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ABSTRACT. his paper deals with the existence of weak solutions for a quasilin-
ear Dirichlet elliptic problem with a more general subcritical reaction involving
a parameter. According to the values of the parameter, we clearly show the
non-existence and multiplicity results. Specifically, we first exhibited a critical
positive value such that the problem admits at least a nontrivial non-negative
weak solution if and only if the parameter is greater than or equal to this
critical value. Furthermore, for the values of parameter greater than a second
critical positive value, we prove the existence of a second independent nontriv-
ial non-negative weak solution of the problem.
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INTRODUCTION

For several decades, various papers have focused on the study of the existence,
non-existence or even the multiplicity of nontrivial weak solutions of nonlinear
elliptic problems, depending on a parameter, in a bounded domain of RY or on
the entire RY space. Azorero and Alonso in [(] studied the existence of solutions
for the following nonlinear degenerate elliptic problems in a bounded domain

—div (|VulP72Vu) = [ulP" ~2u + Mu|?%u in €,

(0.1)
=0, on 0,
where ] <p < N, 1 <gqg<p' = NN—_’; . A >0, Q a bounded domain of RY with
a boundary 0. In [0], for p < ¢ < p*, one exihbited A\ > 0 such that problem
(0.1) has a nontrivial solution for all A > Ag. On the other hand in [6], Azorero
and Alonso proved that if 1 < ¢ < p in problem (0.1), then (0.1) possesses an
infinitely many solutions for A € (0, A1), where A\; > 0 is a constant.
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In [3], Ambrosetti, Brézis and Cerami consider the semilinear elliptic Dirichlet
problem

—Au = g+ uP r €N
u>0 x € (0.2)

u=0 x € 0f)

where 0 < ¢ < 1 < p, )\ is a real parameter, ) a bounded domain of RY
with a smooth boundary 9. In [3], the authors proved that, for N > 3, if
0<g<l<p< %, there exists A > 0 such that problem (0.2) admits at least
two solutions for all A € (0, A), has one solution for A = A, and no solution exists
provided that A > A.

Moreover, in the same paper, they proved, for example, that there exists A* > 0

such that for all A € (0, A*), the problem

—Au = Mu|?u + |uP~ z €

u=0 x € 0f)
has an infinitely many solutions with negative energy when when 0 < ¢ < 1 <
p < % For their part, Alama and Tarantello later studied, in [2], according to

the values of the real parameter \ the existence and multiplicity of non-negative
weak solutions of the semilinear Dirichlet problem

—Au — du = w(x)ul — h(z)u" r €
u>0 reQ | (0.3)

u=0 x € 0f)

where Q2 C RY(N > 3) is a bounded domain with smooth boundary, w and h are
functions in L'(2) and 1 < ¢ < r. More specifically, for A in a neighborhood of \;
(the first eigenvalue of operator —A in H}(Q)), they obtained the solvability of
(0.3) (and corresponding multiplicities) under different kinds of hypotheses about
w and h.

In the literature, one finds both several semilinear and quasilinear elliptic prob-
lems with one parametric nonlinearity characterized by nonlinear functions of
the form |u[P~2u and dealing with existence and multiplicity results for nontrivial
weak solutions depending on the values taken by parameter. Among semilinear

elliptic problems we refer to [11],[18], [19], [4], [24], [10] and the references therein.
Concerning the case of quasilinear elliptic equations in bounded domains or in
entire space R, we can mark the works [15], [16], [20], [13], [7], [21] and [5].

Like the works cited previously, this paper deals with the existence and multiplic-
ity of solutions to the problem depending on the values of parameter. However,
in terms of results, our work is much closer to the articles [21, 5]. The major nov-
elty of our work compared to the previous ones lies in the fact that the nonlinear
source term of our equation involves nonlinear terms that generalize those found,
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for example, in [2, 21, 5]. More precisely, in this paper, we study the quasilinear
elliptic equation with a single parameter

—div (|Vu|™2Vu) + [u]™?u = A f(|u])u — g(Ju|)u in €,
(Pr)
u = 0 on 0f),

where @ € RY, N > 3, is a bounded domain with smooth boundary, f, g
suitable positive functions and A is a real parameter. This work that we do here
is the quasilinear version of the semilinear problem developed in [23]. Indeed, by
setting m = 2 in (P, ), we recover the problem studied in [23]. The solutions of
the semilinear problem of [23] were considered in a space X that is continuously
embedded in both the Sobolev space H}(Q) and the Orlicz space Lg(f2) (the
space L () will be defined later). For the problem (P,), which is the focus of
this paper, the solutions are found in the space X, the completion of C§°(2) with

1/m
respect to the norm |lul|x = <||u||%01m(9) + ||u||g‘> where ||u||W01,m(Q) denotes

the standard the norm in the Sobolev space W, ™ () and |ju||¢ is the norm in
Orlicz space Lg(€2). Thus, the main results of this paper generalize those of [23]
to the space X, which is continuously embedded in W, ().

By taking inspiration from the method developed in [21],[5] and [23], we use vari-
ational arguments to study the existence and multiple nontrivial weak solutions
of problem (P,) according to the values of the parameter A. To obtain our results
in this work, we require in (P,) the following assumptions:

(Z1) f is a function continuous on R, and of C*((0,400),R,) such that

f(t) >0, (f(t)t) >0forallt >0, (0.4)
f)=0st=0, (0.5)
1tEeroof(zf) = +00. (0.6)
Let’s set .
F(t) = / sf(s)ds forall t > 0; (0.7)
0
(%) There exist p,q € Ry such that max(2,m) < p < ¢ <m* = 3" and
St
—2< < q—2, forallt > 0; 0.8
) o
(%) g is a continuous function on R, and of C'((0, +00), R, ) such that
g(t) >0, (g(t)t) > 0 for all t > 0, (0.9)
g(t) =0 t=0, (0.10)
lim g(t) = +o0. (0.11)
t—+o00
Let’s set

G(t) = /Ot sg(s)ds for t > 0; (0.12)
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(%) There exists r such that r > ¢ and

AQL
9()
Thus, it is clear that the functions f and g of the Dirichlet problem (P,) of our
present work generalize the functions |u|?7? and |u|""2 (2 < ¢ < r) which appear

in the main equation studied in [13], [21] or [5].
The main goal of this paper is the proof of the following two theorems.

Theorem A. By the fulfillment of assumptions (%), (%2) (%) and (%), there
exists a critical value X > 0 such that the Dirichlet problem (P,) admits at least
a nontrivial non-negative weak solution if and only if X > \.

qg—2< <r—2, forallt > 0. (0.13)

Theorem B. Suppose that the assumptions (1), (#2) (%) and (%) are ful-
filled. Then, there exists a critical value X\ satisfying X > A such that for all
A > ), the Dirichlet problem (P,) admits at least two nontrivial non-negative
weak solutions.

In Section 1 we talk about Orlicz spaces which we will use in our work. In the
Section 2 we give different embeddings between the working spaces of this paper
and prove the non-existence of a nontrivial weak solution when A in (P,) is less
than a positive number. The conditions for existence of weak solutions of (7))
are established in Sections 3. Section 4 is devoted to proving Theorem A and
section 5 deal with the proof of Theorem B.

1. SOME NOTIONS ON ORLICZ SPACES

This section repeats exactly section 2 of [23].

Definition 1 (Definition of a N-function). Let 1) be a real-valued function defined
on [0,00) and having the following properties:

(a) ¥(0) =0,9(t) > 0 ift > o,tLiinoo = 400,

(b) v is nondecreasing, that is, s >t implies ¥(s) = ¥(t);
(c) v is right continuous, that is, if t > 0, then lim (s) = ().

s—tt
Then function ¥ defined on [0,400) by
t
~ [ vs)as
0

Any such N-function ¥ has the following properties:

s a N-function.

(i) ¥ is continuous on [0, 00);
(ii) W is strictly increasing;
(iii) ¥ is convex;
)
)

lim \I/(t) =0and lim Y% = ~+00;
t—0 t——+4o00

()

(iv

(iv) the function t — is strictly increasing on (0, 00).
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For any N-function ¥ = ¥(t) and an open set  C RY | the Orlicz space Ly(€)
is defined. When W satisfies Ay-condition, i.e,

U(2t) < kVU(t), for allt >0,

for some constant k£ > 0, then
Ly(2) = {u : 2 — R measurable : / U(|u(z)])de < oo} :
Q

Endowed with the norm

o =i > 0: [0 (M) g 1)

which is called the Luxembourg norm, the Orlicz space Ly (2) is a Banach space.

It’s known that if / v @) dz =1, then |[ully = ko with ko > 0.
Q 0

The complement of W is given by the Legendre transformation

U(s) = I?%X(St —U(t)) fors>0.

