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POISSON-LIE STRUCTURES ON THE FOUR-DIMENSIONAL
OSCILLATOR LIE GROUPS
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ABSTRACT. This paper studies local normal forms of Poisson—Lie structures
on four-dimensional Lie groups, which play a fundamental role in mechanics
and physics. A central problem is to determine local coordinates under dif-
feomorphisms that yield the simplest possible expressions of these structures.
We compute all Poisson—Lie structures via their correspondence with Lie bial-
gebra structures, using the fact that any connected Poisson—Lie group arises
from a Lie bialgebra. We then prove their local linearizability near the identity
by constructing explicit normal forms, obtained through solving an associated
system of differential equations.
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1. INTRODUCTION

Let n € N*and let A = (A1,...,\,) € R satisfy 0 < A\ < - < A,

The A-oscillator algebra, denoted by G, (A), is a real solvable Lie algebra of
dimension 2n+2. With respect to the basis (e_1, €9, €;, €;)1<i<n, its non-vanishing
Lie brackets are

le_1, €] = Nié, le_1, €] = —\ieg, e, €] = eq.

Moreover, G, (\) admits a decomposition as a semidirect product of the Heisen-
berg Lie algebra with a one-dimensional abelian Lie algebra.

The associated A-oscillator Lie group G, (1)) is realized on the manifold R?"2 =
R x R x C™ equipped with the multiplication

(t,s,2).(t,s,2) = <t +t,s+s +12 > i Irn(z_jz;-e’“j)7 ey 25+ z;e“’\j, ) .

The groups G, () constitute the unique family of non-abelian, connected, sim-
ply connected solvable Lie groups that admit a bi-invariant Lorentzian metric
[14]. It is well established that G, (\) play a significant role in the construction
of homogeneous compact Lorentzian manifolds introduced by Medina and Revoy

Date: Received: Feb 25, 2026; Revised: Mar 23, 2026; Accepted: Apr 6, 2026.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1


https://creativecommons.org/licenses/by-nc-nd/4.0/

2 B. GANBOURI, A. GORGI, M.W. MANSOURI

[15]. Such manifolds could be seen as quotients of oscillator groups by discrete
subgroups. We emphasize that oscillator groups have attracted considerable at-
tention in differential geometry and mathematical physics [1, 2, 5, 9, 12].

Up to isomorphism, there exists a unique four-dimensional oscillator Lie alge-
bra, which we denote by G;(A). In this work, our focus is the four-dimensional
oscillator group G1(A). We begin by determining all Poisson—Lie structures on
G1(X) via their correspondence with Lie bialgebra structures on the associated
Lie algebra Gi(\).

Next, we prove that all these Poisson—Lie structures are locally linearizable
around the identity element by explicitly constructing suitable linearizing coor-
dinate systems. Such coordinates are of particular importance for Poisson-Lie
structures, as they clarify the local geometry of symplectic leaves and facilitate
the analysis of singularities of the Poisson tensor. Moreover, in the context of
Hamiltonian dynamical systems, they simplify the equations of motion and enable
a more direct identification of first integrals (Casimirs). Linearizing coordinates
also streamline the computation of Poisson cohomology, as they frequently re-
duce the problem to the cohomology of the associated Lie algebra; however, this
simplification is typically local in nature [11].

The article is structured as follows. Section 2 establishes the notation and
terminology, and formulates the linearization problem for Poisson—Lie structures
addressed in this work. Section 3 contains the main results, where we demonstrate
the existence of coordinate systems in which the Poisson—Lie structures on the
four-dimensional oscillator group take linear form.

2. PRELIMINARIES

The concept of a Poisson—Lie group was first proposed by Drinfeld [7] as a semi-
classical analogs of quantum groups. A Poisson—Lie structure on a Lie group G is
defined by a Poisson bracket { -, - } on C*°(G) for which the group multiplication
map i : G X G — G is Poisson, that is,

{f ou, g OM}C"O(GXG)(xay) = {f7 g}C”(G)(M('r?y))a T,y € G7 fag € COO(G)a

where G' x GG is endowed with the product Poisson structure.

