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1. Introduction

This work gives some properties of the set of solutions for the following system
ζ ′(x) = −Bζ(x) +

∫ x

0

Π(x− t)ζ(t)dt+ f(x, ζx) for x ≥ 0

ζ0 = φ ∈ Υ,

(1.1)

where −B generates a compact analytic semigroup, Υα, is a subset of Υ, where
Υ is a Banach space of functions defined from ]−∞, 0] to X and for 0 < α < 1,
the operator Bα is a α-power of B and it will be described later. For x ≥ 0,
Π(x) is closed linear operator with domain D(Π) ⊃ D(B), f : R+ × Υα → X is
a continuous function, where Υα is defined by

Υα = {φ ∈ Υ; φ(θ) ∈ D(Bα) for θ < 0 and Bαφ ∈ Υ}

with the norm

‖φ‖Υα = ‖Bαφ‖Υ.

For every x ≥ 0, ζx ∈ Υα is a function defined by

ζx(θ) = ζ(x+ θ) for θ ∈]−∞, 0],
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Using semigroup’s theory, the authors in [9], proved that the set of solutions of
the following  ζ ′(x) = −Bζ(x) + f(x, ζx) for x ≥ 0

ζ0 = φ ∈ Υ,

is connected in the space of continuous functions. The aim of this work is to
generalize the work done in [9] by using resolvent operator’s theory which is more
general than semigroup theory.

A brief reminder of this theory is provided in Section 2. In section 3, we
establish the Kneser’s property of equation (1.1). Last section is devoted to an
application.

2. Preliminary results

In what follows (X, ‖.‖) is a Banach space, α is a constant such that 0 < α < 1
and −A generates a bounded analytic semigroup of linear operator (S(x))x≥0 on
X. The fractional power Bα, with domain D(Bα), is a closed linear invertible
operator dense in X. D(Bα) and endowed with the norm |.|α, defined by |x|α =
‖Bαx‖ for each x ∈ D(Bα) is a Banach space, which is denoted by Xα.

Proposition 2.1. [6] Let 0 < α < 1. Assume that the operator −B is the
infinitesimal generator of an analytic semigroup (S(x))x≥0 on the Banach space
X satisfying 0 ∈ ρ(A). Then we have

i) S(x) : X → D(Bα) for every x > 0.
ii) S(x)Bαy = BαS(x)y for every y ∈ D(Bα) and x ≥ 0.
iii) for every x > 0, BαS(x) is bounded on X and there exist Mα > 0 and

ω > 0 such that

‖BαS(x)‖ ≤Mαe
−ωxx−α for x > 0.

iv) If 0 < α ≤ β < 1, D(Bβ) ↪→ D(Bα).
v) There exists Nα > 0 such that

‖(S(x)− I)B−α‖ ≤ Nαx
α for x > 0.

vi) If S(x) is compact for each x > 0, then B−α is compact.

Now, we give some basic results about resolvent operators.
Consider the following equation

ϑ′(x) = −Bϑ(x) +

∫ x

0

Π(x− t)ϑ(t)dt+ g(x) for x ≥ 0

ϑ(0) = ϑ0 ∈ X,

(2.1)

where −B and Π(x) are closed linear operators on X.
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Definition 2.2. [3] A resolvent operator for equation (2.1) is a bounded operator
valued-function Φ(x) ∈ Υ(X) such that for x ≥ 0 we have
(a) Φ(0) = I and |Φ(x)| ≤ Ne−βx for some positive constants N and β.
(b) For all y ∈ X, Φ(x)y is strongly continuous for y ≥ 0.
(c) Φ(x) ∈ Υ(D(A)) for x ≥ 0. For y ∈ Y = D(A), Φ(.)y ∈ C1([0,+∞[;X) ∩
C([0,+∞[;D(A)) and

Φ′(x)y = −AΦ(x)y +

∫ x

0

Π(x− t)Φ(t)ydt

= −Φ(x)Ay +

∫ x

0

Φ(x− t)Π(t)xdt for x ≥ 0.

Under some assumptions given in [3], we obtain the existence of an analytic
resolvent operator, where f ∗ is the Laplace transform of f .

(V1) −B generates an analytic semigroup (S(x))x≥0 on X. (Π(x))x≥0 is a closed
operator on X with domain at least D(B) a.e t ≥ 0 with Π(x)y strongly measur-
able for each y ∈ D(A) and ‖Π(x)y‖ ≤ Π(x)‖y‖1 for b ∈ L1

loc(0,∞) with b∗(λ)
absolutely convergent for Reλ > 0.

(V2) ρ(λ) = (λI + A − Π∗(λ))−1 exists as a bounded operator on X which is
analytic for λ ∈ Λ = {λ ∈ C : |arg(λ)| < π

2
+ δ} , where 0 < δ < π

2
. In Λ if

|λ| ≥ ε > 0 there exists M = M(ε) > 0 so that ‖ρ(λ)‖ ≤ M
|λ| .

(V3) Bρ(λ) ∈ L(X) for λ ∈ Λ and is analytic from Λ to L(X). Π∗(λ) ∈ L(Y,X)
and Π∗(λ)ρ(λ) ∈ L(Y,X) for λ ∈ Λ. Given ε > 0, there exists a positive constant
M = M(ε) so that for y ∈ Y and λ ∈ Λ with |λ| ≥ ε ‖Aρ(λ)y‖+‖Π∗(λ)ρ(λ)y‖ <
M
|λ|‖y‖ and ‖Π∗(λ)‖ → 0 as |λ| → +∞ in Λ. In addition, ‖Aρ(λ)y‖ ≤ M |λ|n for

some n > 0, λ ∈ Λ with , |λ| ≥ ε. Further, there exists D ⊂ D(B2) which is
dense in Y such that B(D) and Π∗(λ)(D) are contained in Y and ‖Π∗(λ)y‖ is
bounded for each y ∈ D and λ ∈ Λ with |λ| ≥ ε.

