which yields

equal contributions from both orientations. Consequently, when all classes of Se−→
∆

are arcs, the associated exponent difference vanishes, and the weight satisfies

h
(
Se−→
∆

)
= αηαη = 1,

for some η ∈ N. In particular, path digraphs
−→
Pn and cycle digraphs

−→
Cn admit a

unique spanning elementary subdigraph of this form, implying that their
determinants are governed by a single nonzero contribution. This motivates a

detailed investigation of detH(
−→
Pn) and detH(

−→
Cn), beginning with Theorem 2.8.

Theorem 2.8. Let
−→
Pn be a path digraph, and let H

(−→
Pn

)
be its Hermitian

adjacency matrix. Then,

det
(
H

(−→
Pn

))
=


0 if n is an odd number,

1 if n = 2kwhere k is even,

−1 if n = 2kwhere k is odd.
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Combining Theorem 2.8 with the classical results of [1], we obtain

det
(
H
(−→
Pn

))
= det(A(Pn)) .

We next examine whether an analogous equality holds for cycle digraphs, namely
whether

det
(
H
(−→
Cn

))
= det(A(Cn)) ,

which leads to Theorem 2.9.

Theorem 2.9. Let
−→
Cn be a cycle digraph, and let H

(−→
Cn

)
be its Hermitian

adjacency matrix. Then,

det
(
H

(−→
Cn

))
=


2 ·Re (αn) if n is an odd number,

−2 ·Re (αn) + 2 if n = 2kwhere k is even,

−2 ·Re (αn)− 2 if n = 2kwhere k is odd.

A path digraph
−→
Pn is defined as a digraph isomorphic to the digraph with vertex

set {vi : 1 ≤ i ≤ n} and arc set {(vi, vi+1) : 1 ≤ i ≤ n − 1}. Similarly, a cycle

digraph
−→
Cn is a digraph isomorphic to the digraph with vertex set {vi : 1 ≤ i ≤ n}

and arc set {(vi, vi+1) : 1 ≤ i ≤ n− 1} ∪ {(vn, v1)}.
Recall that the coefficients of the characteristic polynomial of an n× n matrix

are obtained as sums of determinants of its principal submatrices. Since every

principal submatrix of H(
−→
∆) corresponds to the Hermitian adjacency matrix of

an induced subdigraph of
−→
∆, determining the characteristic polynomials ofH(

−→
Pn)

and H(
−→
Cn) requires a systematic analysis of their induced subdigraphs.

For
−→
Pn, the induced subdigraphs of order ι (1 ≤ ι ≤ n) fall into the following

classes:

(1) the null digraph Nι, consisting of ι isolated vertices and no arcs;

(2) the path digraph
−→
Pι for 2 ≤ ι ≤ n; and

(3) digraphs obtained from
−→
Pι by deleting p arcs, where 1 ≤ p ≤ ι− 2, which

may be further subdivided according to whether they contain isolated
vertices.

This classification enables a complete enumeration of principal minors and

forms the basis for determining the characteristic polynomial of H(
−→
Pn) and,

analogously, of H(
−→
Cn).

We define an isolated path digraph
−−→
P iso
η as a digraph obtained by removing p

arcs in a path digraph
−→
Pη such that there is an isolated vertex, where 1 ≤ p ≤ η.

It is trivial that det
(
H

(−→
P i
η

))
= 0 since H

(−→
P i
η

)
has a zero row and a zero

column. Clearly,
−−→
P iso
η (where η ≥ 3 are some of the induced subdigraphs (of order

≥ 3) of
−→
Pn (where n ≥ 4). This implies that we do not have to count the sum of

the determinant of the induced subdigraphs of order ≥ 3 that are
−−→
P iso
η .
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We define a non-isolated k-path digraph
−−→
P n,k
i as an induced subdigraph of

−→
Pn

of order i (where 4 ≤ i ≤ n) that consists of k ≥ 2 path digraphs
−→
Piι where

1 ≤ ι ≤ k and iι ≥ 2. Clearly,
∑k

ι=1 iι = i. From Theorem 2.7, we derive
the determinant of the Hermitian adjacency matrix of a non-isolated digraph, as
stated in the following theorem.