According to Drinfel’d [6, 7], this formulation is equivalent to specifying a skew-
symmetric contravariant 2-tensor field P on G that satisfies the Jacobi identity
together with

P(xy) = Ly Py + Ry Py, Vr,y € G,

where L, (resp. R,.) denotes the differential of left (resp. right) translation. In
this setting, the bivector field P is called multiplicative.

Let (G, [, ]) be the Lie algebra of G and let G* denote its dual. The differential
of P at the identity element e € G induces a skew-symmetric cocommutator
0:G — /\2 G fulfill the following conditions

(i) The map ¢ is a 1-cocycle; namely,
(X, Y]) = adxd(Y) — adyd(X), VX,Y €@,

where ad denotes the adjoint representation extended to /\2 g.



POISSON-LIE STRUCTURES ON THE FOUR-DIMENSIONAL OSCILLATOR LIE GROUPS 3

(ii) The dual map 6* : /\2 G* — G* defines a Lie bracket on G*.

The cocommutator d is therefore called the Lie bialgebra structure associated
with the bivector field P. Reciprocally, Lu and Weinstein [13] established that
if G is simply connected, then every Lie bialgebra structure 6 : G — /\QQ on
G = Lie(G) integrates uniquely to a Poisson—Lie structure P on G satisfying

(d.P)(S) =4(9), vSegd.
The preceding relation can be written as
LgP(x) = 1,.0(9), VS eg, Vx e G, (2.1)

where S is a vector field on G such that S(e) = S, and LgP represents the Lie
derivative of P along S.

Remark 2.1. A Lie bialgebra (G, ) is said to be coboundary if there exists an
element 7 € A*G such that 6(u) = ad, r for any u € G. In this case, condition (i)
holds automatically, while condition (ii) is equivalent to requiring that r fulfills
the generalized classical Yang—Baxter equation:

ad,[r,r] =0, for all u € G,
where [r,7] € A®G denotes the Schouten bracket[10].

At the identity element e of G, the Poisson—Lie structure P necessarily has rank
zero. In a neighborhood U of e, one can introduce local coordinates (x1, s, .. ., x,);
in terms of these coordinates P takes the form

0 0
1<i<j<n
where P;; € C*(G) and P;j(e) = 0. Equivalently, the Poisson bracket of the
coordinate functions is given by

{z;, x;}(x) = (P, dx; A\ dx;) = Pij(x), Vo e U.

Expanding P;; as a Taylor series around e yields

Py(x) = > o + 0i(x),

1<k<n

where 6;; is a smooth function whose Taylor expansion begins with terms of order

at least two, and the coefficients are ¢}, = %(e).
The coefficients cfj arising from this expansion have a fundamental algebraic

interpretation. Because P satisfies the Jacobi identity, the collection {cfj} 1<i<j<n
1<k<n

constitutes a set of structure constants for the Lie algebra (G*,d*) which is the
Lie algebra dual to (G, [, ]). Thus G* may be viewed as the linearizing Lie algebra
associated with the Poisson—Lie structure P.

The linear terms in the expansion define a linear Poisson structure, known as
the linear part of P and denoted P,. In the local coordinates (1, s, ..., x,) it
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is expressed as

= Y Chay P (2.2)

= 8:1:Z axj
1<k<n
A fundamental question in the theory of Poisson structures, which was first
conjectured by Weinstein [17] and subsequently investigated by several authors
[3, 4, 8, 10], concerns the local linearizability of Poisson structures. More precisely,
the problem can be stated as follows:
Does there exist a new system (yi,...,yn) of coordinates defined near the iden-
tity e where the functions ij vanish identically?
So that in terms of this system, the expression of the Poisson structure P is
linear; that is

Z Jyk i

1<i<j<n ayj
1<k<n

3. MAIN RESULTS

The aim of this section is twofold. First, we determine all Poisson—Lie struc-
tures on four-dimensional Lie groups by examining the corresponding Lie bial-
gebra structures on their Lie algebras. Second, we prove that these Poisson—Lie
structures are locally linearizable near the identity element by giving an explicit
local normal form.

