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TWO STABLE MIXED FINITE ELEMENT APPROXIMATIONS FOR
THE OBSTACLE PROBLEM OF THE EULER-BERNOULLI BEAM

MOHAMMED-CHERIF BELLAOUER!, ISMAIL MERABET!* and ASMA ZERROUKI!

ABSTRACT. We present two finite element approximations of a mixed formulation for
the obstacle problem of the Euler-Bernoulli beam problem. The two numerical approxi-
mations are based on conforming methods with dual Lagrange multiplier. The first uses
a suitable stable pair of finite element spaces. The second proposed scheme employs
biorthogonal basis functions. We derive a priori and a posteriori error estimates. Nu-
merical tests using a primal-dual active set algorithm and the classical Uzawa iteration
are given that validate and illustrate our approach.
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1. INTRODUCTION

The Euler-Bernoulli model is one of the most widely used mathematical models for
thin, slender bodies. The Euler-Bernoulli model (without obstacle) can be derived as
a special case by dimension reduction from three-dimensional hyperelasticity using the
gamma-convergence technique (see [15],[3]). Starting from three-dimensional elasticity
(Signorini problem), the unilateral constraint case was rigorously justified by means of
asymptotic methods in [17]. It can also be seen as the limit of the Timoshenko beam
when the thickness approaches zero (see [20]).

The mathematical analysis of the continuous problem for fourth-order variational in-
equalities can be done in several standard ways. However, their numerical counterparts
face numerous difficulties. First, it is not easy to develop an effective discretization scheme.
Within the finite element framework, several standard approaches exist. We could use
conforming finite element methods. But even for the equality case, conforming methods
for fourth-order problems require C! elements, which are complicated, and this gets even
more complicated when we consider higher-dimensional problems. We could also consider
non-conforming methods, but they do not naturally form hierarchies. Hence, they are not
efficient for capturing smoother solutions. Moreover, it requires considerable ingenuity to
develop non-conforming methods that work for general problems, and very little is known
about non-conforming elements in higher dimensions (see [19]). We could also use mixed
finite element methods by splitting the fourth-order equation into two second-order equa-
tions. For some model problems, the mixed formulation can miss the leading singularity,
and solutions obtained from such mixed methods do not converge to the exact solution
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(see [2]). Also, it is not easy to find finite element pairs that satisfy the Babuska-Brezzi
inf-sup condition for stability. Even if we have the correct mixed formulation and identify
a stable finite element pair, we still need to solve a saddle point problem. In contrast, the
original problem is symmetric positive definite. Another major difficulty is that the dis-
crete problems we obtain are more ill-conditioned than those for second-order problems.
For the fourth-order problems, the condition number grows at the order of h=*, instead of
h=2 for second-order problems. We need discretizations that overcome the drawbacks of
standard methods while allowing fast solvers to handle the ill-conditioning of our discrete
problems.

Furthermore, for the fourth-order variational inequalities, the situation is even worse.
The exact solution is sought in a closed, convex set, and it is challenging to construct finite
element spaces incorporating the necessary constraints, namely, the inequality constraints,
for a general convex set. Despite being a classical problem, research on fourth-order varia-
tional inequalities remains an area of active interest, as evidenced by recent contributions
(see [5]). In general, for fourth-order variational inequalities, the complementarity system
of the variational inequality exists only in the weak sense. The easiest way to overcome
this difficulty is to use penalisation, but the condition number of the matrix grows as
~ e~ x h™*, revealing a multiplicative effect of the penalization parameter and the mesh

size (see [11]) and for the penalty method it is not easy to find the correct penalty param-
eter ([18]). An efficient approach to overcoming the shortcomings of standard methods
is the so-called C%interior penalty method [5]. It is a discontinuous Galerkin method for

fourth-order problems that uses standard finite element spaces for second-order problems.
This method has some advantages over classical approaches for fourth-order problems.
At the end of this introduction, let us mention the regularity issue for fourth-order vari-
ational inequalities. Here, 1) represents a rigid obstacle and f is the external load. The
complementarity system plays a crucial role in the analysis of such a variational inequal-
ity. Unfortunately, for fourth-order variational inequalities, the full H*-regularity of the
solution is not always fulfilled (see [5],[10]). But, if v € H*(Q), then u satisfies the
complementarity system of the variational inequality in a strong sense:

W —f>0 ae. on(,
u—1 >0 a.e. onf, (1.1)
W" = fllu—1v)=0 ae. onQ,

and in that case, the numerical analysis of the obstacle problem can proceed as in the
second-order case. However, in general v ¢ H;.. (Q) even if , f and ¢ are smooth (
see [8]). The exact solution given in Section 2.2 below, indicates that the smoothness
threshold is C%'/2(Q) or H7/27¢(Q), & > 0. The absence of H,!  regularity implies that the

variational inequality’s complementarity system exists only in a weak sense; moreover,
u”" — f is only a Borel measure, which complicates the numerical analysis of the fourth-
order obstacle problem.

In this paper, we will present two efficient approaches: a mixed conforming method based

on a stable pair of spaces [10] and a variationally consistent method that relies on a
biorthogonal basis for the multiplier [18], and derive both a priori and a posteriori error
estimates.

The paper is organized as follows: Section 2 introduces the model and establishes
the well-posedness and regularity of the solution. In Section 3, we present the typical
conforming finite element scheme and a priori error estimate in the case of full regularity.
Section 4 presents the first mixed finite element scheme and establishes its stability, plus a
priori error analysis and a posteriori error analysis of residual type for this scheme. Next,
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in Section 5, we introduce the second scheme, the new variationally consistent scheme,
and show its stability. Two numerical approximation algorithms are described in Section
6. Finally, comprehensive numerical simulations are presented in Section 7.

2. THE CONTINUOUS PROBLEM

Let Q= (0,¢), £ >0, f € L*(Q) and let ¢ represent a rigid obstacle. We introduce the
obstacle problem associated with the Euler-Bernoulli beam. *:

Find v € K satisfies:

¢ ¢ (2.1)
/ u' (V" — ") dx > / f(v—u)dzx, forallvek
0 0

where,

K:={veV:=Hj(Q):v>1ae inQ} (2.2)

2.1. Existence and uniqueness.

We prove the existence and uniqueness of the solution to (2.1), by applying Stampac-
chia’s theorem (see [] for instance). Since the problem (2.1) is equivalent to the problem
of minimizing the functional

J(v) = %/Q|v”|2dx—/gfv dx

over the closed convex set IC, then we can apply the direct method of calculus of varia-
tions to establish the existence of a solution. The main ingredients for the proof are the
strict convexity and continuity of J that imply the weak lower semicontinuity and weak
closedness of .

