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Abstract. In this paper, we establish the viscosity implicit midpoint rule un-
der appropriate assumptions regarding the sequence of parameters for the fixed
point of quasi-nonexpansive mappings within the context of a Hilbert space.
We then demonstrate strong convergence based on specific assumptions placed
on the sequence of parameters. Additionally, we present a unique solution to
the variational inequality problem.
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1. Introduction

In this paper, we assume that H is a Hilbert space equipped with an inner
product 〈., .〉 and a norm ‖.‖. Let M denote a nonempty subset of H. We then
have the nearest point projection from H onto M, PM, defined by

PMκ := arg min
u∈M
‖κ − u‖2, κ ∈ H. (1.1)

The objective ‖κ − u‖2 over u ∈M is minimized at only point PMκ.

Observe that PMκ is defined as follows:

PMκ and 〈κ − PMκ, u− PMκ〉 ≤ 0, ∀u ∈M. (1.2)

The viscosity approximation method for nonexpansive mappings in Hilbert
spaces was introduced by Moudafi [20], building on the concepts developed by
Attouch [4]. This method generates the sequence {κk} through an explicit vis-
cosity approach:

κk+1 = αkf(κk) + (1− αk)Ψκk, k ≥ 0. (1.3)

In this context, f is defined as a contraction mapping, while Ψ represents a nonex-
pansive mapping on the Hilbert space H. Additionally, {αk} denotes a sequence
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of values in the interval (0, 1). The results of Browder [9] and Halpern [15] are
expanded upon by the iterative scheme (1.3). Many authors have studied the
convergence of this explicit iterative scheme; under appropriate conditions, these
iterations strongly converge to the unique solution q ∈ Fix(Ψ) of the variational
inequality (VI).

((I − f)q,κ − q) ≥ 0, κ ∈ Fix(Ψ), (1.4)

where, Fix(Ψ) represents the set of fixed points of Ψ. This fact enables the appli-
cation of this method to areas such as convex optimization, linear programming,
and monotone inclusions. In 2004, Xu [27] expanded upon Moudafi’s [20] results,
applying them to uniformly smooth Banach spaces and demonstrating a strong
convergence theorem.

The implicit midpoint rule is an effective method for solving ordinary differen-
tial equations; refer to [5, 6, 13, 19, 22, 23, 26] and the associated references for
further details. For example, examine the initial value problem associated with
the differential equation

dκ
dt

= Ψ(κ(t)), (1.5)

with the initial condition (κ(0) = κ0).
The accretive and monotone mappings are associated with the evolution model
(1.5), which enhances their utility and relevance. According to [8], the model
(1.5) can be solved when Ψ is locally Lipschitzian and accretive to H. Estimat-
ing the zero of a nonlinear mapping Ψ, specifically 0 ∈ Ψκ, is a significant and
powerful tool in approximation theory. This approach allows for the derivation of
solutions to various problems, including elliptic differential equations, optimiza-
tion problems, inclusion problems, and fixed point problems. These solutions can
be framed within the context of the inclusion problem 0 ∈ Ψκ, which corresponds
to the equilibrium state characterized by the equations dκ

dt
= 0 and Ψ(κ) = 0;

refer to [8, 12]. The implicit midpoint rule generates a sequence {κk} by the
following recursion:

1

h
(κk+1 − κk) = Ψ

(
κk + κk+1

2

)
, k ∈ N, (1.6)

where h > 0 denotes a step size and N represents the set of positive integers for
a continuous function map Ψ : RN → RN .

