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STUDY OF A NONLOCAL ELLIPTIC TRANSMISSION
SYSTEM WITH SINGULAR WEIGHTS
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ABSTRACT. This paper investigates the multiplicity of weak solutions for a
transmission problem governed by a coupled system of two nonlinear equations
of p(x)-Kirchhoff type. Under nonstandard growth conditions, we establish the
existence of at least two distinct non-trivial weak solutions. The proof relies on
a variational approach, combining the classical Mountain Pass Theorem with
Ekeland’s Variational Principle to overcome the lack of regularity inherent to
the problem.
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1. INTRODUCTION

The objective of this work is to investigate the existence and multiplicity of weak
solutions for a nonlocal elliptic system of gradient type, characterized by non-
standard growth conditions. More specifically, we analyze the following system:

1 1 . .
M </Q MW|VU\p(I)dX) div (556 | Vu[f™2Vu) = f(z,u) inQ

1 1 . .
—M, (/Q MW‘V’UFH(@dX) div (ﬁ]V@\p(’”)_ZVv) =g(z,v) in
: v =0, on I,

(1.1)

subject to the transmission conditions on the interface 3i:

1 1 ou 1 1 ov
- _ _ p(z) el _— p(z) -
u=v and M, (p(x) /91 e |Vul dx) an M, (p(x) /92 e Vol dx) an

The domain 2 C R™ (n > 2) is bounded and smooth. It is partitioned into two
subdomains €2; and €2, such that 2 = Q; U )y, with ¥ = 0€2; a smooth interface
and I' = 005 \ ¥ the external boundary. The unit normal 1 points inward to

2 (and thus outward to €25). The function p(:) € C(f2) satisfies p(z) > 1. The
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function 0(z) represents the distance from x to the interface . The Kirchhoff
functions M; : Rt — R are continuous and satisfy the following hypotheses:

Assumed to be continuous, the Kirchhoff function M; : RT — R meets the
following requirements:
(H;) There exist real numbers my, mg > 0 and 6§ > 1 such that

mat? ™t < M (t) <mot?™t Wt > 0.
(H) There exist real numbers m/, m}, > 0 and # > 1 such that
mit?=t < My(t) <mbht?™t vt >0.
where For all t > 0,
M;(t) = /tj\/li(s)ds.
(H3) a: 0—> R, satisfies a € L™ (Q;) and ay € C(Qy) such that

e ) g
Np(z) — a(z)(N — p(z)) (@) — (@) € Q.

(Hy) b:Qy — R, satisfies b € LP@)(Q;) and o € C(Q) such that

p(2) ) Np()
@) — 8@ W < R = B (N = p@))

< ap(x) <

for all z € Q,,

where

C.(Q)={h: heC(Q) and h(z)>1 forall zecQ}

and h™ := maxgh(x), h~ := mingh(z) for any h € C,(Q).
We see that the stationary problem with two wave equations of Kirchhoff type is
generalized in problem 1.1, with the transmission condition.

uy — M (/ |Vu\2dx> Agu = f(z,u) in
951

(1.2)
vy — N < |Vv]2dx) A =g(z,v) in
Qo
This simulates a membrane made of two distinct materials’ transverse vibrations
in €2 and €. For wave equations, controllability and stability of transmission
problems are found in [19, 16]. We direct the reader to [18] for Kirchhoff-type sta-
tionary issues, [6] for p-Kirchhoff-type elliptic equations, and [1, 7, &, 22, 21, 20]
for p(z)-Kirchhoff type equation.
In order to model and describe a wide range of phenomena, including fluid dynam-
ics, quantum physics, sound, heat, electrostatics, diffusion, gravitation, chemistry,
biology, airplane simulation, calculator charts, and time prediction, elliptic sys-
tems of differential equations are essential.
Numerous applications in biology and physics include transmission issues. The
electromagnetic process seen in ferromagnetic media with varying dielectric con-
stants, for example, is a significant issue in the electrodynamics of solid media
(see, for example, [2, 4, 5, 13, 17]).
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Inspired by the aforementioned study in [4, 10, 22], we demonstrate in this paper
that there are solutions for the system (1.1) when the nonlinear terms f and g
are specified by