From [3], there exists a resolvent operator (Φ(x))x≥0 for linear equation (2.1)
which is analytic. Moreover for a > 0, there exist Kα > 0 such that

‖BαΦ(x)‖ ≤ Kαx
−α for x ∈ (0, a] and 0 < α < 1. (2.2)

Theorem 2.3. [2] Assume that (V1), (V2) and (V3) hold. Let (S(x))x≥0 be
a compact semigroup for x > 0. Then the corresponding resolvent operator
(Φ(x))x≥0 of equation (2.1) is also compact for x > 0.

Now consider the following system:
z′(x) = Az(x) +

∫ x

0

[Π1(x− t)− Π2(x− t)]z(t)dt for x ≥ 0

z(0) = z0 ∈ X.

(2.3)
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where Π1(x) and Π2(x) are closed linear operators in X and satisfy (V3). Then
we have the following Lemma and corollary coming from [2].

Lemma 2.4. [2] (Perturbation result) Assume that (V1), (V2) and (V3) hold
and Let (ΦΠ1(x))x≥0 be a resolvent operator of equation (2.1) and (ΦΠ1+Π2(x))x≥0

be a resolvent operator of equation (2.3). Then

ΦΠ1+Π2(x)z − ΦΠ1(x)z =

∫ x

0

ΦΠ1(x− t)Q(t)zdt,

where the operator Q is defined by

Q(x)z =

∫ x

0

Π′2(x− t)
(∫ s

0

ΦΠ1+Π2(τ)zdτ
)
dt+ Π2(0)

∫ x

0

ΦΠ1+Π2(t)zdt,

Q is uniformly bounded on bounded intervals, and for each z ∈ X, Q(.)z belongs
to C([0,∞);X).

Corollary 2.5. [2] Let B be a closed, densely defined linear operator in X, Π(x) =
0 for all x ≥ 0, and (Φ(x))x≥0 be a resolvent operator for equation (2.1). Then
(Φ(x))x≥0 is a C0-semigroup with infinitesimal generator B.

Let

Q(x)z =

∫ x

0

Π′(x− t)
(∫ s

0

Φ(τ)xdτ
)
dt+ Π(0)

∫ x

0

Φ(t)zdt,

By Lemma 2.4 we deduce that the operators (Q(x))x≥0 are uniformly bounded
for t in a bounded interval and that

Φ(x)z = S(x)z +

∫ x

0

S(x− t)Q(t)zdt (2.4)

where (S(x))x≥0 in a C0-semigroup generates by A on X.

The following the theorem is an important tool to prove our main result.

Theorem 2.6. [5] Let F : C([0, τ ];X)→ C([0, τ ];X), τ > 0 be continuous and S
be the set of fixed points of F . Assume that there is a compact set K ⊂ C([0, τ ];X)
such that for each ε > 0, there is a set Kε ⊂ K with the following properties:

(i) the sets Kε are connected;

(ii) d(z,Kε) < ε for all z ∈ S;

(iii) |y −Fy|∞ < δ(ε) for all y ∈ Kε, where δ(ε)→ 0, as ε→ 0.

Then S is connected.

3. Kneser’s Property

In what follows, we give some important axioms from [4].

(A1) There exist a positive constant H and functions K(.), P (.) : R+ → R+,
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with K continuous and M locally bounded, such that for any σ ∈ R and a > 0,
if u :] −∞, a] → X, ϑσ ∈ Υ, and ϑ(.) is continuous on [σ, σ + a], then for every
x ∈ [σ, σ + a] the following conditions hold

(i) ϑx ∈ Υ.

(ii) |ϑ(x)| ≤ H|ϑx|Υ ⇔ |φ(0)| ≤ H|φ|Υ for all φ ∈ Υ.

(iii) |ϑx|Υ ≤ K(x− σ) sup
σ≤t≤x

|ϑ(t)|+M(x− σ)|ϑσ|Υ.

(A2) If ϑ(.) in (A1), x 7→ ϑx is a Υ-valued continuous function for x ∈ [σ, σ + a].

(B) Υ is a complete space.

In the sequel, we give the conditions of the existence of mild solutions of equation
(1.1). For this, we suppose that:

(H1) The operator −B generates an analytic semigroup (S(x))x≥0 on X and
0 ∈ ρ(A).

(H2) ((S(x))x≥0 is compact semigroup on X for x > 0.

(H3) B−αφ ∈ Υ for all φ ∈ Υ and B−αφ is given by

(B−αφ)(θ) = B−α(φ(θ)) for θ ∈]−∞, 0].

Lemma 3.1. [1] Assume that (H1) and (H3) hold. Then Υα is a Banach space.

We give the definition of mild solution of this work.

Definition 3.2. A function z :] − ∞,+∞[→ X is a mild solution of equation
(1.1) if z is given by


z(x) = Φ(x)φ(0) +

∫ x

0

Φ(x− t)f(t, zt)dt for x ≥ 0

z0 = φ ∈ Υ.

Theorem 3.3. [8] Assume that (V1), (V2) and (V3), (H1), (H2) and (H3) hold.
For all φ ∈ Υα such that φ(0) ∈ Xα, equation (1.1) has a solution z :]−∞, `]→ X
for some given ` > 0.

Since (S(x))x≥0 is a C0-semigroup, then there exists M > 0 such that |S(x)| ≤M
for all t ∈ [0, `]. We define E` and D` by E` = sup

0≤t≤`
K(x) and D` = sup

0≤t≤`
M(x).

We assume that:

(H4) For all ξ > 0, there exists an increasing continuous function χξ ∈ L1([0,+∞[, X)
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such that for almost t ∈ I = [0, `], sup{‖f(x, ψ)‖ : ‖ψ‖Υα ≤ ξ} ≤ x−αχξ(x).