Theorem 2.1. Problem (2.1) admits a unique solution.

2.2. Regularity of the solution. It is possible to show that solutions of problem (2.1)
obey higher regularity properties. If the data are sufficiently smooth, namely, f € L*(Q)
and ¢ € H3(Q), then continuity of the second derivative of the solution, i.e., u € H*(Q),
can be proved.

Proposition 2.2. Let f € L*(0,¢) and v» € H*(0,£). Then the solution u of (2.1),
belongs to H3(0, ().

Proof. Let us first denote C to the contact set, i.e C := {z € Q;u(x) = ¢ (z)} and C° the
noncontact set, i.e C°:= {z € Q;u(z) > ¥(r)}. Then we have

u=1 inC

{u//// — f 1Il CC

It thus suffices to consider a point £ € F = N NC and show that «” is continuous at &.
By definition there exists € > 0 such that u (§ —z) = ¢ (§ — ) and u (§ + ) > ¥ (§ + 2)
either for all —e < z < 0 or for all 0 < x < e. Without loss of generality, we consider

the first case. For every nonnegative function ¢ € C%(Q) with supp ¢ C B. (£), we have
u~+ ¢ > 1 and thus

(2.3)

E+e e
0< / u'¢"dx — fodw
3

—£ E—¢
E+e e

= Ve"dr — : fode + (" (€) —u" (§)) ¢ (€) -

ISince the constants do not influence the mathematical analysis, they are omitted in what follows.
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Since ¢ > 0 is arbitrary, by taking the limit ¢ — 0, we find that

P& <u”(§) (2.4)

Note that the inequality (2.4) holds for higher dimension see [8]. The function w = (u—1)’
is nonpositive ?, continuous and satisfies :

w(&) =0 and w'(§)>0, (by(24))

Then ¢ is a local maximum for the function w. Thus, we must have w' (§) = 0, i.e.,

ul/ (f) — w// (5)

which implies that «” is continuous at &. O

The previous proposition claims that under reasonable smoothness assumptions, the
solution of (2.1) does belong to the Sobolev space H*({2). However, the analytic expression
of the solution given in the next example seems to indicate that, in general, the solution
fails to belong to the Sobolev space H*(2), even for very smooth data.

Example 2.3. Let Q = (0,1), f = 0 and ¢(x) = 42® — 922 + 62 — 1, then the closed
convex set K reads,

K:={ve H}0,1), v(z)>)}

The exact solution is given by,

— 423 + 322 Hfo<x<0.5
u(x) =9 ) , (2.5)
4 — 92 + 62 — 1 ifoh<x <1
§ — 241+ 6 f0<z<05 .
wE) =94 o 18 if05<z<1 (2.6)

: /\
0

0.2 0.4 0.6 0.8 1

~04

-0.6

-0.8

FIGURE 1. The solution u(x) and the obstacle ¥ (z).

A straightforword calculation shows that the smoothness threshold is C*'/2(Q) or
H?7¢(Q),e > 0, but not C3(Q).

2Since w is positive and decreasing to zero.
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3. FINITE ELEMENT APPROXIMATION
Let’s consider a discretisation of the interval [0, ¢],
O=xo<at1<---<zp=4¥ x—xi_1=h;.
and the finite space
Vii={vn €V : Opjy 10 € Ps ([wi1, ), Vi=1,...,n} =Py*™ NH(Q) (3.1)

Recall that for the reference element [—1, 1], the Hermite basis ¢ and ¢, k = 0,1 can
be obtained via Lagrange’s interpolants. Indeed, let

Lo(z) = %(1 —z) and Ly(z) = %(m%— 1)

be the Lagrange basis. We consider the polynomials ¢, and vy, k = 0,1, defined by

or(z) = [Li(2))* (1 — 2L}, () (v — ) (3.2)
Ur(x) = [Li(2)) (z — 23) - (3.3)
Then
o(e) = (01— 2P {1+ (@ + D), (3.4
61(z) = i(:n 12— (2 — 1], (3.5)
vo(z) = %(1 C 22w+ 1), (3.6)
() = i@; 12— 1). (3.7)

3.1. A priori error estimate in case of full regularity. Let us assume ¢y € H*(Q).
The convex K can be represented approximately by:

Kn=Avn, € Vi vy, > i}

where, 1, = ZH (1)) represents the Hermite interpolant of ¢ in V},. It’s straightforward to
check that KC;, is a non-empty, closed, convex set in V.
We define the discrete problem as follows

Find ), € K} such that
{a (up,vp, —up) > (f,vn —up) Yo, € Ky (3.8)
Theorem 3.1. The problem (3.8) is well-posed.
Proof. Apply Stampacchia’s theorem. O

Theorem 3.2. Let u and uy, denote the solutions of the continuous problem (2.1) and the
discrete problem (3.8), respectively. Suppose that u € HY(Q), f € L*(Q), and ¢ € H*(Q).
Then, there exists a positive constant C' such that:

lu = unll g2y < CR® (Julusoy + [ fll2@) + [¥la @) -
Proof. 1t is well known that 3C' > 0 such that the Hermite interpolant satisfies:
Iw = T @)z = lw — T ()l < C Rl Yo € Q) (3.9)
lw — I (w)| @) < CR*|w|gay, Yw e H(Q) (3.10)
lw — I (w)|r2) < ChHw|gq), Yw e HY(N) (3.11)
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To obtain an a priori error estimate, we proceed as in the obstacle problem case.

lu— Uhﬁﬁ(m = a(u — up, u — up)

= a(u —up,u — THu) + alu — up, TFu — up)

I II

a

For term I, using the Cauchy-Schwarz inequality and the inequality ab < % + —, we
obtain:

u — up|? u — THu|?
o=, — Th) < | Q) | n Ui
2 2
|u —Uhﬁ{z(g)

For term II, we have,
a(u —up, THu — up) = a(u, TP — up) — a(un, Tl v — uy)).
Using the definition of the discrete problem (3.8) we have:
—a(up, THu — up)) < <f IHu—uh>
Then, we get,

a(u —up, THu —up) < alu, THu — up) —<f,Ifu—uh>
=", (T —up)") = {f, T u — uy)
= (W" If'u—w) — {f, T u—up)