Aa(z) o Ab(z) | 1 5e
Flaow) = 228 o2 and g, 0) = 22 o2,
with o, 8 € C,(Q) such that
Nop-
a_§a+<9p_<9p+<6_§6+<min{N,N_p —} (1.3)

More specifically, we demonstrate the existence and non-triviality of the solutions
using the compact embedding W ** (Q L) — LP®) (Q, 5t7) (see the lemma

? dou(z)
3.6 below ).
Let

T 1 1,p(x 1
FE = {(U,'U) € Wl’p( (Qla 5 :1:)) X WFp( ) (Q27W> : u=wv o1 F}a

where

1 N 1
Wi <Q2, (W)) = {v e wir@ <Q2W) . v=0 on r}.

Definition 1.1. We recall that (u,v) € E is a weak solution of problem (1.1), if
it verifies

1
p(z p(z _9
My (/Q (33) 57(95 |V | dx) / @ |Vu| VuVpdx

M, (/ <1$> dx) /9257()

oz 1 z)—
>\1/ @ ) [u] @ 2updx — A /Q2 mZl(w)b(alt)h)]ﬁ( “2pdx =0 VY(p,0) € E

)2y Vihdx

The main result is stated below

Theorem 1.2. Assume that the following criteria are met: 0 < v7 < a™ +p~
(i =2,4), (1.3) and (Hy) — (Hy). There are then \* > 0 such that the problem
(1.1) has at least two different nontrivial weak solutions for any A\ + XAy € (0, \*).

There are three sections to this study. We provide some essential information
on variable-exponent Sobolev spaces with weights in Section 2. Prior to examining
the possibility of a weak solution to the problem 1.1, we introduce and examine
a variable-exponent Sobolev space with singular weights in Section 3.

2. PRELIMINARIES

The weighted Sobolev space W1hP() (Q, %) is introduced in this section, along

with some initial findings. The standard weighted variable exponents are repre-
sented by (Lp(')(Q, U(x)), ||-||p(l,)> and (Wl’p(')(Q, ¥(z)), ||.||17p($)>7 respectively.
For p(.) € LL(Q2) and ¥ € L;,.(2) such that ¥ > 0 is present nearly everywhere
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in 2. The weighted variable exponent Lebesgue space is taken into consideration

by:

LP@) (Q,9) = {u : Q — R, measurable and / ﬁ(m)]u(xﬂp(x)dx < oo} ,
Q

p(z)
dr=1,,
and the space (Lp(‘” (2,79), || lp()) is a Banach.

1
Moreover, u € LP®) (Q,99) if and only if ||| poe (.9 = [[ud70 || o) ) < 0. Tt is
known that we have the relationships between the modular p,)¢() and the norm
|| Lo (0,9 are as follows

with the Luxemburg norm

: u
[ull oo @,0) = [[tellpeey = inf § >0,/ Pp(.>,ﬁ(—)=/19(x)
H Q H

1 1 a1

. a1 g
min{ pp),00) (W) 7™, pp)we) (W rT } < ull pee) e < max{ppeye0) (W), ppoye) (W)™}
and

min{”“”i;(x)(gﬂg)? ||U’||L;D(:c) Q,9) } < Pr( )19()( ) < maX{HuHI[);(x)(Qﬁ Hu“Lp(ac) Qﬂ)}

Also, if 0 < ¢ < 9, then we have LP@(Q,4) < LP@(Q), since one easily sees

that
c / u(z) "™ do < / I(z) [u(z) ™ do
Q Q

cllull Lo ) < [Jull e (,0)-

Additionally, the dual space of LP®)(Q,9) is LP'®)(Q,9*), where z% + ;%(.) =1

and

and 0* = 9170) = 9750, For further information, see [3].