We say that W and U are complementary N-functions each other.
For all ¢ > 0, we have the inequality ¥ (y) < U(1).
From Young’s inequality

st < U(t) + U(s)

a generalized version of Holder’s inequality is obtained:

/Qu(a:)v(x)dx < 2llul|wllv]lg  foru € Ly(Q), v € Lg(Q). (1.1)

2. PRELIMINARIES AND NON-EXITENCE OF NONTRIVIAL SOLUTION FOR A
SMALL

By condition (%) together with the definition of F, and condition (%)
together with the definition of G, the functions F' and G are N-functions, with
Y(s) = sf(s) for F' and ¢(s) = sg(s) for G, respectively.

From inequalities (0.8) and (0.13), it respectivelty follows that

f@)e
for all < < 2.1
orallt >0, p Fb) q (2.1)
and
t)t?
forallt >0, ¢ < gégt) < (2.2)

Furthermore, by Lemmas 1 and 2 of [23], the N-functions F' and G satisfy the
As-condition.
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Let’s consider the Sobolev space W, ™ () which is the completion of C5°(€)

with the norm y
ol = [ 1901

Denote by X the completion of C§°(Q2) with respect to the norm

m m 1/m
el = (llulgam gy + lull)

|ullc = inf{)\ >0 /QG (’“(j”) dz < 1}

is the Luxembourg norm in the Orlicz space Lg(€2). The space X is the space in
which we will find our nontrivial weak solutions.

where

Lemma 2.1. The embeddings X — Wy'™(Q) < L™ (Q) are continuous with
H“HW(}””(Q) < ullx, forall w € X and ||y < Chpe uHWOl,m(Q), for all u €
Wo ™ (92).

Furthermore W™ (Q) << LP(Q) and X << L?(Q) are compact for all p such
that 1 < p < m*.

Proof. The definition of the norm in X immediately implies the continuous em-
bedding X < Wy"™(Q). The embedding W, (Q) < L™ (Q) is due to Talenti
[22], with C,,« representing the Talenti constant. By the Rellich-Kondrachov the-
orem, it follows that W, (Q) is compactly embedded in L*(Q) for p € [1,m*).
Hence X is compactly embedded in LP(2) for the same p : X —— LF(Q). O
Lemma 2.2. Let (o(t) = min(t?,t9), (1(t) = max(t?,t?), (o(t) = min(t4,t") and
C3(t) = max(t9,t7) for allt = 0. Then

C(p)F(t) < F(pt) < Gup)F(t) forp,t > 0; (2.3)
Go(lullr) < / Fllu(@))dz < G(llulle) foru e Lp(S); (2.4)
G(p)G(t) < G(pt) < G(p)G(t) forp,t = 0; (2.5)
G(lullo) < / G(lu(@))dr < G(llulla) foru € Lo(®). (2.6)

Proof. For proof, we simply follow the procedure of Lemma 2.1 of Article [11]. In
fact By integrating the inequalities (2.1) and (2.2) respectively, we get inéqualities
(2.3) and (2.5). From (2.3) and (2.5) and the definition of Luxembourg norm we
get respectively (2.4) and (2.6). O

Lemma 2.3 (Lemma 5 of [23]). The space Lg(Q2) is continuously embedded in
Lr(Q) with ||u||r < H||ullg, where

H = 2kw

' = max £ v and w = max dt
with k = {L (G(l)) } 4 b G (kF_l <2mei8(ﬂ)>)
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Proof. For the proof of this Lemma, see the proof of Lemma 5 of the article

[23]. O

Lemma 2.4. The N — function F satisfies the following

lim F(kt) =0 for allk > 0.

tostoo M

Proof. the path of this demonstration is the same as that of the Lemma 3.6 of
[23]. In fact, by (2.3), for all £ > 0, for all ¢ > 1, we have

Fkt)  GO)F(F)

0<
= tm

= 117 P (k).

Lemma 2.5. The embedding L™ () < Lp(Q) is continuous with

|ullr < Chllullme, for allu € L™ ()

where C, = 2max {1, <F1 (W))m} (F(1)).

Proof. The N-function F increases more slowly than ¢ — t™ near infinity and
by (2.3) it follows that for all ¢ > 1, F(t) < F(1)t™.
By the proof of Theorem 8.12 ([1]),

1

m) , F(t) < wF (1)t

for allt}Fl(

*

where w — max {1, <F*1 (ﬁ))im } . Let u € L™ (Q) such that u # 0.

2meas

et V(u) =< x : [u()] N an
Let (v { EQ'zw(F(m# u|m*<F <2meas(ﬂ>>} ‘

O'"(u) = Q= Q(u).
|uz)|
dr = F s dx
m> J w (2w (F)™ [ul m)

/F( \u(fcl)l
Q 2w(F(1))m"
|u()]
F T dx

1
< —/ dx + w/ W(Lm*dx
2meas(Q) Jor () 2wy (2wl|ul[m+)

11 [ fu(@)™

T2 2o
< L

u

m*
m*

It follows that ||u||r < 2w (F(l))”% u||,n+ and consequently L™ (€2) is imbedded
continously in Lg(). O
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Lemma 2.6. The embedding W, ™ () < Lp(Q) is continuous with
lullFr < CF“UHWOl,m(Q) for allu € Wy™(Q), where Cp = CypeCo. (2.7)

Moreover, the embeddings W, ™(Q) << Lp(Q) and X << Lp(Q) are com-
pacts.

Proof. The continuity of the embedding W, ™(Q) < Lp(Q) is followed from
Lemmas 2.1 and 2.5. By Lemma 2.4 and Theorem 8.36 of [I], the embedding
Wy™(Q) —— Lp(Q) is compact. Henceforward, X << Lp(Q) is compact
since X < W,"™(Q) is continuous by Lemma 2.1. O

Lemma 2.7. If u belongs to X \ {0} and X is a real such that

YVul™d md 2dx = \ 2d .
A|M x+AM|x+[gwMux [QWMum, (2.8)

then X\ > 0 and there exists two positive constants ki and ko independent of u
such that

kifi(A) < |lullr < kafa(N) (2.9)

where f1 and fo are two functions of \.
Proof. Let’s take u € X \ {0} and A € R such that (2.8) hold. Thus we have

0< HuH"V’[L]&,m(Q) <A [ f(lu))u*dz. As f is a nonnegative function in (0, +o0), it

Q
follows that A > 0. Let show the second part of the Lemma. Firstly, by using
respectively (2.7), (2.8), (2.1) and (2.4) , we get

[ullp < gACEG(lullF)- (2.10)
Thus, this last inequality yields
HUHF > min {(qu@)l/(m—p) /\1/(mfp), (qC’}”)l/(m_Q) Al/(qu)} ) (2_11)
Secondly, by (2.7), (2.8), (2.1) and (2.2) we have
Jull < CEllullhnn o
<oy (A [ fubds — [ a(uiyias )
Q Q
<Cpa [ AF(ul))) - G(lula) s (2.12)
Q

Let’s set 2, = {z € Q: |u(z)| < 1} and Q, = Q — Q,. Since A > 0, (2.3) and
(2.5) imply
AF(D)|u(z)]P — G(D)|u(z)|[" for z € Q,
AF([u(x)]) = G(|u(z)]) < - (213)
AF(D)|u(x)]? — G()|u(z)|" for z €
Let s = p or s = q. By applying Young’s inequality ab < % + % for a,b > 0 and
a>1and > 1, we have

AF(D]u(z)]” <

r—s r/(r—s)
G)lu(z)]" + — ((253?/) : (2.14)

S| ®
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where a = (G(1))""|u(z)]*, b = AF(1)(G(1))™/", a =2 > 1 and f = -= > 1.
Inequality (2.11) yields:

s r—s r/(r=s)
APl = GOl < GOl (2 -1) + 7 (505 )

r r
(2.15)
B F(l) r/(r—s)
P 2.16
- \ewyr) 210
being s < r. Hence (2.13) yields
r/(r—p)
/) 1= ((Gﬁ()l)l /r> for x € Q,
AF(Ju(z)]) = G(Ju(x)]) < o - (2.17)
r/(r—q
A/ = ((G(Flgl))q /T> for € €Y,
Thus, by (2.17) and (2.12), we get
lu|lr < Cr(2¢ meas(Q))% max {)\”/m(’"’p)w, )\r/m(’”’q)g} : (2.18)

where

oo (USO) T (EW Y () E y

(G(1)
Finally, inequalities (2.11) and (2.18) yield the result (2.9).

Definition 2. An element u of X is a weak solution of (P,) if

/ |Vu|"*VuVodx —i—/ lu|"Puvdr = )\/ f(u|)uvdz — / g(|u))uvdx for allv € X.
0 o Q 0
(2.19)

Consequetly, the weak solutions of (P,) are exactly the critical points of the
energy functional ®, : X — R defined by

1 1
By (1) — E/ﬂWu\mdm’—l—E/Q|u!md:c—/\/QF(\u|)dx—|—/QG(|u|)dx

Lemma 2.8. If (P,) has a nontrivial weak solution u € X, then A > X\g, where

m(r—gq)(p—m) m(r—p)(g—m) m(r—q)(g—m)

m(r—p)(p=m) “pomag “ra—mp T qremy
Ao = min (i) R /AR I U Y A =0
KT KQ §w §o

(2.20)
with

n = CaH(2gmeas(Q) V™, k= (qCm)/P=™ ¢ = (V@™

o= (") () o= () ()
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Proof. If (P) admits a nontrivial weak solution u € X, then equality (2.8) is
satisfy and A > 0 by Lemma 2.7. Let’s now show that A > Ag. By inequalities
(2.11) and (2.18) of the proof of Lemma 2.7 we get the result. O]

Let define
A=sup{\>0:(P,) admits only the trivial solution for all ;< A} .