The implicit midpoint rule (IMR) has been extended in [3] for nonexpansive
mappings, which results in the generates of a sequence {κk} through an implicit
scheme:

κk+1 = (1− %k)κk + %kΨ

(
κk+1 + κk

2

)
, k ∈ N, (1.7)

where {%k} in (0, 1) and Ψ : H → H is nonexpansive. In 2017, Hu [16] proposed
and analyzed a more general viscosity implicit midpoint rule (MGVIMR for short)

κk+1 = αkρU(κk) + βkκk + ((1− βk)I − αkµF )Ψ

(
κk + κk+1

2

)
, ∀k ≥ 0,

where Ψ is a nonexpansive mapping, F is a k−Lipschitzian, and U a τ−Lipschitzian
mapping. The authors introduced the more general viscosity implicit midpoint
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rule for fixed points of nonexpansive mappings in Hilbert space and proved a
strong convergence theorem for these mappings under specific assumptions re-
garding the sequence of parameters. The fixed point theory has emerged as a
rapidly developing field in recent years, largely due to the process and diversity
of the implicit midpoint rules employed to approximate fixed points across dif-
ferent classes of mappings (see [2, 3, 11, 17, 21, 24, 29, 30]).

Motivated by the aforementioned works, in the present manuscript, we establish
the viscosity implicit midpoint rule under specific condition on the sequence of
parameters for quasi-nonexpansive mappings in the Hilbert space. Let F be a
φ-Lipschitzian mapping and σ-strongly monotone mapping. Additionally, let K
be a t-Lipschitzian mapping, consider the following viscosity implicit midpoint
rule.

κk+1 = %kρK(κk) + ηkκk + σkΨ

(
κk + κk+1

2

)
+ ((1− ηk − σk)I − %kλF)Ψ

(
κk + κk+1

2

)
k ≥ 0,

(1.8)

where {%k}, {σk} and {ηk} ∈ (0, 1) for all k.

Furthermore, we present a strong convergence theorem for quasi-nonexpansive
mappings, given certain assumptions on the sequence of parameters. The nov-
elty of this paper lies in proposing a viscosity implicit midpoint rule for quasi-
nonexpansive mappings involving an additional Lipschitz perturbation. Unlike
existing schemes that require nonexpansiveness, our results apply to the class of
quasi-nonexpansive mappings and extend the work of Hu [16].

2. Preliminaries

In this section, we will review some concepts and results that will be used in the
main results.

Definition 2.1. A mapping Ψ : M→M is said to be L−Lipschitzian if there
exists a constant L > 0 satisfying

‖Ψκ −Ψu‖ ≤ L‖κ − u‖, ∀κ, u ∈ H,
when L = α ∈ (0, 1), is called α-contractive mapping. If L = 1, then Ψ is known
as a nonexpansive mapping. We denote the set of fixed points of Ψ by Fix(Ψ).

It is clear that the Lipschitz operator is more general than the contractive
operator.

Definition 2.2. A mapping Ψ :M→M is said to be quasi-nonexpansive if

‖Ψ(κ)− u‖ ≤ ‖κ − u‖
for all κ ∈M, and u ∈ Fix(Ψ).

In 1916, Tricomi [25] introduced the concept of quasi-nonexpansiveness for real
functions. This notion was subsequently studied by Diaz and Metcalf in the
context of mappings in Banach spaces [14].
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Definition 2.3. A bounded linear operator B : H → H is called strongly positive
if there exists a constant γ > 0 such that

〈Bκ,κ〉 ≥ γ‖κ‖2, ∀κ ∈ H.

Definition 2.4. The metric (or nearest point) projection from H onto M is
defined as the mapping PM : H → M. This mapping assigns to each point
κ ∈ H a unique point PMκ ∈M that satisfies the property.

‖κ − PMκ‖ = inf
y∈M
‖κ − y‖ := d(κ,M).

Definition 2.5. Ψ :M→H is a mapping that is known as
(i) monotone if

(Ψκ −Ψu,κ − u) ≥ 0, ∀κ, u ∈M;

(ii) η-strongly monotone if there exists a constant η > 0 such that

(Ψκ −Ψu,κ − u) ≥ η‖κ − u‖2, ∀κ, u ∈M;

(iii) ζ-inverse-strongly monotone if there exists a constant ζ > 0 such that

(Ψκ −Ψu,κ − u) ≥ ζ‖Ψκ −Ψu‖2, ∀κ, u ∈M.