Lemma 2.1. (¢f. [11]) Let ¥ be a weight function and Q be a bounded subset of
RN . If and only if the inequality integral

/ (@) [9(@)dz < o1 (diam(Q) / V()| 9(z)dz
Q Q
holds, then a function u € C5°(Q2) satisfies Pomcarfi@ inequality in L (Q).
We deﬁne Wp( ( ) {19 € LLoc( )/ ﬂp() e LLOC(Q)}
Proposition 2.2. (¢f. [3])
LP(Q,0) = Lioe(Q) < D'(9),
where D'(SY) is the space of distributions, if ¥ € W) ().

WrPE(Q) = {u € LP@(Q,9) : Aau e LPD(Q,9), |a| <k},
is how we set the weighted variable Sobolev spaces.
olely
Dx {1 0xg? .0z N’

Aoy =
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is the derivative in the sense of distributions, where a = (ay,as,...,ay) is a
multi-index and |a| = Z Q;.
Equipped with the norm
[ullwrre @, Z [Aaul| o 0,9,
la|<k
also turns into a reflexive, separable, Banach space. Specifically, the space
WLPE)(Q, 1) is defined as the weighted Sobolev space with the norm
HUHWLP(-)(Q,ﬁ) = HUHLm)(Q,ﬂ) + ”VUHLP(I)(Q,ﬂ)'
A closure of the set C§°(2) ( smooth functions with compact support in Q ) with

regard to the norm [[.[yy1.00) (.9 is what we also define as the Wol’p(x)(Q, ) subset
of WHP@)(Q) 99).

Proposition 2.3. Assume that p € C(Q) and the cone property are present at
the boundary of Q. Assume that for a.e. x € Q, c(z) > 0 and ¢ € LP®(Q). If
q(z) € C(Q) and

Blx) -1

Wp*(x), Vo € Q.

q(z) <

A compact embedding follows.
WhP@(Q) — L1(Q, e(z)).

The embedding becomes continuous when < is substituted for <.

Proposition 2.4. (Fan and Zhao [12]) Let p,r € C(Q) such that r(z) < pi(r)
for all x € Q). Then there is a continuous embedding
Wk (Q) — L'@(Q).
If we replace < with <, the embedding is compact.
Furthermore, we define p : L) (Q) — R by

(10 = [ fu?

Consequently, the following relationships are valid:
Proposition 2.5 ([0, 12, 15]). Ifu,u, € L™ (Q), (n = 1,2,...) then the following
statements are equivalent:

(i) limng)oo |un — u]p(z) = 0,‘

(i) limy,—eo pp(a)(tn —u) = 0;

(iii) w, —> w in measure in @ and lim, o Pp(z) (Un) = Pp(z) ().
Proposition 2.6. ([9, 12, 15]) If u,u, € LP®(Q), (n=1,2,...), we obtain

(1) Julp@) <1 (respectively=1; > 1) <= pp(x)( u) < 1 (respectively = 1; > 1);

+ —
(2) Julyey < 12 [0l < poy () < [l
(3) |ulp@) > 1= |ulpy < Ppay (1) < IU\,,(,E '



6 A. ZAKI, A. MOALI, M. HADDAOUI

(4) |tn|p@) — 0 (respectively — 00) <= pp(z)(un) — 0 (respectively — 00).

Remark 2.7. The claims of Propositions 2.5 and Proposition 2.6 also apply to
u,u, € WH@ (Q,9(z)). if we take into account py()a()(w) = [, 9(x)ulf@dz,
rather than p,)(u).

3. MAIN RESULT
3.1. The weighted variable exponent Sobolev space.
We introduce and examine the weighted variable exponent Sobolev spaces before
examining the possibility of a weak solution to problem 1.1.
For v € C(R), we define the following the weighted variable exponent space

1 1
@) (97 W) = {u =u(z), v €Q, /57 ju"® < OO}

equipped with the norm

|U’|fy(:£ (z) = inf {:u > O/ / 57 1

T 1 x
WLPH(o W). { /W Vul" + uf <oo} (3.2)

equipped with the norm

u(z)

dxg 1}, (3.1)

and

lullx = 1uly @) p@) = VUL @) pe) T 1@ pe) - (3.3)

Lemma 3.1. Lety € C1.(R). The space W% (Q, 55 . equipped with the norm
|-|177(Z)’p($) , 18 Banach space.