:(/\ Ihu—uh)

where A =u"" — f >0,

AT —w) = (N, T (u—1v) — (u—1))

we have ZH ) — uj, <0 and A > 0 then,
()\7 Ii{{¢_uh) <0
Since (A, u —1) =0 so it is sufficient to bound the first term:
(A (w=0) =T (u—v))
Since u € H*(Q), it follows that A € L*(Q), thus

A (=) =T (u =) <|Ml2@ll(w =) = T (u = )l|2@)
S CH)\HLQ(Q) h4|u — ¢|H4(Q)7 (fI'OHl (311))
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Therefore,
|U—“h|if29
—— 0 < O (Wl + Bl 2@ B — Yl )
_ 4 2 2 2
= O ( W'fula@ + RNy Bl = Yl )
P Ay | W= o
§C<h4IUI§14<m I
P (11 + [0Braey) 2 (0o + [l
@) H4(Q) H4(Q) H*(Q)
<C | PYulfeg + 5 + 5

Hence,
lu — up|lg2) < C R ([ulgs@) + [¥]ra@) + 1 fll2@) -
[l

The a priori result obtained in Theorem 3.2 is based on the H* regularity assumption;
without this assumption, the result is false. However, even for very smooth data, namely,
constant loads and constant obstacles, the H*-regularity is not fulfilled. Indeed, for con-
stant f < 0 and ¥ < 0, the analytic expression of the solution derived in [!] shows that
the third derivative of the solution exhibits a jump of Heaviside type at the free boundary.
However, specific manufactured solutions can be constructed such that the H* regularity
is satisfied. As can be shown by the following example.

Example 3.3. Consider the Euler-Bernoulli obstacle problem on the interval 2 = (0, 1)
u" > f in (0,1), (3.12)
u > in (0,1), (3.13)
(" = f)lu—1)=0 in (0,1), (3.14)
with the boundary conditions
u(0) = u(1) = 0.008 (3.15)
u'(0) = —0.108, /(1) = 0.108 (3.16)
With ¢ = 0, £ = 0.3 and the loading f given by
24, x <,
fl)=30, ¢<z<1-¢
24, x>1-¢.
Then, the exact solution reads:
(€ — )%, 0<z<E,
u(z) = 4 0, E<x<1-¢,

- (1—6) 1-f<z<l.

This solution is of class C3[0, 1], hence it belongs to H*(0,1). Note that, for this example,
the Lagrange multiplier vanishes throughout €2, indicating that the obstacle is inactive and
the variational inequality has the same solution as the corresponding variational equality;
this situation is very particular and rarely encountered in practice.
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4. MIXED FORMULATION

Since the full regularity of the solution is not always guaranteed, the last a priori error
estimate does not hold in general. Therefore, we introduce an alternative formulation of
the problem, following [9, 10], which exploits the Lagrange multiplier from the comple-
mentarity system, which should be understood in the weak sense, since uY) — f € H=2(Q)
is a positive measure and, in general, does not belong to L?*(2). The corresponding
equivalent (weak) complementary form can then be expressed as follows:

uY — f>0aeinQ
u—1 >0a.ein ()

(u® — fu—1) =0a.ein Q (4.1)
u =0 on 0f)
Let us introduce the following spaces
Vo= H3 (),
Q:=V'=H?*Q)
and the closed convex set
A={pe@: (mv)y>0, YoeV, v>0aein}
Let A denote the Lagrange multiplier, defined by
(A, v) =a(u,v) — L(v), YveV.
Therefore we obtain, for v € V,v > 0 a.e in €,
(W - f=XaeinQ
(\,v) >0 a.ein
u—1 >0a.einQ (4.2)
(A, u—1)=0a.ein
u =0 on 0f)

\

Through standard manipulations, one can readily verify that (4.2) is equivalent to the
following mixed variational inequality:

Find (u,\) € V x A such that:
a(u,v) — (\v) =(f,v) YveV (4.3)
(B=Au) = (p—Ay) YpeAl

Problem (2.1) and problem (4.3) are equivalent in following sense [7]
Theorem 4.1. If (u, \) is a solution of (4.3), then u also solves (2.1).

Now we prove the well-posedness of the mixed variational inequality.
Theorem 4.2. The problem (4.3) admits a unique solution (u, \).
Proof. We need to establish the existence of a constant 5 > 0 such that

inf sup M > 8, pv#0. (4.4)
neQ vev |[pllglvllv

= (HZ(Q2)) with u # 0. By Riesz representation theorem, there exists
V' such that:

VoeV:{uwv)=(v,v)v and Jullv = [lulle-

Indeed, let € @
v 0 € Hi(Q) =
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Then
sup(p v) 2 (g1, ) = (0 0)v = eulli = oullv lnllo:
Therefore,
inf supM >1, p,v#0.
ne@ vev [|vllvlinlle
O
4.1. Compact reformulation. Let H := V x ). We define the bilinear form A :
H x H — R and the linear form £ : H — R as follows
A((v, p); (w, €)) = a(v,w) = (p,w) = (§,v) = (" w") = ( p,w) — (€, v)
Problem (4.3) can be rewritten in the following compact form:
Find (u,A) € V- x A such that (4.5)
A((u, N); (0,0 = A) < L(v, = A), Y(v,p) €V x A '
Theorem 4.3. For all (v,u) € V x Q there exists w € V' such that :
A((v, 1); (w, =) Z ([[ollz + ]| -2)” (4.6)
[wll2 S flvll2 =+ [lpll-2 (4.7)

Proof. Let the pair (v, u) € H. By Riesz representation theorem, there exists a unique
element ¢ € V such that

(n,2) = (g, 2)v = (¢",2") + (¢, &) + (¢,2) VzeV (4.8)
lallz = l[pll—2- (4.9)

We take w = v — ¢. Using (4.8), (4.9), Poincaré’s and Cauchy-Schwarz inequalities, we
obtain

A((v, s (w, —p)) = (0", 0") = (g, w) + (p, v)
= (", 0") = (", ¢") + (1, q)
> [lo" 115 = 1" llollg" lo + (g, @)v (4.10)
> [ol5 = [vlallgll2 + gl

1
ZE(Wb+HMLﬂ?
The inequality (4.7) follows from the triangle inequality

lwllz = v = gll2 < llvll2 + llgll2 = [lvll2 + el -
0

4.2. The discrete problem for mixed-compact formulation. Let us define the
finite-dimensional space ();, and the convex set A as follows:

