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A VISCOSITY IMPLICIT MIDPOINT RULE FOR
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ABSTRACT. In this paper, we establish the viscosity implicit midpoint rule un-
der appropriate assumptions regarding the sequence of parameters for the fixed
point of quasi-nonexpansive mappings within the context of a Hilbert space.
We then demonstrate strong convergence based on specific assumptions placed
on the sequence of parameters. Additionally, we present a unique solution to
the variational inequality problem.
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1. INTRODUCTION

In this paper, we assume that H is a Hilbert space equipped with an inner
product (.,.) and a norm ||.|. Let M denote a nonempty subset of H. We then
have the nearest point projection from H onto M, Py, defined by

Py i e — wll? . 1.1
Mz = arg min [|se —ul]”, e H (1.1)

The objective ||z — u||* over u € M is minimized at only point Py, se.
Observe that Py is defined as follows:

Pyse and (32 — Ppyse,u — Ppyse) <0, Yu e M. (1.2)

The viscosity approximation method for nonexpansive mappings in Hilbert

spaces was introduced by Moudafi [20], building on the concepts developed by

Attouch [1]. This method generates the sequence {5} through an explicit vis-
cosity approach:

M1 = O./kf(%k) + (1 - Oék)\lf%k, k Z 0. (13)
In this context, f is defined as a contraction mapping, while W represents a nonex-
pansive mapping on the Hilbert space H. Additionally, {«;} denotes a sequence
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of values in the interval (0,1). The results of Browder [9] and Halpern [15] are
expanded upon by the iterative scheme (1.3). Many authors have studied the
convergence of this explicit iterative scheme; under appropriate conditions, these
iterations strongly converge to the unique solution ¢ € Fix(¥) of the variational
inequality (VI).

(I —f)g,—q) >0, xeFix(V), (1.4)
where, Fix(W) represents the set of fixed points of W. This fact enables the appli-
cation of this method to areas such as convex optimization, linear programming,
and monotone inclusions. In 2004, Xu [27] expanded upon Moudafi’s [20] results,
applying them to uniformly smooth Banach spaces and demonstrating a strong
convergence theorem.

The implicit midpoint rule is an effective method for solving ordinary differen-
tial equations; refer to [5, 6, 13, 19, 22, 23, 20] and the associated references for
further details. For example, examine the initial value problem associated with
the differential equation

dx

dt
with the initial condition (2¢(0) = 7).
The accretive and monotone mappings are associated with the evolution model
(1.5), which enhances their utility and relevance. According to [3], the model
(1.5) can be solved when W is locally Lipschitzian and accretive to #H. Estimat-
ing the zero of a nonlinear mapping W, specifically 0 € Wi, is a significant and
powerful tool in approximation theory. This approach allows for the derivation of
solutions to various problems, including elliptic differential equations, optimiza-
tion problems, inclusion problems, and fixed point problems. These solutions can
be framed within the context of the inclusion problem 0 € Wz, which corresponds
to the equilibrium state characterized by the equations % = 0 and V(s) = 0;
refer to [8, 12]. The implicit midpoint rule generates a sequence {s¢} by the
following recursion:

U((t)), (1.5)

l(%]ﬁ_l - %k) =V (M> , keN, (16)
h 2
where h > 0 denotes a step size and N represents the set of positive integers for
a continuous function map ¥ : RY — RY.

The implicit midpoint rule (IMR) has been extended in [3] for nonexpansive
mappings, which results in the generates of a sequence {} through an implicit
scheme:

+
A1 = (1 — Qk)%k -+ Qk\If (W) , ke N, (17)

where {o;} in (0,1) and ¥ : H — H is nonexpansive. In 2017, Hu [16] proposed
and analyzed a more general viscosity implicit midpoint rule (MGVIMR for short)

My, + A
2

where V¥ is a nonexpansive mapping, F'is a k—Lipschitzian, and U a 7—Lipschitzian
mapping. The authors introduced the more general viscosity implicit midpoint

a1 = oupU (5r) + Broa, + (1 — Bi)] — )V ( ) , Vk >0,
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rule for fixed points of nonexpansive mappings in Hilbert space and proved a
strong convergence theorem for these mappings under specific assumptions re-
garding the sequence of parameters. The fixed point theory has emerged as a
rapidly developing field in recent years, largely due to the process and diversity
of the implicit midpoint rules employed to approximate fixed points across dif-
ferent classes of mappings (see [2, 3, 11, 17, 21, 24, 29, 30]).