Proof. Let (uy), be a sequence in X,(;). Assume that (u,), is Cauchy sequence in
X,(z)- One can easily observe that (u,), (resp. ((Ou,/0x1, .., 0u,/0zy)),) is also

N
Cauchy sequence in LP") (Q, =) (resp. (Lp(“) (Q, ﬁ)) ) Using the fact

that the space LP(®) (Q, 57—%@) is Banach space, we obtain that there exist v and
w;, i = 1,2, .., N, such that the sequence (u,), converges to u in LP(*) (Q, m—%z))
and the sequence (Qu,, /0x;) converges to w; in LP® (Q, %) fori=1,..,N. For
every ¢ € D(2), we have

/Q Upthdx — /Q wpdx

e —ulivlax = [ i, — i tula

/ |, — ul|tp]dx (3.4)
Q

and

1
< Jtn = Ul () o ‘—w
TP §—y(2)p(x) || 0
1
< lu, — W s—~(x)p(x)
< Jun = Ul ) piay 19 ‘6—7(1’)}?(17) LY @) (suppy)
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where suppy C €2 denotes the support of 1) and w) + ( y = = 1. We deduce

/Q Uptpdx — /Q wpdx

1

@) (3.5)

LP' (@) (suppr))

< fun — u|'y(x),p(:v) 19|00 H

Since HW L (suap) < 0o and u, — u in LP@ (9, s67) we get
/ Uppdx — / uypdx as n — +oo. (3.6)
Q Q
Similarly, by Ou,/0x; — w; in LP™) (Q, =), we obtain
ou,, .
Ydx — [ wppdx, i=1,.., N (3.7)
o Ox; Q
as n — +o00. Then,
Ouyp,
/ wpds = lim [ Sypdx (3.8)
0 n—oo Jo Ox;
. oY
=~ Jim [ w (3.9)
31/1
= — 3.10
[ s (3.10)
/ axlwdx i=1,..,N. (3.11)
We deduce that Vu = w and u, — u in W@ (Q, —). The proof is finished
with this. O
Lemma 3.2. Let v € C(R). The coordinate system X, := W* P(%) (Q, m_l(m);

which is reflexive, is furnished with the norm |. |1p (@) 7(z)-

Proof. It is easy to verify that LP(® (Q, m%) is uniformly convex. Consequently,

Lp(@) (Q, m%) is reflexive. Think about the functional

1 N
. — yp) p(z) _
T: Xv(m) — F:=1L <Q 57 ) X L <Q, 57(33))

u— T(u) = (u, Vu)

Since T' is an isometry, we obtain that T'(X(,)) is a closed subspace of F'. Because
T(X, () is reflexive, therefore X, is reflexive. O

Lemma 3.3. Assume that p,q € LL(2). If q(x) < p(x). Next, the embedding

1 1
p(z) _ q(x)

18 continuously.
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Lemma 3.4. Assume that p,q € L2(Q). If q(x) < p(x). Next, the embedding

1 1
m.p() m.q(a)
W (Q (w)) - W (Q 5~y<x>)

18 continuously.
Proof. Lemma 3.5 proof is symmetric with the proofs of Lemma 3.3 and 3.4. [J

The lemma that follows relates to a compact embedding result.

np(z)
n—mp(x)

Lemma 3.5. Let p,q € LY(Q), we assume mp(x) < n and q(x) <
Vo € Q. Next,

1 1
_. piym.p(x) q(z) =
Xw(x) =W (Q, 57(33)) — L (Q, 57@))

is a compact and continuous embedding. We write X () —— L) (Q L) .