Qh = {[Lh & Q DR [mi—1 24 - ]P)[) ([ZEi_l,ZL‘i]) 7\V/Z = 1, . ,’I’L} (411)
Ay ={un €Qpn:pp>0 inQ}.
We consider the discrete problem of (4.5)
Find (uh, )\h) e Vi, x Ay, s.t:
(4.12)
A ((un, An) 5 (Uns ftn — An)) <L (Uns i — An) ¥ (Un, ftn) € Vi X Ay
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To ensure stability of the mixed finite element method, the spaces must satisfy the
Babuska-Brezzi (inf-sup) condition:

V& € Q¢ sup (&, vn)

vpEVY, ”UhHQ

2 1€l (4.13)

To prove that the inf-sup condition holds for the chosen spaces, we introduce the following
discrete H~2 norm:

6o = D00 [ &= (76l Ve € Qu (1.19)
i=1 Ti-1
Remark 4.4. The discrete norm (4.14) is related to the continuous norm || - ||_o via an

inverse estimate in the the following sense, ||&ull—2n S [|€nll—2 for all & € Q. The
factor h* (for the square of the norm) is a direct consequence of the standard inverse
estimate in finite element spaces. It will be used in an intermediate step to prove the
inf-sup condition. We begin by showing stability in the discrete norm (4.14), and then
apply Lemma 4.7 (below) to get the stability in the continuous norm. The advantage
of using the mesh-dependent norm is that the discrete negative norm can be computed

elementwise, whereas the continuous norm is global.
Lemma 4.5. (Inverse inequality). There exists C' > 0, such that
lvnlly, < CR72 |lonlly, Yo € Vi (4.15)
Proof. 1t is well known that there exists a constant ¢ > 0 such that
lWilly < ch™ llunlly -

Therefore
vrlly < cplvnly = ¢ ||UZ||0 < Ccph_l ||U;z||0 < CQCph_2 lvallg -

=C
O
Lemma 4.6. There exists two positive constants Cy,Cy such that:
LU
vn € Qu sup S > ¢y g, - Culél (4.16)
vhEVR ||UhH2
Proof. We recall the definition of the negative norm:
§,v
I€]| 2 := sup < >, VE € Q. (4.17)
vev [[v]lv

Since Q;, C @, it follows that for all &, € @y, (4.17) implies the existence of v € HZ(),
v # 0, and a constant C' > 0 such that :

(&n,v) = Cllvfl2 1€n]] - -
Let vj, denote the Hermite interpolant of v. Then we obtain :
(&nyvn) = (&nyvn — v) + (Eny Un)
(s vn —v) + Clloll2 [[€n]l s
> — (b7 [low = vllo) (* llgnlle) + Cllvll2 1€nll

W2 un — o]
W%(OMNQ———JL—QMM%O-

V]2

v
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We recall the following properties of the Hermite interpolant: there exist constants
K1, K5 > 0 such that

lon = vllg < Kih?[[ollz,  [loally < Kallvllo.
It then follows that (€ )
hy Un
> C1I&nll—y = Co lI€nll o p -
[[0nl],
Therefore (€ >
hs Uh,
sup ——— = C1 [|&ll o — C2 [[&nll o -
vpEV, “ h”2
O
Lemma 4.7. There exists a constant C3 > 0 such that
, U
V&, € Q¢ sup (n, n) > Cy [|énll s - (4.18)

v €V || hHQ

Proof. Let {x;}",, where x; = Lye, 12> be the basis of Qp,, and let &, € Q) be written as

&=>_ &xn
k=1

We distingush two cases:
i) Case n = 2k. We choose v, € V}, as

k 2 2i—1

vy = h4Z( 2i-1 +5 )(1)21'71 + }L_Thq’mel-
i=1
Hence we obtain
21, % (21 ' o ;Qf_l ‘
(€nsvn) = 1 Z X2i1 + & xais (627 + &) Poit + S Wo;1)
4 gic1 [ p2i , P '
=h Zf ( +€ )(I)szl + —h, o, _1dx
T2i 26 ¢2i—1
+§]2lz ( 2i— 1+€ )®2i—1+hTh\I[2i—ldx
T2i—1
_h‘*zfz”/mll(“%) (€ &
T2i-2 2 12
_|_§}2Li o 1(21 1+§ ) 1(22_ ii—1>dx
T2i—1 2 ]‘2
> h4Zh 21— 1 + h( o }2;2—1)2

— h4Zh 2z 1 21)2)
= h4Z (&)

T2i—2

= I\éh\Lz,h
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At the same time

2 ¢2i—1 2
||Uh||o—h82/ ( A S )@2i—1+hTh‘112i—1) dx
XT25—

2% ¢2i—1

3 [ g e G

T2i—2

24 2 . .
_ hSZ/ 22 1 _‘_5 ) 105( 22 . 21—1)2dx
T2i—

< th/ 2icl | g2iy2 4 (g2 g2i-1y2gy
T25—
S hHIG] -
By using the estimate from (4.15), we get
lonlly < CR2 {lonlly S l1EnlI% 5,

Hence we deduce
<€h7 vh>

Un HzQ

sup > C|lénlI2,,

vREVR

ii) Case n = 2k + 1. For any &, € @), we have either

2k+1

2k )

T; 1
St [ gz gial o o[ gz glal,
i=1 Ti-1

In the first case, we choose the same v, € V}, as in the previous construction, and in
the second, we take

k 2z+1 £
Vp, = h4 Z( + 521-}-1) 9 4 2h SR - h \1121
i=1
In either case, we obtain
<§h7 Uh) 1
sup =t > ~C|&1*
vhEVh thHQ,Q 2 ah

Finally taking C3 = %C , then for all n > 2

<€h7 Uh)
sup
vh€Vh thHzQ

> Cy16nl|2o -

We now have all the prerequisites to prove the inf-sup condition for the norm || - || 2
Theorem 4.8. There exists a constant C > 0, such that for any &, € Q) we have

<§h7 Uh>
sup
v €V th”2

> Cll&nll -
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Proof. Let a > 0, combining Lemma (4.6) and Lemma (4.7), we obtain

(€nsvn) o sup (€h, vn) +(1-a) sup (€h, vn)
vhEVR HUhHQ v €V thHz vp €V ”UhHZ

>0 (Gl s~ Gl o) + (1)l
= aC\ [|En]|_y + (C3 — a(Ca + C1)) [I6nll o -
If we take a = Cﬁf’cz, the second term vanishes, and we then obtain
v
oneh, ﬁ:);ll? - Olcfég €]
0]
Theorem 4.9. The problem (4.12) admits a unique solution.
Proof. Since we have:
inf sup o) S oy (4.20)

En€Qy vRLEVR thHZ Hth72 N

It then follows that the mixed finite element problem admits a unique solution (up, Ap)
(see [9, 10]). m