It is obvious that if Ψ is ζ-inverse-strongly monotone, then it is monotone and
1
ζ
-Lipschitz continuous. Furthermore, we have that, for any u, v ∈M and λ > 0

‖(I − λΨ)u− (I − λΨ)v‖2 ≤ ‖u− v‖2 + λ(λ− 2ζ)‖Ψu−Ψv‖2.

So, if λ < 2ζ, then I − λΨ is nonexpansive mapping.

The following proposition presents some important properties of projection.

Proposition 2.6. For given κ ∈ H and w ∈M
(i.) w = PMκ ⇔ (κ − z, u− z) ≤ 0, ∀u ∈M

(ii.) w = PMκ ⇔ ‖κ − z‖2 ≤ ‖κ − u‖2 − ‖u− z‖2, ∀u ∈M
(iii.) (PMκ − PMu,κ − u) ≥ ‖PMκ − PMu‖2, ∀u ∈ H.

Consequently, PM is nonexpansive and monotone.

Lemma 2.7. ([7, 18](The demiclosedness principle)). Let H be a Hilbert space
andM a closed convex subset of H. Let Ψ :M→M be a nonexpansive mapping
with Fix(Ψ) 6= ∅. If a sequence {κk} ⊂ M satisfying
(i) {κk} weakly converges to κ
and (ii) {(I −Ψ)κk} converges strongly to 0. Then, it follows that κ = Ψκ.

Remark 2.8. Although Lemma 2.7 is stated for nonexpansive mappings, the con-
clusion remains valid for quasi-nonexpansive mappings provided Ψ is Lipschitz
continuous, since the proof relies only on the weak sequential closedness of I−Ψ.

Lemma 2.9. [7, 18] In real Hilbert space H, the following hold:

(i) ‖u+ w‖2 ≤ ‖u‖2 + 2〈w, u+ w〉, ∀u,w ∈ H;
(ii) ‖λu+(1−λ)w‖2 = λ‖u‖2 +(1−λ)‖w‖2−λ(1−λ)‖u−w‖2, for all u,w ∈ H

and λ ∈ (0, 1).
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Lemma 2.10. [28] Let {ak} be a sequence of nonnegative real numbers such that

ak+1 ≤ (1− γk)ak + δk k ≥ 0,

where {γk} ⊂ (0, 1) and {δk} ⊂ R such that

(i)
∑∞

k=1 γk =∞;

(ii) lim supk→∞
δk
γk
≤ 0 or

∑∞
k=1 |δk| <∞.

Then the sequence {ak} converges to zero, that is limk→∞ ak = 0.

Lemma 2.11. [10] Let H be a real Hilbert space. Let V : H → H be a l-
Lipschitzian mapping with a constant l ≥ 0, and let G : H → H be a κ-Lipschitzian
and η-strongly monotone mapping with constants κ, η > 0. Then for 0 ≤ γl < µη,

((µG− γV )x− (µG− γV ) y, x− y) ≥ (µη − γl)‖x− y‖2, ∀x, y ∈ C.
That is, µG− γV is strongly monotone with constant µη − γl.

Lemma 2.12. Let H be a real Hilbert space and let Ψ : M → M be a quasi-
nonexpansive mapping with Fix(Ψ) 6= ∅, where M⊂ H is nonempty, closed, and
convex. Let F : M → H be Lipschitz continuous and strongly monotone. Then
the variational inequality

〈Fz, x− z〉 ≥ 0, ∀x ∈ Fix(Ψ),

admits a unique solution z ∈ Fix(Ψ), which is equivalently characterized by

z = PFix(Ψ)(I − λF)z,

can be derived by combining the projection characterization in Hilbert spaces and
the viscosity approximation framework (see Xu [27], Marino and Xu [19]).