It’s clear that A > Ay > 0. In Section 4, we will prove that )\ is the required
critical value of the Theorem A.

3. BASIC RESULTS FOR EXISTENCE OF NONTRIVIAL SOLUTION
The results in previous section require us to work from now with A > 0.

Lemma 3.1. The energy functional ®, in coercive on X.

Proof. Let u € X.

/qu|mdm+—/|u|md:v— / (|u|)d:v+/QG(|u|)dx
> Ll [ [AFuds = 60 do+ 5 [ Gllupas

By proceeding, as in the previous section to establish (2.17) (through Young’s
inequality), we obtain

P e ( AF(1) >T/(T_p) for z € Q,

1
F(ju@)]) = 5G(Ju(@)]) < o - (31
q r/(r—q
20— ((é(?)%?/r) for x € 2,
In consequence, since p < g < r, we have
1 9 -
/ [AF(|u\)dm - §G(|u])} dr < 275 P eas @) 0 (3.2)
Q T
7/(r—p) r/(r—q)
— r/(r—p) F(1) > r/(r—q) ( F(1) )
where C) {)\ <(G(1))p/r + A EOG . Therefore,
we have
1 m 1 «T—7P
Dy (u) > EHUH ey T3 G(|u|)dx — 274 Cymeas (),
Q
1 m 1 « T —p
>l o+ 5Glule) — 27 Ly meas (9),
O
1 m 1 m < T—Dp
>l gy + 5Nl = 1) = 2755 L0 meas (9),
— 1 1
> O|ul|p — 27 L pC)\ meas (§) — 3 where © = min {ml, 5} :

In conclusion, ®, is coercive in X. O
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Lemma 3.2. Let F and G be respectively the complements of N -functions F' and
G. Then we have
ﬁ/
P < ~(S)S < g fors >0, (3.3)
-1 F(s) q—1
1
9 < GN(S)S <"
=15 G(s) Sr—1
where F'(s) and G'(s) are respectively the derivatives of F(s) and G(s).

fors > 0. (3.4)

Proof. The results are obtained by using (2.1) and (2.2) and the proof of the

point (2.7) of Lemma 2.5 of [11]. O
Lemma 3.3. Let p' = z%’ q = q%l, =5
Co(t) = n/nn(tp t), C(t) = max(t”,t7), G(t) = min(t?,t") and G(t) =
max(t?,t") define on [0;00). Then
Gp)F(t) < F(pt) < Gi(p)F(t) forp.t > 0; (3.5)
Golllullz) / @)de < Glully) forue Lp(@:  (36)
G(p)G() < Gp)G(1) forp,t > 0; (3.7)
Glllulle) < / é<|u<x>\> dr < G(lullg) forue Lg(@).  (38)

Proof. The proof is similar to that of Lemma 2.5 of [11]. As it is said in the proof
that of Lemma 2.2, It is enough to start by integrating inequalities (3.3) and (3.4)
of Lemma 3.2 to deduce the results of the Lemma. O]

Proposition 3.1. The spaces Lp(§2) and Lg(S2) and complementary their Lz(€2)
and Lg(S2) are reflexives Banach spaces.

Proof. The N-functions I and G satisfy Ay-condition. Moreover, the inequalities
(3.3) and (3.4) of Lemma 3.2 imply that the N-functions F' and G satisfy the
As-condition. Thus, we obtain the results by Theorem 8.20 and remark 8.22 of

[1]. O
Proposition 3.2. (X, |.||x) is a reflexive Banach space.

Proof. Let Y = Wy™ (Q) x Lg() which we endow with the norm

ully = ||u||W01,m(Q) + |lullg. Since Wy ™ (Q) and Lg(Q) are reflexives Banach

spaces for m > 1 | then (Y,|.||y) is a reflexive Banach space by Theorem 1.23 of
[1]. Let’s consider the operator I' : (X, ||.||x) — (Y, ||.|ly) defined by I'(u) = (u, u).
I' is well defined and linear. Moreover, I' is isometric if we endowed X to the
equivalent norm ||.||y. Thus, I'(X) is closed subspace of Y and so I'(X) is reflexive
by Theorem 1.22 of [1]. Then it follows that (X ||.||y) is a reflexive Banach space,
being isomorphic to a reflexive space. Finally we conclude that (X, ||.||x) is a
reflexive Banach space due to relexivity is preserved under equivalent norms.

O
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Lemma 3.4. Let (u,) be a sequence in X such that (®x(uy)),, is bounded. Then
(u,) admits a weakly convergent subsequent in X .

Proof. The proof comes from the coercivity of ®, in X and the reflexivity of the
space X. O

1
Lemma 3.5. The functional ®y(u) = —/ |Vu|"dz is convez, of class C' and
m

18 particularly sequentially weakly lower semicontinuous in X.

Proof. The convexity of functional ®g(u) = = / |Vu|™dz is followed from the
Q

convexity of function ¢ — [¢t|™ in R for m > 1.

Let’s show the continuity of ®y(u) on X. Let (u,), be a sequence of which
elements are in X and let v € X such that u, — v in X. Let (uy,), be an
arbitrary subsequence of (u,),. The subsequence u,, — w in X and hence, by

Lemma 2.1, Vu,, — Vu in (L™ (Q))". By the Theorem 4.9 of [0], there exists a

subsequence (uy, ) of u,, and a function ¢» € L™(2) such that
i)
j

Vi, — Vuaein Qas j — oo and |Vunkj| <¢aeinQforaljeN. (3.9)

So |Vunkj\m — |Vu|™ a.e in Q as j — oo and |Vunkj|m < Y™ e LYQ) aein Q
for all j € N.
The dominated convergence theorem implies that \Vunkj ™ — |Vu|™ in L'(Q2)

as j — 00. The subsequence (u,, ), being arbitrary, we deduce that |Vu,|™ —
|Vu|™ in L'(Q2) as n — oco. Then we get the continuity of ®; on X and also, @y
is sequentially weakly lower semicontinous in X by corollary 3.9 of [9]. Moreover
®y is Gateaux-differentiable in X and for all u, ¢ € X, we have

(D5 (u), p) = / V| 2VuV pda.
Q

Let finish the proof by showing that ®7, is continuous. Let (u,), be a sequence of
functions in X and u € X such that v, — u in X when n — oo. Then we have

|95 (1) — D4 (u)||x = sup '/ [|Vun|m—2Vun — |Vu|m—2Vu} Vdz
P
N [T T o 2 I 2 P
=1

< | Vs ™2V, — |Vu|m_2Vu||%. (3.10)

We just need to show that |||Vu,|" *Vu, — [Vu|"?Vu|_m_— 0 asn — co. For

that, let (u,,), be an arbitrary subsequence of (u,),. By proceeding exactly as
in the case of the proof of continuity functional ®, one show that there exist a

subsequence <unk) of u,, and a function ¢ € L™(2) such that (3.9) be verified.
7
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Then, we have

L

‘ =

3

R e e e ( (N RN (TR e RS

< 9mT (]Vunk ™4 |Vl )

1™ VjeN, ae in€Q,with 2n1¢9™ € L}Q).
(3.11)

2m

On the other hand, since the function & — |£[™ 2 is continuous function from
RY to RY, then

|Vunkj |m*2Vunkj — |Vu|"?Vu| — 0, a.ein Q, as j — oo.

Thus, by (3.11) and the Dominated Convergence theorem, it follows that
Vi, |m*2Vunkj — |Vu|™ 2Vu in L7»-1(Q). Hence the main sequence |V, | 2V,

converge to |Vu|™ 2Vu in Lm-1(Q) and then we get the expected result by (3.10).
In conclusion, ®y is of class C' in X. O

1
Lemma 3.6. The functional ®,,(u) = —/ |u|™dx is convez, of class C' and
mJjo

sequentially weakly lower semicontinuous in X. Furthermore, if (u,) is a sequence
of elements of X and u belongs to X such that u, converge weakly to u in X,
then ®! (u,) — @/ (u) in X'

Proof. The convexity of the functional ®,, is obvious. The continuity of ®,, in
X C Wy™(9Q) follows from HUHWOI””(Q) < ||ullx, for all u € X (see Lemma 2.1)
and Poincaré inequality. Thus, ®,, is sequentially weakly lower semicontinuous

in X by corollary 3.9 of [9]. Furthermore, ®,, is Gateaux differentiable in X and
for all u,v € X, we have

<@ (u),v>= /|u ™2 (z)o(z)dz.