Proof. To represent a positive constant r with mr < n, denote r* =

n—mr’
It is clear from the assumptions that, for each given z € (), we can locate a

neighborhood U, in Q such that ¢*(U,) < (p~(U,))*, where

p (Uy) =inf{p(y)/ yeU}; q (U)=suplq(y)/ ye U}

Currently, {U, },cq is an open covering that indicates {U; / i=1,2,...,s} and
denoting

pi =p (Ui) ¢ =q" (),
It is well known that if v € W™P®) (Q, 67@)) then v € WmP@) (Ui, ﬁ), and
thus from the lemma 3.4, u € W™P" (Ui, ml(x)). Therefore by the well-known

Sobolev imbedding theorem we have continuous and compact imbedding,

_ 1 + 1
m,p; . q; P
W (U“ Mz)) L <U“ Mz)) !

so for every Uy, i = 1,2, ..., s (see [10, 22]), we have u € L4®) (Ui, m%) and there-
fore u € LI®) (Q 1 ) We can now assert that W7-»() (Q, ﬁ) c L@ (Q, m%)

) §v(z)
and the imbedding is continuous and compact.

[
Lemma 3.6. Let 0 <~" <a~ +p~. Then

1p(x) 1 p(x) 1 pi(a)
Wy (Q, M(x)) — L Q, @) = LPr®(Q)

Proof. Let o > 0 small enough we define 2, :={z € Q / d(z) > o}. Consider

the maps:
1 1
L W™ (@ R Ey—
70 “da(r) Tov) )7

T ]‘ x
I Wy (Q —M(w)) — WP (Q,),

2 Wy (Q,) — L' (Q,)
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and

1
3. rp(x) p(z)
BP9 (Q,) — L (Q (W)) .

Here Ilu(z) = u(z), * € Q, is the ” restriction 7 (bounded and linear map)

from WP (Q, @) into WoP™ (Q,); I2u(z) = u(z), © € Q, is 7 embedding

” (compact linear map) from W, "™ (€,) into LP@ (Q,): Pu(z) = u(z), z € Q,
and Bu(z) =0, z € Q\Q, is ” zero extension ” (bounded and linear map) from
LP@) (Q,) into LP(® (2, =)

Then for any o > 0, I, : Wol’p(m) (Q, Ml(x)> — L) (Q, =) is a compact linear

map. Denote by

1 1
W™ (0 Lr@ (Q,——
0 ’(50[(1’) — 757@) ;

1p(z)
k) Then for u € Wy (0, 1)

the embedding of Wy ™) (€, 524
there exists K > 0 such that

) into /) (02

- 1 Wi = [ L _lu@p®
| (Ie = I) (W) |y@) p@) = /Q\Qa 57(1)($)|u(x)| @)y = /Q\Q e poa(x )+p(x)5a(x) —i—p(x)dx

max 50[ +p -7 / —1
€O\ Qo
S \ \ 6 + +

IN

[u@) [P da

IN

maXzeQ\Q, da” +p- _'7+|U|/p(m ot dpt

IN

maxmeg\go&x +p —fyﬂu\p(x ot

IN

Kmax,co\o, 00 +p~ —’Y+||U||Z)7(-

The claim is now supported by the observation that max,co\q, 0™ +p~ — 7t —
0aso—0. Il
3.2. The existence of weak solution of problem 1.1:

J : E — R is the definition of the energy functional related to problem 1.1

J(uv U) = ¢(u= U) - ¢(Ua U)

where

— 1 1 — 1 1

=M —— ——|VuP®d M /
and
U(u,v) = A Lﬂwa(z)dij o _| ‘B ) dx

’ - N a(aj) 5’72($) (I’ 5’74(33)
In a standard way, it can be proved that J € C'(E,R). Moreover, we have, for
all (p,§) € E,

< J'(u,0),(p,§) >=< ¢ (u, ), (p,§) > = <V (u,v), (p,§) >
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where

< ¢'(u,v),(p,§) > = M (/ p(z) &7 ) /

1
+ M, < / ) (W)WUVD dx> (ﬁ 71V P@) =27y Vedx

@) =274V pdx

and
1 1
/ _ - a(z)—2 . - B(z)—2
<V ) (09 >= M [ el ey [l s
Therefore, the critical points of the functional J are precisely the weak solutions
of problem 1.1.
Lemma 3.7. In E, the functional J is semicontinuous but weakly lower.