4.3. A priori error estimate. First, we need the following theorem about the discrete
stability estimate, implied by the inf-sup condition
Theorem 4.10. For all (v, &) € H, there exists wy, € V}, such that :
2
A ((vns€n) 3 (wns —&)) 2 (lonlly + 11€nll o) (4.21)

[wnlly S Nlonlly + 1€nll - (4.22)

Proof. Let &, € Q. Let us consider the following auxiliary problem:

Find y, € Vj, s.t
a(Yn, zn) + (Yn, 20) g0 = (n, 2n) , Ve €V

This is a standard elliptic variational equality, which admits a unique solution satisfying
2
1ynllz = (€ns yn) -
Since the inf-sup condition (4.13) is satisfied, it then follows that

Ehs 2n a (Yn, zn) + (Yn, 2n
lally < sup S gy @) ¥l 2
aevi lznlly  zev 2 lly

However

2
Yn Ehy Yn Enll=2llyn
yn |2 [[ynl[2 llyn |2
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Now, if we take wy, = v, — yp,

A ((vn, &n) s (Wi, —8n)) = A ((Vr, &n) 5 (Vn — Y, —En))
=a (vh,vh) —a (Uh, yh) - <§h, Up — yh) + <fhavh>
= a (vn,vn) — a (v, yn) + (&n, Yn)

2
> )2 - / e + llynll2
L onll? + 11 l2)

(lonll3 + llyal13)
(||vh||2 +l1€nlZ,)

[\')IH[\D —

and we have
wnlly < Nlvnlly + llynlly S lvnlly + 1€l s -

O

Theorem 4.11. Let (u, \) be the solution of the continuous problem (4.5), and let (up, Ap)
be the solution of the discrete problem (4.12). Then, the following error estimate holds:

= wnlly + 1A = Ml S inf = wnlly + i (A= &ll 5+ Vg u—9)) (4.23)
v EVRY EnEAL
Proof. Let (vp, &) € Vi, x Ay. By the previous theorem, there exists wy, € Vj, such that

lwrlly < llun — sl + A0 = &l
and
(llr, = vnlly + 1An — §h||_1)2 S A ((un — v, A — &n); (Wn, §n — An)) -

From the discrete problem and the bilinearity of A, we obtain

A ((un = vn, An = &n); (Wns §n = An)) = A ((un, An); (wn, §n — An)) — A ((0ns En); (whs § — An))
SA((u—=vp, A= &) (Wi, En — M) + £ (wn, § — An)
— A ((u, A); (wn, En — An))

:A((U—Uh,)\—fh)'(wh,fh—)\h))+<5h—Ah,u—w
A ((u = vp, A= &) (Wi, §p — An)) + (§nyu — 1)
+< )\h,u— >
—_—

<0

SA((u = vn, A= &) (W, En — M) + (Enou — )

The bilinear form A is continuous, therefore

(e = wnlly + 1A = &ull o) (lwnlly + 1120 — &l )

A((u—vp, A= &n); (Wi, §p — An)) <
< (= wonlly + 1IN = &nll—s) (lun = vally + A0 = &l —5)
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By combining the previous estimates, we obtain

(llun = vally + 112 = &all_s)°
SA(w—vp, A= E&); (W, En — An)) + (Eny u — )
S (lw = wnlly + 1IN = &lls) (lun = vally + A0 = &l _y) + (Enyu — )
S(mr—mm+gu—fuL92+uwh—mm+guh—@w4f

= vnlly + 1w — Enll_y)? i
5( — 2 o) +(Huh_vh|’2+H)‘h_£h”—2+ <5h’u_¢>> '

+ <fh,U—¢>

This implies
[un = vnlly + [[An = &nll o S [l = vnlly + [[A = &nll_y + V(& u — ¥).
The triangle inequality gives:
[ = unlly + A = Anll_y < llu = wnlly + lun —vally + 1A = &l + [[An — &nll_5
S llu = onlly + 11X =&l -y + vV {u — 9, &)

Finally, since the choice of (vp, &) was arbitrary we conclude
. A=l < inf Jlu— 'f()\— ,-).
Ju—unlly + 1A= Ml s S i0f = wnlly + inf (1A= &ll_y + v/ u—0)

O

4.4. A posteriori Error Estimate. Next, we derive an a posteriori error estimate. To
this end, we define the following error indicators:

n—1

n? = h*|| A\, + f||(2)7]$,._1,$,.[7 n = 27712
i=1

_ 2
S*=h""|(v - uh)+H0 + (A, (¥ —wy), ), where (¢ —uy), = max {¢) — uy, 0}
We also define the (squared) local oscillation of f on I; =]x;_1, z4[
2._ 12 2
osci(f)” == h; qlggo 1f = allz2(z,-
and the global oscillation of f

osc(f) = (Z osci(f)z)l/Z.

We now introduce and prove some useful lemmas.
Lemma 4.12. There exists w € V and wy, € V), such that

= un|la + 1IN = MallPy <L (w —wn, Ay — A) = A ((un, A 3 (w — wy, Ay — \)) - (4.24)
Proof. We know from theorem (4.10), there exists w € V such that:

A (= wny A= M) 5 (w0, = A) 2 (Ju = unlly + A = Mall o)
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Let wy, denote the Hermite interpolant of w. It then follows that

(= anlly 112 = 2]l )’

SA((u—up, A= Ap) ;5 (w, A\ — A))

= A ((u, A); (w, A = A)) = A ((un, An) ; (w, An = A))
S A (s A); (w, An = X)) = A((un, An) s (w, An — A)) + £ (—wp, 0) — A ((un, An) 5 (—wn, 0))

2

g

(11, 25 (w0, A = X)) = A (1 M) 5 (0 = i, A = A)) + £ (<, 0)
((uy A); (w, A = A)) = A ((uny An) 5 (w = wpy Ap = A)) + £ (—ws, 0)
—L(w,)\h )\)‘FL(U) )\h_)\)

A ((u, A); (w, Ay — A)) — L (w, A\, — )\Z —A ((up, An) 5 (w —wp, Ap — A)) + £ (w — wp, 0)

-~

<0

S L(w—wh,)\h—)\) —.A((uh,A}J (’UJ wh,Ah—A))

I
LS N

U
Lemma 4.13. The following estimate holds:
(A= A — ) <[ (0 =) L[|, N = Al g + (ny (0 — ), ) (4.25)
Proof. 1f we take v, = 0 in the discrete problem (4.12) we get:
— (pn — Ay un) < — (b — An, Un) (4.26)
For the choices puj, = 0 and py, = 2)p, in (4.26) we find that : (u, — ¥, \;) = 0. Hence,
(An = Aup =) = (A0 —up)
< A= (@ =) ) + s (0 =) )
<@ = un) ||, IX = Al + s (0 — ) )
U

In the following, we prove that the proposed error indicators are both reliable and
efficient.

