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1. INTRODUCTION

This work gives some properties of the set of solutions for the following system

('(x) = —B((z) + /Ox (z —t)¢(t)dt + f(x, () for x>0 w

C0:¢ET7

where — B generates a compact analytic semigroup, Y, is a subset of T, where
T is a Banach space of functions defined from | — 00, 0] to X and for 0 < o < 1,
the operator B* is a a-power of B and it will be described later. For x > 0,
I[I(x) is closed linear operator with domain D(IT) D D(B), f : Rt x T, — X is
a continuous function, where T, is defined by

Y. ={6€T; ¢(0) € D(B*)for § < 0 and B¢ € T}

with the norm

9], = 1 B9x.

For every x > 0, (, € T, is a function defined by

C(0) = C(z + 0) for § €] — 00, 0],
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Using semigroup’s theory, the authors in [9], proved that the set of solutions of
the following

¢'(x) = —=B((x) + f(z,¢) forz >0

<0:¢€T,

is connected in the space of continuous functions. The aim of this work is to
generalize the work done in [9] by using resolvent operator’s theory which is more
general than semigroup theory.

A brief reminder of this theory is provided in Section 2. In section 3, we
establish the Kneser’s property of equation (1.1). Last section is devoted to an
application.

2. Preliminary results

In what follows (X ||.]|) is a Banach space, « is a constant such that 0 < a < 1
and —A generates a bounded analytic semigroup of linear operator (S(z));>0 on
X. The fractional power B*, with domain D(B?%), is a closed linear invertible
operator dense in X. D(B%) and endowed with the norm |[.|,, defined by |z|, =
| Bz|| for each x € D(B®) is a Banach space, which is denoted by X,.

Proposition 2.1. [0] Let 0 < a < 1. Assume that the operator —B is the
infinitesimal generator of an analytic semigroup (S(x)).>0 on the Banach space
X satisfying 0 € p(A). Then we have

i) S(z) : X — D(B®*) for every x > 0.
it) S(z)B*y = B*S(z)y for everyy € D(B*) and x > 0.
iii) for every x > 0, B*S(x) is bounded on X and there exist M, > 0 and
w > 0 such that

|B*S(x)|| < Moe 2™ forxz > 0.

iv) If0 < a < B < 1, D(B®) < D(B*).
v) There exists N, > 0 such that

|(S(x) = I)B™|| < Naa® forz > 0.

vi) If S(x) is compact for each x > 0, then B~* is compact.

Now, we give some basic results about resolvent operators.
Consider the following equation

¥ (x) = —Bd(z) + /09C O(x — t)9(t)dt + g(z) for z >0 o)

19(0) = 190 S X,

where — B and TI(x) are closed linear operators on X.
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Definition 2.2. [3] A resolvent operator for equation (2.1) is a bounded operator
valued-function ®(z) € T(X) such that for z > 0 we have

(a) ®(0) = I and |®(z)| < Ne P for some positive constants N and f3.

(b) For all y € X, ®(x)y is strongly continuous for y > 0.

(c) ( ) € (D(A)) forz > 0. Fory € Y = D(A), ®(.)y € C*([0, +oo[; X) N
C([0, +o0[; D(A)) and

Py = —AD(x)y + /O T — D)yt

= —®(x)Ay +/ O (z — ¢)II(t)xdt for x > 0.
0

Under some assumptions given in [3], we obtain the existence of an analytic
resolvent operator, where f* is the Laplace transform of f.

(V1) —B generates an analytic semigroup (S(x)),>0 on X. (II(z)).>0 is a closed
operator on X with domain at least D(B) a.e t > 0 with II(z)y strongly measur-
able for each y € D(A) and |[TI(z)y|| < II(x)|ly||; for b € L, .(0,00) with b*(\)
absolutely convergent for Re\ > 0.