(H5) lim
α→+∞

Kδ

ξ

∫ `

0

χξ(t)

(`− t)α
dt < 1.

Theorem 3.4. Assume that (V1), (V2) and (V3), (H1), (H2), (H3), (H4) and
(H5) hold. Then the set S of mild solutions of equation (1.1) is a compact set in
C([0, `];Xα).

Proof. Let ξ > ‖φ‖Υα and Λξα be the set given by

Λξα = {z ∈ C([0, `];Xα) such that z(0) = φ(0) and ‖z‖∞ ≤ ξ},

where ‖z‖∞ = sup
t∈[0,`]

|z(x)|α. Let H be a function given on Λφ by

(Hz)(x) = Φ(x)φ(0) +

∫ x

0

Φ(x− t)f(t, zt)dt for t ∈ [0, `].

Suppose that there exists a positive number ξ > ‖φ‖Υα satisfying H(Λξα) ⊂
Λξα . In fact, if H(Λξα) * Λξα , there exist xξ ∈ Λξα and xξ ∈ [0, `] such that
‖(Hzξ)(xξ)‖α > ξ. Using inequality 2.2 and (H4), it follows that

ξ < |(Hzξ)(xξ)|α ≤ |Φ(xξ)φ(0)|α +

∫ xξ

0

|Φ(xξ − t)f(t, zt)|αdt

< N |φ(0)|α +Kα

∫ xξ

0

χξ(t)

(xξ − t)α
dt.

On the other hand, we claim that the function g : x 7→
∫ x

0

χξ(t)

(x− t)α
dt is an

increasing function on [0, `]. In fact, let x, x′ ∈ [0, `] be such that x < x′. Then
we have∫ x

0

χξ(t)

(x− t)α
dt =

∫ x

0

χξ(x− t)
tα

dt ≤
∫ x

0

χξ(x
′ − t)
tα

dt ≤
∫ x′

0

χξ(x
′ − t)
tα

dt = g(x′).

Consequently

1 <
N |φ(0)|α

ξ
+
Kα

ξ

∫ `

0

χξ(t)

(`− t)α
dt,

thent

1 ≤ lim inf
ξ→+∞

Kα

ξ

∫ `

0

χξ(t)

(`− t)α
dt,

which gives a contradiction by (H5).

It remains to prove that the set

{(Hz)(x)− Φ(x)φ(0) : ‖z‖∞ ≤ ξ}
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is relatively compact in Xα for all x ∈]0, `] and Range(H) is equicontinuous on
[0, `]. Let x ∈]0, `] be a given number and β > 0 such that α < β < 1. Inequality
2.2, implies ∥∥∥∥Bβ

∫ x

0

Φ(x− t)f(t, zt)dt

∥∥∥∥ ≤ Kβ

∫ `

0

χξ(t)

(`− t)α
dt,

which implies that {
Bβ

∫ x

0

Φ(x− t)f(t, zt)dt, ‖z‖∞ ≤ ξ

}

is bounded in X. (H2) and Proposition 2.1 imply that B−β : X → Xα is a
compact oprator. Consequently{∫ x

0

Φ(x− t)f(t, zt)dt, ‖z‖∞ ≤ ξ

}
is relatively compact set in Xα.

let x, x′ ∈ [0, `] be such that x < x′, then for all ε > 0, we have

∫ x

x−ε

χξ(t)

(x− t)α
dt =

∫ ε

0

χξ(x− t)
tα

dt ≤
∫ ε

0

χξ(x
′ − t)
tα

dt =

∫ x′

x′−ε

χξ(t)

(x′ − t)α
dt = g(x′),

which implies that the function gε : x 7→
∫ x

x−ε

χξ(t)

(x− t)α
dt is an increasing function

on [0, `].
Thus for every 0 ≤ x0 < x ≤ `, if ε = x− x0, then x0 = x− ε and equation (2.4)
implies

(Hz)(x)− (Hz)(x0) = (Φ(x)− Φ(x0))φ(0) +

∫ x

0

Φ(x− t)f(t, zt)dt−
∫ x0

0

Φ(x0 − t)f(t, zt)dt

= (Φ(x)− Φ(x0))φ(0) +

∫ x

x0

Φ(x− t)f(t, zt)dt

+

∫ x0

0

[
S(x− t)f(t, zt)dt+

∫ x−t

0

S(x− t− τ)Q(τ)f(τ, zτ )dτ

]
dt

−
∫ x0

0

[
S(x0 − t)f(t, zt)dt+

∫ x0−t

0

S(x0 − t− τ)Q(τ)f(τ, zτ )dτ

]
dt
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= (Φ(x)− Φ(x0))φ(0) +

∫ x

x0

Φ(x− t)f(t, zt)dt

+

[∫ x0

0

[S(x− t)− S(x0 − t)]f(t, zt)dt

]

+

∫ x

x0

[∫ x−t

x0−t
S(x− t− τ)Q(τ)f(τ, zτ ))dτ

]
dt

+

∫ x0

0

[∫ x0−t

0

[S(x− t− τ)− S(x0 − t− τ)]Q(τ)f(τ, zτ ))dτ

]
dt.