Theorem 4.14. (Reliability)
The following posteriori error estimate holds

lu = uplly + A=Al _y S0+ (4.27)
Proof. From Lemma: 4.12
(Il =l + 13 = Mall_s)”
S L(w—wp, Ap — A) — A ((up, Ap) 5 (W — wp, Ay — A))
= (f,w—wp) — (P, \y = A) —a(up,w —wy) + A, w —wp) + (A — A up)
We have:

Tit1 Tit1 ! o Tit1
" " " i+1 "
/ u vdx:/ (u > vdr = [u v} —/ u v'dw

7 k3

m ] Tl yo ] Titt Tit1
! n_n
:[uv} —[uv} —I—/ uw'v"dx
x;

Ty T
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We also have from the proprieties Hermite interpolant that w (z;) = wy, (x;),w' (z;) =
wy, (i), and we know wp|,. ...\ € P2

Therefore
n—1l g
a(uh,w—wh):Z/ wy (w — wy) dx—Z/ u, (w—wy)de =0
i=0 Y Ti

Consequently, by using lemma 4.13
(1w = wnlly + 1A = Mnll )* S (F + My w = i) + (A = A un — )

:Z/%H (f + M) A2 (w —wy) do + (A — A, up, — 1)

e 1/2
< (Zn?) lw —whllo + || (¥ —un) ||, A = Anll
i=0

+ <)‘h7 (¢ — “h>+>

n—1 1/2 ) )
— A=A
S (Zn3> fuf + 1 th>+”2+5|| : ol
1=0

+ </\hv (¢ — “h>+>
Recall estimates of the Hermite interpolant
[wnll, < Cllwll (4.28)
h=2 fw = wlly < Cllwll (4.29)

and we also have
[wll2 S llw = unlly + 1A = Anll s
Using this last inequality, we obtain the desired result. 0

Theorem 4.15. (efficiency) The following estimate holds:
1S llu—unlly +[]A = Anll_y + osc(f) (4.30)

Proof. We use the bubble functions b; € HZ([z;_1,2;]), and we introduce the functions ~;
defined by

v =h*; M+ fr) in [z, 2] and =0 in Q\[z_1, 24
By choosing v, = ; in (4.3), we obtain
(u”a ’7;/) - <>‘7 ’YZ> = (fv /71) (431)
Using the above and the characteristics of bubble functions, we obtain
2
B+ il gy VB O 50|

= (An + fas %)
/\h %) (fsvi) + (fn = fov)

=
P i) + @) = ) + (= £o30)
(u—uh ") = Ay + (= fo0)

@i —1,24]
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Let v = Z?;ll v;. Summing over ¢ = 1,...,n — 1, we obtain

>l + fully Z{ w—v)" )+ Q= Ay) + (= £.70)}
=((w—o)" 7))+ =N+ (fn—f.7)

2

n—1
< fluw = unlly [[7ll2 + A0 = All _ [[7[]2 + osc(f) (Z h‘4||7||§,[xi_l,m>
i=1

S (Ile = ually + 1A = Al + 0se(£)) h=[|7]lo

(4.32)
However:
n—1
W48 =1 Il
i=1
n—I1
=28 b O+ fu)lls (4.33)
nfl_
S ORI+ falls
i=1
Thus we conclude
N S llw—wunlly + [|An — All_y + osc(f)
OJ

5. VARIATIONAL CONSISTENT SCHEME

In this section, we introduce a new variationally consistent formulation in the spirit of
[18]. We apply a similar idea used to derive a bi-orthogonal basis for Lagrange elements
to construct a bi-orthogonal basis for the P3 Hermite elements. This significantly re-
duces the algorithmic complexity for the implementation of variational inequalities. Let
us motivate why bi-orthogonal bases are so important. The mixed formulation involves
two spaces, V' and (), which must be discretized carefully. For our fourth-order contact
problem, these are typically H? and H 2. Stability requires that these spaces satisfy an
inf-sup condition; otherwise, spurious oscillations or nonexistence of solutions may occur.
The resulting algebraic system includes inequality constraints involving a mass matrix. In
large-scale problems, this matrix can be very large. Although it is sparse and symmetric
positive definite, its inverse is generally dense. To allow pointwise treatment of inequali-
ties, the mass matrix must be diagonal. This can be achieved through mass lumping or
by using bi-orthogonal basis functions.

Let Vj, be the P3-Hermite finite element space spanned by:
B={d;,V;:i=1.n—1},
and let ), the dual space spanned by
B={®,V,:i=1.n—1}

The basis is required to satisfy the following properties :
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i) Locality of the support

supp o, = supp ¢
Y g (5.1)
supp ¥, = supp ¥,
ii) Local biorthogonality relation (here ¢;; is the usual Kronecker delta)
( /(I)Z&)J - 5”
/\Ijl\ij] - 61]
(5.2)
iii) Best approximation property:
inf |l — pnll S Bl (5.3)
BhEQR
iv) Uniform inf-sup condition
b(vp,
sup 0] (5.4

vREVR ||Uh||2

The key idea is to express ®, as a linear combination of the basis functions in B. Since
we require supp ®; = supp ®;, we seek a representation of the form

. (5.5)
0, otherwise,

b {01‘1%' +aV; +a3®; 1 + ag¥i 1+ asPiy1 + agWipr, in supp Py,
where a;, j = 1,...,6, are real constants.