Let’s take (u,) C X and u € X such that u, — u weakly in X as n — oc.
Since X << L™(Q)) is compact by lemme 2.1.Thus we have :

197, (wn) — (@)l <A ] ™ e — ] ™ P || 2y (3.12)

By reflexivity of X and Since X << L™™=1(Q) is particularly compact by
Lemma 2.1, then u,, — u strongly in L™/ (™=D(Q). Let set v, = |u,|™ u,, and let
choise (v,, ), a subsequence of (vy,),. One have v,, = |un, | >y, With (uy,,), a
subsequence of (u,),. Then there exists a subsequence (unkj>j of (uy, ), such that
}unkj(:c) —u(z)| — 0 almost averywhere for x in € and |unk](x) —u(z)| < g(z)
a.e for x € Q where g € L™ (Q). By continuity of the function ¢ + [¢t|™~2¢ over
R, there exists C' > 0 such that | Uy, () — Ju(@) ™ ?u(z) |<C ‘unkj () — u(z)|
a.e in Q. Thus | Uy, () = u(x) ™ ?u(z) | tends to 0 a.e for z € Q and

| ny, () = )" u(x) }m/ < C™g™(z) € L'(Q) a.e for z € Q. Henceforth,
by Lebesgue’s dominated convergence theorem, it follows that vy, = converges to
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v = |u/™ 2y in L™=D(Q). Then v,, converges to v in L™ ™=V(Q). Being
(Un,), is an arbitrary subsequence of (v,),, we get that v, converges to v in
Lm™/m=1(Q). Therefore, ® (u,) — ® (u) in X' by (3.12). In particular, this
last proof shows that @/ is continuous in X and then @/ is of class C'(X). So
the Lemma ends. O

Proposition 3.3 (Proposition 3 of [23]). i) If u, converge strongly to u in
Lp(S2), then f(Jun|)u, converge to f(|u])u in Lz(S2).
ii) If u, converge strongly to u in Lg(Q2), then g(|u,|)u, converge to g(|u|)u
in Lg(82).

Lemma 3.7. The functional ®p(u) = /F(|u!)dx is conver, of class C' and

Q
sequentially weakly lower semi-continuous in X. Furthermore, if (uy), is a se-
quence of elements in X and u belongs to X such that u, converge weakly to
u € X, then ®n(u,) — Pn(u) in X'.

Proof. The convexity of & follows from the convexity of the positive function
t — F(|t|) defined on R.

Let’s show that ® is continuous in X. Let (u,), be a sequence of X and u
an element of X such that v, — v in X. Then, by Lemma 2.6, u,, converges to
u in Lr(€2). For n fixed in N and z fixed in © and since the function t — f(¢)t
is increasing in [0, +00), we have respectively, through the mean value inequality
and Holder’s inequality, the two following inequalities:

|F(lun(2)]) = F(lu(x)])] < [un(z) — w(@)| [f (lun(2)] + [u(@)])] (un ()] + [ulz)])

/Q |E(lun(2)]) = F(lu(z))]de < 2[lun = wll g |1f (Jun] + |u))] (fua] + fu))l5-

(3.13)
Being u,, converges to u in Lg(€2), it is clear that |u, | converges to |u| in Lg(Q2) due
to the nondecreasing of the function F on [0,00). Thus [f (Jun| + |u])] (Jus| + |u])
tends to 2|u| f(2|u|) in Lz(Q2) by proposition 3.3 1). By inequality (3.13), it follows
that

/ |F(Jun(x)]) — F(|lu(z)|)|de — 0 and we deduce the continuity of the functional
Q

®p in X. Consequently @ is sequentially weakly lower semi-continuous in X by
Corollary 3.9 of [9]. Futhermore, ®p is Gateaux-differentiable in X and for all
u, p € X,

(@ (1s), ) = / F(lu(@) u(z)p(z)dz.

Let (u,) C X and v € X such that u, — u in X as n — oo. Let show that
O (u,) = P(u) in X', By Holder’s inequality, we have
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[ ) = @l = sup | [ [~ FGulyd o
o=
<2 Sup 1S ([wnl)un = f(lul)ull zllellF
llellx=1
< 2[|f(lun)un = f(lu))ul z.
As u, — win X, by Lemma 2.6 and proposition 3.3 i), it follows that
| f(Jun|)un — f(Jul)ul|z — 0 and consequently, ®%(u,) — P (u) in X’. In par-

ticular, this shows that ®5 is class C' in X and the proof of the Lemma is
finished. O

Proposition 3.4. If (u,) is bounded in Lp(Q2) (resp. La(S2)) , then (f (|un|) un)
(resp. (g (|un|) un)) is bounded in Li(€2) (resp. Ls(S2)).

Proof. By inequalities (3.6), (2.1) and (2.4) we have

Co(llf(lunl)-lunlﬂﬁ)</f(f(lun(x)l)-|U(:v)l)dw

Q

N

o [ Pllu))ds

< -G (lunllr)

< q.G (Sup HunHF> due to monotony of (;.
neN

Hence, being (j is a strictly increasing function, we have

1 () sl 7 < [q.cl (supnunHF)] | (3.14)

neN

Similarly, by using inequalities (3.8), (2.2) and (2.6) and monotony of functions
(3 and (5, we have

ool ol < G5* [ (sup ol )| (3.15)

neN

0

Proposition 3.5. Let (u,,) a sequence of Lg(Q2) and uw € Lg(QY) such that u, — u
in Lg(Q) and u, = u a.e in Q asn — oco. Then u=1u a.e in .

Proof. Denote by U = {z € Q : u(z) # u} and assume that meas(S) > 0. Then
by the Severini-Egoroff theorem one can find a measurable set V' C U such that
u, — u uniformly in V. Then w, — u in L>*(V). Being meas(V) < oo and
by noting ||.||¢,v the Luxembourg norm in the Orlicz space Lg (V') define by the
N-function G on V', we have

1

G (L meas() 1~ Ul

lun — tllay <
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Henceforth, w, — u in Lg(V) and w, converges weakly to u in Lg(V). In
consequence, u = u a.e in V, since the weak limit is unique.This last assertion is
a contradiction since V' C U and meas(V') > 0. O

Proposition 3.6. If (u,) is bounded in Lg(2) and w, — u a.e in Q, then
Up, — u in Le(Q) and g(|un])un — g(Ju|)u in Lz(S2).

Proof. Fix a subsequence (uy, ), of (u,). Then there exist a subsequence <unkj>
of (uy,) and a function w € Lg(Q2) such that Unpy,, — W € L(2), being (uy,),, is
bounded in the reflexive Banach space Lg(2). Thus w = u by Proposition 3.5.
By the arbitrariness of (u,, ), we deduce that the entire sequence (u,), converges
weakly to w in Lg(Q2) as n — oo.

As u, — w a.e in ), it follows that g(|u,|)u, — g(Ju|)u a.e in Q since the
function ¢ + g¢(|t|)t is continuous in (—oo, +00). On the other hand, g(|uy|)u,
is bounded in Lz(§2) according to the Proposition 3.4, since (uy) is bounded in
Ls(2). Thus, using the same reasoning from the first part of this proof to the

sequence n +— ¢(|u,|)u,, we obtain that g(|u,|)u, converges weakly to g(|u|)u in
L&(92). O

Lemma 3.8. The functional ®g(u) = /G(\u!)dm is conver, of class C' and
Q

sequentially weakly lower semi-continuous in X. Moreover, if (u,),, is a sequence

of elements in X and u € X such that u, — u € X asn — oo, then ®(u,)
O (u) in X',

Proof. The convexity of &4 follows from the convexity of the positive function
t — G(|t|) defined on R. The proof of continuity of ®¢ in X is analogous to
the proof of continuity of ®r in X in the previous Lemma. In fact,consider a
sequence (u,,), in X and an element u of X such that u,, — w in X. Then, by the
definition of the norm in X, u,, converges to u in Lg(2). By reasoning similar to
that used to establish 3.13, we have

/Q |G (Jun(2)]) = G(lu(z)])dr < 2jun — ullg [llg (Jun] + [ul)] (Junl + [ul)ll -
(3.16)
Being G is nondecreasing on [0,00), |u,| converges to |u| in Lg(§2) since u,,
converges to u in Lg (). Thus [g (Ju,| + |u])] (Jus| + |u]) converges to 2|u|g(2|ul)
in Lz(€2) by proposition 3.3 ii). Finally / |G (|un(x)]) — G(|Ju(z)|)|dx converge to
Q

zero by (3.16). Thus the continuity of functional ®¢ in X follows. Consequently
®s is sequentially weakly lower semi-continuous in X by Corollary 3.9 of [9].
Futhermore, @ is Gateaux-differentiable in X and for all u, ¢ € X,

(@ (u), ) = / o(u(z) u(z)p(z)dz.
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Let (u,) C X and u € X such that u, — v in X as n — oo. Let show that
O (up,) = Py (u) in X’. By Holder’s inequality, we have

/Q (9((unl)tn — g(Jul)d]

196 (un) — P(u)]x = sup
pe
llell x=1

< 2[lg(funl)un — g(Jul)ullg- (3.17)

According to proposition 3.3 ii), it follows that ||g(|un|)u, — g(|u|)ul|g — 0 and
consequently, ®(u,) — @ (u) in X’ by (3.17). Thus ®¢ is class C! in X.