(Vy) p(A) = (M + A — TI*(\)) 7! exists as a bounded operator on X which is
analytic for A € A = {A € C: |arg(\)| < § + 0}, Where 0<d< 3 InAif
|A| > & > 0 there exists M = M(g) > 0 so that ||p(\)| < & A

(V3) Bp(A\) € L(X) for A € A and is analytic from A to £(X). II*(\) € L(Y, X)
and IT*(A\)p(A\) € L(Y, X) for A € A. Given € > 0, there exists a positive constant
M = M(e) so that for y € Y and A € A with |\| > ¢ |[Ap(N)y| + [[TT*(A\) p(N)y || <
%Hy” and ||[ITT*(M\)|| — 0 as |A| = 400 in A. In addition, |[Ap(A)y|| < M|A|™ for
some n > 0, A € A with , |[\| > e. Further, there exists D C D(B?) which is
dense in Y such that B(D) and II*(\)(D) are contained in Y and [[TT*(\)y]| is
bounded for each y € D and A € A with || > «.

From [3], there exists a resolvent operator (®(z)),>o for linear equation (2.1)
which is analytic. Moreover for a > 0, there exist K, > 0 such that
|BY®(z)]| < Koz~ forx € (0,a] and 0 < aw < 1. (2.2)

Theorem 2.3. [2] Assume that (Vi), (Va) and (V3) hold. Let (S(x)).>0 be
a compact semigroup for x > 0. Then the corresponding resolvent operator
(®(x))a>0 of equation (2.1) is also compact for x > 0.

Now consider the following system:
Z(x) = Az(x) + / [y (x —t) — Ha(x — t)]z(¢)dt for x > 0
0 (2.3)
2(0) = 2 € X.
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where IT; (x) and IIy(z) are closed linear operators in X and satisfy (V3). Then
we have the following Lemma and corollary coming from [2].

Lemma 2.4. [2] (Perturbation result) Assume that (Vy), (V) and (V3) hold
and Let (Pry, (x))2>0 be a resolvent operator of equation (2.1) and (P, 111, (x))z>0
be a resolvent operator of equation (2.3). Then

©H1+H2<$)z - (I)l_h(x)z = /0$ CDl_h (aj - t)Q(t)Zdt>

where the operator () is defined by

Qx)z — /0 0 1) /0 S Dy, 1, () zdr )t + T15(0) /0 [ —————

Q is uniformly bounded on bounded intervals, and for each z € X, Q(.)z belongs
to C([0,00); X).

Corollary 2.5. [2] Let B be a closed, densely defined linear operator in X, Il(z) =
0 for all x > 0, and (®(x)).>0 be a resolvent operator for equation (2.1). Then
(®(x))a>0 is a Cy-semigroup with infinitesimal generator B.

Let
Oz)z = /0 I (z — t)</08q>(¢)xd7)dt+n(0) /Oxcl)(t)zdt,

By Lemma 2.4 we deduce that the operators (Q(x)),>o are uniformly bounded
for ¢ in a bounded interval and that

O(z)z = S(x)z +/ S(x —t)Q(t)zdt (2.4)
0
where (S(x)).>0 in a Cy-semigroup generates by A on X.

The following the theorem is an important tool to prove our main result.

Theorem 2.6. [5] Let F : C([0,7]; X) — C([0,7]; X), 7 > 0 be continuous and S
be the set of fized points of F. Assume that there is a compact set K C C([0,7]; X)
such that for each € > 0, there is a set K. C K with the following properties:
(i) the sets K. are connected;

(i) d(z,K.) < e forall z €S;

(tit) |y — Fyloo < 0(e) for ally € K., where 6(¢) — 0, as e — 0.

Then S is connected.

3. Kneser’s Property

In what follows, we give some important axioms from [1].

(A1) There exist a positive constant H and functions K(.), P(.) : RT — R*,
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with K continuous and M locally bounded, such that for any ¢ € R and a > 0,
if u:] —o00,a] = X, J, € T, and ¥(.) is continuous on [0, + a], then for every
x € |o,0 + a] the following conditions hold

(i) 9, € T.
(i) [0(2)] < H|V|r < [¢(0)] < Hol|y for all ¢ € T.

(iii) [9z|y < K(x — o) sup [9(t)| + M(z — )|, ]r.

o<tz

(Ag) If ¥(.) in (A1), x — I, is a T-valued continuous function for = € [0, 0 + al.
(B) T is a complete space.

