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ABSTRACT. This paper investigates the metric dimension and strong metric
dimension problems for the generalized edge corona product of graphs. The
bounds and exact values for the metric and strong metric dimensions of this
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, G = (V (G),E(G)) denotes a simple, connected, and undi-
rected graph with n vertices. The terminology and notation used are consistent
with those in [9].

For any two vertices z1,29 € V(G), let R{z1, 22} = {2 € V(G) : dg(z,21) #
de(z,m2)}. Aset W C V(G) is called a resolving set of G if WNR{x1,x2} # () for
any two distinct vertices z1, x2 € V(G). The minimum cardinality of all resolving
sets of G is called the metric dimension of G and it is denoted by dim(G).

The metric dimension was first studied by Slater [26] (independently by Harary
and Melter [10]) and further studied in [4, 8, 11, 12, 14, 19, 21, 22, 27]. It was
noted in [7] that determining the metric dimension of a graph is an NP-hard
problem. The concept of metric dimension has several applications in chemistry
for representing chemical components [1], the navigation of robots in networks
[13], network optimization [2, 3] and mastermind game [7].

Another invariant, more restricted than the metric dimension was presented
by Seb6 and Tannier in [24], and studied further in several articles [6, 15, 16, 17,

, 23, 25, 28, 29]. Following [20], for two vertices x and y in a connected graph
G, the interval I[z,y] between x and y is said to be the collection of all vertices
that belong to some shortest © — y path.

For z1,29 € V(G), let P{z1,22} = {s € V(G) : &1 € [z, s] or x5 € I[z1, s]}.
A set S C V(GQ) is called a strong resolving set of G if S N P{xy, 22} # 0 for
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any two distinct vertices z1,x2 € V(G). The minimum cardinality of all strong
resolving sets of GG is called the strong metric dimension of G and it is denoted
by dims(G).

A vertex u of G is said to be maximally distant from v if for every w € N(u),
dg(v,w) < dg(v,u). If u is maximally distant from v and v is maximally distant
from w, then the vertices u and v are said to be mutually maximally distant [17].

Let GG be a simple graph of order n and size m. Let H;, 1 < i < m, be m simple
graphs. The generalized edge corona product of graphs G and Hy, Hs ... H,,,
denoted by G[H;|7* is obtained by taking one copy of graphs G, Hy, Hy ... H,,
and joining the two end vertices of the i¢th edge of G to every vertex of H;,
1 <i<m][l, 18]. See Figures 1 and 2.
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F1GURE 1. The graph G with labeled vertices vy, v, . . . v5 and edges
e1,es...es, and a family of graphs { Hy, Ho, H3, Hy, Hs}, where each
H; corresponds to the edge e; of G.

FIGURE 2. The generalized edge corona product G[H;];, where
the end vertices of the edge e; are connected to each vertex of the
corresponding H;.

In this paper, the metric dimension and strong metric dimension problems for
the generalized edge corona product of graphs are investigated.
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2. MAIN RESULTS

Section 2.1 focuses on the metric dimension of the generalized edge corona
product of graphs, presenting our main results and proofs. Section 2.2 discusses
the strong metric dimension of the generalized edge corona product of graphs.
We conclude the paper in Section 3 with a summary and directions for future
research.

2.1. Metric dimension of G[H;]}". Let G be a graph of order at least three and
H a graph of order at least two. Let e = wv be an edge of G. The graph formed
by joining both u and v to every vertex of H is denoted by G..

Lemma 2.1. For any two vertices of x andy of H and a vertex z € V(G)~{u, v},
dg,(z,2) = dg,(z,9).

Proof. By hypothesis, dg, (u,w) = dg, (v,w) =1 for all w € V(H). Let z,y €
V(H) and z € V(G) ~ {u,v}. Without loss of generality, assume that there
exists a shortest path from z to x that passes through w. If dg(z,u) = [, then
dg,(z,7) = dg(z,u)+dg, (u,x) = 1+1 and dg, (z,y) = dg(z,u)+dg, (u,y) = [+1.
This proves the claim. 0

Lemma 2.2. Let e = uv be any pendant edge of G such that deg(v) = 1. Then for
any two vertices x,y of H and a vertex z € V(G)~{u,v}, dg (z,2) = dg,(2,y) =
dg(z,v).