This implies that

|(Hz)(x)− (Hz)(x0)|α ≤ |(Φ(x)− Φ(x0))φ(0)|α +

∥∥∥∥(S(x− x0)− I)

∫ x0

0

BαS(x0 − t)f(t, zt)dt

∥∥∥∥
+Kα

∫ x

x−ε

χξ(t)

(x− t)α
dt+KαLb

∫ x

x−ε

[∫ x−t

x0−t

χξ(τ)

(t− τ)α
dτ

]
dt

+

∥∥∥∥(S(x− x0)− I)

∫ x0

0

[∫ x0−t

0

BαS(x0 − t− τ)Q(τ)f(τ, zτ ))dτ

]
dt

∥∥∥∥
≤ |(Φ(x)− Φ(x0))φ(0)|α +

∥∥∥∥(S(x− x0)− I)

∫ x0

0

BαS(x0 − t)f(t, zt)dt

∥∥∥∥
+Kα

∫ b

`−ε

χξ(t)

(x− t)α
dt+KαLb

∫ b

`−ε

[∫ x−t

x0−t

χξ(τ)

(t− τ)α
dτ

]
dt

+

∥∥∥∥(S(x− x0)− I)

∫ x0

0

[∫ x0−t

0

BαS(x0 − t− τ)Q(τ)f(τ, zτ ))dτ

]
dt

∥∥∥∥ ,
where Lb = sup{‖Q(x)‖ : x ∈ [0, `]}. The continuity of (Φ(.)x), implies that
the first part tend to zero as |x− x0| → 0. Like previously, we can prove that for
x0 > 0 the sets {∫ x0

0

BαS(x0 − t)f(t, zt)dt, ‖z‖∞ ≤ ξ

}
and {∫ x0

0

[∫ x0−t

0

BαS(x0 − t− τ)Q(τ)f(τ, zτ ))dτ

]
dt, ‖z‖∞ ≤ ξ

}
are relatively compact in X. Thus{∫ x0

0

BαS(x0 − t)f(t, zt)dt, ‖z‖∞ ≤ ξ

}
⊂ Ω1

and {∫ x0

0

[∫ x0−t

0

BαS(x0 − t− τ)Q(τ)f(τ, zτ ))dτ

]
dt, ‖z‖∞ ≤ ξ

}
⊂ Ω2,
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where Ω1 and Ω2 are two compact subsets of X. By Banach-Steinhaus’s Theorem,
we have∥∥∥∥(S(x− x0)− I)

∫ x−ε

0

BαS(x0 − t)f(t, zs)dt

∥∥∥∥→ 0 as x0 → x

and∥∥∥∥(S(x− x0)− I)

∫ x0

0

[∫ x0−t

0

BαS(x0 − t− τ)Q(τ)f(τ, zτ ))dτ

]
dt

∥∥∥∥→ 0 as x0 → t

uniformly in z. Using similar argument for 0 ≤ x < x0 ≤ b, we can conclude that
RangeHz is equicontinuous. Arzela-Ascoli’s Theorem implies that Range{Hz :
‖z‖∞ ≤ ξ} is relatively compact in C([0, `];Xα). �

Theorem 3.5. Assume that (V1), (V2) and (V3), (H1), (H2), (H3), (H4)
and (H5) hold. Then the S of mild solutions of equation (1.1) is connected in
C([0, `];X).

Proof. Define the function g byb g(x) = Φ(x)φ(0). Thus (H4), implies we might
select a number η > 0 large enough such that ‖z‖∞ ≤ η for x ∈ S and

‖g‖∞ + 3Kα

∫ `

0

χµ(t)

(`− t)α
dt ≤ η. (3.1)

Consequently, we have

E`|g|Υα +D`|φ|Υα + 3Kα

∫ `

0

χµ(t)

(`− t)α
dt ≤ µ, (3.2)

where E` = sup
0≤x≤`

K(x), D` = sup
0≤x≤`

M(x) and µ = E`η + D`|φ|Υα . We define the

∆ by

∆ =

{∫ x

0

Φ(x− t)f(t, zt)dt : 0 ≤ x ≤ `, y ∈ C([0, `];Xα), ‖z‖∞ ≤ µ

}
Using the same reasoning like above (see proof of Theorem 3.3), we deduce that
∆ is relatively compact in Xα. Without loss of generality, suppose that ∆ is

absolutely convex. Let us pose Γ = 2∆ and Γ1 = 3∆ and N1 = 2Kα

∫ `

0

χµ(t)dt.

The proof is made in several steps.

Step 1. We define the function y ∈ Λξα by

y(x) = g(x) +
i−1∑
k=1

(∫ xk

xk−1

Φ(x− t)f(t, yxk−1
)dt+ (xk − xk−1)ϑk

)

+

∫ x

xi−1

Φ(x− t)f(t, yxi−1
)dt+ (x− xi−1)ϑi for xi−1 < x < xi

y(0) = φ(0).

(3.3)
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We choose ϑk such that
i∑

k=1

(xk − xk−1)ϑk ∈ Γ and

∣∣∣∣∣
i∑

k=1

(xk − xk−1)ϑk

∣∣∣∣∣
α

≤ N1 for

all j = 1, ..., n and 0 = x0 < x1 < ......... < xn−1 < xn = b is a division d of [0, `].
Show that |y(x)|α ≤ η for 0 ≤ x ≤ ` independent of the division d of [0, `] and
the points ϑi.

y defined by equation (3.3) is a continuous function and we also define ψ(.) and
ϑ(.) the steps functions by ψ(0) = φ, ϑ(0) = ϑ1, ψ(x) = yxk−1

and u(x) = ϑk for
xk−1 < x < xk and k = 1, ..., n. Thus y(.) takes the following form

y(x) = g(x) +

∫ x

0

Φ(x− t)f(t, ψ(t))dt+

∫ x

0

ϑ(t)dt. (3.4)

Equation (3.1) implies that |y(x)|α ≤ η for 0 ≤ x ≤ x1. We assume that this
inequality holds on [0, xj−1] and we prove that it is also satisfied for xi−1 < x < xi.
Phase’s axioms and equation (3.2), imply that |y|Υα ≤ µ for 0 < t < xi−1. Since
i−1∑
k=1

(xk − xk−1)ϑk + (x− xi−1)ϑi is a convex combination of

i−1∑
k=1

(xk−xk−1)ϑk and
i∑

k=1

(xk−xk−1)ϑk, then by equation (3.4), (H4) and the fact

that

∣∣∣∣∣
i∑

k=1

(xk − xk−1)ϑk

∣∣∣∣∣
α

≤ N1, we have

|y(x)|α ≤ |g(x)|α +

∣∣∣∣∫ x

0

Φ(x− t)f(t, ψ(t))dt

∣∣∣∣
α

+

∣∣∣∣∣
i−1∑
k=1

(xk − xk−1)ϑk + (x− xi−1)ϑi

∣∣∣∣∣
α

≤ ‖g‖∞ +Kα

∫ `

0

χµ(t)

(`− t)α
dt+ 2Kα

∫ `

0

χµ(t)

(`− t)α
dt,

then we get our result.