In the sequel, we give the conditions of the existence of mild solutions of equation
(1.1). For this, we suppose that:

(H;) The operator —B generates an analytic semigroup (S(z)),>0 on X and
0 € p(A).

(H2) ((S(x))z>0 is compact semigroup on X for z > 0.

(H3) B~*¢ € T for all ¢ € T and B~“¢ is given by
(B™"¢)(0) = B~(¢(0)) for 0 €] = o0,0].
Lemma 3.1. [1] Assume that (Hy) and (H3) hold. Then Y, is a Banach space.
We give the definition of mild solution of this work.

Definition 3.2. A function z :] — 0o, +oo[— X is a mild solution of equation
(1.1) if z is given by

z(z) = ®(x)p(0) + /093 O(x —t)f(t, z)dt for x >0

ZOZ¢€T.

Theorem 3.3. [8] Assume that (V1), (Va) and (V3), (Hy), (Hz) and (Hs) hold.
For all ¢ € Y, such that $(0) € X, equation (1.1) has a solution z :|—o0, (] — X
for some given ¢ > 0.

Since (S(x))z>0 is a Cy-semigroup, then there exists M > 0 such that |S(z)| < M
for all t € [0,¢]. We define & and D, by & = sup K(z) and Dy = sup M(z).

0<t<t 0<t<e

We assume that:

(H4) For all £ > 0, there exists an increasing continuous function x¢ € L*([0, +oo[, X)
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such that for almost t € I = [0,4], sup{||f(z, V)| : ||¥]r. <&} < x™Xe(2).

Ks [f xelt)
(H;) fim € ), t—0e
Theorem 3.4. Assume that (Vi), (V) and (V3), (Hy), (Hs), (Hs), (Hy) and

(Hs) hold. Then the set S of mild solutions of equation (1.1) is a compact set in
C([0,4]; Xa).

e dt < 1.

Proof. Let £ > ||¢||r, and A¢, be the set given by
Ae, = {2 € C([0,/]; X,,) such that 2(0) = ¢(0) and ||z||~ < &},

where |||l = sup |z(x)]s. Let H be a function given on Ay by
t€(0,4]

(Hz)(x) = ®(x)p(0) + /Ox O(x —t)f(t,z)dt for t €|0,].

Suppose that there exists a positive number £ > ||¢||y, satisfying H(Ag,) C
A¢,. In fact, if H(Ag,) € Ag,, there exist 2¢ € Ag, and z¢ € [0,¢] such that
||(HZ£)([IJ§)||Q > ¢. Using inequality 2.2 and (Hy), it follows that

§ < |(Hze)(ze)la < [P(2)9(0)]a Jr/:5 |[®(zg — ) f(t; 21)|adt

< N|¢(0)|Q+Ka/mg %dt.

e(t)
t)

increasing function on [0, ¢]. In fact, let x, 2’ € [0,¢] be such that x < 2’. Then
we have

/ Xe(t) dtz/ mdtﬁ/ Mdtﬁ/ Mdt:g(x’)-
0 (,T—t)a 0 ta 0 to 0 to

Consequently

On the other hand, we claim that the function g : z — / —=-—dt is an
x —_

NIOO)la | Ko [* xelt)
R S =l

thent

K
1 < liminf =2

b

which gives a contradiction by (Hs).

It remains to prove that the set

{(H2)(z) — 2(2)0(0) - [zl <€}
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is relatively compact in X, for all z €]0,¢] and Range(#) is equicontinuous on
[0,¢]. Let z €]0,¢] be a given number and § > 0 such that & < 8 < 1. Inequality
2.2, implies

HBB /Oxcb(x—t)f(t,zt)dtH < K, /OZ (Exi(?)adt,

which implies that

{Bﬁ/j@(:r—t)f(t,zt)dt, [Ef Sf}

is bounded in X. (H,) and Proposition 2.1 imply that B : X — X, is a
compact oprator. Consequently

{/Ox Oz — 1) f(t, z)dt, 2o gg}

is relatively compact set in X,.

