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STUDY OF A NONLOCAL ELLIPTIC TRANSMISSION
SYSTEM WITH SINGULAR WEIGHTS

AYOUB ZAKI1 , ABDELAH MOALI2 and MUSTAPHA HADDAOUI3∗

Abstract. This paper investigates the multiplicity of weak solutions for a
transmission problem governed by a coupled system of two nonlinear equations
of p(x)-Kirchhoff type. Under nonstandard growth conditions, we establish the
existence of at least two distinct non-trivial weak solutions. The proof relies on
a variational approach, combining the classical Mountain Pass Theorem with
Ekeland’s Variational Principle to overcome the lack of regularity inherent to
the problem.
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1. Introduction

The objective of this work is to investigate the existence and multiplicity of weak
solutions for a nonlocal elliptic system of gradient type, characterized by non-
standard growth conditions. More specifically, we analyze the following system:

−M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
div

(
1

δγ(x)
|∇u|p(x)−2∇u

)
= f(x, u) in Ω1

−M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇v|p(x)dx

)
div

(
1

δγ(x)
|∇v|p(x)−2∇v

)
= g(x, v) in Ω2

v = 0, on Γ,
(1.1)

subject to the transmission conditions on the interface Σ:

u = v and M1

(
1

p(x)

∫
Ω1

1

δγ(x)
|∇u|p(x)dx

)
∂u

∂η
= M2

(
1

p(x)

∫
Ω2

1

δγ(x)
|∇v|p(x)dx

)
∂v

∂η

The domain Ω ⊂ Rn (n ≥ 2) is bounded and smooth. It is partitioned into two
subdomains Ω1 and Ω2 such that Ω = Ω1 ∪Ω2, with Σ = ∂Ω1 a smooth interface
and Γ = ∂Ω2 \ Σ the external boundary. The unit normal η points inward to
Ω1 (and thus outward to Ω2). The function p(·) ∈ C(Ω) satisfies p(x) > 1. The
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function δ(x) represents the distance from x to the interface Σ. The Kirchhoff
functions Mi : R+ → R are continuous and satisfy the following hypotheses:

Assumed to be continuous, the Kirchhoff function Mi : R+ −→ R meets the
following requirements:
(H1) There exist real numbers m1,m2 > 0 and θ ≥ 1 such that

m1t
θ−1 ≤M1(t) ≤ m2t

θ−1 ∀t ≥ 0.

(H2) There exist real numbers m′
1,m

′
2 > 0 and θ ≥ 1 such that

m′
1t
θ−1 ≤M2(t) ≤ m′

2t
θ−1 ∀t ≥ 0.

where For all t ≥ 0,

Mi(t) =

∫ t

0

Mi(s)ds.

(H3) a : Ω1 −→ R, satisfies a ∈ Lα0(x)(Ω1) and α0 ∈ C+(Ω1) such that

Np(x)

Np(x)− α(x)(N − p(x))
< α0(x) <

p(x)

p(x)− α(x)
x ∈ Ω1.

(H4) b : Ω2 −→ R, satisfies b ∈ Lβ0(x)(Ω1) and α0 ∈ C+(Ω2) such that

p(x)

p(x)− β(x)
< β0(x) <

Np(x)

Np(x)− β(x)(N − p(x))
for all x ∈ Ω2,

where

C+(Ω) = {h : h ∈ C(Ω) and h(x) > 1 for all x ∈ Ω}

and h+ := maxΩh(x), h
− := minΩh(x) for any h ∈ C+(Ω).

We see that the stationary problem with two wave equations of Kirchhoff type is
generalized in problem 1.1, with the transmission condition.

utt −M

(∫
Ω1

|∇u|2dx
)

∆2u = f(x, u) in Ω1

vtt −N

(∫
Ω2

|∇v|2dx
)

∆2v = g(x, v) in Ω2

(1.2)

This simulates a membrane made of two distinct materials’ transverse vibrations
in Ω1 and Ω2. For wave equations, controllability and stability of transmission
problems are found in [19, 16]. We direct the reader to [18] for Kirchhoff-type sta-
tionary issues, [6] for p-Kirchhoff-type elliptic equations, and [4, 7, 8, 22, 21, 20]
for p(x)-Kirchhoff type equation.
In order to model and describe a wide range of phenomena, including fluid dynam-
ics, quantum physics, sound, heat, electrostatics, diffusion, gravitation, chemistry,
biology, airplane simulation, calculator charts, and time prediction, elliptic sys-
tems of differential equations are essential.
Numerous applications in biology and physics include transmission issues. The
electromagnetic process seen in ferromagnetic media with varying dielectric con-
stants, for example, is a significant issue in the electrodynamics of solid media
(see, for example, [2, 4, 5, 13, 17]).
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Inspired by the aforementioned study in [4, 10, 22], we demonstrate in this paper
that there are solutions for the system (1.1) when the nonlinear terms f and g
are specified by

f(x, u) =
λ1a(x)

δγ2(x)
|u|α(x)−2u and g(x, v) =

λ2b(x)

δγ4(x)
|v|β(x)−2v

with α, β ∈ C+(Ω) such that

α− ≤ α+ < θp− < θp+ < β− ≤ β+ < min{N, Np−

N − p−
} (1.3)

More specifically, we demonstrate the existence and non-triviality of the solutions

using the compact embeddingW
1,p(x)
0

(
Ω, 1

δα(x)

)
↪→ Lp(x)

(
Ω, 1

δγ(x)

)
(see the lemma

3.6 below ).
Let

E :=

{
(u, v) ∈ W 1,p(x)

(
Ω1,

1

δγ(x)

)
×W

1,p(x)
Γ

(
Ω2,

1

δγ(x)

)
: u = v on Γ

}
,

where

W
1,p(x)
Γ

(
Ω2,

1

δγ(x)

)
=

{
v ∈W 1,p(x)

(
Ω2,

1

δγ(x)

)
: v = 0 on Γ

}
.