Step 2. We denote by W the set of functions y given by equation (3.3) and
we claim that W is relatively compact in C([0, `];X).

We suppose that the points xk equally spaced with δ = xk − xk−1. Moreover, we
suppose that∣∣∣δ j∑

k=i+1

ϑk −
[
Φ((j − i)δ)− I

]
δ

i∑
k=1

ϑk

∣∣∣
α
≤ 2Kα

∫ b

`−εij

χQ(t)

(`− t)α
dt (3.5)

for 1 ≤ i+ 1 ≤ j ≤ n, with εij = xj − xi.

We define the function ỹ by ỹ = y − g and we show that W0 = {ỹ : y ∈ W} is
relatively compact.
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Equation (3.4) implies that

ỹ(x) =

∫ x

0

Φ(x− t)f(t, ψ(t))dt+ δ
i−1∑
k=1

ϑk + (x− xi−1)ϑi ∈ ∆ + Γ ⊆ Γ1

for all y ∈ W and x ∈ [0, `].
We now show that W0 is equicontinuous. Let 0 ≤ x′ ≤ x ≤ `. Equation (3.4)
implies that

ỹ(x)− ỹ(x′) =

(∫ x

0

Φ(x− t)f(t, ψ(t))dt−
∫ x′

0

Φ(x′ − t)f(t, ψ(t))dt

)
+

∫ x

x′
ϑ(t)dt

=

(∫ x

0

S(x− t)f(t, ψ(t))dt−
∫ x′

0

S(x′ − t)f(t, ψ(t))dt

)
+

∫ x

x′
ϑ(t)dt

+
(∫ x

0

∫ x−t

0

S(x− t− τ)Q(τ)f(τ, ψ(τ))dτ ]dt

−
∫ x′

0

∫ x′−t

0

S(x′ − t− τ)Q(τ)f(τ, ψ(τ))dτ ]dt
)

= [S(x− x′)− I]

∫ x′

0

(
S(x′ − t)f(t, ψ(t)) +

∫ x′−t

0

S(x′ − t− τ)Q(τ)f(τ, ψ(τ))dτ

)
dt

+

∫ x

x′

(
S(x− t)f(t, ψ(t)) +

∫ x−t

0

S(x− t− τ)Q(τ)f(τ, ψ(τ))dτ

)
dt+

∫ x

x′
ϑ(t)dt

+

∫ x′

0

(∫ x−t

x′−t
S(x− t− τ)Q(τ)f(τ, ψ(τ))dτ

)
dt

= [S(x− x′)− I]
(∫ x′

0

Φ(x′ − t)f(t, ψ(t))dt
)

+

∫ x

x′
Φ(x− t)f(t, ψ(t))dt+

∫ x

x′
ϑ(t)dt

+

∫ x′

0

(∫ x−t

x′−t
S(x− t− τ)Q(τ)f(τ, ψ(τ))dτ

)
dt

= [S(x− x′)− I]
(
ỹ(x′)−

∫ x′

0

ϑ(t)dt
)

+

∫ x

x′
Φ(x− t)f(t, ψ(t))dt+

∫ x

x′
ϑ(t)dt

+

∫ x′

0

(∫ x−t

x′−t
S(x− t− τ)Q(τ)f(τ, ψ(τ))dτ

)
dt

Since ∆ is a compact set and
(
ỹ(x′) −

∫ x′

0

ϑ(t)dt
)
∈ ∆, we might prove that∫ x

x′
ϑ(t)dt→ 0 as x− x′ → 0 no matter the function y.

The compactness of Γ implies for ε > 0 there is η0 > 0 such that |(Φ(t)−I)ϑ| ≤ ε

2
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for all x ∈ [0, η0], ϑ ∈ Γ and 2Kα

∫ b

`−(x−x′)

χµ(t)

(`− t)α
dt ≤ ε

2
for all x, x′ ∈ [0, `] such

that |x− x′| ≤ η0. We define a constant c1 by

c1 = sup
{1

s
|(Φ(t)− I)ϑ| : η0 ≤ s ≤ `, ϑ ∈ Γ

}
and we choose 0 < ρ ≤ min

{
η0,

εη0

2N1

,
ε

2c1

}
.

First, we suppose that x and x′ coincide with some points of the division. Thus,
we take x′ = xi and x = xj and we have∫ x

x′
ϑ(t)dt = δ

j∑
k=i+1

ϑk

= δ

j∑
k=i+1

ϑk −
[
Φ((j − i)δ)− I

]
δ

i∑
k=1

ϑk +
[
Φ((j − i)δ)− I

]
δ

i∑
k=1

ϑk

and equation (3.5) implies that∣∣∣∣∫ x

x′
ϑ(t)dt

∣∣∣∣
α

≤ 2Kα

∫ `

`−δ

χµ(t)

(`− t)α
dt+

∣∣∣∣∣[Φ((j − i)δ)− I
]
δ

i∑
k=1

ϑk

∣∣∣∣∣ . (3.6)

Since δ
i∑

k=1

ϑk ∈ Γ, if xj − xi ≤ η0, it follows that

∣∣∣∣∫ x

x′
ϑ(t)dt

∣∣∣∣
α

≤ ε.