3.1. Four-dimensional oscillator Lie algebra and group. The four-dimensional
oscillator Lie algebra G;(\) can be represented as a matrix Lie algebra defined by

0 -y 2z —2x
0 0 ¢

G = Atz =| g 5 o o |itroy)eR
0 0 0 O

The standard basis for G;()) is given by
e_1 = A(1,0,0,0), ey = A(0,1,0,0), e = A(0,0,1,0), e = A(0,0,0,1).
The only non-vanishing commutation relations between these bases elements are
le_1,e1] =€1 [e_q,é1] = —e1  [er,€1] = eo.

The associated connected and simply connected Lie group corresponding to
this Lie algebra is denoted by G;()), and it is given by

0 —ycos(t) — zsin(t) zcos(t) —ysin(t) —2z
0 cos(t) sin(t)
0 — sin(t) cos(t)
0 0 0

G1<)\) = : (t,Z,l’,y) € R4

— QW

Therewith, G1()\) can be identified with R?, corresponding to the group mul-
tiplication law
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1
(t,z,x,y).(t', 2, 2", y) = (t—i—t’,z—i—z’—i—5((:cy'—y:c’)cost+(:c:c’+yy’)sint)

,1;+x'cost—y’sint,y—l—y/cost—i-x/sint)

Denote by (E_1, Ey, F1, E) the basis of the left-invariant vector fields on G1(\)
that coincide with (e_1,eqp,eq,€1) at the identity. A direct computation yields
explicit expressions for these vector fields in terms of local coordinates; they are
given by

0 1 0 0 0

E |, = 5 El:E(a:sint—ycost)a—l—cost%—|—Sinta—y,
0 ~ 1 0 0 0

Ey, = 55 E1:é(accost—i—ysint)%—sint%+costa—y.

3.2. Lie Bialgebra and Poisson-Lie structures on the four-dimensional
oscillator group. We now turn to the description of Lie bialgebra structures
on the four-dimensional oscillator Lie algebras. According to the classification
established in [1], each such structure is determined by a linear map § : Gy (\) —
A’ Gi(\). In terms of the basis vectors (e_1, e, e1,€;), the cocommutators are
given explicitly as follows

dle_1) = cegNep —beg Ae
deg) = 0
d(er) = —aegAep+aeg ey
d(e1) = —aegNeyp —aeg Ney,

where a, b, c and a € R.
Remark 3.1. The Lie bialgebra on four-dimensional oscillator Lie algebras (G (), §)
is always coboundary. Indeed, for
r=ae_1 Ney—bey N ey —ceg Nep + aey Aey,
we have (u) = ad, r, for any u € G;(\). In particular
r=ae_1 Ney—bey Ne —ceg A ey
satisfies the classical Yang-Baxter equation, that is, [r,r] = 0.

Let P denote the Poisson-Lie structures on the four-dimensional oscillator
group G1(\) associated with the Lie bialgebra structures §. We introduce the
following notation:

P = P_1oE_1AEy+P 11 E_yAE\+P_1E_y AEy+ Py EyAEy+ Py EoAEy+ Py Ey AE.
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The (P_19, P11, 15_11, P, ﬁm, ﬁu) are the components of the Poisson-Lie struc-
ture P in the basis

(E.y NEy,E_y NE\,E_y N E\,Ey A\ Ey, Ey A Ey, Ey A Ey)

of the bivector fields on G ().