Definition 1.1. We recall that (u, v) ∈ E is a weak solution of problem (1.1), if
it verifies

M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

) ∫
Ω1

1

δγ(x)
|∇u|p(x)−2∇u∇φdx

+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇v|p(x)dx

) ∫
Ω2

1

δγ(x)
|∇v|p(x)−2∇v∇ψdx

−λ1
∫
Ω1

1

δγ2(x)
a(x)|u|α(x)−2uφdx− λ2

∫
Ω2

1

δγ4(x)
b(x)|v|β(x)−2vψdx = 0 ∀(φ, ψ) ∈ E

The main result is stated below

Theorem 1.2. Assume that the following criteria are met: 0 ≤ γ+i < α− + p−

(i = 2, 4), (1.3) and (H0) − (H4). There are then λ∗ > 0 such that the problem
(1.1) has at least two different nontrivial weak solutions for any λ1+λ2 ∈ (0, λ∗).

There are three sections to this study. We provide some essential information
on variable-exponent Sobolev spaces with weights in Section 2. Prior to examining
the possibility of a weak solution to the problem 1.1, we introduce and examine
a variable-exponent Sobolev space with singular weights in Section 3.

2. Preliminaries

The weighted Sobolev space W 1,p(.)
(
Ω, 1

δα

)
is introduced in this section, along

with some initial findings. The standard weighted variable exponents are repre-

sented by
(
Lp(.)(Ω, ϑ(x)), ∥·∥p(x)

)
and

(
W 1,p(.)(Ω, ϑ(x)), ∥.∥1,p(x)

)
, respectively.

For p(.) ∈ L∞
+ (Ω) and ϑ ∈ L1

Loc(Ω) such that ϑ > 0 is present nearly everywhere
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in Ω. The weighted variable exponent Lebesgue space is taken into consideration
by:

Lp(x) (Ω, ϑ) =

{
u : Ω −→ R, measurable and

∫
Ω

ϑ(x)|u(x)|p(x)dx <∞
}
,

with the Luxemburg norm

∥u∥Lp(x)(Ω,ϑ) = ∥u∥p(x) = inf

{
µ > 0⧸ ρp(.),ϑ(

u

µ
) =

∫
Ω

ϑ(x)

∣∣∣∣u(x)µ
∣∣∣∣p(x) dx = 1

}
,

and the space (Lp(x) (Ω, ϑ) , ∥.∥p(x)) is a Banach.

Moreover, u ∈ Lp(x) (Ω, ϑ) if and only if ∥u∥Lp(x)(Ω,ϑ) = ∥uϑ
1

p(.)∥Lp(x)(Ω) <∞. It is
known that we have the relationships between the modular ρp(.),ϑ(.) and the norm
∥.∥Lp(x)(Ω,ϑ) are as follows

min{ρp(.),ϑ(.)(u)
1

p− , ρp(.),ϑ(.)(u)
1

p+ } ≤ ∥u∥Lp(x)(Ω,ϑ) ≤ max{ρp(.),ϑ(.)(u)
1

p− , ρp(.),ϑ(.)(u)
1

p+ }
and

min{∥u∥p
−

Lp(x)(Ω,ϑ)
, ∥u∥p

+

Lp(x)(Ω,ϑ)
} ≤ ρp(.),ϑ(.)(u) ≤ max{∥u∥p

−

Lp(x)(Ω,ϑ)
, ∥u∥p

+

Lp(x)(Ω,ϑ)
}.

Also, if 0 < c ≤ ϑ, then we have Lp(x)(Ω, ϑ) ↪→ Lp(x)(Ω), since one easily sees
that

c

∫
Ω

|u(x)|p(x) dx ≤
∫
Ω

ϑ(x) |u(x)|p(x) dx

and
c∥u∥Lp(x)(Ω) ≤ ∥u∥Lp(x)(Ω,ϑ).

Additionally, the dual space of Lp(x)(Ω, ϑ) is Lp
′(x)(Ω, ϑ∗), where 1

p(.)
+ 1

p′(.)
= 1

and ϑ∗ = ϑ1−p′(.) = ϑ
−1

1−p(.) . For further information, see [3].

Lemma 2.1. (cf. [14]) Let ϑ be a weight function and Ω be a bounded subset of
RN . If and only if the inequality integral∫

Ω

|u(x)|ϑ(x)dx ≤ c1(diam(Ω)

∫
Ω

|∇u(x)|ϑ(x)dx

holds, then a function u ∈ C∞
0 (Ω) satisfies PoincarÃ© inequality in L1

ϑ(Ω).

We define Wp(.)(Ω) = {ϑ ∈ L1
Loc(Ω)/ ϑ

−1
p(.)−1 ∈ L1

Loc(Ω)}.
Proposition 2.2. ( cf. [3])

Lp(x)(Ω, ϑ) ↪→ L1
Loc(Ω) ↪→ D′(Ω),

where D′(Ω) is the space of distributions, if ϑ ∈ Wp(.)(Ω).

W k,p(x)(Ω) = {u ∈ Lp(x)(Ω, ϑ) : ∆αu ∈ Lp(x)(Ω, ϑ), |α| ≤ k},
is how we set the weighted variable Sobolev spaces.

∆αu =
∂|α|u

∂xα1
1 ∂x

α2
2 ...∂x

αN
N

,
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is the derivative in the sense of distributions, where α = (α1, α2, ..., αN) is a

multi-index and |α| =
N∑
i=1

αi.