Taking (5.2) into account, we obtain the following matrix equation arising from the inner
products of ®; with all the elements of B that do not vanish on supp ®;:

1
ay
M| =]. (5.6)
a :
0 0
Where M is 6 X 6 matrix given by:
26 g 9 1w 9 —I3h
35 20 70 420
0 2h?  —13h —h 13h —h
1 42 14 42 14
s LW IR
_ 7 42 210
M=h 13h i 11h ﬁ 0 0 (5.7)
20 14 210 105
9 1y g 1B -
70 120 35 210
—13h  —hZ 0 0 =l R
20 140 210 105
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Finally, the coordinates of ®; are

2
aq 1 0
. |0 L1

=M | =h 12 (5.8)
Qg 0 iL
12
h

Similarly, we look for,

¥ - (b1®; + bW, + b3 ;1 + by Vg + b5Pipq + bgWiy1) in supp ¥y, (5.9)
10 Otherwise. '
Therefore the coordinates of \I~1i are
0
0 150
h ! 5
=M |0 =n?| 15 (5.10)
: h
b 15
0 195
h

fx)
=)

v /\
=
= la 02 04 06 08 10
05 x
-5

0 0.2 0.4 0 08 10 -10

x

_o5 -15

F1GURE 2. Reference biorthogonal basis functions associated with Hermite
elements

This construction of the @, basis clearly satisfies the conditions (5.1) and (5.2), as well
as the condition (5.3). Indeed, since ® and W are local linear combinations of Hermite
finite element basis we deduce:

inf [l — gl < Nl — T8l S B2l (5.11)
HEQH

For the inf-sup condition, we follow a method analogous to that used in the previous
section to prove the stability of the pair (Pyem™it P;). We introduce the following negative
discrete norm:

Iy, = S bt / Cg = (11al)’. Ve e (5.12)
i=1 Ti-1

Now we prove the following:

Lemma 5.1. There exists a constant Cy > 0 such that

V¢, € Qp o sup (Eh: vn)

v €V thHZ

> Ca |6y (5.13)
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Proof. Let &, ¥, <i>, U the reference basis on [—1,1] of &;, ¥, <i>,~, \ifi, then it is straightfor-
ward to verify that:

2 = ol w2 =]
:h*1]|<1>||0, if|, = A IVl
Let & = Y. a;®; + 3,0, € Qh, we take:
n—1
Q; 62
= —&; + 5V,
Up, £ h + h2

Then it follows immediately that:

(€n, vn) —h4z—+—

We now proceed to estimate the negative discrete norm of &;,. For convenience we assume
50—Oandq)0 \110—0

z;
6lPan =50 / e
=1 Ti—1

T

= i ht /
i=1 Ti1
U N 2 N 2 N2 N2
< 4h42/ (041;71(1)2‘71> + <ﬁi71\1/i71> + (aiq)i) + (@‘h)
i=1 Y Ti-1

= 4h* Z of ||| + B2 )2

4 0%2 02 512 T2
Dk [N

. . ~ N2
(Oézelq)iq + BisaVi + P + ﬁz‘l’z)

4n—1 2 2
<h & P
~ Z_; R

<£h,Uh>

Similarly, we obtain
lonllg S R (En, vn),
and, by applying the inverse inequality (4.15), we obtain

lonllz < Ch™ [lunlly < (€, vn))” -

Therefore we conclude
<€h7 Uh)
sup
v EVR HUhH2

> Cy [|€nll 2
U

For the rest, we follow a proof analogous to one of (4.13). Hence, by introducing the
following spaces and sets:

Qh = Span{B}a
Ay = {,Uh = Z;:ll ;P + BV € Qi oy, B >0, Vi=1.n— 1} :

Then we have the following result.

(5.14)
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Theorem 5.2. The finite element space pair (Vy,, Qn) in (5.14) is stable and satisfy inf-sup

condition
<£h7 Uh>
sup

vp €V ||Uh||2

> C &y -

Similarly, all results about existence, error estimates from the previous section, remain
valid (albeit with possibly different constants) since the proofs are independent of the
discrete finite element spaces chosen, provided these spaces are stable and satisfy the
inf-sup condition.

6. NUMERICAL APPROXIMATION ALGORITHMS

In this section, we provide a brief overview of two methods to solve variational inequal-
ities: the Uzawa Method and the Primal Dual Active Set (PDAS). Later, we implement
these methods for the Euler-Bernoulli obstacle problems using the open-source software
Freefem++ [11] and numerically analyze the results.

6.1. Uzawa’s algorithm. In this subsection, we briefly describe the classical Uzawa
algorithm for solving variational inequalities of the form: Find x € RY and A € A such
that

Az + BT\ = f, (6.1)
(n=N"(Bx —g) <0 VueA, (6.2)
where
A={peR": >0}

Below we outline the algorithm for this method. See [!] for more details about the
algorithm for the saddle-point problems and [13] for the variational inequality case.

Algorithm 1 Uzawa Algorithm

. Choose an initial value \(¥
: Set k=0
repeat
Compute the intermediate iterate

AR = A —q A=t (SA®) — )

=N

5. Project onto the admissible set A:
)\(kJrl) — PA (>\>(;<k+1)>

6: k<« k+1
7 until [ASF) — XO] < <Ak
8: Compute the primal variable:

up, = _A—l (BT)\(k—}—l) _ f)

The matrix M is the lumped mass matrix of Qp, and S = BA~'BT represents the
Schur complement of the system
The convergence of the Uzawa algorithm depends on the choice of the parameter «, as
stated in the following theorem.
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Theorem 6.1. Let (u,\) be a solution to the system (6.1,6.2). Let s1,sy denote the
smallest and the largest eigenvalues of M~1S, and let (u(k), )\(k)) be the iterates produced
by Uzawa’s algorithm. Then there exists a positive constant a = % > 0 such that for any
choice o € (0, &) we have

—u, AP o X\ask— .
Proof. see [1]. O
6.2. Primal Dual Active Set Method. In this subsection, we discuss the primal-

dual active set (PDAS) strategy [12] for the obstacle problem. Starting from the mixed
formulation (4.3), we introduce the modified bilinear form

b(v, ) = — (p, v) -
so that the problem can be written as

Find (u,\) € V x A
a(u,v) + b(v, A) = f(v), Yo e X (6.3)
blu,p—A) < glp—A), VpeA

where here, A={u eV’ : (v,u) <0, YveV,v>0}
Let {¢,}, be a basis for V}, and {V,}, a basis for Q5. Then,

Up = Z O‘p(ﬁpa A = Zﬁqupa wh = Z gp¢p'

Then the discrete version of the Karush-Kuhn-Tucker conditions (KKT) reads:
ap>gp, B <0, (ap—gp)B=0. (6.4)
Which are equivalent to C(a,, 8,) = 0 with
C(z,y) =y —min(0,y + c(x — g)), ¢ > 0 fixed.

Consequently, we can rewrite the discrete version of the primal-dual variational inequality
as a nonlinear equality formulation,

{Ahoéh + BpBy = fa

Ch(on, Br) =0 (6.5)

If the nonlinear function C}, is differentiable, applying Newton’s method, we get

(Oéi—i_l):(al;’;)_( Ah Bh )_1(AhaZ+Bhﬁ,’f—fh)

h By 00, Cn 95, Chh Chlag, B)

Multiplying on both sides of the system by the Jacobian leads to a system of linear
equations to be solved in each Newton step.