Proof. By hypothesis, dg, (u,w) = dg, (v,w) =1 for all w € V(H). Let z,y €
V(H) and let z € V(G)~{u,v}. Clearly a shortest path from z to « (or y) passes
through u. If dg(z,u) = [, then dg (2,2) = dg,(2,y) = dg(z,v) = 1 + 1, since
de(u,v) = 1. O

Theorem 2.3. Let G be a connected graph of order n > 3 and size m. Let
H,,Hy...H, be m simple graphs of order at least two. Let H; be the graph cor-
responding to the edge e; of G in G[H;|{*. Then

(i): Ifx,y € V(H;), then dgayn (2, ) = dapam (2,y) for every z € V(GIH]T")N
V(H;).

(ii): If W is a resolving set for G[H;|T*, then W NV (H;) # 0 for every i,
1 <i<m. Further WNV(H;) is a resolving set for H;.

(iii): If W is a metric basis for G[H;]T*, then W NV (G) = 0.

Proof. (i) The proof is similar to that of Lemma 2.3.

(ii) Suppose that WNV (H;) = 0 for some i, 1 < i < m. Let 2,y € V(H;). Then
by (i), dajmr (w, ) = dam,m (w,y) for every vertex w € V(G[H;|T") \ V(H;); in
particular for every w € W, a contradiction.

Let W; = W NV(H;). For x € W; or y € W;, the result is straightfor-
ward. Suppose z,y € V(H;) ~ W,;. Since W is a resolving set for G[H,]}",
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daiym (0, z) # damm(w,y) for some w € W. But by (i), dapmr(z,2) =
dapm)r (2, y) for all z € V(G[H;|T") \ V(H;). Hence the vertex w € W such
that dgpm,m (w, 2) # dapmm (w, y), must belong to W.

(iii) Suppose that WNV(G) # 0. We claim that W’ = W\ V(G) is a resolving
set for G[H;]{*. Since |W’| < |[W]| and W is a metric basis for G[H;]}", this would
result in a contradiction.

Let x,y be vertices of G[H;]{". Then the following cases arise.

Case 1: z,y € V(H;). By (ii), there exists w € W; = W NV (H;) = W' NV (H;)
such that deim,m(w, ) # daimm (w,y).

Case 2: v € V(H;) and y € V(H,),i # j. Let e; and e; be the edges correspond-
ing to the graphs H; and H; in G[H;]{" respectively. Then we have the following
two subcases.

Case 2.1: ¢; and e; are not adjacent. In this case each w € W' NV (H;) satisfies
Case 2.2: ¢; and e; are adjacent. Let v € V(H;) and y € V(H,). For every
w € V(H;), it is clear that dgigm(w,r) <2 and dgigm(w,y) = 2. If there
exists a vertex w € W’ N V(H;) for which dgm,m(w, x) # damrm(w,y), then w
resolves the vertices x and y. Suppose that for every w € W’ NV (H;) we have
dapm)r (0, ) = dam (w,y) = 2. Then no vertex of W' resolves the vertices =
and y, contradicting the fact that W is a resolving set of G[H;|}*. Therefore there
exists a vertex w € W' NV (H;) such that dgig,m(w,r) # dgp,(w,y). Hence
the vertices x and y are resolved by a vertex of W'.

Case 3: Let z,y € V(G). Then we have the following subcases.

Case 3.1: zy ¢ E(G). Without loss of generality, let H; be the graph corre-
sponding to the edge e; = vz of G. Let w € V/(H;) N W'. Then dgg,m(w,r) =
1< dG[Hz]in (w,y)

Case 3.2: zy € E(G). Let H; be the graph corresponding to the edge e; = xy of
G. In this case, for every w € V(H;) N W', dgmm(w, v) = dgim,m (w, y). Hence
there exists some w; € V(H;) N W', i # j, da,m (ws, ) # daimr (w;,y).

Case 4: Let x € V(H;) and y € V(G). Then we have the following subcases.
Case 4.1: zy € E(G[H,]T").

Case 4.1.1: deg(y) = 1 with e; = yz and deg(z) > 1.

This is possible since order of GG is at least three. In this case z cannot resolve
x and y. Neither y nor z can resolve any two vertices of H;. Hence to resolve x
and y, x must be included in any resolving set.