Theorem 2.10. Let
−−→
P n,k
i be a non isolated-path digraph with k ≥ 2 path

digraphs
−→
Piι where 1 ≤ ι ≤ k, and let H

(−−→
P n,k
i

)
be its Hermitian adjacency

matrix. Then

det

(
H

(−−→
P n,k
i

))
=


0 if i is odd,

0 if i is even and there exists an odd number iι,

1 if i = 2lwhere l is even and no odd number iι,

−1 if i = 2lwhere l is odd and no odd number iι.

From this classification, every induced subdigraph of order i (1 ≤ i ≤ n) of
−→
Pn is isomorphic to

−→
Pi ,

−−→
P iso
i , or

−→
P k
i . By Theorem 2.10, the determinant of the

Hermitian adjacency matrix of a non-isolated path digraph is zero whenever its
order is odd. Hence, any induced subdigraph of order i containing a connected
class of odd order has a zero determinant. Consequently, when summing all i× i

principal minors of H(
−→
Pn), it suffices to consider induced subdigraphs isomorphic

to
−→
Pi or to

−→
P k
i whose connected classes all have even order.

We denote by m
(−→
Pi

)
the number of induced subdigraphs of order i of

−→
Pn, and

of order 1 ≤ i ≤ n − 1 of
−→
Cn, that are isomorphic to

−→
Pi ; similarly, m

(−−→
P n,k
i

)
denotes the number of induced subdigraphs of order i of

−→
Pn and

−→
Cn that are

isomorphic to
−−→
P n,k
i , where i and iι are even.

For a cycle digraph
−→
Cn, each induced subdigraph of order i with 1 ≤ i ≤ n− 1

is isomorphic to
−→
Pi ,

−−→
P iso
i , or

−→
P k
i , while the only induced subdigraph of order n is

−→
Cn. Thus, for 1 ≤ i ≤ n − 1, the sum of all i × i principal minors of H(

−→
Cn) is

determined solely by induced subdigraphs isomorphic to
−→
Pi or

−→
P k
i with all class

orders even, and the principal minor of order n is det
(
H(

−→
Cn)

)
.

Recall that the setting α = 1 in the Hermitian adjacency matrix of a digraph
coincides with the adjacency matrix of its underlying undirected graph. By

Theorem 2.9 and [1], the equality det!
(
H!

(−→
Cn

))
= det! (A! (Cn)) holds only

when α = 1; consequently, for general α, these determinants do not coincide.
We next specialise to the case where the mixed graph reduces to an undirected
graph, and by applying Theorem 2.7 obtain Corollary 2.11.

Corollary 2.11. Let Γ be an undirected graph with a vertex set VΓ consisting of
n elements and an edge set EΓ of cardinality m, and let H(Γ) = (hij) and A(Γ) =
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(aij) be its Hermitian adjacency matrix and adjacency matrix, respectively, for
1 ≤ i, j ≤ n. Now, let ϖ(Se

Γ) be the number of undirected cycles of order greater
than or equal to 3 in Se

Γ. Then, the determinant of H(Γ) and A(Γ) follows the
conditions outlined below:

(a) If each vertex in Γ has an undirected loop, then

det(H(Γ)) = det(A(Γ)) = 1 + (−1)n−1 · 2 +
∑
Se
Γ

(−1)
c(Se

Γ)−N l
Se
Γ · 2ϖ(Se

Γ). (2.10)

(b) If at least one vertex in Γ has no loop, then

det(H(Γ)) = det(A(Γ)) = (−1)n−1 · 2 +
∑
Se
Γ

(−1)
c(Se

Γ)−N l
Se
Γ · 2ϖ(Se

Γ). (2.11)

where the sum extends over all spanning elementary subgraphs Se
Γ. In addition,

(−1)n−1 ·2 vanishes if there is no spanning subgraph, that is, an undirected cycle.

Meanwhile, if there is no spanning elementary subgraph, then
∑

Se
Γ
(−1)

c(Se
Γ)−N l

Se
Γ ·

2ϖ(Se
Γ) = 0.

Proof. By definition, the Hermitian adjacency matrix of an undirected graph
coincides with its adjacency matrix. Consequently, the result of Theorem 2.7
extends naturally to both matrices in the case of an undirected graph Γ.
Furthermore, we observe that

2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SΓC

−a(ϑrq+1 ,ϑrq)SΓC

|
)

= 2 ·Re
(
α0

)
= 2

and

2ϖ(Se
Γ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

Γ

− δ(ϑrq+1 ,ϑrq)Se
Γ

|
)

= 2ϖ(Se
Γ) ·Re

(
α0

)
= 2ϖ(Se

Γ)

Taking into account the possible structural characteristics of Γ, we establish the
determinant formulas as in Equations (2.10) and (2.11). Moreover, the
determinant expressions follow directly from Theorem 2.7. □

Since the coefficients of the characteristic polynomial of H(M) are obtained
from the determinants of the Hermitian adjacency matrices of induced sub-mixed
graphs, explicit formulas for these coefficients are derived in Theorem 2.12.