Equipped with the norm

∥u∥Wk,p(x)(Ω,ϑ) =
∑
|α|≤k

∥∆αu∥Lp(x)(Ω,ϑ),

also turns into a reflexive, separable, Banach space. Specifically, the space
W 1,p(x)(Ω, ϑ) is defined as the weighted Sobolev space with the norm

∥u∥W 1,p(.)(Ω,ϑ) = ∥u∥Lp(x)(Ω,ϑ) + ∥∇u∥Lp(x)(Ω,ϑ).

A closure of the set C∞
0 (Ω) ( smooth functions with compact support in Ω ) with

regard to the norm ∥.∥W 1,p(.)(Ω,ϑ) is what we also define as theW
1,p(x)
0 (Ω, ϑ) subset

of W 1,p(x)(Ω, ϑ).

Proposition 2.3. Assume that p ∈ C+(Ω) and the cone property are present at
the boundary of Ω. Assume that for a.e. x ∈ Ω, c(x) > 0 and c ∈ Lβ(x)(Ω). If
q(x) ∈ C+(Ω) and

q(x) <
β(x)− 1

β(x)
p∗(x), ∀x ∈ Ω.

A compact embedding follows.

W 1,p(x)(Ω) ↪→ Lq(x)(Ω, c(x)).

The embedding becomes continuous when ≤ is substituted for <.

Proposition 2.4. (Fan and Zhao [12]) Let p, r ∈ C+(Ω) such that r(x) ≤ p∗k(x)
for all x ∈ Ω. Then there is a continuous embedding

W k,p(x)(Ω) ↪→ Lr(x)(Ω).

If we replace ≤ with <, the embedding is compact.

Furthermore, we define ρ : Lp(x)(Ω) → R by

ρp(x)(u) =

∫
Ω

|u|p(x)dx,

Consequently, the following relationships are valid:

Proposition 2.5 ([9, 12, 15]). If u, un ∈ Lp(x)(Ω), (n = 1, 2, ...) then the following
statements are equivalent:

(i) limn−→∞ |un − u|p(x) = 0;
(ii) limn−→∞ ρp(x)(un − u) = 0;
(iii) un −→ u in measure in Ω and limn−→∞ ρp(x)(un) = ρp(x)(u).

Proposition 2.6. ([9, 12, 15]) If u, un ∈ Lp(x)(Ω), (n = 1, 2, ...), we obtain

(1) |u|p(x) < 1 (respectively=1; > 1) ⇐⇒ ρp(x)(u) < 1 (respectively = 1; > 1);

(2) |u|p(x) < 1 ⇒ |u|p
+

p(x) ≤ ρp(x)(u) ≤ |u|p
−

p(x);

(3) |u|p(x) > 1 ⇒ |u|p
−

p(x) ≤ ρp(x)(u) ≤ |u|p
+

p(x);
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(4) |un|p(x) → 0 (respectively → ∞) ⇐⇒ ρp(x)(un) → 0 (respectively → ∞).

Remark 2.7. The claims of Propositions 2.5 and Proposition 2.6 also apply to
u, un ∈ W 1,p(x) (Ω, ϑ(x)). if we take into account ρp(.),ϑ(.)(u) =

∫
Ω
ϑ(x)|u|p(x)dx,

rather than ρp(x)(u).

3. Main result
3.1. The weighted variable exponent Sobolev space.
We introduce and examine the weighted variable exponent Sobolev spaces before
examining the possibility of a weak solution to problem 1.1.
For γ ∈ C+(R), we define the following the weighted variable exponent space

Lp(x)
(
Ω,

1

δγ(x)

)
:=

{
u = u(x), x ∈ Ω,

∫
1

δγ(x)
|u|p(x) <∞

}
equipped with the norm

|u|γ(x),p(x) := inf

{
µ > 0/

∫
Ω

1

δγ(x)

∣∣∣∣u(x)µ
∣∣∣∣p(x) dx ≤ 1

}
, (3.1)

and

W 1,p(x)

(
Ω,

1

δγ(x)

)
:=

{
u,

∫
Ω

1

δγ(x)
|∇u|p(x) + |u|p(x)γ(x),p(x) <∞

}
(3.2)

equipped with the norm

∥u∥X = |u|1,γ(x),p(x) := |∇u|γ(x),p(x) + |u|γ(x),p(x) . (3.3)

Lemma 3.1. Let γ ∈ C+(R). The spaceW 1,p(x)
(
Ω, 1

δγ(x)

)
, equipped with the norm

|.|1,γ(x),p(x) , is Banach space.

Proof. Let (un)n be a sequence in Xγ(x). Assume that (un)n is Cauchy sequence in
Xγ(x). One can easily observe that (un)n (resp. ((∂un/∂x1, .., ∂un/∂xN))n) is also

Cauchy sequence in Lp(x)
(
Ω, 1

δγ(x)

) (
resp.