Motivated by the aforementioned works, in the present manuscript, we establish
the viscosity implicit midpoint rule under specific condition on the sequence of
parameters for quasi-nonexpansive mappings in the Hilbert space. Let F be a
¢-Lipschitzian mapping and o-strongly monotone mapping. Additionally, let
be a t-Lipschitzian mapping, consider the following viscosity implicit midpoint
rule.

M +
1 = 0upKC(50) + Mo + 0x ¥ (%)

+ (1= — op)] — o AF)¥ (%) k>0,

where {ox}, {ox} and {n;} € (0,1) for all k.

Furthermore, we present a strong convergence theorem for quasi-nonexpansive
mappings, given certain assumptions on the sequence of parameters. The nov-
elty of this paper lies in proposing a viscosity implicit midpoint rule for quasi-
nonexpansive mappings involving an additional Lipschitz perturbation. Unlike
existing schemes that require nonexpansiveness, our results apply to the class of
quasi-nonexpansive mappings and extend the work of Hu [10].

2. PRELIMINARIES

In this section, we will review some concepts and results that will be used in the
main results.

Definition 2.1. A mapping ¥ : M — M is said to be L—Lipschitzian if there
exists a constant L > 0 satisfying

| W3 — Wul|| < L — ul|, Vse,u € H,

when L =« € (0, 1), is called a-contractive mapping. If L = 1, then ¥ is known
as a nonexpansive mapping. We denote the set of fixed points of ¥ by Fiz(¥).

It is clear that the Lipschitz operator is more general than the contractive
operator.

Definition 2.2. A mapping ¥ : M — M is said to be quasi-nonexpansive if
W (5¢) — ul| < [|5e = ul
for all »z € M, and u € Fiz(V).

In 1916, Tricomi [25] introduced the concept of quasi-nonexpansiveness for real
functions. This notion was subsequently studied by Diaz and Metcalf in the
context of mappings in Banach spaces [14].
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Definition 2.3. A bounded linear operator B : H — H is called strongly positive
if there exists a constant v > 0 such that

(Bse, ) > y|||*, Vx €M

Definition 2.4. The metric (or nearest point) projection from H onto M is
defined as the mapping Py : H — M. This mapping assigns to each point
» € ‘H a unique point Py»r € M that satisfies the property.

¢ = Pagsell = inf 13 = gl 1= (o6, M),

Definition 2.5. ¥ : M — H is a mapping that is known as
(i) monotone if

(Use — Vu,3c —u) >0, Vir,u € M;
(ii) n-strongly monotone if there exists a constant n > 0 such that
(Ue — Wu, 22 — u) > |2 —ul?, Vse,u € M;
(iii) ¢-inverse-strongly monotone if there exists a constant ¢ > 0 such that
(Ut — Wu, 22 — u) > ||V — Vul|?, Vi, u € M.

It is obvious that if ¥ is (-inverse-strongly monotone, then it is monotone and
%—Lipschitz continuous. Furthermore, we have that, for any u,v € M and A > 0
(1 = AW)u — (I = AW)o]|* < [Ju—v]]* + A(A = 2) || Pu — T

So, if A < 2(, then I — AV is nonexpansive mapping.

The following proposition presents some important properties of projection.

Proposition 2.6. For given » € H and w € M

(i.) w=Puyxs (x—2z,u—2) <0, YueM

(ii.) w = Ppsc & ||2e— 2| < |lse —u||? = |lu— 2|, YueM
(iii.) (Pyze — Py, sc — u) > ||Pypse — Pyul]?, Yu € H.

Consequently, Py is nonexpansive and monotone.