Case 4.1.2: deg(y) # 1.

In this case, for some j # i, w € V(H;) N W', dgim(w,z) = dapmyr(w,y) +
dG[HiHn(ya T) = dG[HZ'Hn(w7y) + 1.

Case 4.2: zy ¢ E(G[H;]{"). Without loss of generality, let H; be the graph
corresponding to the edge e; = yz of G in G[H;]!". Clearly, for every w €
V(H]) N W/, dG[Hz'H" (w, y) =1 and dG[HiH"(w’ 93) = dG[HJ’I"(wa y) + dG[Hz'H" (y, ZE) =
1+ dG[HZ-]’lﬂ(ya [E) ]

We obtain a lower bound for the metric dimension of G[H;]}".
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Theorem 2.4. Let G be a connected graph of size m. Let Hy,H,...H,, be m
simple graphs of orders at least two. Then

(1): If G has no pendent edges, dim(G[H;]7*) > > _dim(H;).
i=1

(ii): If G has a pendent edge say e; = uvy such that deg(v;) =1 and Hy the

graph corresponding to e;, dim(G[H;|1") > Z dim(H;) +dim(H; + K).
i=1,iF#t

Proof. (i) Let W be a metric basis for G[H;]7*. By Theorem 2.3(iii), WNV(G) = ()
and by Theorem 2.3(ii), W; = W N V(H;) is a nonempty resolving set for H;,

1 <i<m. Clearly W = UW Therefore, dim(G[H;|T") > Zdzm( i)

(ii) Let =,y € V(Ht) Then vertices of {x,y, v} taken two at a time are
equidistant from every z € V(G[H;]{") \ V(H;), arguing as in Lemma 2.2. Hence
it is necessary to consider a resolving set of H; + K;. This proves our claim. [

As a consequence of Theorem 2.4, we obtain the following result.

Theorem 2.5. Let G be a connected graph of size m. Let e;, 1 <1 < myq and
ej, 1 < 5 < mgo, my + mg = m, be the non-pendant and pendant edges of G
respectively. Let Hl, H,...H, be m simple graphs of order at least two. Then
dim(G[H;|T) > Zdzm( i)+ Zdzm(H + K7).

Jj=

We now proceed to obtain an upper bound for the metric dimension of G[H;]}"

Theorem 2.6. Let G be a connected graph of size m. Let e;, 1 <1 < my and
ej, 1 < j < mg, my +me = m, be the non-pendant and pendant edges of G
respectively. Let Hy, Hy ... H,, be m simple graphs of order at least two. Then

i=1 j=1

Proof. Let W be a resolving set for G[H;]{". By Theorem 2.3(ii), Wy = V(Hg) N
W, 1<k < mis a resolving set for Hy. By Theorem 2.3(iii), V(G) N W = 0.
Let e; = uv be a non- pendent edge of G and H; be the graph corresponding to

;. Then dim(G[H;]7") < Zdzm(H + Ks).
Let e; = uv be a pendent edge of G such that deg(v) = 1. Let H; be the graph

corresponding to e;. Then by Lemma 2.2, for any two vertices z,y € V(H;) and
a vertex z € V(G[H;]T") ~ {u,v}, dG[HiH"(Z;x) = daym(2,y) = dam(2,v).

m2
Hence dim(G[H;]{") < > dim(H; + K;). This completes the proof. O
j=1
2.2. Strong metric dimension of G[H;]}*. The following Lemmas are useful
in the sequel.

Lemma 2.7. [17] For every pair of mutually maximally distant vertices x,y of a
connected graph G and for every strong resolving set S of G, it follows that x € S
ory € S.
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Lemma 2.8. [I7] Let H be a connected graph of order n > 2, and let W(H)
denote the twin-free clique number of H. Then dims(H) < n—w(H). Moreover,
if H has diameter two, then dims(H) =n —w(H).

Lemma 2.9. Let G be a graph with m edges. Let Hy,Hy...H, be m simple
graphs of order at least two. For any two vertices u,v € V(G), if dg(u,w) <
dg(u,v) for all w € N(v) then v is mazimally distant from u in G[H;]{".