(
Lp(x)

(
Ω, 1

γ(x)

))N)
. Using the fact

that the space Lp(x)
(
Ω, 1

δγ(x)

)
is Banach space, we obtain that there exist u and

wi, i = 1, 2, .., N, such that the sequence (un)n converges to u in Lp(x)
(
Ω, 1

δγ(x)

)
and the sequence (∂un/∂xi) converges to wi in L

p(x)
(
Ω, 1

δγ(x)

)
for i = 1, .., N . For

every ψ ∈ D(Ω), we have∣∣∣∣∫
Ω

unψdx−
∫
Ω

uψdx

∣∣∣∣ ≤
∫
Ω

|un − u||ψ|dx (3.4)

and ∫
Ω

|un − u||ψ|dx =

∫
Ω

1

δγ(x)p(x)
|un − u| 1

δ−γ(x)p(x)
|ψ|dx

≤ |un − u|γ(x),p(x)

∣∣∣∣∣∣∣∣ 1

δ−γ(x)p(x)
ψ

∣∣∣∣∣∣∣∣
p′(x)

≤ |un − u|γ(x),p(x) ∥ψ∥∞
∣∣∣∣∣∣∣∣ 1

δ−γ(x)p(x)

∣∣∣∣∣∣∣∣
Lp′(x)(suppψ)
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where suppψ ⊂ Ω denotes the support of ψ and 1
p(x)

+ 1
p′(x)

= 1. We deduce∣∣∣∣∫
Ω

unψdx−
∫
Ω

uψdx

∣∣∣∣ ≤ |un − u|γ(x),p(x) ∥ψ∥∞
∣∣∣∣∣∣∣∣ 1

δ−γ(x)p(x)

∣∣∣∣∣∣∣∣
Lp′(x)(suppψ)

(3.5)

Since
∣∣∣∣∣∣ 1
δ−γ(x)p(x)

∣∣∣∣∣∣
Lp′(x)(suppϕ)

<∞ and un −→ u in Lp(x)
(
Ω, 1

δγ(x)

)
we get∫

Ω

unψdx −→
∫
Ω

uψdx as n −→ +∞. (3.6)

Similarly, by ∂un/∂xi −→ wi in L
p(x)

(
Ω, 1

δγ(x)

)
, we obtain∫

Ω

∂un
∂xi

ψdx −→
∫
Ω

wiψdx, i = 1, .., N (3.7)

as n −→ +∞. Then,∫
Ω

wiψdx = lim
n−→∞

∫
Ω

∂un
∂xi

ψdx (3.8)

= − lim
n−→∞

∫
Ω

un
∂ψ

∂xi
dx (3.9)

= −
∫
Ω

u
∂ψ

∂xi
dx (3.10)

=

∫
Ω

∂u

∂xi
ψdx, i = 1, ..., N. (3.11)

We deduce that ∇u = w and un −→ u in W 1,p(x)
(
Ω, 1

δγ(x)

)
. The proof is finished

with this. □

Lemma 3.2. Let γ ∈ C+(R). The coordinate system Xγ(x) := W 1,p(x)
(
Ω, 1

δγ(x)

)
,

which is reflexive, is furnished with the norm |.|1,p(x),γ(x).

Proof. It is easy to verify that Lp(x)
(
Ω, 1

δγ(x)

)
is uniformly convex. Consequently,

Lp(x)
(
Ω, 1

δγ(x)

)
is reflexive. Think about the functional

T : Xγ(x) → F := Lp(x)
(
Ω,

1

δγ(x)

)
× Lp(x)

(
Ω,

1

δγ(x)

)N

u→ T (u) = (u,∇u)
Since T is an isometry, we obtain that T (Xγ(x)) is a closed subspace of F . Because
T (Xγ(x)) is reflexive, therefore Xγ(x) is reflexive. □

Lemma 3.3. Assume that p, q ∈ L∞
+ (Ω). If q(x) ≤ p(x). Next, the embedding

Lp(x)
(
Ω,

1

δγ(x)

)
↪→ Lq(x)

(
Ω,

1

δγ(x)

)
is continuously.
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Lemma 3.4. Assume that p, q ∈ L∞
+ (Ω). If q(x) ≤ p(x). Next, the embedding

Wm,p(x)

(
Ω,

1

δγ(x)

)
↪→ Wm,q(x)

(
Ω,

1

δγ(x)

)
is continuously.

Proof. Lemma 3.5 proof is symmetric with the proofs of Lemma 3.3 and 3.4. □

The lemma that follows relates to a compact embedding result.

Lemma 3.5. Let p, q ∈ L∞
+ (Ω), we assume mp(x) ≤ n and q(x) < np(x)

n−mp(x)
∀x ∈ Ω. Next,

Xγ(x) =: Wm,p(x)

(
Ω,

1

δγ(x)

)
↪→ Lq(x)

(
Ω,

1

δγ(x)

)
is a compact and continuous embedding. We write Xγ(x) ↪→↪→ Lq(x)

(
Ω, 1

δγ(x)

)
.

Proof. To represent a positive constant r with mr < n, denote r∗ = nr
n−mr .

It is clear from the assumptions that, for each given x ∈ Ω, we can locate a
neighborhood Ux in Ω such that q+(Ux) < (p−(Ux))

∗, where

p−(Ux) = inf{p(y)/ y ∈ Ux}; q+(Ux) = sup{q(y)/ y ∈ Ux}.
Currently, {Ux}x∈Ω is an open covering that indicates {Ui / i = 1, 2, ..., s} and
denoting

p−i = p−(Ui) q+i = q+(Ui),

It is well known that if u ∈ Wm,p(x)
(
Ω, 1

δγ(x)

)
then u ∈ Wm,p(x)

(
Ui,

1
δγ(x)

)
, and

thus from the lemma 3.4, u ∈ Wm,p−
(
Ui,

1
δγ(x)

)
. Therefore by the well-known

Sobolev imbedding theorem we have continuous and compact imbedding,

Wm,p−i

(
Ui,

1

δγ(x)

)
↪→ Lq

+
i

(
Ui,

1

δγ(x)

)
,

so for every Ui, i = 1, 2, ..., s (see [10, 22]), we have u ∈ Lq(x)
(
Ui,

1
δγ(x)

)
and there-

fore u ∈ Lq(x)
(
Ω, 1

δγ(x)

)
. We can now assert thatWm,p(x)

(
Ω, 1

δγ(x)

)
⊂ Lq(x)

(
Ω, 1

δγ(x)

)
and the imbedding is continuous and compact.