Lemma 2.7. ([7, 18](The demiclosedness principle)). Let H be a Hilbert space
and M a closed conver subset of H. Let ¥V : M — M be a nonexpansive mapping
with Fix(V) # 0. If a sequence {3} C M satisfying

(i) {5} weakly converges to s

and (i) {(I — V). } converges strongly to 0. Then, it follows that » = Use.

Remark 2.8. Although Lemma 2.7 is stated for nonexpansive mappings, the con-
clusion remains valid for quasi-nonexpansive mappings provided W is Lipschitz
continuous, since the proof relies only on the weak sequential closedness of I — W.

Lemma 2.9. [7, 18] In real Hilbert space H, the following hold:

(i) lu+wl* < Jjul® + 2(w, u + w), Vu,w € H;
(ii) |[Au+(1—=XN)wl|]? = Aul]?+ (1 =N)||w]]? = A1 =) ||lu—w|?, for all u,w € H
and A € (0,1).
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Lemma 2.10. [28] Let {ax} be a sequence of nonnegative real numbers such that
app1 < (1 —yp)ap +0p k>0,
where {v} C (0,1) and {6y} C R such that
(1) 2= W = 00 N
(i) imsup, o 25 < 0 or 3,7, [0k] < oo.
Then the sequence {ay} converges to zero, that is limy_, ag = 0.
Lemma 2.11. [10] Let H be a real Hilbert space. Let V:H — H be a l-

Lipschitzian mapping with a constantl > 0, and let G: H — H be a k-Lipschitzian
and n-strongly monotone mapping with constants k,n > 0. Then for 0 < vl < un,

(uG = WV)a = (UG = V) y,x —y) = (i —D)lz —y|?, Va,yeC.
That is, pG' — vV is strongly monotone with constant un — .
Lemma 2.12. Let H be a real Hilbert space and let ¥V : M — M be a quasi-
nonexpansive mapping with Fiz(V) # (), where M C H is nonempty, closed, and

conver. Let F : M — H be Lipschitz continuous and strongly monotone. Then
the variational inequality

(Fzyx —2z) >0, Vze Fig(V),
admits a unique solution z € Fiz(V), which is equivalently characterized by

can be derived by combining the projection characterization in Hilbert spaces and
the viscosity approzimation framework (see Xu [27], Marino and Xu [19]).

Remark 2.13. Although the above lemma is well known for nonexpansive map-
pings, the same conclusion remains valid for quasi-nonexpansive mappings since
the proof relies only on the closedness and convexity of the fixed point set.
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3. THE VISCOSITY TECHNIQUE FOR IMPLICIT MIDPOINT RULE

In this section, we demonstrate a strong convergence theorem derived from a
viscosity implicit midpoint rule for fixed points of quasi-nonexpansive mapping.

Theorem 3.1. Let H be a Hilbert space, M a closed convex subset of H, and
U : M — M a quasi-nonexpansive mapping with Fixz(V) # 0. Let F : M — M
be a ¢p— Lipschitz continuous and o—strongly monotone mapping, where ¢,o > 0,
and K : M — M a t— Lipschitzian mapping with constant t > 0. Assume that ¥
1s uniformly Lipschitz continuous on bounded subsets; that is, there exists L > 0

such that ||Wse — Wu|| < L||>c — u|| for all 3¢,u in bounded subset of M. Let v =
1 — /1= \(20 — \¢?). Suppose the parameters satisfy 0 < X\ < 23, 0 < pt < v.
Let {54} be generated by the viscosity implicit midpoint rule (1.8). Then {}
converges in norm to a fized point p of ¥, which is also the unique solution of the
variational inequality.

We additionally assume the following conditions:

(A2) > o lows1 — ok] < o0,

(A3) D200 M1 — mie| < 00 and 3777 o og41 — 03] < 00

(A4) O<m+or<l1, Vk

(AB) W is quasi-nonezpansive and uniformly Lipschitz continuous on bounded

subsets of H.