Proof. Assume that {(un,v,)} C E is a sequence such that
(Un, vn) = (u,v)

1 1
Jullx, = / (@) 5@ \Vun|p @)dx is the norm in X7, then ||ul|x, is weakly lower
ol

semicontinuous
||U’||X1 S lim inf HunHXl

Since M; is non-decreasing, then

M 11 — 11
. - - p(x) ' . . (@)
MZ (/Ql p(:U) 67(96) |VU| dX) = MZ (hm o /Ql p(l') 57(9”) |vun| dX)

Moreover, the functional M; is continuous, thus

_ 1 1 — 11
M, ( / — (m)dx> < lim inf M; ( / ——yvun|p<$>dx) .
0, p(z) 67) 0, p(x) o)

Additionally, the functional v is weakly lower semicontinuous in E according to
the dominated convergence theorem. O

Lemma 3.8. There exist \* and p,r > 0 such that for any Ay + Ao € (0, \*) we
have
Jwe)>p  Ywv)eE  with |wo)|=r

Proof. By using the condition (Hs) — (Hy4), Proposition 2.5 and the Lemma3.6,

the embedding from E to L™ (€, 6‘3232)) and L@ (Qy, ;&2)) are compact, (see

[15], Theorems 2.7,2.8). Then there exists C' > 0 such that for all (u,v) € E

[l 1.a(@)m@).00 + [V]18@) @0 < Coll(uw,0)]z forall (u,v) € E
Consider r € (0, 1) such that r < i. Then we get
|ulta(@)ne@.00 + V8@ @ 0. <1 with [[(u, v)][e = 7. (3.12)

Furthermore, Proposition 2.3 yields

a() a(x) Lot) :
[ 50 < ol Hiltrma e W (025,
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and
b( ) Pla 1,p(z) 1
/5;25 74( )’ | dX<CQ(|'U’ $)QQ+’U’151E)’)I(:D)QQ> V'UEW Q2’W .
Then
a(z) (@) / b(*) | s
u|*®dx 4+ dx<C U1 o + v ) (e )
/91 5,72(:15)‘ | Q, 0 74(37)' o s([uha@) @00 + Vs A @)02)

Hence, from 3.12, we deduce

| gt [ Sp s < el 1)

By (Hp) — (Hz) and by help of the following elementary inequality
la + b]F <257 Y(|al® + |al*) for a,beR"

the following inequalities hold true:

J(u,v) = M, </ﬂl I%x)%wu‘pmdx) + M, </ %%\Vv!p(x)dx)
1
B(x)
m

= leul R oy LA

-1 ’ -1
i p(z 1 p(x)
o L, v as) g ([, voos)
AL+ A a(z) | o b(z) | s
e </Q Mz)‘“' ()dXJF/Q ey 101

v

thus
my 0—1)pt m/ 0—1)pt 05()\1 + )\2)
Tuw) 2 gl el - S )
min \miy,m (6—1)p+ 0—1)p+ C ()\1 ‘f‘)\g)
i (o, ). (€, + 877 ) = =22 (o)
(pT)
thus
min (mq, m) 3 Cs5(M\ + A2)
) o T oyo-n — SO 4y
Define
0—1)pt—1

. ’ _
min (ml,ml) « T(

A= 26-DpT 105 (p+)(@-1)

According to the aforementioned inequality, there exists p > 0 such that J(u,v) >
p for each Ay + Ay € (0, \*) and (u,v) € E with [|(u,v)| = r. O

Lemma 3.9. There exist (@, 12) eFE, o, 12 > 0 such that
tli;noo J(tp,ty) = —o0.
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Proof. Let us choose gB,zZ € C§°(Q2) such that @,zz # 0. Then, for any ¢ > 1, by
(Hy) and (Hs) it follows

T — 1 _ 1 1 N
J(to, ) = M,y ( /Q ) 57 1a%2i dx> + M, ( / 9O 57($)\tw|p<x>dx>
G o) Jv — ( ) B(x)
M /Ql a(z) 62 Gy (1917 dx AZ/ B(z) onte ik P

max{my, my }t@=Hp
0(p+) =D {pp( )Y

)\1to¢7 ~ )\2t57 ~
_a—+pp(x),72(x),§21 (@) — 5—+ﬂp(x)n4(z),92 (V)

IA

2,01 (VO O™+ iy @00 (V) O™ 1)}

Since = > (60 — 1)p™*, we get J(tp, t@) — —00 as t — o0.
0J

-~

Lemma 3.10. For every sufficiently small t > 0, there ezist (p,) € E such that
0,% >0 and J(tp, th) < 0.