□

Lemma 3.6. Let 0 ≤ γ+ < α− + p−. Then

W
1,p(x)
0

(
Ω,

1

δα(x)

)
↪→ Lp(x)

(
Ω,

1

δγ(x)

)
↪→ Lp∗(x)(Ω)

Proof. Let σ > 0 small enough we define Ωσ := {x ∈ Ω / d(x) > σ}. Consider
the maps:

Iσ : W
1,p(x)
0

(
Ω,

1

δα(x)

)
−→ Lp(x)

(
Ω,

1

δγ(x)

)
,

I1σ : W
1,p(x)
0

(
Ω,

1

δα(x)

)
−→ W

1,p(x)
0 (Ωσ) ,

I2σ : W
1,p(x)
0 (Ωσ) −→ Lp(x) (Ωσ)
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and

I3σ : Lp(x) (Ωσ) −→ Lp(x)
(
Ω,

1

δγ(x)

)
.

Here I1σu(x) = u(x), x ∈ Ωσ is the ” restriction ” (bounded and linear map)

from W
1,p(x)
0

(
Ω, 1

δα(x)

)
into W

1,p(x)
0 (Ωσ); I

2
σu(x) = u(x), x ∈ Ωσ is ” embedding

” (compact linear map) from W
1,p(x)
0 (Ωσ) into L

p(x) (Ωσ); I
3
σu(x) = u(x), x ∈ Ωσ

and I3σu(x) = 0, x ∈ Ω\Ωσ is ” zero extension ” (bounded and linear map) from
Lp(x) (Ωσ) into L

p(x)
(
Ω, 1

δγ(x)

)
.

Then for any σ > 0, Iσ : W
1,p(x)
0

(
Ω, 1

δα(x)

)
−→ Lp(x)

(
Ω, 1

δγ(x)

)
is a compact linear

map. Denote by

I : W
1,p(x)
0

(
Ω,

1

δα(x)

)
↪→ Lp(x)

(
Ω,

1

δγ(x)

)
,

the embedding ofW
1,p(x)
0

(
Ω, 1

δα(x)

)
into Lp(x)

(
Ω, 1

δγ(x)

)
. Then for u ∈W

1,p(x)
0

(
Ω, 1

δα(x)

)
there exists K > 0 such that

| (Iσ − I) (u)|γ(x),p(x) =

∫
Ω\Ωσ

1

δγ(x)(x)
|u(x)|p(x)dx =

∫
Ω\Ωσ

1

δγ(x)
δα(x) + p(x)

|u(x)|p(x)

δα(x) + p(x)
dx

≤ maxx∈Ω\Ωσδα
− + p− − γ+

∫
Ω\Ωσ

1

δα+ + p+
|u(x)|p(x)dx

≤ maxx∈Ω\Ωσδα
− + p− − γ+|u|p

−

p(x),α++p+

≤ maxx∈Ω\Ωσδα
− + p− − γ+|u|p

−

p(x),α+

≤ Kmaxx∈Ω\Ωσδα
− + p− − γ+∥u∥p

−

X .

The claim is now supported by the observation that maxx∈Ω\Ωσδα
− + p− − γ+ −→

0 as σ −→ 0. □
3.2. The existence of weak solution of problem 1.1:
J : E −→ R is the definition of the energy functional related to problem 1.1

J(u, v) = ϕ(u, v)− ψ(u, v)

where

ϕ(u, v) =M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
and

ψ(u, v) = λ1

∫
Ω1

1

α(x)

a(x)

δγ2(x)
|u|α(x)dx + λ2

∫
Ω2

1

β(x)

b(x)

δγ4(x)
|v|β(x)dx

In a standard way, it can be proved that J ∈ C1(E,R). Moreover, we have, for
all (ρ, ξ) ∈ E,

< J ′(u, v), (ρ, ξ) >=< ϕ′(u, v), (ρ, ξ) > − < ψ′(u, v), (ρ, ξ) >
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where

< ϕ′(u, v), (ρ, ξ) > = M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

) ∫
Ω1

1

δγ(x)
|∇u|p(x)−2∇u∇ρdx

+ M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇v|p(x)dx

) ∫
Ω1

1

δγ(x)
|∇v|p(x)−2∇v∇ξdx

and

< ψ′(u, v), (ρ, ξ) >= λ1

∫
Ω1

1

δγ2(x)
a(x)|u|α(x)−2uρdx−λ2

∫
Ω2

1

δγ4(x)
b(x)|v|β(x)−2vξdx

Therefore, the critical points of the functional J are precisely the weak solutions
of problem 1.1.

Lemma 3.7. In E, the functional J is semicontinuous but weakly lower.

Proof. Assume that {(un, vn)} ⊂ E is a sequence such that

(un, vn)⇀ (u, v)

∥u∥X1 =

∫
Ω1

1

p(x)

1

δγ(x)
|∇un|p(x)dx is the norm in X1, then ∥u∥X1 is weakly lower

semicontinuous
∥u∥X1 ≤ lim inf ∥un∥X1

Since Mi is non-decreasing, then

Mi

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
≤Mi

(
lim inf

∫
Ω1

1

p(x)

1

δγ(x)
|∇un|p(x)dx

)
Moreover, the functional Mi is continuous, thus

Mi

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
≤ lim infMi

(∫
Ω1

1

p(x)

1

δγ(x)
|∇un|p(x)dx

)
.