{ Apai ™ 4+ BBt = £,

6.6
Do, Cn iyt + 05, Cr By = 0ay, Cray + 95,Cn By — Cin(a, Br) o0
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Algorithm 2 Primal-Dual Active Set (PDAS) Algorithm

1: Let Py = {zo,..., 2}

2: Choose an initial active set A C Py,
3: Set Z0 = P, \ A(;)L

4: Set k=0
)
6

: repeat

Set

o/;:gp for p € AF, B;f:O for p € IV

7:  Solve the linear system
Ao + BpgF = f

8:  Update the active and inactive sets:
Affl:{pEAf’;; ﬁSSO} U {peﬂf; a’;SO}
I}lf-i-l _ ?h \ Alg—i—l

9: kE+—k+1
10: until A¥ = Aﬁ_l

7. NUMERICAL RESULTS

In this section, we solve the obstacle problem numerically using the Uzawa and PDAS
methods introduced earlier. The Uzawa method is applied to the stable mixed formulation
with the (PHermite Py) pair, while the PDAS method is applied to the mixed formulation
with a biorthogonal basis. The implementation was developed in FreeFem++, graphical
outputs generated in Python.

We present results for several examples. All examples share the following setup

i) The interval Q = (0,1).

ii) A uniform discretisation.
iii) An initial value chosen as the null vector.
iv) An error stopping criterion of ¢ = 107S.

Example 7.1. (Closed interval contact zone). For this example, we take
f=0 and ¢ =42®—92°> +62x—1
Then, the Euler-Bernoulli obstacle problem reads:
{ﬁnd ue K :={veH;(Q):v>1ae inQ}
a(u,v —u) >0, YvekK

The exact solution of this problem is

1
75)

1
42 — 92 + 61 — 1 ifxe[§,1]

— 42° + 32° if z € [0
u(r) =

First, we investigate the influence of the Uzawa parameter «.. Because in general, it
is hard to find the exact values of eigenvalues of a matrix, we ended up testing several
candidate values, and the results obtained are reported below Since similar results were
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a 1 10 | 100 | 500 | 1000 | 1100 | 1150
Iterations | 13585 | 6965 | 714 | 139 | 63 | 56 | 82

TABLE 1. Number of iteration for different values of v in Uzawa algorithm

observed different values of M, we ended up selecting o = 1100 as the primary value when
testing the Uzawa Algorithm.

N ) 10 20 100 500
Iterations (Uzawa) | 32 56 18739 82195 40502

L? error (Uzawa) | 1.099¢e-3 | 9.879-4 | 6.670e-05 | 5.463e-05 | 4.640e-05
Iterations (PDAS) | 4 8 44 71 378

L? error (PDAS) | 4.524e-3 | 6.016e-4 | 6.162e-05 | 4.325e-05 | 1.693e-06

TABLE 2. Number of iterations and L? Error (Example 7.1)

N A
0.0 A
_02 m
_04 -
_06 -
—— appro solution (PDAS)
—0.8 —— appro solution (UZAWA)
exact solution
~1.04 obstacle
0.0 0.2 0.4 0.6 0.8 1.0
FiGure 3. Contact zone with N = 5
0.2 A /—\
0.0 A
_02 -
—0.4 1
_06 -
—— appro solution (PDAS)
—0.8 1 —— appro solution (UZAWA)
exact solution
~1.0 - obstacle
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 4. Contact zone with N = 100
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Example 7.2. (single point contact). In this example, we take
f=0and ¢ =-302z—-1)>*+1
The exact solution of this problem is given by:

1
— 162° + 1227 if 2 € [0, 5)
u(z) =

1
162° — 362% +24x —4  ifz € [5, 1]

As in the previous example, we perform the Uzawa Method using o« = 1100.

N 5 10 20 100 500
[terations (Uzawa) 14 20 6378 12277 5072
L? error (Uzawa) | 1.992e-03 | 1.353e-03 | 2.181e-04 | 1.867¢-04 | 2.721e-04
Iterations (PDAS) 2 5 18 34 162
L? error (PDAS) 1.236e-02 | 1.978e-15 | 3.289e-13 | 8.091e-12 | 1.1209e-08

TABLE 3. Number of iterations and L? Error (Example 7.2).

We observe that the iterations required for the PDAS method to converge to a given
tolerance (e.g., machine accuracy) is often several orders of magnitude lower than that
for the Uzawa method we have used.

1.0

N f\

0.0
—0.5
-1.0

—— appro solution (PDAS)
-1.51 —— appro solution (UZAWA)
exact solution

—2.04 obstacle

0.0 0.2 0.4 0.6 0.8 1.0

FiGure 5. Contact zone with N =5
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FIGURE 6. Contact zone with N = 100
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Something peculiar occurs in this example: the fewer the discretisations, the lower the
error the PDAS method achieves; however, the error remains small in almost all cases,
indicating that PDAS remains effective. Worth the investigation in the future to see
whether this affects all the cases of single point contact zone, or it is something particular

to this case.

Example 7.3. (Constant obstacle). We take f = —18432 and ¢ = —1

{ﬁnduEK::{veHg(Q):vzwa.e. in Q}

a(u,v —u) >0,

The exact solution of this problem is

\

In this example, we choose @ = 1000 because it converged the fastest (when we tried

-1

Vv e K

)
— 42%(1922% — 1287 + 24)

— (22 — 2)%(1922% — 2562 + 88)

1
ifxell

1
if v €] ;

7

17

3
if -1
13:6[4,]

a = 1100, as in the previous examples, the method did not converge).

N 5 10 50 100 500
Iterations (Uzawa) 500 3444 2857 3202 6860
L* error (Uzawa) | 3.867e-02 | 1.086e-02 | 1.214e-03 | 9.038e-04 | 5.083¢-04
Iterations (PDAS) 2 4 14 26 111
L? error (PDAS) | 8.657e-02 | 1.326e-02 | 1.274e-04 | 7.468¢-06 | 6.082¢-08

TABLE 4. Number of iterations and L? Error (Example 7.3)
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FiGurg 7. Contact zone with N = 5
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0.0 1 —— appro solution (PDAS)
—— appro solution (UZAWA)
02 exact solution
obstacle
_04 .
_06 .
_08 .
_10 .
0.0 0.2 0.4 0.6 0.8 1.0

F1GURE 8. Contact zone with N = 100
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