Theorem 2.12. Let M be a mixed graph of order n and of size m, and let H(M)
be its Hermitian adjacency matrix. Now, let M ′ be an induced sub-mixed graph
of M , of order j where 1 ≤ j ≤ n. Suppose that c (Se

M ′) denotes the number of
classes in Se

M ′ , N l
Se
M

denotes the number of directed loops in Se
M ′ , and ϖ(Se

M ′)

denotes the number of undirected cycles or directed cycles or mixed cycles of
order greater than or equal to 3 in Se

M ′ . If the characteristic polynomial of H(M)
takes the form

P (λ;H(M)) = λn +
n∑

j=1

(−1)jβj · λn−j,

then for 1 ≤ j ≤ n, the coefficients βj adhere to the following cases.
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(a) If every vertex of M ′ has a directed loop, then

βj =
∑
M ′

(
1 + (−1)η−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SM′

C

−a(ϑrq+1 ,ϑrq)SM′
C

|
)

+

∑
Se
M′

(−1)
c(Se

M′ )−N l
Se
M · 2ϖ(Se

M′ ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M′
− δ(ϑrq+1 ,ϑrq)Se

M′
|
) . (2.12)

(b) If at least one vertex of M ′ has no directed loop, then

βj =
∑
M ′

(
(−1)η−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SM′

C

−a(ϑrq+1 ,ϑrq)SM′
C

|
)

+

∑
Se
M′

(−1)
c(Se

M′ )−N l
Se
M · 2ϖ(Se

M′ ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M′
− δ(ϑrq+1 ,ϑrq)Se

M′
|
) . (2.13)

where the first summation extends over all induced sub-mixed graphs M ′ of M ,
while the second iterates over all spanning elementary subgraphs Se

M ′ within M ′.
In addition,

(−1)η−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SM′

C

−a(ϑrq+1 ,ϑrq)SM′
C

|
)

vanishes if there is no spanning sub-mixed graph of M ′ has an undirected cycle
graph as its underlying graph. On the other hand, if the spanning elementary
sub-mixed graph Se

M ′ does not exist, then∑
Se
M′

(−1)
c(Se

M′ )−N l
Se
M · 2ϖ(Se

M′ ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M′
− δ(ϑrq+1 ,ϑrq)Se

M′
|
)

= 0.

Proof. For any j in the range 1 ≤ j ≤ n, the coefficients βj correspond to the
sum of its principal minor. Furthermore, since each principal submatrix of
H(M) serves as the Hermitian adjacency matrix of an induced sub-mixed graph
M ′ (with order satisfying 1 ≤ j ≤ n), it follows that these coefficients βj can
alternatively be interpreted as the sum of the Hermitian adjacency matrices of
all such induced sub-mixed graphs. Invoking Theorem 2.7, which establishes
det(H(M)), we deduce the results shown in Equations (2.12) and (2.13). □

Applying Theorem 2.12 to undirected graphs yields the following Corollary
2.13.

Corollary 2.13. Let Γ be an undirected graph of order n and of size m, and let
H(Γ) be its Hermitian adjacency matrix. Now, let Γ′ be an induced subgraph of
Γ, of order j where 1 ≤ j ≤ n. Suppose that c (Se

Γ′) denotes the number of classes
in Se

Γ′ , N l
Se
Γ
denotes the number of directed loops in Se

Γ′ , and ϖ(Se
Γ′) denotes the

number of undirected cycles or directed cycles or mixed cycles of order greater
than or equal to 3 in Se

Γ′ . If the characteristic polynomial of H(Γ) is given by

P (λ;H(Γ)) = λn +
n∑

j=1

(−1)jςj · λn−j,
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then for 1 ≤ j ≤ n, the coefficients ςj satisfy the following conditions:

(a) If every vertex in Γ′ has an undirected loop, then

ςj =
∑
Γ′

1 + (−1)η−1 · 2 +
∑
Se
Γ′

(−1)
c(Se

Γ′ )−N l
Se
Γ′ · 2ϖ(Se

Γ′ )

 .