Proof. Let choose @,@Z €ECP(Q)and 0 <P <1iny, 0< 7:/}\ < 1in Q,. Then,
for any t € (0,1), by (H;) and (Hs) it follows
1

P M : o M 1 1 _~
e (/ p) 0 ’tvﬂp(x)d}() i (/ p(x) 67 [tV Pdx
1
_Al/a ()glv;x))W\“(””dX—A?/ B(z) 574)|w|ﬂ

max{my, my }t@=1p

T s (V) + (s (VD)0

A tY o otP ~
Tt Pr@meE (@) — 5—+pp(96),’74(56),92 (¥)

N——

IN

max{mg, ms 07" ~\ (6=1) N (0-1)
< e { e (T + (e 00(T) O |
Mt?" o AtPT -~
—ﬁ—+ﬂp(x),w<x),nl(<ﬁ) Rl LORRORS (¥)
Let
Ry = max{ma, my} {(Pp(:v),v(x),ﬂl(V@)(Gfl) + (Pp(:c)q(w),gz(vw))("*l)}
and

~

51,2 = Alpp(x)ﬂz(:c),m(@) + )‘QPp(x),'m(x),Qz (¢)

1
Then, for 0 <t < or -5" providing that

: (p) D81,
o = Min {1, W
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we conclude that N
J(tD, ) <0
The proof of Lemma 3.10 is complete. 0

Lemma 3.11. We suppose that M;(t) > $tM;(t) then The functional J satisfies
the Palais-Smale condition in E.

Proof. Let {(un,v,)} C E be a sequence such that
J (U, vn) —> ¢ >0, J (tp,v,) — 0 in B, (3.14)

where E* is the dual space of E.

We first demonstrate that {(u,,v,)} is bounded in E. By contradiction, assume
the opposite. When we finally reach a subsequence, which is still represented by
(Un, vy), we can presume that ||(u,, v,)|| —> co. Consequently, we can think that

|lunl] > 1 |lvn|| > 1 for any integer n,
so that

1
c+1 + H(umvn)H > J(“ﬂavn) — - < J/(unavn>7 (un,vn) >

p

o /Q ﬁ;ﬁ)) a7 = Ao /Q @ ;w% o [P@)

(/Ql 1%571(33) |V“n|p(”)d><> /Q1 50
_ 5%./\/12 (/92 ]%571(1) \an’p(x)dx> /Q2 %‘an’p(m)dx
_ %_ {—Al /Ql ;Tglunla<m>dx Y /Q2 (;(492) Ivnlﬁ(m)dx}

- : 0
(zﬁ;@gj) K/ o |W|p(x)dx) ’ (/ 51 dX) ]
’ (ﬁi ai) [ / 5 <w>| un*dx +A1/ e ! n!”dX}
((pﬁ;)(@;gﬁ) [(/ )|Vu|p(x)dx) N (/ )wl) ]
- (G5 [ et

1—(0—1)p* B —p* (6—1)p~ _ 41 ot
> 200 () w7 =200 (2 = 22 ) Nl

Since a™ < (# — 1)p~ and pt < (6 — 1)p™ < 57, dividing the above inequality
by ||(u,v)|| and passing to the limit as n — oo we obtain a contradiction. It
follows that the sequence {(u,,v,)} is bounded in FE.

v

@) dx

v

v
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Thus, there exists (u,v) € E such that passing to a subsequence, still denoted
by (un,vy), it converges weakly to (u,v) in E. The embedding from FE to the
weighted spaces L*®) (Ql, mlw) and LA®) (Qg, ﬁ) are compact. Then, using
the HA9qlder inequalities, Propositions