Remark 2.13. Although the above lemma is well known for nonexpansive map-
pings, the same conclusion remains valid for quasi-nonexpansive mappings since
the proof relies only on the closedness and convexity of the fixed point set.
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3. The viscosity technique for implicit midpoint rule

In this section, we demonstrate a strong convergence theorem derived from a
viscosity implicit midpoint rule for fixed points of quasi-nonexpansive mapping.

Theorem 3.1. Let H be a Hilbert space, M a closed convex subset of H, and
Ψ :M→M a quasi-nonexpansive mapping with Fix(Ψ) 6= ∅. Let F :M→M
be a φ−Lipschitz continuous and σ−strongly monotone mapping, where φ, σ > 0,
and K :M→M a t−Lipschitzian mapping with constant t > 0. Assume that Ψ
is uniformly Lipschitz continuous on bounded subsets; that is, there exists L > 0
such that ‖Ψκ − Ψu‖ ≤ L‖κ − u‖ for all κ, u in bounded subset of M. Let ν =

1 −
√

1− λ(2σ − λφ2). Suppose the parameters satisfy 0 < λ < 2σ
φ2
, 0 < ρt < ν.

Let {κk} be generated by the viscosity implicit midpoint rule (1.8). Then {κk}
converges in norm to a fixed point p of Ψ, which is also the unique solution of the
variational inequality.

We additionally assume the following conditions:

(A1) limk→∞ %k = 0,
∑∞

k=0 %k =∞,
(A2)

∑∞
k=0 |%k+1 − %k| <∞,

(A3)
∑∞

k=0 |ηk+1 − ηk| <∞ and
∑∞

k=0 |σk+1 − σk| <∞
(A4) 0 < ηk + σk < 1, ∀k
(A5) Ψ is quasi-nonexpansive and uniformly Lipschitz continuous on bounded

subsets of H.

Then the sequence {κk} converges strongly to z ∈ Fix(Ψ), where z = PFix(Ψ)(I−
λF + ρK)(z). In other words, which is also the unique solution of the variational
inequality

〈(ρK − λF)(z),κ − z〉 ≤ 0, ∀κ ∈ Fix(Ψ). (3.1)

Remark 3.2. Assumption (A5) is imposed to guarantee the demiclosedness of the
operator I −Ψ at zero and to control the implicit midpoint term Ψ

(κk+κk+1

2

)
. In

the absence of Lipschitz continuity, quasi-nonexpansiveness alone is insufficient to
ensure weak sequential closedness of Fix(Ψ), which is required in Step 2 and Step
3 of the proof. Similar assumptions are standard in viscosity-type approximation
methods (see Xu [27], Marino and Xu [19]).

Proof. Since F : M → M be a φ−Lipschitzian continuous and σ− strongly
monotone mapping, and K :M→M a t−Lipschitzian continuous mapping, we
have

‖(I − λF)κ − (I − λF)u‖2 = ‖κ − u‖2 − 2λ〈κ − u,Fκ −Fu〉
+ λ2‖Fκ −Fu‖2

≤ (1− 2λσ + λ2φ2)‖κ − u‖2

= (1− ν)2‖κ − u‖2, (3.2)
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where ν = 1−
√

1− λ(2σ − λφ2), and hence

‖PFix(Ψ)(I − λF + ρK)κ − PFix(Ψ)(I − λF + ρK)u‖ ≤ ‖(I − λF + ρK)κ
− (I − λF + ρK)u‖

≤ ‖(I − λF)κ − (I − λF)u‖
+ ρ‖Kκ −Ku‖

≤ (1− ν)‖κ − u‖+ ρt‖κ − u‖
≤ (1− (ν − ρt))‖κ − u‖,

(3.3)

for all κ, u ∈ M. Therefore, PFix(Ψ)(I − λF + ρK) is a contraction of M into
itself, which implies that there exists a unique z ∈M such that

z = PFix(Ψ)(I − λF + ρK)z.