Let’s show the last part of this Lemma. Let (u,) C X and u € X such that
u, — u in X. We shall proof that ®}(u,) — ®,(u) in X', as n — oo. Let
¢ € X. For any integer n, let’s set v, = g(|u,|)u, and consider an arbitrary
subsequence (v, ), of the sequence (v,,). We have v, = g(|un,|)tn, , where (u,, ),
is a subsequence of (u,) which converges weakly to v in X when k& — oo. By
Lemma 2.1, it follows that u,, — w in L™(Q2). Thus there exists a subsequence

(unkj)j of (tn,), such that Un,, — U a.e in (2. Moreover, by the continuous

embedding X — Lg(92), it follows that (unk> is bounded in Lg(2). Thus, by
7

Proposition 3.6, it follows that v, — g(Ju])u in Lx(€2). Due to the arbitrariness

of (vn,),, we conclude that the entire sequence (v,), weakly converges to v in
L#(2) as n — oo. Particularly,

G
for all ¢ € X, /g(\un|)un<pdx—>/g(!u|)ug0dx, as n — 00.
Q Q

In conclusion, ®/(u,) — ®,(u) in X', as n — oo. O
For any (z,u) € Q x R, consider
M(z,u) = Af(|lu])u— g(|lu])u and (3.18)
M(z,u) = A%m%wﬁ_xﬂmp—mmu (3.19)

Lemma 3.9. For any fivred u € X, the functional 4, defined on X by

My (V) = / M(z, u(z))v(z)dr belongs to X' (X' is the Banach dual space of X ).
Q

In particular, if v, = v in X, then My (v,) — M (v).

Proof. Let take u € X. It easy to show that ., is linear. Moreover, for all
v € X, by using Holder inequality and imbbedings properties of X in Lr(£2) and
of X in Lg(€2), we have

L%@HéﬁéﬂMWMWM+LmWMMMM

< 2 (luDlulllzllolle + 2llg(uDlulllgllvlle
<2 [CrAllf(uDlulllz + lg(uDullle] vl

Thus, we conclude that .#, is continuous on X. Then, it follows that,
v, — vin X yields A, (v,) — A, (v). O
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Lemma 3.10. The functional ®y is of class C' and sequentially weakly lower
semicontnuous in X, that is if u, — u in X, then
Q) (u) < lim inf @y (u,,). (3.20)
n—oo

Proof. Lemmas 3.5-3.8 imply that &) € C'(X). Let (u,), C X and u € X such
that u,, — u in X. The definition of ®, and (3.19) allow us to write

Da(0) — @aote) = (Nl gom gy — Nl gom ) + = (s = )
+/Q[M($,un(x)) — M(x,u(z))] dz. (3.21)
Inasmuch as u,, — v in X, Lemmas 3.5 and 3.6 yield respectively that
HUH%,m(Q) < liggg}f HunH%,mm), 3.22)
Jul2 < limn [ 7 (3.23)

Hence, by (3.21), we get

lim sup [@5 (1) — B3 (un)] < hn1&n3j£[ﬂ4(x,un(x))——AJ(x,u(tD]dx. (3.24)

n—oo n—oo

By (3.18) and (3.19), for all s € [0, 1],
M, (z,u+ s(u, —u)) = M(x,u+ s(u, —u))
:m@@+%-@/mMmme—mﬁ(ma
0
where 9T, (z, u) = 22
u e X and M, (z,u)
b

Multiplying (3. 20)
to s, we obtain

M (2, up,) — M(z,u) = M(x, w)(u, —u) + (U, — u)? /01 (/OS M, (2, u+ t(u, — u))dt) ds.
(3.26)

)(— /\)[ Jul £/(ful) + F(ul) 1= Tulg'(Jul) + g(Jul) ], for all

G (2,
y ( — u) and integrating the result over [0, 1] with respect

According to the assumptions (%) and (%), one has:
for all z € Q, for allu € X, M, (z,u) < (¢ — 1) [Af(Ju(z)|) — g(Ju(x)])]. (3.27)
Afterwards, (2.1) and (2.2) imply

for all uw € X \ {0}, for all z € Q, M, (z,u) < q(qg — 1) [MNF(Ju(z)]) — G(|u(z)])] |u(z)| >
(3.28)

By (2.13), for all u € X \ {0}, we have

AE(D)|u(x)P~2 — G(1)|Ju(z)|"~% for x € Q,

N (lu(@)]) = G(Ju()])] [u(z)| 7 <
AE(D)|u(x)|972 — G(1)|u(x)|["2 for x €
(3.29)
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Put s =p—2or s =q—2. Applying Young’s inequality ab < % + % for a,b >0
and o > 1 and § > 1, we have

AF(Du(z)]” <

S 2 r—92—3s )\F(1> (r—2)/(r—2—ys)
O e (e i)
(3.30)

where we take a = (G(1))¥"D|u(z)]*, b = AF(1)(G(1))" /2 o = =2 > 1
and

b= TS%S (3.30) yields:

AF(Dul)* = G a2 < (el (5 1)

-
—2- (r—2)/(r—2-s)
+ 2 (G (3.31)
r—2 (G(1))s/-2)
< \T-2/r—2-5) (T =2 —5) F(1)  \U2/2)
) r—2  \(@W)y 7
(3.32)

being s < r — 2. Hence (3.29) yields

(r=2)/(r—p) r=p (_F()
A ((G( )

(r=2)/(r—p)
—2 1))P-2)/(r=2) )

~3

A (Ju(@)]) = G(lu(@)))] [u(z)] 7 <

AT=2/tr=0) =4 <—F<1> >(r2wq) for z € Q.

(G @2/
(3.33)

i

As =

—£ > =1 it follows, from (3.33), that

<3
<

r —

M (Ju(@)]) = Glu(@)D] fu(e)| ™ < ——

S‘ZA, for all = € 0, (3.34)

where

for x € Q,

(r=2)/(r—p) (r=2)/(r=0)
T\ — max 4 AT/ F(1) Y \-2/0-0) F(1) ’
G2/ ! (G122 '

From (3.28) and (3.34), we obtain

for all u € X, M, (2, u) < alg _le(; —Pg, (3.35)

Consequently, (3.26) yields

q(q —1)(r — p) Ty

/Q [M(z,u,) — M(z,u)]dr < /Qi)ﬁ(x, w)(u, —u)dr + alg _217{(1 ;)p) L2 /Q(un — u)?dx
< A, 2(r — 2) “un_uH%
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Since u, — uw in X, Lemmas 3.9 and 2.1 yield respectively that ., (u, —u) — 0
and ||u, —ul|2 — 0. Thus limsup/ (M (z,un(z)) — M(z,u(x))] dz < 0 and then,
Q

n—o0

by (3.24), we get the claim (3.20). O

4. EXISTENCE OF WEAK SOLUTIONS OF (P,) FOR LARGE VALUES OF

PARAMETER
Let

< 1
A= inf {—/ (|Vu]™ + |u™) dx+/G(|u(x)])dx} with ®p(u) :/F(|u(x)])dx

@F“(i§:1 m Jao Q Q

Note that A > 0. Indeed, by the fact that ®z(u) = 1 = ||lu||r = 1, we get, from
Lemma 2.6, the inequality

/qu ") > il ) > g forall € X with ®p(a) = 1. (41)

By the property (2.6), Lemma 2.3 and the monotony of function (,, we have
1
/ G(Ju(x)])dz = G(||ulla) = G (ﬁ) , for all w € X with ®p(u) =1. (4.2)
Q
Thus, by (4.1) and (4.2), we get
- 1 1
> — ] >0. 4.3

Lemma 4.1. For all A\ > ), there exists a global nontrivial non-negative mini-
mizer w € X of ®y with negative energy, that is ®,(w) < 0.

Proof. By Lemmas 3.1, 3.10 and corollary 3.23 of [9], for each A > 0, there exists
a global minimizer w € X of ®,, that is

D) (w) = 52)@ Dy (v).

So w is a solution of (7). We shall prove that w is nontrivial provided that
A > A. For that we shall show that in}f{ ®,(v) < 0. Let A > A\. By the definiton
ve

of \, there exixts a function ¢ € X, with / F(|e(x)|)dz = 1, such that

A [ Pls@bds =3 > - [ (Vo + lp@I™) do+ [ Gllpta))de > 5

Hence,

~ [ awer @ do = x [ Fle@hids + [ Gllpta)de <0

and then
Pi(p) <0.