Proof. Let dg(u,v) = [. Since dg(u,w) < dg(u,v), dg(u,w) = [ — 1 for all
w € N(v) in G. Let H; be the graph corresponding to the edge e; = vw; in G.
Let vj,,v;, ...vj, be the vertices of H;. Since w;v € E(G), wjv;, € E(G[H;]T")
for all 7 and vv;, € E(G[H;]T") for all r. This implies that dgm,m(u,v;,) =
dapm)r (w, wy) + daye (wj,v5,) = 1 =141 =1 = dgiy(u,v). Hence v is
maximally distant from w.

0J

Theorem 2.10. Let G be any graph with m edges and H; be the graphs of order at
least two. Then a pair of vertices x € V(H;) and y € V(H;), i # j are mutually
mazimally distant in G[H;]}".

Proof. Let e; = w;v; and e; = u;vj, © # j be two edges of G. Let H; and H,
be the graphs corresponding to e; and e; of G respectively. Let x € V(H;) and
y e V(Hj),i# j,1<i,j <m. We show that y is maximally distant from x.
Consider a shortest path from w; to u;. Let dam,m(us,u;) = 1. Without loss
of generality, let the path be u; = popip2 ... pi—1pr = u;. We have the following
cases.

Case 1: p_jv; ¢ E(G)

In this case a shortest path from x to y passes through only u; = p;. Clearly
darrp (2, y) = damgp (2, ui) +dagmgp (ui, ug) +dagmp (v, y) = 14141 = 1+2 and
for all w € N(y), dG[Han(x7 U}) = dG[Han(x’ u,) +dG[H1H” (Ui, U,j) +dG[Han(u]7 w) =
1414 1=1+2. Hence y is maximally distant from .

Case 2: p_jv; € E(G)

In this case there are shortest paths from x to y one passing through w; and
another passing through v;. It is clear that dgim»(z,y) = damm (@, u;) +
dapm (wis uj) + dapye (uj,y) = 1+ 1+ 1 =142 and for all w € N(y) \ {v;},
daimym (v, w) = dapmr (v, wi) +dap)e (s, us)+damm (v, w) = 14+1+1 = [+2 and
demp (2, v5) = dopmyp (T, wi) +dapmyp (wi pr-1) +demyp (pi-1,v5) = 1+1-141 =
[ + 1. Hence y is maximally distant from . 0

Theorem 2.11. Let G be a simple graph with m edges. Let Hy,Hy...H,, be
m simple graphs of order at least two. Then dims(G[H,])T") > S|V (H;)| + 2 —

=1
W(Hy, + K3) where Hy, is the graph for which V(Hy) is not fully contained in any
strong resolving set S.

Proof. Let v € V(H;) and y € V(H;), i # j. Then by Theorem 2.10, z and y
are mutually maximally distant in G[H;|7*. By Lemma 2.7, S must fully contain
either V(H;) or V(H;). Extending to m sets, S must fully contain at least m — 1
of the sets V(H;). If V(Hy) is the set that is not fully contained in any strong
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resolving set S, then |S| > Y |V(H;)| + dims(Hy + K»). Since the diameter of
ik
Hy + Ky is two, by Lemma 2.8, dimg(Hy + K3) = |V (Hy + Ks)| +2 —w(Hy + K»).

Consequently, |S| > Y|V (H;)| + 2 — w(Hy + K3). This completes the proof. [
i=1

Theorem 2.12. Let G be a simple graph with m edges. For any fized vertex u €
V(G), let S, = {v € V(G) : dg(u,w) < dg(u,v),w € N(v)}. Let Hy,Hy... Hy,
be m simple graphs of order at least two. For any strong resolving set S, Hy, is
the graph such that V(Hy) is not fully contained in S. Then dims(G[H;]T") >

SIV(H;)| + 2 — w(Hy + Ka) + |S,].
i=1
Proof. 1t follows directly from Lemma 2.9 and Theorem 2.11. 0

3. CONCLUSION

In this paper, we have investigated the metric dimension and strong metric
dimension problems for the generalized edge corona product of graphs. By ex-
panding the study of these graph invariants to this graph operation, we have
established bounds, providing new insights into their structural properties. The
fault-tolerant versions of these parameters for the generalized edge corona prod-
uct are currently under investigation.
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