We divide the proof into several steps:

Step I. Since Fix(Ψ) 6= ∅, let p ∈ Fix(Ψ). Using the quasi-nonexpansive map-
ping of Ψ, we obtain

‖κk+1 − p‖ =

∥∥∥∥∥
(
%kρK(κk) + ηkκk + σkΨ

(
κk + κk+1

2

)

+ ((1− ηk − σk)I − %kλF)Ψ

(
κk + κk+1

2

))
− p

∥∥∥∥∥
(3.4)

≤ ‖%k(ρK(κk)− λF(p))‖+ ηk‖κk − p‖+ σk

∥∥∥∥Ψ

(
κk + κk+1

2

)
− p
∥∥∥∥

+

∥∥∥∥∥((1− ηk − σk)I − %kλF)Ψ

(
κk + κk+1

2

)

− ((1− ηk − σk)I − %kλF)(p)

∥∥∥∥∥
≤ %k‖ρK(κk)− λF(p)‖+ ηk‖κk − p‖+ σk

∥∥∥∥Ψ

(
κk + κk+1

2

)
− p
∥∥∥∥

+ (1− ηk − σk)

∥∥∥∥∥
(

1− %kλ

1− ηk − σk
F
)

Ψ

(
κk + κk+1

2

)

−
(

1− %kλ

1− ηk − σk
F
)
p

∥∥∥∥∥
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≤ %k‖ρK(κk)− ρK(p)‖+ %k‖ρK(p)− λF(p)‖+ σk

∥∥∥∥Ψ

(
κk + κk+1

2

)
− p
∥∥∥∥

+ ηk‖κk − p‖+ (1− ηk − σk)
(

1− %kν

1− ηk − σk

)∥∥∥∥Ψ

(
κk + κk+1

2

)
− p
∥∥∥∥

=
1 + ηk − %kν + 2%kρt

2
‖κk − p‖+

1− ηk − %kν
2

‖κk+1 − p‖

+ %k‖ρK(p)− λF(p)‖.

It follows that

=

(
1− 2(%k(ν − ρt))

1 + ηk + %kν

)
‖κk − p‖

+
2%k(ν − ρt)
1 + ηk + %kν

{
1

(ν − ρt)
‖ρK(p)− λF(p)‖

}
≤ max

{
‖κ0 − p‖,

1

(ν − ρt)
‖(ρK − λF)p‖

}
.

(3.5)

By induction, we readily obtain

‖κk+1 − p‖ ≤ max

{
‖κ0 − p‖,

1

(ν − ρt)
‖(ρK − λF)p‖

}
,

for all k and κ0 ∈M. It turns out that {κk} is bounded.

Step 2. limk→∞ ‖κk+1 − κk‖ = 0. To see this, we apply (1.8) to get

‖κk+1 − κk‖ =

∥∥∥∥∥%kρK(κk) + ηkκk + σkΨ

(
κk + κk+1

2

)
−

[
%k−1ρK(κk−1) + ηk−1κk−1 + σk−1Ψ

(
κk−1 + κk

2

)
+ ((1− ηk−1 − σk−1)I − %k−1λF)Ψ

(
κk−1 + κk

2

)]∥∥∥∥∥
≤

∥∥∥∥∥%k(ρK(κk)− ρK(κk−1)) + (%k − %k−1)(ρK(κk−1))

+ ηk(κk − κk+1) + (ηk − ηk−1)(κk−1) + σk

(
Ψ

(
κk + κk+1

2

)
−Ψ

(
κk−1 + κk

2

))
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+ (σk − σk−1)

(
Ψ

(
κk−1 + κk

2

))
+ ((1− ηk − σk)I − %kλF)