Additionally, the functional ψ is weakly lower semicontinuous in E according to
the dominated convergence theorem. □

Lemma 3.8. There exist λ∗ and ρ, r > 0 such that for any λ1 + λ2 ∈ (0, λ∗) we
have

J(u, v) ≥ ρ ∀(u, v) ∈ E, with ∥(u, v)∥ = r

Proof. By using the condition (H3) − (H4), Proposition 2.5 and the Lemma3.6,

the embedding from E to Lα(x)(Ω1,
a(x)

δγ2(x)
) and Lβ(x)(Ω2,

b(x)

δγ4(x)
) are compact, (see

[15], Theorems 2.7,2.8). Then there exists C > 0 such that for all (u, v) ∈ E

|u|1,α(x),γ2(x),Ω1 + |v|1,β(x),γ4(x),Ω2 ≤ C0∥(u, v)∥E for all (u, v) ∈ E

Consider r ∈ (0, 1) such that r < 1
C0
. Then we get

|u|1,α(x),γ2(x),Ω1 + |v|1,β(x),γ4(x),Ω2 < 1 with ∥(u, v)∥E = r. (3.12)

Furthermore, Proposition 2.3 yields∫
Ω1

a(x)

δ, γ2(x)
|u|α(x)dx ≤ C1(|u|α

−

1,α(x),γ(x),Ω1
+|u|α+

1;α(x),γ(x),Ω1
), ∀u ∈ W 1,p(x)

(
Ω1,

1

δγ(x)

)
,
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and∫
Ω2

b(x)

δ, γ4(x)
|v|β(x)dx ≤ C2(|v|β

+

1,β(x),γ(x),Ω2
+|v|β

−

1,β(x),γ(x),Ω2
), ∀v ∈ W 1,p(x)

(
Ω2,

1

δγ(x)

)
.

Then∫
Ω1

a(x)

δ, γ2(x)
|u|α(x)dx +

∫
Ω2

b(x)

δ, γ4(x)
|v|β(x)dx ≤ C3(|u|1,α(x),γ(x),Ω1 + |v|1,β(x),γ(x),Ω2).

Hence, from 3.12, we deduce∫
Ω1

a(x)

δγ2(x)
|u|α(x)dx +

∫
Ω2

b(x)

δγ4(x)
|v|β(x)dx ≤ C4∥(u, v)∥E. (3.13)

By (H0)− (H2) and by help of the following elementary inequality

|a+ b|s ≤ 2s−1(|a|s + |a|s) for a, b ∈ Rn

the following inequalities hold true:

J(u, v) = M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇u|p(x)dx

)
+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇v|p(x)dx

)
−λ1

∫
Ω1

1

α(x)

a(x)

δγ2(x)
|u|α(x)dx− λ2

∫
Ω2

1

β(x)

b(x)

δγ4(x)
|v|β(x)dx

≥ m1

(p+)θ−1

(∫
Ω1

1

δγ(x)
|∇u|p(x)dx

)θ−1

+
m

′
1

(p+)θ−1

(∫
Ω2

1

δγ(x)
|∇v|p(x)dx

)θ−1

−λ1 + λ2
α−

(∫
Ω1

a(x)

δγ2(x)
|u|α(x)dx +

∫
Ω2

b(x)

δγ4(x)
|v|β(x)dx

)
thus

J(u, v) ≥ m1

θ(p+)θ−1
∥u∥(θ−1)p+

X1
+

m
′
1

(p+)θ−1
∥v∥(θ−1)p+

X2
− C5(λ1 + λ2)

α− ∥(u, v)∥X

≥
min

(
m1,m

′
1

)
(p+)(θ−1)

(
∥u∥(θ−1)p+

X1
+ ∥v∥(θ−1)p+

X2

)
− C5(λ1 + λ2)

α− ∥(u, v)∥

thus

J(u, v) ≥
min

(
m1,m

′
1

)
2(θ−1)p+−1(p+)(θ−1)

∥(u, v)∥(θ−1)p+ − C5(λ1 + λ2)

α− ∥(u, v)∥.

Define

λ∗ =
min

(
m1,m

′
1

)
α−r(θ−1)p+−1

2(θ−1)p+−1C5(p+)(θ−1)

According to the aforementioned inequality, there exists ρ > 0 such that J(u, v) ≥
ρ for each λ1 + λ2 ∈ (0, λ∗) and (u, v) ∈ E with ∥(u, v)∥ = r. □

Lemma 3.9. There exist (φ̂, ψ̂) ∈ E, φ̂, ψ̂ ≥ 0 such that

lim
t−→∞

J(tφ̂, tψ̂) = −∞.
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Proof. Let us choose φ̂, ψ̂ ∈ C∞
0 (Ω) such that φ̂, ψ̂ ̸= 0. Then, for any t > 1, by

(H1) and (H2) it follows

J(tφ̂, tψ̂) = M1

(∫
Ω1

1

p(x)

1

δγ(x)
|t∇φ̂|p(x)dx

)
+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|t∇ψ̂|p(x)dx

)
−λ1

∫
Ω1

1

α(x)

a(x)

δγ2(x)
|tφ̂|α(x)dx− λ2

∫
Ω2

1

β(x)

b(x)

δγ4(x)
|tψ̂|β(x)dx

≤ max{m2,m
′
2}t(θ−1)p+

θ(p+)(θ−1)

{
ρp(x),γ(x),Ω1(∇φ̂)(θ−1) + ρp(x),γ(x),Ω2(∇ψ̂)(θ−1)

}
−λ1t

α−

α+
ρp(x),γ2(x),Ω1(φ̂)−

λ2t
β−

β+
ρp(x),γ4(x),Ω2(ψ̂)

Since β− > (θ − 1)p+, we get J(tφ̂, tψ̂) −→ −∞ as t −→ ∞.
□

Lemma 3.10. For every sufficiently small t > 0, there exist (φ̂, ψ̂) ∈ E such that

φ̂, ψ̂ > 0 and J(tφ̂, tψ̂) < 0.