Therefore,
<I))\(w) = inf (I))\<’U) < (I),\(QD) < 0.

veX
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In conclusion, for A > ), problem (P,) has a nontrivial solution w € X such
that ®)(w) < 0. Finally, we may assume w > 0 a.e in €2, since |w| € X and
D) (w) = Oy (Jw]). O

Lemma 4.2. Let (uy,), be bounded in X and (\,), bounded in R. Let’s consider
the sequence of functions (Ry,), defined in Q by

Ry (2) = ~[un(2)["un(2) + A f ([un(@)]) un(@) = g (Jun(2)]) wn(z), Vn €<N- |
4.4
Then for all compact set K C €2, there exist C'x > 0 such that

sup/ |R,(2)|dx < Ck.
neN J K

Proof. Let (u,), be a bounded sequence in X and ()\,), a bounded sequence in
R. Consider K, a compact set in ) and g the characteristic function of K
defined on 2. Then the sequence (u,,), is bounded in L™(2) by Lemma (2.1) and
in Lg(€2) by the definition of norm on X. It also bounded in L(€2) by Lemma
(2.6).

Thus, by Hélder inequality, one has

/ [wa ()" < (meas(K)Y™ Jun ™t < (meas(K))V™ . sup [|uy |1~ = C1(K).
K

neN
(4.5)
Also, by Hélder inequality, equality (9.23) of [17] (page 79) and inequality (3.14)
in the proof of Proposition 3.4, we have

/Kf (fun(@)]) Jun(@)|de < 2[l@x || 2Nl f (fun]) -Junl [ 7

<2 ()] & (06 (agiear)) - 0
(4.6)

In the same direction, using Holder’s inequality, equality (9.23) of [17] and
inequality (3.15) in the proof of Proposition 3.4, we have

[otu@n @i <2[e (L] @ (v (swlale) ) =
(4.7)

Combining (4.5), (4.6),(4.7) and taking into account that the sequence (\,), is

n

bounded, we get the result of the Lemma. O
Let define
A =inf {\ > 0: (P,) has a nontrivial weak solution} .
Lemma 4.1 assures that this definition is meaningful. Moreover, it is obvious that
A > A

Theorem 4.1. For any A > A, the problem (P)) admits a nontrivial non-negative
weak solution uy € X.
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Proof. Fix A > . By definition of \, there exists p € (5\, A) such that @, has
a nontrivial critical point v, € X. We assume, without loss of generality that
u, > 0 a.e in Q, since |u,| is also a solution of (g,). We can easily see that u,, is
a sub-solution for (P,). Let consider the following minimization problem:

in/\f/l ) (v) where M ={ve X : forallz € Q,v(r) > u,(x)}. (4.8)
vE

We remark easily that M is closed and convex. So M is weakly closed. Moreover,
®, is coercive in M, being it’s coercive in X by Lemma 3.1. Finally &, is
sequentially weakly lower semicontinuous in X and so in M. Hence, corollary
3.23 of [9] implies that there exists u) € M such that

Ca(uy) = inf &5(v). (4.9)

Now we shall prove that u, is a solution of (P,). Let ¢ € C§°(2) and € > 0. Let
set . = max {0,u, —u) — ep} and v. = uy + ep + .. It is clear that v. € M
and

< (B (a). v — ) = €@ () ) + (@ (). )
Hence
(B (03), ¢) > — () (2), 20 (1.10)
Let set
Q. = {z € Q: un(2) + ep(x) < un(z) < ur(z)}.

It’s obvious that €2, C suppy. Since u, is a subsolution of (P,) and ¢, > 0, it
turns out that (®)(u,), ) < 0. Consequently, as

(D4 (un), e) = (P4 (un), o) + (Ph(ur) — Py (up), e)
and
M(u(z)) = M (Ju(z))u(z) — g(lu(z)])u(z),
we have
<(I)l)\(u)\)7 ()06> < <(I)/)\(’U,)\) - (I)/)\(UM), 906>

(|Vu,\|m_2 Vauy — |V, ™ Vu,) V(u, — uy — ep)dr (4.11)

€

<

S~

+ (|u,\|m*2 Uy — |uu|m*2 Uu) (uy — uy — ep)dx

DM (uy) — M(u,)] - (u, — uy — ep)dx.

S— 5—

€
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€

The convexity of the function ¢ — —— on RY yields
m

(IVur|" 2 Vuy, — |V, | Vuy,) .V(u, — uy) < 0 and in consequence, one has

(P (ur), pe) < /Q (IVus|"™" Vs — [Vu,|" > Vu,) .V(—ep)da
+ / (|u,\]m72 uy — " 2wy (uy, — uy — ep)da (4.12)
Qe

= [ ) = M), 0y — )

e For Q. = 0, it is clear that (®)(uy), ) < 0. Hence by (4.10), we have

(@ (ua), 0) = 0.
e Also when Q. # (), we have 0 < u, — Uy — €p = u, —uy + €|p| < €|y in

2 because in this case ¢ < 0 in .. Then (4.11) yields

(@ (uy), ) <€ (/ (IVu ™V, — [Vup | V) .V (p)de
Qe

# [ g el + [ ) () )

<e | Y(x)de, (4.13)

Qe
where

U(z) = (|Vu," " Vu, — [Vun|" 72 V) V()
+ (™" = ™) + (M (un) — M(up)]) ¢l -

We claim that ) € L' (supp(¢)). Indeed the terms (|Vuu|m_2 Vau, — |Vuy ™2 Vuy)
and (u}'~' —u™!) belong to L}, () since |V, |™ % Vau, and [Vuy|™ > Vuy,
belong to [Lm/(m_l)(Q)}N and v~ and ! are in L™/ (=1 (Q) being

ux,u, € X C W™ (Q) € L™(Q). Moreover, the functions f(|ux|)|ual, f(|u)|u,
belong to Lz(€2) and g(|uy|)|us| and g(|u,|)|u,| belong to Lz(2). Thus, refer-
ring to the proof of Lemma 4.2, one can easily see that the functions f(|uy|)|ual,
#(und) . g(furer| and g(Ju e, | belong to L, (©). Finally

1M (wy) — M(u,)| € Li,.(Q2) inasmuch as

99 (ua) — M (up)| <A CF(uaDual + f(lwal)ual) + (gQuaDlurl + g(lwa])[ul) -
Hence, the claim is obtained since ¢ and V¢ are bounded in supp(y). Thus,

eli%}r /QE Y(z)dr =0,
because meas(§2.) — 0 as € — 0*. Then (4.13) implies that

(D) (uy), ) < ofe) as e = 0. So, by (4.10), it follows that

(P (ur), ) = o(l) as € — 0F. We deduce that, (P} (uy), ) > 0 for all ¢ €
C2(Q), that is (P (uy), ) = 0 for all

¢ € CF(Q). Since X is the completion of C§°(§2) with respect to the norm
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|.|lx, one obtains that wuy is a solution of (P,). Finally, u, is nontrivial and
non-negative, since uy > . 0

Lemma 4.3. \ = \.

Proof. This proof is the same to that one did in the step 5 of the proof of Theorem
1.1 in [13]. In fact, by Theorem 4.1, we have A > \. Indeed, for all A such that
(P,) has a weak nontrivial solution, we have A > X and thus, A > \.

Let’s show that A < A. suppose that A > \. Problem (P,) cannot admit a
nontrivial solution v € X if A < ), since this would contradict the minimality of
X. Hence, for all A € [\, A) the unique solution of (P,) is v = 0. But this is again
impossible since it would contradict the maximality of . Hence A = . OJ

Theorem 4.2. The problem (P5) admits a nontrivial non-negative weak solution
in X.

Proof. Let (A\,),cn+ be a strictly decreasing sequence converging to Mand u, € X
be a nontrivial non-negative weak solution of (P,,) for all n € N*. Then we have,
for all integer n,

/qun|m_2Vuandx:—/ |un|m_2unvd1’+)\n/f(|un|)unvdx—/g(|un|)unvdx,
" 0 0 0
(4.14)

for all v € X. Then, for any fixed n, relation (2.8) holds for u,:

/|Vun|md:v+/|un|md:£—l—/g(|un|)uid:v:)\n/f(|un|)uid:£. (4.15)
0 e 0 0

Using a combination of relations (2.1), (2.2), inequalities (2.4) and (2.6) of Lemma
2.2 and (4.15), we have

[nllFgm ) + a4 Co(l[unlla) < aAnCilllunllr)-

Furthermore, by inequality (2.18) and the monotony of (; this last inequality
implies

2q(r — Lm
o 0 0y 1 o) < 0 (CF{Mmeasm)} )K for all n € ",
(4.16)

where

K, =max {)\1+pr/m(r—p) <—F(1) )MTP) ,)\1+qr/m(r—p) (—( F() )m(rp) )

G
)\711+pr/m(r—Q) (&) e ’)\7ll+qr/M(r—Q) ((Fﬁ) e } , forn € N*.