Let x − x′ ≤ η. The position of points xk gives three possible situations. First,
we suppose that there is any point xk between x′ and x. Thus, there exists an

index i such that xi < x′ < x ≤ xi+1 and

∫ x

x′
ϑ(t)dt = (x − x′)ϑi+1. Equation

(3.5) and equation (3.6) give

|ϑi+1|α ≤
2Kα

δ

∫ b

b−δ

χQ(t)

(`− t)α
dt+

∣∣∣∣∣[Φ(δ)− I
] i∑
k=1

ϑk

∣∣∣∣∣
α

.

Since x− x′ ≤ ρ ≤ δ, we have

(x− x′)|ϑi+1|α ≤
ε

2
+
x− x′

δ

∣∣∣∣∣[Φ(δ)− I
]
δ

i∑
k=1

ϑk

∣∣∣∣∣
α

≤ ε,

which gives the result in this case.
Finally, we suppose that there is an index i such that xi−1 < x′ < xi < x < xi+1.
Then, we have∫ x

x′
ϑ(t)dt =

∫ xi

x′
ϑ(t)dt+

∫ x

xi

ϑ(t)dt =

∫ xi

x′
ϑidt+

∫ x

xi

ϑi+1dt = (xi−x′)ϑi+(x−xi)ϑi+1.

Since xi − x′ < x− x′ and x− xi < x− x′, we proceed like in the preceding case.
From the Ascoli-Arzela’s Theorem, we conclude that W0 is relatively compact
and so is W = h+W0.
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Step 3. We now give ε > 0 and we suppose, without loss of generality, that

ε ≤ min
{η0

2
, 2N1

}
and we define ε1 by ε1 =

(1− α)ε

2Mαb1−α . The compactness of sets

S and W and the continuity of f imply that there is 0 ≤ δ1 ≤ 2E`ε such that

|f(x, ψ1)− f(x, ψ2)|α ≤ ε1 (3.7)

for all x ∈ [0, `] and for every ψ1, ψ2 ∈ H(W ∪ S) such that |ψ1− ψ2|Υα ≤ δ1. In
the same way, there exists δ2 > 0 such that

|z(s)− z(t)|α ≤
δ1

4E`
, (3.8)

for all z ∈ W ∪ S and s, t ∈ [0, `] such that |t− s| ≤ δ2. We now suppose that

δ =
`

n
≤ min

{
(δ1`)

1−α

2E`ε
, δ2

}
. In what follows, we choose the subdivision d such

that xi = iδ, i = 0, ..., n. For the set Wε gives by the functions defined by equa-

tion (3.3) with (ϑ1, ..., ϑn) ∈ Zε where Zε is the set of points (ϑ1, ..., ϑn) ∈
(

2
δ
Γ
)n

such that:

(i) δ
i∑

k=1

ϑk ∈ Γ;

(ii)

∣∣∣∣∣δ
i∑

k=1

ϑk

∣∣∣∣∣
α

≤ Mαε1x
1−α
i

1− α
;

(iii)

∣∣∣∣∣δ
j∑

k=i+1

ϑk −
[
S((j − i)δ)− I

]
δ

i∑
k=1

ϑk

∣∣∣∣∣
α

≤ 2Kα

∫ b

`−εij

χQ(t)

(`− t)α
dt, for all i =

1, ..., n and j ≥ i+ 1, with εij = (j − i)δ

By (ii) we have

∣∣∣∣∣δ
i∑

k=1

ϑk

∣∣∣∣∣
α

≤ N1. We next give some properties of Wε.

Step 4. We claim that Wε is connected.

This comes from of the fact that the functions y ∈ Wε depend continuously
on the choice of (ϑ1, ..., ϑn) ∈ Zε and Zε is convex by our construction.

Step 5. Here, we prove that the elements of Wε can be approximations of
solutions of equation (1.1).

For z ∈ S fixed, we choose y ∈ Wε, defined on [xi−1, xi] such that |z − y|∞ ≤ ε.
For i = 1, we have x1 = δ and we pose

ϑ1 =
1

δ

∫ x1

0

Φ(x1 − t)[f(t, zt)− f(t, φ)]dt.
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We can see that ϑ1 ∈ 1
δ
Γ. One the other hand, equation (3.8) and axiom (A1)

imply that |zs−φ|Υα ≤
δ1

4
and equation (3.7) implies that |f(x, zx)−f(x, φ)|α ≤

ε1 for all x ∈ [0, δ]. By (H4), we have

|ϑ1|α ≤
1

x1

∫ x1

0

|Φ(x1 − t)[f(t, zt)− f(t, φ)]|αdt

≤ Kαε1

x1

∫ x1

0

(x1 − t)−αdt

≤ Kαε1

x1

× x1−α
1

1− α

≤ Kαε1x
−α
1

1− α
.

We define

y(x) = g(x) +

∫ x

0

Φ(x− t)f(t, φ)dt+ tϑ1,

for 0 ≤ x ≤ x1. The we have

y(x1) = g(x1) +

∫ x1

0

Φ(x− t)f(t, φ)dt+ x1ϑ1

= g(x1) +

∫ x1

0

Φ(x− t)f(t, zt)dt+ x1ϑ1

= z(x1).

For 0 ≤ x ≤ x1 = δ, the definition of ε1, δ and since δ ≤ min
{(δ1`)

1−α

2E`ε
, δ2

}
, we

have

|z(x)− y(x)|α ≤
∫ x

0

|Φ(x− t)[f(t, zt)− f(t, φ)]|αdt+ |tϑ1|α

≤ Kαε1t
1−α

1− α
+ t1|ϑ1|α

≤ 2Kαε1x
1−α
1

1− α

≤ 2Kα

1− α
× (1− α)ε

2Mαb1−α ×
(δ1b)

1−α

2E`ε

≤ δ1

2E`
.