let z,2" € [0, /] be such that z < 2/, then for all € > 0, we have

(t
which implies that the function g, : z — / —t))
x J—
on [0, ¢].
Thus for every 0 < zg < x < /¢, if € = 2 — x0, then g = z — ¢ and equation (2.4)
implies

dt is an increasing function

(He)(2) — (He)(z0) = (B(x) — B(a0))$(0) + /Oxfb(x—t)f(t,zt)dt— /Ox°<1><:co—t>f<t,zt>dt

~ (@)~ 0an))(0) + [ "D — 1) f(t, 2)de

o

+/ { x —t)f(t, z)dt + /Oz_t Sz —t—1)Q(7)f(r, ZT)dT] dt

0

/ l (0 — 1)f tzt)dt—i-/oxotS(a:O—t—T)Q(T)f(T,zT)dT] i

0



8 G. DOUKA, J. KABRE, P. OUEDRAOGO, I. ZABSONRE

= (®(z) — D(20))9(0) + /x O(x — t)f(t, 2)dt
+ [/Oa:o [S(x —t) — S(zo — 1) (¢, zt)dt}

+ / { / Sz —t — Q) f(r, z»)d{ it
" /0 [/OW[S (x—1—7) = Sxo —t = QT f(, m)df} .

This implies that

[(H2)(z) = (He)(@o)la < [(D(x) — P(20))d(0)|a +

(S(z — zo) — I) / " BS (e — 1) f (1, zt)dtH

0

[ e [ [ ]

(S(z — m0) — 1) /0 V;O_t BS(ay — t — 7)Q(r) (7, zﬁ)dﬂ it

+

l

(S(z — zo) — 1) / " BS (e — 1) f (1, zt)dtH

0

e / <xxg—(?>adt ik / [/ <tXf(3adT] «

(S(z — w0) — 1) / " [ /0 " By — t — Q) (. zf))drl dt

0

IN

[(@(2) — B(20))(0)]a +

+

where £, = sup{||Q(z)|| : =z € [0,¢]}. The continuity of (®(.)z), implies that

the first part tend to zero as |z — x¢| — 0. Like previously, we can prove that for
zg > 0 the sets

{/0 BS(xo — ) f(t, 2)dt, 2] < 5}

and

{ /0 [ /Oxo-t B*S(ag — t = T)Q(T) (7, mm} a2 gg}

are relatively compact in X. Thus

{ [ Bt - s, Pl < 5} o,
0

and

{/Oxo [/Oow‘t B*S(xog —t — 7)Q(7) f(r, zT))dr} dt, |z]le < g} 0
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where €2y and 25 are two compact subsets of X. By Banach-Steinhaus’s Theorem,
we have

‘(S(x—xo)—f)/ : BaS(xo—t)f(t,zs)dtH —0 as g~
0
and

(S(z — 20) — I /O " [ /0 " RSy — t — Q) (. ZT))dT} dt

uniformly in z. Using similar argument for 0 < x < xy < b, we can conclude that
RangeHz is equicontinuous. Arzela-Ascoli’s Theorem implies that Range{Hz :
|1 2]lco < &} is relatively compact in C([0, £]; X,). O

Theorem 3.5. Assume that (V1), (Vi) and (V3), (Hy), (Hy), (H;), (Hy)
and (Hs) hold. Then the S of mild solutions of equation (1.1) is connected in
c([o,4; X).

Proof. Define the function g byb g(x) = ®(z)¢(0). Thus (Hy), implies we might
select a number 7 > 0 large enough such that ||z||o <7 for z € S and

—0 as x9g —t

l
Xu(t)
00 K, dt <n. 1
lolle + 355, [ < (3.1)
Consequently, we have
l
t
Edalr. + Dalofe, + 35, | XChae < 32
-

where & = sup K(x), D, = sup M(z) and u = Em + Dy|o|r,. We define the
0<z<t 0<x</
A by

. {/qu)(x —f(ta)dt: 0 <z <Ly € O([0,4]; Xa), |l2llo < u}

Using the same reasoning like above (see proof of Theorem 3.3), we deduce that
A is relatively compact in X,. Without loss of generality, suppose that A is

¢
absolutely convex. Let us pose I' = 2A and I'y = 3A and N; = 2Ka/ X, (t)dt.
0

The proof is made in several steps.