(
Ψ

(
κk + κk+1

2

)
−Ψ

(
κk−1 + κk

2

))
+ ((1− ηk − σk)I − %kλF − ((1− ηk−1 − σk−1)I − %k−1λF))Ψ

(
κk−1 + κk

2

)∥∥∥∥∥
≤ %kρt‖κk − κk−1‖+ |%k − %k−1|‖ρKκk−1‖+ ηk‖κk − κk+1‖+ |ηk − ηk−1|‖κk−1‖

+
σkL

2
(‖κk − κk−1‖+ ‖κk+1 − κk‖) + |σk − σk−1|

∥∥∥∥Ψ

(
κk−1 + κk

2

)∥∥∥∥
+

(1− ηk − σk − %kν)L

2
(‖κk − κk−1‖+ ‖κk+1 − κk−1‖)

+ |(1− ηk − σk)I − %kλF − ((1− ηk−1 − σk−1)I − %k−1λF)|
∥∥∥∥Ψ

(
κk−1 + κk

2

)∥∥∥∥
≤
(
%kρt+ ηk +

(1− ηk − σk − %kν)L

2
+
σkL

2

)
‖κk − κk−1‖+ |%k − %k−1|‖ρK(κk−1)‖

+ |ηk − ηk−1|‖κk−1‖+ |ηk − ηk−1|
∥∥∥∥Ψ

(
κk−1 + κk

2

)∥∥∥∥
+ |σk − σk−1|

∥∥∥∥Ψ

(
κk−1 + κk

2

)∥∥∥∥+ |%k − %k−1|
∥∥∥∥λFΨ

(
κk−1 + κk

2

)∥∥∥∥
+

(1− ηk − %kν)L

2
‖κk+1 − κk‖

=

(
(1 + ηk − %kν)L+ 2ηk + 2%kρt

2− (1− ηk − %kν)L

)
‖κk − κk−1‖+

(
2|σk − σk−1|

2− (1− ηk − %kν)L

+
2|%k − %k−1|

2− (1− ηk − %kν)L
+

2|ηk − ηk−1|
2− (1− ηk − %kν)L

)
S

(3.6)

Here S > 0 is a constant such that

S = max

{
sup
k≥0

(∥∥∥∥Ψ

(
κk + κk+1

2

)∥∥∥∥) , sup
k≥0

(
‖κk‖+

∥∥∥∥Ψ

(
κk + κk+1

2

)∥∥∥∥) ,
sup
k≥0

∥∥∥∥ρK(κk) + λFΨ

(
κk + κk+1

2

)∥∥∥∥
}
.

It turns out that

=

(
1− 2((1 + L)ηk − (1− L)− %k(νL− ρt))

2− (1− ηk − %kν)L

)
‖κk − κk−1‖

+
2S

2− (1− ηk − %kν)L
(|%k − %k−1|+ |ηk − ηk−1|+ |σk − σk−1|).

(3.7)

Let

ak =
2((1 + L)ηk − (1− L)− %k(νL− ρt))

2− (1− ηk − %kν)L
,
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and

εk =
2S

2− (1− ηk − %kν)L
(|%k − %k−1|+ |ηk − ηk−1|+ |σk − σk−1|).

Then inequality (3.7) can be written as

‖κk+1 − κk‖ = (1− ak)‖κk − κk−1‖+ εk. (3.8)

Using the boundedness of {κk} and the Lipschitz continuity of F , K and Ψ
standard estimates yield inequality (3.6). From assumptions (A1)–(A5), we have
ak > 0 and εk → 0. Hence, by Lemma 2.10, limk→∞ ‖κk+1 − κk‖ = 0 as k →∞.

Step 3. limk→∞ ‖κk −Ψκk‖ = 0. This follows the argument below:

‖κk −Ψκk‖ ≤ ‖κk − κk+1‖+ ‖κk+1 −Ψκk‖

≤ ‖κk − κk+1‖+ ‖κk+1 −Ψ

(
κk + κk+1

2

)
+ Ψ

(
κk + κk+1

2

)
−Ψκk‖.