Using the sane reasoning, we have choose the elements ϑk, k = 1, ..., i − 1 such
that (ϑ1, ..., ϑi−1, 0, ..., 0) ∈ Zε and the function y(x) for x ∈ [0, xi−1] such that
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y(xk) = z(xk) and we get

|z(x)− y(x)|α ≤
δ1

2E`
for 0 ≤ x ≤ xi−1.

Let be y defined on [xi−1, xi] and select

ϑi =
1

δ

i−1∑
k=1

(∫ xk

xk−1

[Φ(xi − t)− Φ(xi−1 − t)][f(t, zt)− f(t, ytk−1
)]dt
)

+
1

δ

∫ xi

xi−1

Φ(xi − s)[f(t, zt)− f(t, yxi−1
)]dt.

The function ψ(.) defined previously implies

ϑi =
1

δ

∫ xi

0

Φ(xi − t)[f(t, zt)− f(t, ψ)]dt− 1

δ

∫ xi−1

0

Φ(xi−1 − t)[f(t, zt)− f(t, ψ)]dt.

We prove that (ϑ1, ..., ϑi, 0, ..., 0) ∈ Zε. We can see δϑi ∈ 2Γ and

δ
i∑

k=1

ϑk =

∫ xi

0

Φ(xi − t)[f(t, zt)− f(t, ψ)]dt,

which implies that δ
i∑

k=1

ϑk ∈ 2Γ and

∣∣∣∣∣δ
i∑

k=1

ϑk

∣∣∣∣∣
α

≤ N1. Thus for m + 1 ≤ j ≤ i,

we have

δ

j∑
k=m+1

ϑk = δ

j∑
k=1

uk − δ
m∑
k=1

ϑk

=

∫ xj

0

Φ(xj − t)[f(t, zt)− f(t, ψ)]dt−
∫ xm

0

Φ(xm − t)[f(t, zt)− f(t, ψ)]dt.

Consequently as in Step 2, it follows

δ

j∑
k=m+1

ϑk =
(∫ xj

0

Φ(xj − t)[f(t, zt)− f(t, ψ)]dt−
∫ xm

0

Φ(xm − t)[f(t, zt)− f(s, ψ)]dt
)

=
[
S(xj − xm)− I

] ∫ xm

0

Φ(tm − t)[f(t, zt)− f(t, ψ)]dt

+

∫ tj

xm

Φ(xj − t)[f(t, zt)− f(t, ψ)]dt

+

∫ xm

0

(∫ xj−t

xm−t
S(xj − t− τ)Q(τ)[f(τ, zτ )− f(τ, ψ)]dτ

)
dt,
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which yields

(
δ

j∑
k=m+1

ϑk −
[
S(xj − xm)− I

] ∫ xm

0

Φ(xm − t)[f(t, zt)− f(t, ψ)]dt
)

=∫ xj

xm

Φ(xj − t)[f(t, zt)− f(t, ψ)]dt

+

∫ xm

0

(∫ tj−t

xm−t
S(xj − t− τ)Q(τ)[f(τ, zτ )− f(τ, ψ)]dτ

)
dt.

This implies that∣∣∣∣∣δ
j∑

k=m+1

ϑk − [S((j −m)δ)− I] δ
m∑
k=1

ϑk

∣∣∣∣∣
α

≤ 2Kα

∫ `

`−εmj

χµ(t)

(`− t)α
dt

+2KαLb
∫ xm

0

(∫ xj−t

xm−t

χµ(t)

(t− τ)α
dτ

)
dt.

Moreover for xi−1 < t ≤ xi, we have zs−ψ(t) = zs−zxi−1
+zxi−1

−yxi−1
. Equation

(3.8) implies that |zs−zxi−1
|Υα ≤

δ1

4
and by induction, we have |zxi−1

−yxi−1
|Υα ≤

δ1

2
. Thus equation (3.7), implies that δ

∣∣∣ i∑
k=1

ϑk

∣∣∣
α
≤ Kαε1x

1−α
i

1− α
and we can see that

(ϑ1, ..., ϑi, 0, ..., 0) ∈ Zε.
Define now y(x) for xi−1 < x ≤ xi. Using equation (3.3) and by the choice of ϑk,
k = 1, ..., i, we have

z(xi)− y(xi) =

∫ xi

0

Φ(xi − t)[f(t, zt)− f(t, ψ)]dt− δ
i∑

k=1

ϑk

=

∫ xi

0

Φ(xi − t)[f(t, zt)− f(t, ψ)]dt−
∫ xi

0

Φ(xi − t)[f(t, zt)− f(t, ψ)]dt

= 0.

In addition, by equation (3.8) and the choice of δ, we have

|z(x)− y(x)|α ≤ |z(x)− z(xi−1)|α + |z(xi−1)− y(x)|α

≤ |z(x)− z(xi−1)|α + |y(x)− y(xi−1)|α

≤ δ1

2E`
,

which proves this result.
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Step 6. In this step, we prove that the elements of Wε are approximate so-
lutions of equation (1.1), that is to say∣∣∣∣y(x)− g(x)−

∫ x

0

Φ(x− t)f(t, zt)dt

∣∣∣∣
α

≤ ε,

for x ∈ [0, `] and z ∈ Wε.