Proof. Let choose φ̂, ψ̂ ∈ C∞
0 (Ω) and 0 ≤ φ̂ ≤ 1 in Ω1, 0 ≤ ψ̂ ≤ 1 in Ω2. Then,

for any t ∈ (0, 1), by (H1) and (H2) it follows

J(tφ̂, tψ̂) = M1

(∫
Ω1

1

p(x)

1

δγ(x)
|t∇φ̂|p(x)dx

)
+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|t∇ψ̂|p(x)dx

)
−λ1

∫
Ω1

1

α(x)

a(x)

δγ2(x)
|tφ̂|α(x)dx− λ2

∫
Ω2

1

β(x)

b(x)

δγ4(x)
|tψ̂|β(x)dx

≤ max{m2,m
′
2}t(θ−1)p+

(p−)(θ−1)

{
(ρp(x),γ(x),Ω1(∇φ̂))(θ−1) + (ρp(x),γ(x),Ω2(∇ψ̂))(θ−1)

}
−λ1t

α−

α+
ρp(x),γ2(x),Ω1(φ̂)−

λ2t
β−

β+
ρp(x),γ4(x),Ω2(ψ̂)

≤ max{m2,m
′
2}t(θ−1)p+

(p−)(θ−1)

{
(ρp(x),γ(x),Ω1(∇φ̂))(θ−1) + (ρp(x),γ(x),Ω2(∇ψ̂))(θ−1)

}
−λ1t

β+

β+
ρp(x),γ2(x),Ω1(φ̂)−

λ2t
β+

β+
ρp(x),γ4(x),Ω2(ψ̂)

Let

Rθ = max{m2,m
′

2}
{
(ρp(x),γ(x),Ω1(∇φ̂))(θ−1) + (ρp(x),γ(x),Ω2(∇ψ̂))(θ−1)

}
and

S1,2 = λ1ρp(x),γ2(x),Ω1(φ̂) + λ2ρp(x),γ4(x),Ω2(ψ̂).

Then, for 0 < t < σ
1

p−−β+ providing that

σ = Min

{
1,

(p−)(θ−1)S1,2

β+Rθ

}
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we conclude that
J(tφ̂, tψ̂) < 0.

The proof of Lemma 3.10 is complete. □

Lemma 3.11. We suppose that Mi(t) ≥ 1
θ
tMi(t) then The functional J satisfies

the Palais-Smale condition in E.

Proof. Let {(un, vn)} ⊂ E be a sequence such that

J(un, vn) −→ c > 0, J ′(un, vn) −→ 0 in E∗. (3.14)

where E∗ is the dual space of E.
We first demonstrate that {(un, vn)} is bounded in E. By contradiction, assume
the opposite. When we finally reach a subsequence, which is still represented by
(un, vn), we can presume that ∥(un, vn)∥ −→ ∞. Consequently, we can think that

∥un∥ > 1 ∥vn∥ > 1 for any integer n,

so that

c+ 1 + ∥(un, vn)∥ ≥ J(un, vn)−
1

β− < J ′(un, vn), (un, vn) >

≥ M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇un|p(x)dx

)
+M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇vn|p(x)dx

)
− λ1

∫
Ω1

1

α(x)

a(x)

δγ2(x)
|un|α(x)dx− λ2

∫
Ω2

1

β(x)

b(x)

δγ4(x)
|vn|β(x)dx

− 1

β−M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇un|p(x)dx

) ∫
Ω1

1

δγ(x)
|∇un|p(x)dx

− 1

β−M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇vn|p(x)dx

)∫
Ω2

1

δγ(x)
|∇vn|p(x)dx

− 1

β−

[
−λ1

∫
Ω1

a(x)

δγ2(x)
|un|α(x)dx− λ2

∫
Ω2

b(x)

δγ4(x)
|vn|β(x)dx

]
≥

(
β− − p+

(p+)θβ−

)[(∫
Ω1

1

δγ(x)
|∇u|p(x)dx

)θ

+

(∫
Ω2

1

δγ(x)
|∇v|p(x)dx

)θ
]

+

(
1

β− − 1

α−

)[
λ1

∫
Ω1

a(x)

δγ2(x)
|un|α(x)dx + λ1

∫
Ω1

a(x)

δγ2(x)
|un|α(x)dx

]
≥

(
β− − p+

(p+)(θ−1)β−

)[(∫
Ω1

1

δγ(x)
|∇u|p(x)dx

)(θ−1)

+

(∫
Ω2

1

δγ(x)
|∇v|p(x)dx

)(θ−1)
]

− 2λ1

(
1

α− − 1

β−

)∫
Ω1

a(x)

δγ2(x)
|un|α(x)dx

≥ 21−(θ−1)p+
(

β− − p+

(p+)(θ−1)β−

)
∥(un, vn)∥(θ−1)p− − 2Cλ1

(
1

α− − 1

β−

)
∥(un, vn)∥α

+

E

Since α+ < (θ − 1)p− and p+ < (θ − 1)p+ < β−, dividing the above inequality
by ∥(u, v)∥ and passing to the limit as n −→ ∞ we obtain a contradiction. It
follows that the sequence {(un, vn)} is bounded in E.
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Thus, there exists (u, v) ∈ E such that passing to a subsequence, still denoted
by (un, vn), it converges weakly to (u, v) in E. The embedding from E to the
weighted spaces Lα(x)