Step 1. We define the function y € A¢, by

( y(z) = g(x) + (/mk D(z — ) f(t, Yap_, )t + (1 — $k—1)19k>

k=1 Tr—1

x 3.3
—i—/ O(z — 1) f(t,yp,_,)dt + (x — 2;-1)0; for a0 <z < (3:3)
Ti_1
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We choose 9, such that Z(mk — 1) € I' and Z(:ck — xkl)ﬁk| < N; for
k=1 k=1 N

all j=1,...,nand 0 = 29 < 21 < ... < Xy_1 < x, = b is a division d of [0, /].

Show that |y(x)|, < n for 0 < z < ¢ independent of the division d of [0, ¢] and

the points ;.

y defined by equation (3.3) is a continuous function and we also define v(.) and
Y(.) the steps functions by (0) = ¢, 9(0) = V1, () = yu,_, and u(z) = Vy, for
p1 <x <z and k=1,...,n. Thus y(.) takes the following form

y(r) = g(x) + /Ozv O(x —t)f(t,0(t))dt + /OI J(t)dt. (3.4)

Equation (3.1) implies that |y(z)|, < n for 0 < x < x;. We assume that this
inequality holds on [0, z;_;] and we prove that it is also satisfied for ;1 < z < ;.
Phase’s axioms and equation (3.2), imply that |y|y, < p for 0 <t < z;_;. Since
i—1

Z(wk — x_1)9% + (x — x;-1)9; is a convex combination of

k=1

i1 i

Z(xk — 1)V and Z(mk — Tp_1)VUg, then by equation (3.4), (H4) and the fact

k=1 k=1
i

Z(Ik - l'kq)ﬁk

k=1

that < Ni, we have

o

+

«

y(@)a < lg9(z)|a+

/0 “B(a - )11, (0)dt

i—1
Z(xk — xk,l)ﬂk + (l’ — $i,1)19i
k=1

«

l l
K Xu(t) K / Xu(t)
S g oo+ a/ dt+2 a dta
ol o (L—1t)" o (L—1t)

then we get our result.

Step 2. We denote by W the set of functions y given by equation (3.3) and
we claim that T is relatively compact in C([0, ¢]; X).

We suppose that the points z;, equally spaced with § = xj, — x_1. Moreover, we
suppose that

‘5 Xj: 9y — [@((j—i)é) —1}52;1%

k=i+1

b
Xq(t)
< 2K, dt 3.5
e =

fOI‘lSZ—l—lS]Sn,Wlthng.Tj—xz

We define the function § by ¥ = y — g and we show that Wy ={y: y € W} is
relatively compact.
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Equation (3.4) implies that

i—1

”yv(:v):/oxfl)(:c—t)f( W»(t) dt—i—éZﬁ;mL r—xi1) € A+T CTy

for all y € W and z € [0, 4.
We now show that Wy is equicontinuous. Let 0 < 2/ < x < (. Equation (3.4)
implies that

7(2) - 7(a’) = ( | v -nseoma- | oW -0 dt) [ ow

- ( /IS(x—t)f( ()t / " S — )l >>dt> /fmdt

// S(x =t =7)Q(7)f (7, ¢(7))dr]dt
_/0 /0 tS (¢" =t =7)Q ﬂf(mw(r»dﬂdt)

= [S(z—a) = 1] /Ox <S(fr' — 1) f(t, (1) + /Ox S(a' —t - T)Q(T)f(TW(T))C”) dt

n / (S(:c Ot () + /Oxt Sz —t — 7)Q(r) f(r, W))m) dt + /:19(t)dt

/(/ S(r—t—1)Q f<w<>>>

= (S —at) 1) / B’ Of (6 0)dt) + [ o= tft v+ [ ol

/(/ S(x —t — )Q(r)f(r, (r))d >dt

T x

= [S(z—a') - 1](@(95')—/0 It )dt>+/ Bz — ) f(t, (¢ ))dt+/ I(t)dt

z’ z’

v i (/ st NQUN (r(r))ir ) d

Since A is a compact set and (’yv(x’) — / ﬁ(t)dt) € A, we might prove that
0

/ J(t)dt — 0 as x — 2’ — 0 no matter the function y.