Then the sequence {s,} converges strongly to z € Fiz(V), where 2z = Ppiy(w) (I —
AF + pK)(2). In other words, which is also the unique solution of the variational
inequality

(pK = AF)(2),5¢— 2) <0, Vi€ Fizx(V). (3.1)

Remark 3.2. Assumption (A5) is imposed to guarantee the demiclosedness of the
operator I — W at zero and to control the implicit midpoint term W (%) In
the absence of Lipschitz continuity, quasi-nonexpansiveness alone is insufficient to
ensure weak sequential closedness of Fix(W), which is required in Step 2 and Step

3 of the proof. Similar assumptions are standard in viscosity-type approximation
methods (see Xu [27], Marino and Xu [19]).

Proof. Since F : M — M be a ¢—Lipschitzian continuous and o— strongly
monotone mapping, and K : M — M a t—Lipschitzian continuous mapping, we
have

(I — AF)se — (I — AF)u||* = |2 — u||* — 2X\ (3¢ — u, Fsc — Fu)
+ N?||Fre — Ful?
< (1 —=2X0 + 220?22 — u?
= (1= v)*|lse — |, (3.2)



A VISCOSITY IMPLICIT MIDPOINT RULE FOR QUASI-NONEXPANSIVE MAPPINGS 7

where v =1 — /1 — A\(20 — A\¢?), and hence

| Priau)(I — AF + pK) 3¢ — Prigiwy (I — AF + pK)ul| < [|(I — AF 4 pK) s

— (I = AF + pK)ul|
< (I = AF)5e — (I — MF)ul|
+ pl[Kse — Kull

(1 = v)[3e — ul| + pt|c — ull
(1= (v = pt))[> — ul],
(3.3)

<
<

for all s¢,u € M. Therefore, Ppizw)(I — AF + pK) is a contraction of M into
itself, which implies that there exists a unique z € M such that

2 = Ppigny(I — A\F + pK)z.
We divide the proof into several steps:

Step 1. Since Fix(V) # 0, let p € Fix(V¥). Using the quasi-nonexpansive map-
ping of ¥, we obtain

. +
a1 = pll = H <gkpic<%k> s+ o (—)

2

(1=, — o) — ATV (M) ) _,

2
(3.4)
n +
< low(pKoa) = AFGI -+ o = o+ o [ (2575 ) =
7y + g
+ [((1 =g — o) — 0 AF)V — s

— (1 = — ow)L — 0 AF)(p)

< okl pK(se) — AF ()| + ne |22 — pl| + o

v <%k + %k+1) _pH
2
<1 B Ok ]__> o (%k + %k+1)
1—77k—0'k 2

A
_(I_Lf)pH
I —n,—ox

+ (1 = — ox)
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(=572)

< orllpK(sa) — pK(p)|| + orllpK(p) — AF ()| + o

v », +
+ mella = pll + (1 = — o) (1—1@#) qu( ; kﬂ) H
— Tk — Ok
L4 e — oy + 20kpt 1— 1 — o
- 2 5 = pll + —5——lls4141 —
+ okl pPK(p) — AF (p)]|-
It follows that
2(ox(v — pt
(el
+ Nk + OkV
206(v — pt) { 1 }
N K(p) = AF 3.5
L+ ne + oxv (V—pt)Hp (p) @)l (3.5)
1
= —pll, ——l(pK — A .
< e { [~ pll 0k = APl

By induction, we readily obtain

1
_ ol < _ - _
36141 — pl| < maX{ll%o pll; (V_pt)ll(p/C AJf)pll},

for all k£ and s € M. It turns out that {s¢} is bounded.