(b) If at least one vertex in Γ′ lacks an undirected loop, then

ςj =
∑
Γ′

(−1)η−1 · 2 +
∑
Se
Γ′

(−1)
c(Se

Γ′ )−N l
Se
Γ′ · 2ϖ(Se

Γ′ )

 .

The outer summation extends over all induced subgraphs Γ′ of Γ, while the
inner summation is taken over all spanning elementary subgraphs SΓ′e of Γ′.
Whenever Γ′ contains a spanning subgraph that forms an undirected cycle,

(−1)η−1 · 2 dissolves. In contrast,
(
(−1)η−1 · 2 +

∑
Se
Γ′
(−1)

c(Se
Γ′ )−N l

Se
Γ · 2ϖ(Se

Γ′ )
)

dissolves whenever the spanning elementary subgraph Se
Γ′) does not exist.

Proof. By Theorem 2.11, det(H(Γ)) has been established. Applying a method
analogous to the proof of Theorem 2.12, we extend these results to derive the
characteristic polynomial of H(Γ). Consequently, the following corollary holds.

□

After finding the determinant of H
(−→
Pn

)
and H

(−→
Cn

)
, we can derive explicit

forms of their characteristic polynomials based on their determinant. Thus, we

show the characteristic polynomial of H
(−→
Pn

)
and H

(−→
Cn

)
in the following

Theorem 2.14 and Theorem 2.15, respectively.

Theorem 2.14. Let
−→
Pn be a path digraph and H

(−→
Pn

)
be its Hermitian

adjacency matrix. If O = {2k : k is an odd number and 2k ≤ n} and
E = {2k : k is an even number and 2k ≤ n}, then the characteristic polynomial

of H
(−→
Pn

)
is as follows:

P
(
λ;H

(−→
Pn

))
= λn+

∑
i∈E

(
m

(−→
Pi

)
+m

(−→
P k
i

))
λn−i−

∑
j∈O

(
m

(−→
Pj

)
+m

(−→
P k
j

))
λn−j.

Theorem 2.15. Let
−→
Cn be a cycle digraph and H

(−→
Cn

)
be its Hermitian

adjacency matrix. Suppose that O = {2k : k is an odd number and 2k ≤ n − 1}
and E = {2k : k is an even number and 2k ≤ n − 1}=. If n is an odd number,

then the characteristic polynomial of
−→
Cn is as follows:

P
(
λ;H

(−→
Cn

))
= λn+

∑
i∈E

(
m

(−→
Pi

)
+m

(−→
P k
i

))
λn−i−

∑
j∈O

(
m

(−→
Pj

)
+m

(−→
P k
j

))
λn−j+2·Re (αn) .

If n = 2l where l is even, then the characteristic polynomial of
−→
Cn is as follows:

P
(
λ;H

(−→
Cn

))
= λn+

∑
i∈E

(
m

(−→
Pi

)
+m

(−→
P k
i

))
λn−i−

∑
j∈O

(
m

(−→
Pj

)
+m

(−→
P k
j

))
λn−j−2·Re (αn)+2.
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If n = 2l where l is odd, then the characteristic polynomial of
−→
Cn is as follows:

P
(
λ;H

(−→
Cn

))
= λn+

∑
i∈E

(
m

(−→
Pi

)
+m

(−→
P k
i

))
λn−i−

∑
j∈O

(
m

(−→
Pj

)
+m

(−→
P k
j

))
λn−j−2·Re (αn)−2.

3. Eigenvalues of Hermitian adjacency matrix

In this section, we investigate the eigenvalues properties of the Hermitian
adjacency matrix. Since H(M) is Hermitian, all its eigenvalues are real and can
be ordered as λ1 ≥ λ2 ≥ · · · ≥ λn, with λ1 = ρ(H(M)); see [13].

We will also use the standard Frobenius norm bounds for the spectral radius,√∑
i,j |aij|2

n
≤ ρ(A) ≤

√∑
i,j

|aij|2,

which hold for any A ∈ Cn×n; see [19, 10].
Applying the standard Frobenius norm bounds to H(M) yields the following

estimate of its spectral radius.

Theorem 3.1. Let M be a mixed graph of order n and size m and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. For 1 ≤ i ≤ n, suppose
that λi ∈ σ(H(M)) where λ1 ≥ λ2 ≥ · · ·λn, then we obtain the following:√

m

n
≤ ρ(H(M)) ≤

√
m. (3.1)

Proof. For 1 ≤ i ≤ n, suppose that λi ∈ σ(H(M)) where λ1 ≥ λ2 ≥ · · ·λn.