The compactness of I implies for ¢ > 0 there is 779 > 0 such that |(®(t)—1)J| <

DO ™
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for all x € [0,n0], ¥ € I" and 2K, / z"(t; dt < = for all z,2" € [0, (] such
(z— z’) -

that |z — 2’| < ny. We define a constant ¢; by
1
er = sup { |(@(1) ~ 19| : m<s <l deT}
s

ENo € }
2N1 ’ 201 .

First, we suppose that x and 2’ coincide with some points of the division. Thus,
we take 2’ = z; and © = z; and we have

/xﬁ(t)dt =6 ZJ: "

k=i+1

and we choose 0 < p < min {7707

%

=5 XJ: O — [Cb((j—i)d)—]}ézi:ﬁkJr [(I)((j—i)é)—]}(SZﬁk

k=i+1 k=1 k=1

and equation (3.5) implies that

/z I(t)dt

Since 5219"“ el it x; —x; <y, it follows that

¥/
< 2K Xl

«a N ¢ -6 (E t) (36)

[cp((j —i)5) — 1} 5iq9k .

/z lxﬁ(t)dt

Let © — 2/ < n. The position of points x; gives three possible situations. First,
we suppose that there is any point z, between a2’ and x. Thus, there exists an
x

index 7 such that z; < 2’ < x < x;,1 and / d(t)dt = (x — 2")Y;41. Equation

<e.

[0}

(3.5) and equation (3.6) give

2Ka b XQ(t)
191' « S - <
il < =57 | 1y

dt +

[@(5) . 1} Z I

o
Since x — 2’ < p < 6, we have

€+:U—a:’
2 )
< g

(x —2")[dis1]la <

[@(5) - 1]55}%

«

which gives the result in this case.
Finally, we suppose that there is an index i such that z; | < 2’ < x; < < 2;41.
Then, we have

/ 9(t)dt — / 9t di+ / I(t)dt — / 9di+ / rrdt = (21— Vi (3D,

Since x; — 2’ < x — a2’ and x — x; < v — 2/, we proceed like in the preceding case.
From the Ascoli-Arzela’s Theorem, we conclude that Wj is relatively compact
and sois W = h + W,.
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Step 3. We now give € > 0 and we suppose, without loss of generality, that
1 —

¢ < min {%, 2N1} and we define €; by €; = é]Wa—boﬂi

S and W and the continuity of f imply that there is 0 < §; < 2, such that

|f (@, 1) = f(@,102)]a < &1 (3.7)

for all x € [0, /] and for every ¢y, 1y € H(W US) such that |1 — ts|y, < d;. In
the same way, there exists do > 0 such that

. The compactness of sets

505) = 2(0)la < 12 (3.8)

for all z € W US and s,t € [0, /] such that |t — s| < 2. We now suppose that

14 . (516)170‘
=—-<
0 n — mln{ 2&e

that x; =10, ¢ = 0,...,n. For the set W, gives by the functions defined by equa-
tion (3.3) with (94, ...,9,) € Z. where Z. is the set of points (¥4, ...,7,) € (%F)
such that:

, 52}. In what follows, we choose the subdivision d such

k71‘
. : Maé‘ll',} a‘
(ii) 5219k R
k=1 g
’ i IO
(i) 5 S 0 - [S((j —4)d) —1]521% < 2K, gt for all i =
k=i+1 k=1 b—eij \¥

«

1,..,nand j > i+ 1, with g;; = (j —9)d

521%

k=1

By (ii) we have < N;. We next give some properties of W..

«

Step 4. We claim that W, is connected.

This comes from of the fact that the functions y € W, depend continuously
on the choice of (¥4, ...,9,) € Z. and Z. is convex by our construction.

Step 5. Here, we prove that the elements of W, can be approximations of
solutions of equation (1.1).