G G
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Being (A,),,cn- 18 strictly decreasing, we get the following majoration from (4.16):

2q(r — 1/m
Hun“%&,m(g)-l-q Gllunlle) < g <CF {Mmeas(ﬁ)} ) Ky,, for alln € N*.
(4.17)

Thus the sequences (HunHWOl,m(Q)) and (¢ (||unlle)),, are bounded. In particu-

lar, (|us||@),, is bounded due to the monotony of the inverse of (;. Consequently,
the sequence (||u,| x), is bounded. According to the Theorem 3.18 of 9], Propo-
sitions 3.2 and 3.1 and Lemma 2.6, one can extract a subsequence from (uy),
which is still relabeled (u,), and which satisfies these differents convergences:

U, — uin X, Uy, — uwin Lp(Q),
up, — uin Lg(92), Uy, = ua.ein Q, (4.18)
Vu, — Vuin [L™(Q)]", V"2 Vi, — Ain [L70D ()]

for some v € X and A € [Lm/(mfl)(Q)}N.
We assert that A = |Vu|™ 2Vu and u, which is clearly non-negative by (4.18), is
the solution we are looking for.
Let’s show this assertion by the following steps. The proof of A = |Vu|™2Vu
is done in the image of that of theorem 2.1 of [¢].
Step 1. Let K C €, be a compact set and Jx a function of C§°(£2) such that
0<Jg<land Jy =1on K.
For a given constant § > 0, we define the function S5 : R — R by

s, if |s] <6,
Ss(s) =
Org if |s| > d.
For alln € N, let w,, = JxSso(up, —u). w, € X, since (u, —u) € X, Sso(u,—u)
is bounded and (2 is a finite measure set. By substituting the function test w, for
v in (4.14), we have

/ Ii [[Vun "V, — [Vu|"*Vu] V(S; o (u, — u))dr = — / Ss o (up — u)|Vu,|™ *Vu,V Jgde
Q Q

_ / e[ Vul™ 2V u (S5 o (uy — u))dz
Q

+ /Q Ry (2)won (z)de,

(4.19)

with

R (2) = — |t ()™ 2up (2) F M0 f ([tn(2)]) tn(2)—g (|t (2)]) tn(z), for n € Nand z € Q.
(4.20)

Let’s remark that / Ss o (Up — u)|Vu,|™ *Vu,VJgdr — 0 as n — +oo. In

Q
fact, since u,, — w a.e in Q by (4.18), there exists ns € N, for all n € N, n > ng,



26 TCHALLA A. M. J.

implies meas ({x € Q : |u,(z) — u(x)| > 0}) = 0.

Thus Ss o (u, —u)VJg — 0 in (L™ (supp(Jx)))", as n — oo because u, —u — 0

in L™(§2) since u,, — win X (see (4.18)) and X —<— L™(Q2) by Lemma 2.1. As

IV, ™% Vu, — A in [Lm/(mfl)(Q)}N, then/ S5 0 (U — u)| V| ?Vu,VJgdr — 0
Q

as n — +o00. Furthermore, by the definition of S5 and since V(u, —u) — 0 in

[L™(Q)]Y (see (4.18)), the sequence of functions (VS5 o (1, — u)),, weakly con-

verge to zero in [L™(€2)]". Consequently,

/ Ji|Vu|™2VuV(S; o (u, — u))dz — 0,
Q

inasmuch as |Vu|"?Vu € [Lm/(m_l)(Q)]N. Thus, the first two terms in the
right-side of (4.19) tend to zero when n tends to infinity. Let’s now focus on the
third term of the right-side of (4.19). According to the definitions of the functions
Jk, Ss and the fact that the sequence (R,),, is bounded in Li_ (£2) by the Lemma
4.2, we have

/ R, (z)w,(z)dr < / | R, (z)].|95 o (u, —u)(z)|de <9 |R,(z)|dr < §.Ck.
Q

suppJi suppJk
(4.21)

Thus, from (4.19), we have just proved that

£(u) :=1lim sup/ [1Vu, "V, — [Vu|"*Vu] . V(S5 0 (u, — u))dz
K

n—-+o0o

< lim sup/ Ik [|Vun|" >V, — [Vu|"*Vu] .V(S; 0 (u, — u))dz
Q

n—-+00

< 0.0k (4.22)

since [|Vu,|"2Vu,(z) — |Vu|™"2Vu(z)] .-V (Ss o (u, — u)(z)) = 0 for all z € Q
and Jy =1 on K.

Step2. Define now the non-negative function &, by

&n(®) = [[Vua|"*Vu, () — [Vu|" > Vu(z)] . [Vu,(z) — Vu(z)] (4.23)
and fix a € (0,1). Considering the two complementaries subsets
A = {r €K :|u,(r) —u(z) <6} and X2 = K \ A% of the set K and using

Holder inequality one has

«

[ &itwar < ( ) gn(@dl«)a (meas (Ag))l‘a+< ; gn(:):)dx) (meas (50))' "

(4.24)
For ¢ fixed, meas (Ei) tends to 0 when n tends to infinity. Thus, since &, is
bounded in L'(€), it follows from (4.22) and (4.24) that

lim sup/ £ (z)dz < (6.Ck)" (meas (Ai))l_a.
K

n—-+o0o
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Letting § tend to 0 implies that sequence £ converge to 0 in L'(K) and thus,
using a sequence of compact sets K, there exists a subsequence of (&, ), of (&)
such that

&np () — 0 ace. zin €.

Henceforth, Vu,, (r) — Vu(z) a.e forz in Q by the following inequality
which holds for a certain constant x > 0 and for all m > 2 :

Vg, (2) = Vu(@)[™ < 66, (2) = (| Vi, (2)]" Vg, (2) — [Vu(@)["*Vu(2)] . [V, (z) = Vu(@)].

Consequently, |V, (€)% Vi, (¥) — |[Vu(z)|™ > Vu(z) ae. forz in Q.
Moreover, the sequence (V) is bounded in (L™(€2))" since Vau,, — Vu in [L™(Q)]Y

(see (4.18)). Thus, by Vitali’s Theorem, |V, | > Vi, — |Vu|™ > Vu in [Lm/(m=D(Q)]
Being the limit |Vu|™ ? Vu is independent of the subsequent |V, | > Vi, , it

follows that |Vu,|” > Vi, — |Vu|™ > Vu in [Lm/(mfl)(Q)}N . Finally, it follows

that

N

V|2V, — [Vu|" 2 Vu = Ain [27/0D(@)]"
This yields that

/ |Vu,|™ ?Vu, Vodr — / |Vu|"?VuVudz, for allv € X asn — oco. (4.25)
0 0

Since u,, — u in X by (4.18), then Lemma 3.6 yields in particular that, for all
veX,

/|un|m2unvdac — / |u|™?uvdz, asn — oco. (4.26)
Q Q

Moreover, the Lemmas 3.7 and 3.8 imply that, for all v € X,

/Qf(|un|)unvdx—>/Qf(|u|)uvd:p, (4.27)

/Qg(|un|)unvdx—>/Qg(|u|)uvda7, (4.28)

as n — 0.
Consequently, if we make n tend to oo in (4.14), then, by the convergences (4.25)-
(4.28), we have

/ |Vu|" *VuVuvdr = —/ lu|"2uvdr + 5\/ f(ju|)uvde — / g(|u])uvdz,
Q 0 Q 0
(4.29)
for all v € X.
Hence, u is a weak non-negative solution of (P;).
Step3. It remains to show that the solution u is nontrivial. Since u,, — u in X

by (4.18), Lemma 2.6, in particular, show that ||u||r = lim ||u,||r. Moreover, by
applying (2.11) to each w, # 0, one has

HUnHF > min {(qc«%n)l/(m—p) )\i/(m*p), (qC}n)l/(m_Q) )\}Z/(qu)} _ (4_30)
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Thus, by passing to the limit in this last inequality as n — oo, we get
o\ 1/(m=p) -\ 1/(m—q)
el > min {mcm“‘mp) (A7 ey () } (31

since (Ay), is a strictly decreasing sequence converging to A and A > 0. Conse-
quently, u is nontrivial and non-negative by (4.18). O

Proof of Theorem A. The combiqation of Section 2, Lemma 4.3 and Theo-
rems 4.1 and 4.2 show the existence of A > 0 such that for all A > A, (P,) admits
at least a nontrivial non-negative weak solution in X.

5. EXISTENCE OF A SECOND NON-NEGATIVE WEAK SOLUTION FOR LARGE
VALUES OF THE PARAMETER

Using variational methods, we prove, in this section, that the Dirichlet problem
(P,) admits at least a second nontrivial weak solution if A is sufficiently large.

Lemma 5.1. For any w € X \{0} and X\ > 0 there exist o € (0, ||w||W01,m(Q)) and
a = a(p) >0 such that ®y(u) > « for all uw € X, with HuHWOLm(Q) = 0.