Step 2. limg_yo0 || 2641 — 5|| = 0. To see this, we apply (1.8) to get

1541 = 24l =

»y, + %k+1)

M1+
— [Qk—lplc(%k—l) + Ng—126—1 + 01V (%)
Mr_1 + ¥
+ ((1 — NMk—1 — Uk—l)] — Qk_l)\f)\lf <% ] ||

ok (P (54) — pK(31-1)) + (0k — 0k—1)(pPK(361-1))

2

g, +
+ (2t — 2t001) + (e — Me—1) (P2k—1) + o (‘If (M> - (
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o (u(5)

+ (L= ne = ow)] — ok AF) (\I' (%) v (%W))

1+
+ (L= — o) ] = o AF = (1 = me—1 = 01)1 — 01 AF))V (”k 1 %k> ||

2
< orpt||sa — s + |ox — ok—1|lpKse—1|l + el 2k — sria |l + M — Mot ||| 201 |
255 = el + s = )+ o = o | (225
L gk O )+ s — )
FI == o) = 0AF = (1= s = o) ] = e 1AF)| H‘I’ (KMTW) H
< (Qkpt e (1—m — ;k — o)L N a,;L e — sl o — orsll K Gasl
k= il |+ D — s || (WTW) ‘
+ ok — op-1] ||¥ <—%k_12+ %k) ’ + |ox — ox-1] ‘)\]:\IJ (—%k_l;_ %k> H
Amm ol ol

2
(L +me — oxv) L+ 2mp + 20pt 2|0k — o1
= o = sl + { 5=

2—(1—mp — oxv)L (1 —m —ov)L

n 2|0k — ok-1| 2|k — Mg—1] g
2—(1—mpe—oxv)L  2—(1—mn— opv)L
(3.6)
Here S > 0 is a constant such that
s (o (2722 ) (1ot + o (2222
k>0 2 k>0 2
sup || pKC(5e,) + AF Y (M> H }
k>0 2
It turns out that
200+ Ly, — (1 = L) — vL — pt
_ (1 . (( )77/6 ( ) Qk?( 1Y ))) H%k . %Icflu
2 — (1 — M — Qk;’/)L (3.7)

PR F— le/)L(lgk — Ok—1| + | — Me—1| + |on — o%a]).

Let
201+ L)m — (1 = L) — o (VL — pt))
2—(1—m — o)L ’

ap =
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and

B 25
2—(1—m — oxv

Then inequality (3.7) can be written as

€k (lox — ok—1| + |mk — M—1| + |ok — ok—1]).
)L

5111 — 2al| = (1 — a5 — 2061 + €& (3.8)

Using the boundedness of {3} and the Lipschitz continuity of F, K and ¥
standard estimates yield inequality (3.6). From assumptions (A1)—(A5), we have
ar > 0 and €; — 0. Hence, by Lemma 2.10, limy_,o || 22541 — 2| = 0 as k — oo.

Step 3. limg_,o0 ||76x — W3z || = 0. This follows the argument below:

156k — Wi || < |56k — stipall + [|5041 — Vo

.+ i +
S H%k - %k+1H + H%k+1 - (%) + \\J (%) — \If%k”

Then apply triangle inequality

oo (2 o252 o

< _

Now apply Lipschitz property

»y, + L
<l = el + s = 0 (L) 4 L s =
24+ L 2
< (355 = mall 4 o) = a7 (2570
ny, +
2+ L My, +
< (555 I = sl + o o) — a7 (250
I = W) | + Bl — Ua)]
24n,+ L 2 My, +
< (2 ) g — saa |l + 5o ||k (a) — AF (L
2 2 2
and therefore
24+ L 20 n, +
o = WGall < ( TS ) o — sl + 5o || K () — AF (L
92— 2 9
2 n, +
S OH%k: - %k-i—lH + 5 Ok plC(%k) — A\F <u) H .
— Mk 2
Where C' > 0 is a constant depending on the Lipschitz constant L and the
parameters of the iteration. Since limg o |[36x — 2641/ = 0 and g — 0 as

k — oo, we obtain

lim ||5¢, — Y| = 0.
k—o00
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Step 4. We prove that s¢,(s2,) C Fiz(V). Here s,(5¢) = {5, € M : there
exists a subsequence of {5} weakly converging to z} is the weak u—limit set of
{54.}. This follows directly from Step 3 and Lemma 2.7.