Applying the Frobenius norm bounds to H(M), we obtain

√∑
1≤i,j≤n |hij |2

n
≤

ρ(H(M)) ≤
√∑

1≤i,j≤n |hij|2. Based on the definition of the Hermitian adjacency

matrix, we obtain |hij|2 = 1 whenever there is an arc or edge connecting the
vertex υi ∈ VM and the vertex υj ∈ VM ; and hij

2 = 0 otherwise. This implies∑
1≤i,j≤n |hij|2 = m. Consequently, we obtain Equation (3.1). □

Theorem 3.1 establishes bounds for the spectral radius of the Hermitian
adjacency matrix based on the order and size of the graph. Although it
estimates the largest absolute eigenvalue, it does not identify specific
eigenvalues. The focus now shifts to conditions that result in zero being one of
the eigenvalues of the Hermitian adjacency matrix. We further derive a
sufficient condition that 0 ∈ σ(H(M)) is based on the structure of the mixed
graph M , as presented in Theorem 3.2 below.

Theorem 3.2. Let M be a mixed graph of order n and size m; and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. If each of the following
conditions is satisfied:

(a) there exists a loopless vertex in the mixed graph M ,
(b) there is no spanning sub-mixed graph of M that its underlying graph is

isomorphic to an undirected cycle, and
(c) spanning elementary sub-mixed graphs Se

M does not exist,
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then 0 ∈ σ(H(M)).

Proof. Based on Theorem 2.7, if there exists a loopless vertex in the mixed graph
M , then

det(H(M)) = (−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)
+

∑
Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)
.

Moreover, if there is no spanning sub-mixed graph of M that its underlying graph
is isomorphic to an undirected cycle graph, then

(−1)n−1 · 2 ·Re

(
α
|a(ϑrp ,ϑrp+1)SMC

−a(ϑrq+1 ,ϑrq)SMC

|
)

= 0,

while, if the spanning elementary sub-mixed graph Se
M does not exist, then∑

Se
M

(−1)
c(Se

M )−N l
Se
M · 2ϖ(Se

M ) ·Re

(
α
|δ(ϑrp ,ϑrp+1)Se

M

− δ(ϑrq+1 ,ϑrq)Se
M

|
)

= 0.

Therefore, if conditions (a), (b), and (c) are satisfied, then det(H(M)) = 0.
Recall that if detH(M) = 0, then 0 ∈ σ(H(M)). Consequently, if each of the
conditions is satisfied, then 0 ∈ σ(H(M)). □

Extending the skew-energy concept of Cavers et al. [5], we define the Hermitian
energy of a mixed graph by εH(M) =

∑n
i=1 |λi|. An upper bound for εH(M) follows

directly from Theorem 3.1 and is presented in Corollary 3.3.

Corollary 3.3. Let M be a mixed graph of order n and size m and let H(M) =
(hij) be its Hermitian adjacency matrix for 1 ≤ i, j ≤ n. For 1 ≤ i ≤ n, suppose
that λi ∈ σ(H(M)) where λ1 ≥ λ2 ≥ · · ·λn, then εH(M) ≤ n

√
m.

Proof. Based on Theorem 3.1, we obtain |λi| ≤
√
m. Thus, the upper bound of

the sum of |λi| is obtained, that is, εH(M) ≤ n
√
m. □

Acknowledgement. This research was supported by Universitas Gadjah
Mada through the RTA Grant 2024 (No. 5286/UN1.P1/PT.01.03/2024).

References

1. A. Abdollahi. Determinants of adjacency matrices of graphs. European Journal of Pure and
Applied Mathematics, 1(4):9–16, 2012. https://doi.org/10.22108/toc.2012.2041.

2. M. Abudayah, A. Omar, and T. Sander. Hermitian adjacency matrices of mixed
graphs. European Journal of Pure and Applied Mathematics, 15(3):841–855, 2022.
https://doi.org/10.29020/nybg.ejpam.v15i3.4448.

3. R. B. Bapat. Graphs and matrices. Springer London Dordrecht Heidelberg New York, 2010.
https://doi.org/10.1007/978-1-84882-981-7.

4. J. A. Bondy and U. S. R. Murty. Graph Theory. Springer London, 2008.
https://doi.org/10.1007/978-1-84628-970-5.
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