(
Ω1,

1
δγ2(x)

)
and Lβ(x)

(
Ω2,

1
δγ4(x)

)
are compact. Then, using

the HÃ¶lder inequalities, Propositions∣∣∣∣∫
Ω1

a(x)

δγ2(x)
|un|α(x)−2un(un − u)dx

∣∣∣∣ ≤
∫
Ω1

1

δγ2(x)
a(x)|un|α(x)−1|un − u|dx

≤ K1

∣∣∣∣∣
(∫

Ω1

a(x)

δγ2(x)
|un|α(x)dx

)α(x)−1
α(x)

(∫
Ω1

1

δγ2(x)
|un − u|α(x)dx

) 1
α(x)

∣∣∣∣∣
≤ K2 |un|α

+−1
a(x),α(x),γ2(x),Ω1

|un − u|a(x),α(x),γ2(x),Ω1

≤ K4|un|α
+−1

1,α(x),γ(x),Ω1
|un − u|1,α(x),γ(x),Ω1

where 1
α(x)

+ 1
α′(x)

= 1 for a.e x ∈ Ω1. As n −→ ∞, we deduce∫
Ω1

a(x)

δγ2(x)
|un|α(x)−2un(un − u)dx −→ 0 (3.15)

Similarly, we get ∫
Ω2

b(x)

δγ4(x)
|vn|β(x)−2vn(vn − v)dx −→ 0 (3.16)

By (3.14), we have

< J ′(un, vn), (un − u, vn − v) >−→ 0 (3.17)

From (3.14), (3.16) and (3.17), we get

< Φ′(un, vn), (un − u, vn − v) >−→ 0 (3.18)

Hence,

M1

(∫
Ω1

1

p(x)

1

δγ(x)
|∇un|pdx

) ∫
Ω1

1

δγ(x)
|∇un|p(x)−2∇un(∇un −∇u)dx −→ 0

and

M2

(∫
Ω2

1

p(x)

1

δγ(x)
|∇vn|p(x)dx

) ∫
Ω2

1

δγ(x)
|∇vn|p(x)−2∇vn(∇vn −∇v)dx −→ 0

It can be inferred from (H1) and (H2) that∫
Ω1

1

δγ(x)
|∇un|p(x)−2∇un(∇un −∇u)dx −→ 0

∫
Ω2

1

δγ(x)
|∇vn|p(x)−2∇vn(∇vn −∇v)dx −→ 0

Since p-Laplacian is of type (S+), we can conclude that functional J meets the
Palais-Smale criterion since (un, vn) converges strongly to (u, v) in X. □
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3.2.1. Proof of theorem 1.2. All of the assumptions of the mountain pass theorem
in [1] are met by Lemmas 3.8,3.9 and 3.11.
Then, using J(u1, v1) = c, we derive (u1, v1) as a nontrivial critical point of the
functional J and, consequently, a nontrivial weak solution of problem (1.1).

We demonstrate the existence of a nontrivial weak solution (u2, v2) ̸= (u1, v1).
In fact, Lemmas 3.8 and 3.10 give us

Inf∂Bρ(0)Jλ ≥ r > 0 and InfBρ(0)
Jλ < 0

Let’s select ϵ > 0 so that

0 < ϵ < Inf∂Bρ(0)J − InfBρ(0)
J. (3.19)

The functional J : Bρ(0) −→ R can therefore be subjected to Ekeland’s varia-

tional principle, which yields (uϵ, vϵ) ∈ Bρ(0) ⊂ X such that

J(uϵ, vϵ) < InfBρ(0)
J + ϵ

and

J(uϵ, vϵ) < J(u, v) + ϵ∥(u− uϵ, v − vϵ)∥, u ̸= uϵ, v ̸= vϵ

In light of (3.19), it follows that J(uϵ, vϵ) < Inf∂Bρ(0)J and thus, (uϵ, vϵ) ∈ Bρ(0).

Let’s now define I : Bρ(0) −→ R using the formula I(u, v) = J(u, v) + ϵ∥(u −
uϵ, v − vϵ)∥. It is evident that (uϵ, vϵ) is a minimum point of I, and as a result

I(uϵ + tζ, vϵ + tξ)− I(uϵ, vϵ)

t
≥ 0,

for any (ζ, ξ) ∈ Bρ(0) and t > 0 small enough. The statement above indicates
that

J(uϵ + tζ, vϵ + tξ)− J(uϵ, vϵ)

t
+ ϵ∥(ζ, ξ)∥ ≥ 0,

Assuming t −→ 0+, we conclude that

< J ′(uϵ, vϵ), (u, v) >≥ −ϵ∥(u, v)∥.

Note that −(u, v) also belongs to Bρ(0). Therefore, substituting −(u, v) for (u, v),
we obtain

< J ′(uϵ, vϵ), (u, v) >≤ ϵ∥(u, v)∥
which implies that ∥J ′(uϵ, vϵ)∥ ≤ ϵ.
Consequently, there is a sequence {(un, vn)} ⊂ Bρ(0) such that

J(un, vn) −→ c = InfBρ(0)
J < 0 and J ′(un, vn) −→ 0 in X∗ as n −→ ∞.

(3.20)
As n −→ +∞, the sequence {(un, vn)} converges strongly to (u2, v2). Fur-
thermore, by (3.20), it is implied that J(u2, v2) = c and J ′(u2, v2) = 0, since
J ∈ C1(X,R). Thus, a nontrivial weak solution to issue (1.1) is (u2, v2).
Last but not least, we highlight the fact that (u2, v2) ̸= (u1, v1) since J(u1, v1) =
c > 0 > J(u2, v2).
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