Step 5. We claim
klim sup((pIKC — AF)z, s, — 2) <0, (3.9)
—00

where z € Fiz(¥) is the unique solution of variational inequality (3.1)
Indeed, we can find a subsequence s, from the sequence s, which converges
weakly to a point u. Furthermore,

klim sup((plKC — AF)z, 25, — z) = lim sup((pK — A\F)z, s, — 2). (3.10)
—00 1—00

We can use Proposition 2.6(i) to combine (3.9) and (3.10) and come to the
conclusion that z € Fiz(V) by Step 4.

klim sup((pK — AF)z, s, — z) = lim sup((pkC — A\F)z, s, — 2). 211
= ((pK = AF)z,u — z) < 0. (8:11)

Step 6. We finally prove that s, — 2z in norm. Here again z € Fiz (V) is the
unique solution of variational inequality (3.1). We present the details as follows:

n + %
o — 2l = < <gkp/c<%k> o) o (A7)

2
< okp (K(a) = K(2)), 2611 = 2) + 0r (0K = AF)2, 5041 — 2)

., +
+ M5 — 2, 50401 — 2) + 0o%, <‘1’ (%) — 2, 1 — Z>

A
Fa-n-a)0-—22 5 (v m) _Z,%k+1_z>
— Mk~ Ok 2

< onptllsn = 2| [15h1 = 2l + ek {(PKC = AF)2, 5101 — 2)

+ ((1 — Nk — Uk)l - Qk)\}_)q’ (M) — 2, My1 — Z>

Ok
el = 2l = 2l + loa = 2l — 2|
O — Nk — Ok — OkV
+?||%k+1 — 2|41 — 2l + 5 |
— Nk — O — OV
+ [5141 — 2[[I2ek11 — 2|

1 200t —
e L | e e

1— s — oV
+ <#) 50 — 211* + (P — AF)2, 51041 — 2)
(3.12)

It turns out that

|26 — 2||||56r11 — 2|
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1+, + owv 9 1+ 0k + 201pt — oV
—— | Pt — 2||” < |51 — 2||[|s2041 — 2|

2 2
+ 0k ((pIC — AF)z, 3511 — 2).
1 201pt —

L+, + oy
L+ e + 201pt — oV 9
+ |56k 41 — 2]
21+77k+0k7/
Ok
—— (P = AF)z, 2141 — 2).
1+77k+9k7/<(p ) k+1 >

(3.13)

Hence, we get

14 nx + 201pt — ok 9 L+ ng + 20rpt — oV 2
1-— | 2t601 — 2|7 < |5 — 2|
I+, + oV L+ n + okv

M—JFW((P’C — AF)z, 541 — 2).
T 21+ + owv)

4oy,
m((ﬁ’c — AF)2, i1 — 2).
(3.14)

14 ne + 3oy — 20ipt
2(1 + i + o)

561 — 2[I*

Which implies that
o At oot —v)

2 2
Hjp1 — 2 oy — 2
R R e T Ll
Ok
+ K — ANF)z, 5.1 — 2).
1+77k+39kV_29kpt<(p )2 e = 2)

_ dog(v — pt) ,
U _ |26 — ||
1+ m + 0x(3v — 2pt)
dop(v — pt) { 1 }
* x K — AF)z, st —
L+ + ok (3v — 2pt) (v — pt) {(p )2, g1 — 2)
= (1= 645 — 2* + @,

(3.15)

where 7, = % and 0, = m((pK — AF)z, 541 — 2). Since
limy,_yo 0 = 0 and Y po ) o) = 00, it is easy to see that limy oo 7% = 0, Do Tk =
00, and limsup,_, . 0 < 0. It follows from (3.14), (3.15), and Lemma 2.10 that
2, — z. This completes the proof.

O

Remark 3.3. If ¥ is nonexpansive, then it is quasi-nonexpansive. Therefore, our
result recovers Hu’s [10] finding as a special case. Since the converse is not true,
our result is more general. Hence, the applicability of Theorem 3.1 extends the
results of Hu [16].
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4. CONCLUSION

In this paper, we demonstrate a strong convergence theorem derived from a
proposed viscosity implicit midpoint for fixed points of quasi-nonexpansive map-
ping. Additionally, we present a unique solution to the variational inequality
problem. Our result is more general and extends the results of Hu [16].
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