For z € S fixed, we choose y € W,, defined on [z;_1, ;] such that |z — y|. < e.
For i = 1, we have x; = § and we pose

m:§4mwm—wwmw—fm@w.
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We can see that 1, € %F. One the other hand, equation (3.8) and axiom (A;)
)

imply that |z; — @[y, < Zl and equation (3.7) implies that |f(x, z,) — f(z, ¢)|a <

ey for all z € [0,6]. By (Hy), we have

I

|191|a S -T_l |<I>([l?1 - t)[f(tv zt) - f(t’ gb)”adt
0

K, o

< o1 / (z — )~ dt
I 0

< K,e, " 7
oo 11—«
< KOLElQTl_a'
- l—«

We define
y(z) = g(x) + / B(r — 1) f(t, $)dt + 1y,

for 0 < z < z;. The we have

y(x1) = g(xq) + /xl Oz —t)f(t,@)dt + x14

0

= g(g}l) + /Oxl @(ZL’ — t)f(t, Zt)dt + x4

= z(xy).

((516)1_0
25@8

For 0 < x < 1 = 4, the definition of £;, ¢ and since § < min{ , (52}, we

have

2(z) —y(@)la < /Ox | (z = 1) [f(t, 2) = f(t, @)]|adt + [tV1]q

Kyett—

< ;"'_tl’ﬁﬂa
1 —
< 2Ka€1l‘%_a
- 1—a
_ 1—a

< 2K, " (1—a)e " (010)

11—« 2M bl 2E¢
< 5
- 2&

Using the sane reasoning, we have choose the elements ¥y, k = 1,...,4 — 1 such
that (¥4,...,9;-1,0,...,0) € Z. and the function y(z) for = € [0, z;_1] such that
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y(zg) = z(z)) and we get

|z(z) —y(@)|la < % for 0 <2 <.

Let be y defined on [z;_1,x;] and select

b = ZXK?I ) = @iy = D]IF (8 20) = Fltpn, )

%IH

%/ (x; — s)[f(t 20) — f(t, Y, ,)]dL.

The function #(.) defined previously implies

9 = %/OiQ(xi—t) () — t——/ B(ws 1 — Ot =) — F(E D)]dt.

We prove that (94, ...,9;,0,...,0) € Z.. We can see §9; € 2I" and

53 ik = /0 B(wi — [F(h 2) — F(t,0)]dt.

5i19k

which implies that (521% € 2I' and < Ny. Thus form+1 <5 <i,

[0}

we have
J J m
k=m+1 k=1 k=1

= [0ty = 0120 — ot~ [ @~ 05t - st v
Consequently as in Step 2, it follows
53 0 = ([0l - st - [ @, 0l - S5 0))
=[St - ]/Mwm—wwmm—fmww

+/’Mw—wvaw £t )t
x z;—t S(

*ﬁm(éwtmr%—ﬂMﬂmnm—ﬂnwW)ﬁ
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which yields

J m ,
0> 0 —[S((G—m)6) —I]8) Wkl < 2K, Xult)
k=m-+1 k=1 L—Emj (é - t)a

T rj—t
12K, L, / ( / Xu(t) dT) dt.
0 Ty —t (t - 7—)04

Moreover for x; 1 < t < x;, we have z3—1(t) = 25— 24, , + 2, , — Yu,_,- Equation
4]
(3.8) implies that |25 — 24, ,|r, < Zl and by induction, we have |z;, | — Yz, ,|r, <

-
Kaﬁll’i

and we can see that
« 1 —

5 i
% Th tion (3.7), implies that 5| >~ 0
5 us equation (3.7), implies tha 2 k

(W1, 05,0, ..., 0) € Ze.
Define now y(x) for x;_; < x < x;. Using equation (3.3) and by the choice of ¥y,
k=1,....1, we have

o) —yla) = |

T
0
i

B~ [ () — [t 0))dt — 53 0
(s = )L

= O(x
0
= 0.
In addition, by equation (3.8) and the choice of §, we have

12(z) —y(@)la < [2(2) = 2(zi)la + [2(2i1) = y(@)]a

IA

2(x) = 2(zi1)la + |y(2) = y(@ia)la

which proves this result.

fo20) — £t ))dt — / " B — Ot 20) — F(L, 0))dt
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Step 6. In this step, we prove that the elements of W, are approximate so-
lutions of equation (1.1), that is to say

<eg,

[0}

\y@) ~ga) = [ blo— 0500 )t

for x € [0,¢] and z € W..