For xi−1 < x ≤ xi, equation (3.3) implies that

y(x)− g(x)−
∫ x

0

Φ(x− t)f(t, zt)dt =

∫ t

0

Φ(x− t)[f(t, ψ)− f(t, zt)]dt+
i∑

k=1

ϑk + (x− xi−1)ϑi

and by equation (3.7), equation (3.8) and the choice of δ, it follows that∣∣∣∣y(x)− g(x)−
∫ x

0

Φ(x− t)f(t, zt)dt

∣∣∣∣
α

=

∣∣∣∣∫ x

0

Φ(x− t)[f(t, ψ)− f(t, zt)]dt

∣∣∣∣
α

+

∣∣∣∣∣
i∑

k=1

ϑk + (x− xi−1)ui

∣∣∣∣∣
α

≤ 2Kαε1`
1−α

1− α
,

which gives our assertion.
Since S is the set of fixed points of the function H, then by Step 1 and Step 6
and Theorem 2.6, we conclude that S is connected in the space C([0, `];Xα). �

4. Application

For an application, we study the following model

∂

∂s
ψ(x, ρ) =

∂2

∂ρ2
ψ(x, ρ) +

∫ x

0

η(x− u)
∂2

∂z2
ψ(u, z)du+ xe−|x|

∫ 0

−∞
h(λ, z(x+ λ, ξ))dλ for x ≥ 0

and ρ ∈ [0, π]

ψ(x, 0) = ψ(x, π) = 0 for x ≥ 0

ψ(λ, ρ) = φ(λ)(ρ) for λ ∈]−∞, 0] and ρ ∈ [0, π],
(4.1)

where h :] − ∞, 0] → X is a positive integrable function and η : R+ → R is
uniformly bounded continuous. To rewrite equation (4.1) in the abstract form,
we introduce the space X of L2([0, π];R) functions such that for all z ∈ X z(0) =
z(π) = 0 and

‖z‖L2 =
(∫ π

0

|z(t)|2dt
) 1

2
.
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Defined B : X → X by {
D(B) = H2(0, π) ∩H1

0 (0, π)
Bψ = −ψ′′.

−B generates a compact analytic semigroup (S(x))x≥0 on X. Thus (H1) and

(H2) are satisfied. In what follows, we take α =
1

2
. Let µ > 0, the phase space is

given by

Υ = Cµ = {φ ∈ C(]−∞, 0];X) : lim
λ→−∞

eµλφ(λ) exist in X},

with the norm

‖φ‖µ = sup
λ≤0

eµλ‖φ(λ)‖, for φ ∈ Cµ

This space satisfies (A1), (A2) and (B). Υ 1
2

is equipped with the norm given by

‖φ‖Υ 1
2

= sup
λ≤0

eµλ‖A
1
2φ(λ)‖ = sup

λ≤0
eµθ

(∫ π

0

(
∂

∂x
(φ)(λ)(ρ)

)2

dρ

) 1
2

.

Let Π : D(A)→ X given by

Π(x)(ψ) = η(x)Bψ for t ≥ 0

and function f is defined by

f(x, φ)(ρ) = xe−|x|
∫ 0

−∞
g(λ)φ(λ)(ρ)dλ for ρ ∈ [0, π] and x ≥ 0.

If ϑ(x) = z(x, ρ), equation (4.1) becomes
ϑ(x) = −Bϑ(x) +

∫ x

0

Π(x− t)ϑ(t)dt+ f(x, ϑx), x ≥ 0

ϑ0 = φ ∈ Υ

(4.2)

We suppose that

(H6): e−2µh ∈ L2(R−).
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By Hölder’s inegality, one has

‖f(x, φ)‖2 =

∫ π

0

∣∣∣∣xe−|x| ∫ 0

−∞
h(λ)φ(λ)(ξ)dλ

∣∣∣∣2 dρ
= x2e−2|x|

∫ π

0

∣∣∣∣∫ 0

−∞
h(λ)e−2µλe2µλφ(λ)(ρ)dλ

∣∣∣∣2 dρ
≤ x2e−2|x|

∫ π

0

(∫ 0

−∞
h2(λ)e−4µλdλ

)(∫ 0

−∞
e4µλφ2(λ)(ρ)dθ

)
dρ

≤
(∫ 0

−∞
h2(λ)e−4µλdλ

)
x2e−2|x|

∫ π

0

(∫ 0

−∞
e2µλe2µλφ2(λ)(ρ)dλ

)
dρ

≤
(∫ 0

−∞
h2(λ)e−4µλdλ

)
x2e−2|x|

∫ π

0

sup
λ≤0

e2µλ[φ2(λ)(ρ)]

(∫ 0

−∞
e2µλdλ

)
dρ

≤
(∫ 0

−∞
h2(λ)e−4µλdλ

)
x2e−2|x| sup

λ≤0
e2µλ

∫ π

0

φ2(λ)(ρ)

(∫ 0

−∞
e2µλdλ

)
dρ

≤ 1

2µ

(∫ 0

−∞
h2(λ)e−4µλdλ

)
x2e−2|x| sup

λ≤0
e2µλ

∫ π

0

φ2(λ)(ρ)dρ

≤ 1

2µ

(∫ 0

−∞
h2(λ)e−2µλdλ

)
x2e−2|x|‖φ‖2

Υ 1
2

Let ρ > 0, for all φ ∈ Υ 1
2

such that ‖φ‖Υ 1
2

≤ ρ, we define

χξ(x) =

[
1

2µ

(∫ 0

−∞
h2(λ)e−2µλdλ

)] 1
2

xe−xρ
1
2 for x ∈ [0, `].

Then (H4) and (H5) are satisfied. Since (H2) is satisfied, then the linear part of
equation (4.2) has a resolvent operator which is analytic. Using [1] (Section 6),

for all ψ ∈ Υ 1
2
, B

−1
2 ψ ∈ Υ 1

2
, i.e (H3) is satisfied. Then we have the following

result.

Theorem 4.1. For φ ∈ Υ 1
2
, there exists ` > 0 such that the set S of mild solution

of equation (4.1) is connected in C([0, `];Xα).
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