Then apply triangle inequality

≤ ‖κk − κk+1‖+

∥∥∥∥κk+1 −Ψ

(
κk + κk+1

2

)∥∥∥∥+

∥∥∥∥Ψ

(
κk + κk+1

2

)
−Ψκk

∥∥∥∥ .
Now apply Lipschitz property

≤ ‖κk − κk+1‖+

∥∥∥∥κk+1 −Ψ

(
κk + κk+1

2

)∥∥∥∥+
L

2
‖κk+1 − κk‖

≤
(

2 + L

2

)
‖κk − κk+1‖+ %k

∥∥∥∥ρK(κk)− λF
(
κk + κk+1

2

)∥∥∥∥
+ ηk

∥∥∥∥κk −Ψ

(
κk + κk+1

2

)∥∥∥∥
≤
(

2 + L

2

)
‖κk − κk+1‖+ %k

∥∥∥∥ρK(κk)− λF
(
κk + κk+1

2

)∥∥∥∥
+
ηk
2
‖κk −Ψ(κk)‖+

ηk
2
‖κk −Ψ(κk+1)‖

≤
(

2 + ηk + L

2− ηk

)
‖κk − κk+1‖+

2%k
2− ηk

∥∥∥∥ρK(κk)− λF
(
κk + κk+1

2

)∥∥∥∥ ,
and therefore

‖κk −Ψ(κk)‖ ≤
(

2 + ηk + L

2− ηk

)
‖κk − κk+1‖+

2%k
2− ηk

∥∥∥∥ρK(κk)− λF
(
κk + κk+1

2

)∥∥∥∥
≤ C‖κk − κk+1‖+

2%k
2− ηk

∥∥∥∥ρK(κk)− λF
(
κk + κk+1

2

)∥∥∥∥ .
Where C > 0 is a constant depending on the Lipschitz constant L and the
parameters of the iteration. Since limk→∞ ‖κk − κk+1‖ = 0 and %k → 0 as
k →∞, we obtain

lim
k→∞
‖κk −Ψκk‖ = 0.
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Step 4. We prove that κu(κk) ⊂ Fix(Ψ). Here κu(κk) = {κk ∈ M : there
exists a subsequence of {κk} weakly converging to z} is the weak u−limit set of
{κk}. This follows directly from Step 3 and Lemma 2.7.

Step 5. We claim

lim
k→∞

sup〈(ρK − λF)z,κk − z〉 ≤ 0, (3.9)

where z ∈ Fix(Ψ) is the unique solution of variational inequality (3.1)
Indeed, we can find a subsequence κki from the sequence κk, which converges

weakly to a point u. Furthermore,

lim
k→∞

sup〈(ρK − λF)z,κk − z〉 = lim
i→∞

sup〈(ρK − λF)z,κki − z〉. (3.10)

We can use Proposition 2.6(i) to combine (3.9) and (3.10) and come to the
conclusion that z ∈ Fix(Ψ) by Step 4.

lim
k→∞

sup〈(ρK − λF)z,κk − z〉 = lim
i→∞

sup〈(ρK − λF)z,κki − z〉.
= 〈(ρK − λF)z, u− z〉 ≤ 0.

(3.11)

Step 6. We finally prove that κk → z in norm. Here again z ∈ Fix(Ψ) is the
unique solution of variational inequality (3.1). We present the details as follows:

‖κk+1 − z‖2 =

〈(
%kρK(κk) + ηk(κk) + σkΨ

(
κk + κk+1

2

)
+ ((1− ηk − σk)I − %kλF)Ψ

(
κk + κk+1

2

))
− z,κk+1 − z

〉
≤ %kρ 〈(K(κk)−K(z)),κk+1 − z〉+ %k〈(ρK − λF)z,κk+1 − z〉

+ ηk〈κk − z,κk+1 − z〉+ σk

〈
Ψ

(
κk + κk+1

2

)
− z,κk+1 − z

〉
+ (1− ηk − σk)(1−

%kλ

1− ηk − σk
F)