(l(l’) or)—2 1 a(z)—1
[ el x| < [ el i

a(z)—1 1
Tala) a(@)
< K alz) |, | “®) dx L|un — ul*®@dx
q, 072 q, 072@)
at-1
< Ky |“n’ (z),a(x),y2(x), |un — |a(z ),o(@) v (),
ONL
< Raunlf 0 @0 |t = Ul at) 4,0
where @) + a,tv) =1for a.e x € Q. As n — 00, we deduce
a(z) a(z)—2
e | | Up (Up, — u)dx — 0 (3.15)
1951
Similarly, we get
b
/ (f)) 2@ =20, (v, — v)dx — 0 (3.16)
O Hralz
By (3.14), we have
< J (U, vp), (Uy — u, v — v) >— 0 (3.17)

From (3.14), (3.16) and (3.17), we get

< O (up, vp), (Up — u, v, —v) >— 0 (3.18)
Hence,
M, ( / L%Wumdx) / ! U [P 2V, (Vt, — Vu)dx — 0
q, p(x) 67 q, 07@)
and

0, P92V, (Vu, — Vo)dx — 0

1 1 1
- p(x)
MZ (/£;2 p(ﬂf) 6W(m)|vvn| dX) /;22 5’}/( )

It can be inferred from (H;) and (Hs) that

/ e \Vun|p @2, (Vu, — Vu)dx — 0

1
/ S (@) |V1}n‘p(‘r)72van(vvn — V’U)dX — 0
Qo

Since p-Laplacian is of type (S, ), we can conclude that functional J meets the
Palais-Smale criterion since (uy,,v,) converges strongly to (u,v) in X. O
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3.2.1. Proof of theorem 1.2. All of the assumptions of the mountain pass theorem
in [1] are met by Lemmas 3.8,3.9 and 3.11.

Then, using J(u,v;) = ¢, we derive (uy,v1) as a nontrivial critical point of the
functional J and, consequently, a nontrivial weak solution of problem (1.1).

We demonstrate the existence of a nontrivial weak solution (us, va) # (u1,v1).
In fact, Lemmas 3.8 and 3.10 give us

InfaBP(o)J)\ >r>0 and Infmj)\ <0
Let’s select € > 0 so that
O<e< Inf@BP(O)J — Infm(]. (319)

The functional J : B,(0) — R can therefore be subjected to Ekeland’s varia-

tional principle, which yields (u.,v.) € B,(0) C X such that
J(ue, ve) < Infg g + €

and
J(ue,ve) < J(u,v) + €| (v — ue, v — ve) | U # U, U F U
In light of (3.19), it follows that J(uc,v.) < Infyp, )/ and thus, (uc,v.) € B,(0).
Let’s now define I : B,(0) — R using the formula I(u,v) = J(u,v) + €[|(u —
Ue, v — ve)||. It is evident that (u.,v,) is a minimum point of I, and as a result
I(ue + ¢, ve + t§) — I(ue, ve)
t

for any (¢,§) € B,(0) and ¢t > 0 small enough. The statement above indicates
that

> 0,

J(ue + ¢, ve + t&) — J(ue, ve)
t
Assuming ¢ — 0", we conclude that

+ell(¢, )l =0,

< J'(ue,ve), (u,v) >> —el|(u, v)].

Note that —(u, v) also belongs to B,(0). Therefore, substituting —(u, v) for (u, v),
we obtain

< J' (e, ve), (u,v) ><€l[(u, v)]|

which implies that ||J'(u., ve)|| < e.
Consequently, there is a sequence {(u,,v,)} C B,(0) such that

J(Up,vp) —> c=Infg/ <0 and  J'(up,v,) — 0 in X* as n— o0
(3.20)

As n — 400, the sequence {(u,,v,)} converges strongly to (ug,vs). Fur-

thermore, by (3.20), it is implied that J(ug,ve) = ¢ and J'(ug,ve) = 0, since

J € CY(X,R). Thus, a nontrivial weak solution to issue (1.1) is (ug, v3).

Last but not least, we highlight the fact that (ug,ve) # (uy,v1) since J(uy,v1) =

c>0> J(UQ,U2>.
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