Proof. Let w € X\ {0} and A > 0. Let u be in X. By (2.4), (2.7) and monotony
of the function (3,

1 m
Da(u) > —ull, 1m(ﬂ)—)\/QF(]u\)dx
1
Z —lulligamq) = AG (lullF)
1 m .
> —Jullamq) = At (Crllullyyng, )

> | = s {CR Il g CEI g ] Tl
So, to find the result of the Lemma, it is enough to take p such that
0 < o< min {(mACH)""”, (mACH) " ]l yypm e |
and
a=alp) = [% — Amax {Cho" ™™, C’}I,Qq_m}} o™ > 0.
O

In Lemma 4.1 we have shown that, for all A\ > )\, there exists a nontrivial
non-negative weak solution w € X of (P,), which is a global minimizer for ®, in
X, with ®,(w) < 0. In this section we are looking for a second nontrivial weak
solution of (P,), when A > \.

Theorem 5.1. Let (X, ||.||) and (X,]|.||g) be two Banach spaces such that X —
E. Let ® : X — R be a C' functional with ®(0) = 0. Suppose that there exist
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0,a>0 and w € X such that ||w| g > 0, P(w) < a and P(u) > « for allu € X
with ||u||g = o. Then there exists a sequence (u,), € X such that for all n

1 2
p< Qun) < p+ ) and || (un,)[|xr < o

where

p = inf max ®(y(t)) andT' = {y € C([0,1]; X) : v(0) =0, v(1) =w}. (5.1)

~v€I te[0,1]
Proof. The proof of this theorem is given by the proof of Theorem A.3. of [5]. O

Proof of Theorem B. Let A be a strictly positive fixed number such that
A > \. Let’s designate by w € X the global minimizer of ®, obtained by Lemma
4.1. Thanks to Lemma 5.1 and the fact that ®,(w) < 0, the assumptions of
Theorem 5.1 which is a variant of Ekeland’s variational principle, are fufilled for
the functional ®,. Consequently, there exists a sequence (u,), C X such that

®,(un) — pand || P (u,)|x — 0
where

p = inf max ®(y(¢)) and I' = {y € C([0,1]; X) : v(0) =0, v(1) =w}. (5.2)
vel' te[0,1]
We shall prove that (u,), strongly converges to some w in X and that u is
a second nontrivial non-negative solution of (P,). To do this, follow the steps
below:
Stepl. By Lemma 3.1 (coercivity of ®, on X), the sequence (uy,),, is bounded

in X and consequently, the sequence (|Vu,|"?Vu,),, is bounded in (L™ (m=1((2))
From now we can use the argument of the proof of Theorem 4.2. In order not to
repeat everything that is done in the proof of the Theorem 4.2, we report here
the essentials needed to the demonstration of this theorem. By Propositions 3.2
and 3.1 and Lemma 2.6 we can extract, from the sequence (u,),, a subsequence
still relabeled (u,), and satisfying (4.18) (see in the proof of theorem 4.2), for

some u € X and A € (Lm/(m_l)(Q))N. The fundamental point of the proof is to

show that A = |Vu|™?Vu and u is a nontrivial solution of (Py), with u # w.
We have

N

(D) (uy),v) :/ |Vun|m_2Vuandx—/Rn(x)v(x)dx, for all n, (5.3)
Q Q

for any v € X, where the sequence (R,,),, is the one defined in (4.4) with \,, which
is identically equal to A for all n. (R,), belongs to L} (€2) by Lemma 4.2, being
(lunllx),, is bounded.

Fix a compact subset K in ) and a constant 6 > 0. Consider Jg the function
test of C§°(£2) such that 0 < Jx < 1 and Jx = 1 on K and S; the function
definned in the proof of Theorem 4.2.

We continuous also to set w, = JgSs o (u, — u) which belongs to X for all
n € N, as in the proof Theorem 4.2. By replacing v by the function test w, in
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(5.3), we have

/ Ii [[Vun|" " Vu, — [Vu|"*Vu] V(Ss o (u, — u))dr = — / Ss o (up — u)|Vu,|™ *Vu,V Jxdr
Q Q

_ / T | Vul™ 2V (S5 o (uy — u))dz
Q

+ <(Pl)\<un)awn>+/ﬂRn(fE)wn(I)dw.

(5.4)

Proceeding as for Theorem 4.2, we show that the first two terms in the right-
side of (5.4) tend to zero when n tends to infinity. Moreover,

(@) (up,), wn) — 0, when n — oo,

since @) (u,) — 0 in X’ and w, — 0 as n — oo due to the fact that w, — u

as n — oo. Finally, as we show it in the proof of Theorem 4.2, being (R,,), is
bounded in L}, () by Lemma 4.2, we have

/ Ro(2)wn(2)dz < 6., (5.5)
Q

where C'x is a suitable constant depend only on the compact set K. From now
on, operating as in the proof of Theorem 4.2, one show that
IV, (2) |2V, (z) = [Vu(z)[™2Vu(z), asn — oo, a.e for x € Q.
Thus, through Vitali’s Theorem, we show that
IVa,|™ ™ Vu, — [Vu|" > Vu = A in [Lm/(mfl)(Q)}N

)

as it does in Theorem 4.2.
This yields in particular that

/ IV, | *Vu, Vodr — / |Vu|" 2VuVovdz, for allv € X asn — co. (5.6)
Q v

Also, as in the proof of Theorem 4.2, since u,, — w in X by (4.18), it follows by
Lemma 3.6 that, for all v € X

/|un|m_2unvda@ — / |u|™?uvdz, asn — oo. (5.7)
Q Q
Moreover, the Lemmas 3.7 and 3.8 imply that, for all v € X,

/Q Fllunynvdz — /Q Flulyuvdz, (5.9)

/Qg(]un])unvdx%/Qg(\u|)uvdx, (5.9)

as m — 00.
Henceforth, passing to the limit in (5.3), as n — oo, using (5.6), (5.7) (5.8), (5.9)
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and the fact that (®)(u,),v) — 0 as n — oo for all v € X, we get

/|Vun\m2Vuandx+/ ]un]m2unvdw:)\/f(]un])unvdx—/g(]un])unvdx,
0 Q 0 Q

(5.10)
for all v € X. So, u is a weak solution of (P,).
Step2. We claim that

I;(n) = / [ttt — F ()] (t — )z = 0 (5.11)

as n — o0o. By hypothesis (%)), the function ¢ — f(|t|)¢ is strictly increase in
[0; +00) and consequently it is strictly increase in (—oo; +00) because it is an odd
function. Thus, we have

By Lemma (2.6), u,, — u in Lp(Q2), since u, — w in X. Thus, f(|u,|)u, —
f(lul)u in Lx(§2) by proposition 3.3. Therefore, by Hélder inequality, we get

0< /Q f (lunl)un = f(ful)u] (un —w)de < 2| f (Jun])un = f(ul)ul| gllun —ul 7 = 0,

as n — 0o. This give the proof of the claim.
Step3. In this step, we show that ||u, — u||x — 0 as n — co. By convexity, we
have:

Iy (n) = /(\Vun|m_2Vun — | Vu|™ %) (Vu,, — Vu)dr >0
Q

.(n) = /(|un|m2un a2 (w, — w)dz > 0
Q

2,0 = [ loluan = ()] a0 — w0 > .
Then we have
Wi 1= T (n) + Tn(n) + Z,(n) = (@) () — @4 (w), u — u) + Ay ().

Since u,, — u in X and ®(u,) — 0 in X’ when n — oo, then
(D) (1) — P\ (u), up, —u) — 0, as n — oco. Hence, by (5.11)

W, = (P (up,) — P4\ (uw), up, — u) + AZp(n) — 0 (5.12)
as n — 0o. Furthermore, there exists a constant $) > 0 such that we have
|, — u||"vég,m(ﬂ) <HZy(n) =0, (5.13)
as n — 0o. By Lemma 23 of [23], there exists # > 0 such that

for all (z,y) € R?, (g(|z[)x — g(ly)y)(z — y) = #G(|lz —y]) = 0.
Thus, by (5.12) it follows that

/ G(lun, — ul)dzr < =Zy(n) — 0,
Q

| =

as n — oo. Therefore,

|lun — ullg — 0, as n — oo, (5.14)
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since the N-function G satisfied the Ay-condition. Finally, by (5.13) and (5.14),
we have
|un, — ul|x — 0, when n — oo.

Step4. Since u, — u in X and &, € CY(X), we get ®y(u) = p = lim Dy (u,).
n—oo

So, u is a second independent nontrivial weak solution of (P, ), with ®,(u) = p >
0 > &) (w). We can assume u > 0 a.e. in €, since |u| is also a solution of (7))
due to ®,(|u|) = ®x(w). This concludes the proof.

CONCLUSION

In this paper we studied, according to the values of parameter A, the existence
of multiple nontrivial non-negative weak solutions of the quasilinear Dirichlet
elliptic equation (P,) involving two more general nonlinearities functions f(|¢|)t
and g(|t|)t with appropriate conditions. Initially, we showed that if A\ > A\, with A
a critical value, then the problem (P,) admits at least a nontrivial non-negative
weak solutions. Secondly, we exhibited a second critical value \ > A and showed,

by a variant of Ekeland’s variational principle, that for all A > A, (P,) admits at
least a second nontrivial non-negative weak solution different from the first one.
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