〈
Ψ

(
κk + κk+1

2

)
− z,κk+1 − z

〉
≤ %kρt‖κk − z‖‖κk+1 − z‖+ %k〈(ρK − λF)z,κk+1 − z〉

+ ηk‖κk − z‖‖κk+1 − z‖+
σk
2
‖κk − z‖‖κk+1 − z‖

+
σk
2
‖κk+1 − z‖‖κk+1 − z‖+

1− ηk − σk − %kν
2

‖κk − z‖‖κk+1 − z‖

+
1− ηk − σk − %kν

2
‖κk+1 − z‖‖κk+1 − z‖

=

(
1 + ηk + 2%kρt− %kν

2

)
‖κk − z‖‖κk+1 − z‖

+

(
1− ηk − %kν

2

)
‖κk − z‖2 + %k〈(ρK − λF)z,κk+1 − z〉

(3.12)

It turns out that
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(
1 + ηk + %kν

2

)
‖κk+1 − z‖2 ≤

(
1 + ηk + 2%kρt− %kν

2

)
‖κk − z‖‖κk+1 − z‖

+ %k〈(ρK − λF)z,κk+1 − z〉.

≤
(

1 + ηk + 2%kρt− %kν
1 + ηk + %kν

)
‖κk − z‖2

+

(
1 + ηk + 2%kρt− %kν

1 + ηk + %kν

)
‖κk+1 − z‖2

+
2%k

1 + ηk + %kν
〈(ρK − λF)z,κk+1 − z〉.

(3.13)

Hence, we get

(
1−

(
1 + ηk + 2%kρt− %kν

1 + ηk + %kν

))
‖κk+1 − z‖2 ≤

(
1 + ηk + 2%kρt− %kν

1 + ηk + %kν

)
‖κk − z‖2

+
%k

1 + ηk + %kν
〈(ρK − λF)z,κk+1 − z〉.

1 + ηk + 3%kν − 2%kρt

2(1 + ηk + %kν)
‖κk+1 − z‖2 ≤ 1 + ηk + %k(2ρt− ν)

2(1 + ηk + %kν)
‖κk+1 − z‖2

+
4%k

1 + ηk + %kν
〈(ρK − λF)z,κk+1 − z〉.

(3.14)

Which implies that

‖κk+1 − z‖2 ≤ 1 + ηk + %k(2ρt− ν)

1 + ηk + 3%kν − 2%kρt
‖κk − z‖2

+
4%k

1 + ηk + 3%kν − 2%kρt
〈(ρK − λF)z,κk+1 − z〉.

=

(
1− 4%k(ν − ρt)

1 + ηk + %k(3ν − 2ρt)

)
‖κk − z‖2

+
4%k(ν − ρt)

1 + ηk + %k(3ν − 2ρt)
×
{

1

(ν − ρt)
〈(ρK − λF)z,κk+1 − z〉

}
= (1− θk)‖κk − z‖2 +$k,

(3.15)

where γk = 4%k(ν−ρt)
1+ηk+%k(3ν−2ρt)

and δk = 1
(ν−ρt)〈(ρK − λF)z,κk+1 − z〉. Since

limk→∞ %k = 0 and
∑∞

k=0 %k =∞, it is easy to see that limk→∞ γk = 0,
∑∞

k=0 γk =
∞, and lim supk→∞ δk ≤ 0. It follows from (3.14), (3.15), and Lemma 2.10 that
κk → z. This completes the proof.

�

Remark 3.3. If Ψ is nonexpansive, then it is quasi-nonexpansive. Therefore, our
result recovers Hu’s [16] finding as a special case. Since the converse is not true,
our result is more general. Hence, the applicability of Theorem 3.1 extends the
results of Hu [16].
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4. Conclusion

In this paper, we demonstrate a strong convergence theorem derived from a
proposed viscosity implicit midpoint for fixed points of quasi-nonexpansive map-
ping. Additionally, we present a unique solution to the variational inequality
problem. Our result is more general and extends the results of Hu [16].
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