For z; 1 < x < x;, equation (3.3) implies that

y(z) — glz) — / “a(a — ) f(t,2)dt = / Da — (1) =t 20ldt+ 3 0+ (2 — 200)0,

k=1
and by equation (3.7), equation (3.8) and the choice of ¢, it follows that
| ete =t ) - s
0

xT

\y@:) ~ga) - [ b= 010 )t

« «

+

S O+ (@ — i)
k=1

2Ka61£1_a
11—«

Y

which gives our assertion.
Since S is the set of fixed points of the function H, then by Step 1 and Step 6
and Theorem 2.6, we conclude that S is connected in the space C([0,¢]; X,,). O

4. Application

For an application, we study the following model

( 2 x 2 0
%@D(m,p) = aa—p2¢(at,p) + /0 n(z — U)%@/J(u, 2)du + ze I /oo h(A, z(x + A, €))dA for x > 0
and p € [0, 7]
P(x,0) =Y(z,m) =0forx >0
| 40 p) = 6N () for A €] — 00,0] and p € [0, 7],
(4.1)
where h :] — 00,0] — X is a positive integrable function and 7 : Rt — R is

uniformly bounded continuous. To rewrite equation (4.1) in the abstract form,
we introduce the space X of L*([0, 7]; R) functions such that for all z € X z(0) =

z(m) =0 and
ErE= (/0 \z(t)|2dt>?
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Defined B : X — X by

{ D(B) = H*(0,7) N H(0, )
Bip = —",

—B generates a compact analytic semigroup (S(z))z>o on X. Thus (H;) and

Let > 0, the phase space is

1
(H,) are satisfied. In what follows, we take a = 3

given by

T=0C,={peC(]—o0,0;X): lim e"*¢()) exist in X},

A——00

with the norm

6]l = sup e**|g(A)]|, for ¢ € C,,
A<0

This space satisfies (A1), (As) and (B). T 1 is equipped with the norm given by

B \ % B ) T 2 )2 %
Hw%-gngA¢uw—§yﬂ<A(@g@umn @).
Let IT: D(A) — X given by

(z)(¥) = n(z) By fort =0

and function f is defined by
0
fa.0)p) = ae ! [ g6 or p € 7] and x>0,
If ¥(x) = z(x, p), equation (4.1) becomes

I(x) = —BI(z) + /Oxmx —)o(t)dt + f(z,9,), >0 43

190:¢€T

We suppose that

(Hg): e ?h € L*(R7).
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By Holder’s inegality, one has

ol = [

™
_ x2672|x| /
0

2

v [ nsy©n dp

2

/ BN)e 22 G(0) (p)dA| dp

—00

< g2l /0 ' ( /_ io h2(/\)e‘4“Ad)\> ( /_ io 64”)‘¢2(/\)(p)d6’> dp

< ( /_ : hz(A)e—“ﬂ*dA) zle 2l /0 ' ( /_ Ooo 62“’\62“’\¢2()\)(p)d)\) dp

< ( /_ : hQ(A)e“’“dk) e /0 ’ sup e ¢ (A) (p)] ( /_ io ez“AdA) dp
< ( / (; hQ(A)e—“MdA) z2e~ el s/\lgo) e /0 ' »*(N)(p) ( / (; erA) dp
< i ( /_ : hz(k)e“‘“dk) z?e 2 sup e /0 "R ()

<5 (f (; B ) e ol

Let p >0, for all ¢ € T, such that lollr, < p, we define
2

Xe(2) = { ! < / 0 hz(/\)e‘z’“dkﬂ C e ph for x € [0,4].

20 \J
Then (H4) and (Hj) are satisfied. Since (Hy) is satisfied, then the linear part of
equation (4.2) has a resolvent operator which is analytic. Using [I] (Section 6),
for all ¢ € T%, B_711ZJ € T%, i.e (Hj) is satisfied. Then we have the following
result.

Theorem 4.1. For ¢ € T%, there exists £ > 0 such that the set'S of mild solution
of equation (4.1) is connected in C([0,(]; X,).
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