By solving equation (2.1), which characterizes the correspondence between P
and ¢, a direct computation shows that the only non-vanishing components of P
are

Po(t,z,x,y) = (—ax—ay+b)cos(t)+ (ax —ay + ¢)sin(t) — b
Pou(t,z,2,y) = (az — oy + ¢)cos(t) + (ax 4 ay — b) sin(t) — c.

Since,
EoNE; = cos(t)%A%—i—sin(t)%Aa% and EgAE, = — sin(t)%Aa%—l—cos(t)%/\%,
we obtain:

Proposition 3.2. In terms of the local coordinates (t,z,x,y), the Poisson-Lie
structures on the four-dimensional oscillator group are given explicitly by

P = (—ax—ay—bcost+csint+b) %/\% + (ax—ay—bsint—ccost+c) %/\%,

where a, b, ¢ and a are real parameters.

We now turn to the linearization problem for these Poisson-Lie structures.
Observe that a Lie bialgebra structure ¢ associated with a Poisson—Lie structure
P induces a linear Poisson structure on the additive Lie group G (G ~ R™), which
can be written as

d(a) = Z ok ax 0; N 9;, a=(a,...,a,) € R, (3.1)
1<i<j<n
1<k<n
where (0, . ..,0,) denotes the canonical basis of R™.

Expression (3.1) coincides with the linear component P given in (2.2). Conse-
quently, the linearization problem for a Poisson-Lie structure can be formulated
as follows:

Does there exist a local Poisson diffeomorphism ¢ : G — G mapping a neigh-
borhood of the identity element e € G into a neighborhood of 0 € G such that

p(e) =07
If (27, ..., 2]) denote the component functions of ¢, then ¢ satisfies the system
{}, 2} = Z ok s 1<i<j<n. (3.2)
1<k<n

Specializing this question to the four-dimensional oscillator Poisson-Lie group,
we obtain the following main result.
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Theorem 3.3. There exists a new system (t',2',2',y') of coordinates near the
wdentity, in which the expression of the Poisson-Lie structure P on the four-
dimensional oscillator Poisson-Lie group is linear; that is,

0 0 0 0
P = (—a/x/ — Cly, + Ct/)a A % + (CLI’/ — O[y/ — bt/)% A\ a_y/
Proof. Note that the tensor P given in Proposition 3.2 can be written as
0
P=— Nig.P,
0z td

where

. . 0 . 0

ig. P = (—ax —ay—bcos(t)+csin(t) 4 b) pp + (ax —ay —bsin(t) — ccos(t) +¢) Em
5 Y

is the vector field that arises from the interior product of the tensor P and the

1-form dz. This vector field is independent of the coordinate z, and its linear

part is written as

0 0

13 P)o = (—ax —ay + ct)— + (ax — ay — bt)—.

So, if there exists a new system ¢ = (', 2/, 2’,y') of coordinates defined near 0,
in terms of which the expression of i4, P is linear; that is,

So*idzp - (idzp)07
then the Poisson tensor P is linear in these coordinates. Indeed, it holds that the
operator % is invariant under ¢, and

J . 0 . J .
0 P = %(@ Nig.P) = P N Qiig. P = 92 A (ig:P)o = Po.

Consequently, we put 2/ = z, and we look for ¢, 2/, and ¢’ that satisfy the
system of equations (3.2).
In this case, the system of equations (3.2) will be
( oz oz
f ’ +g ’ =—ar’ —ay + ct’,
ox dy
oy’ oy’

— =ax' —ay — bt 3.3
5 T Y oy az' — oy’ — bt', (3.3)
ot’ N ot
( ox g@y N
where, f = —ax—ay—bcos(t)+csin(t)+b and g = ax —ay—bsin(t) —ccos(t)+c.
In particular, we show that the coordinates

0.

t t t
(', 2,2 y) = (2 tan(§), 2, T+ ytan(g), Y — :Utan(§)),

are solutions to the system of equations (3.3). Thus, we obtain the desired coor-
dinates. O
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