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REGULARITY AND CORNER SINGULARITIES FOR AN
OBLIQUE DERIVATIVE PROBLEM IN A PLANE POLYGON

ELKHANSSA AMEURI}, MOHAND MOUSSAOUI? and ABDELAZIZ CHOUTRI?

ABSTRACT. This paper analyzes an oblique derivative boundary value problem
for the Laplace equation in a bounded planar polygon. Although the regularity
theory for elliptic problems in non-smooth do- mains is classical, the available
results are often established within very general frameworks. We present a
direct, self-contained treatment in the standard Sobolev setting. Under a uni-
form obliqueness assumption on the boundary vector field, we establish the
existence of weak solutions and prove local regularity away from the vertices.
Our approach relies on a priori estimates and the invariance of the operator
index under homotopy and compact perturbations.
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1. INTRODUCTION

Elliptic boundary value problems posed in polygonal domains have been exten-
sively studied over the past decades. The presence of vertices generates singular
behaviors that generally prevent global regularity. A detailed theory describing
these phenomena can be found in the classical work of Grisvard [11] , as well as
in later contributions by Dauge and Nicaise [0] , Eskin [7] and others.

Among the various boundary conditions that arise in this context, the oblique
derivative problem plays an important role both from theoretical and applied
points of view. In polygonal domains, its analysis requires particular care near
the vertices, where the geometry of the boundary leads to additional difficulties.

The purpose of the present paper is not to compete with these general theories.
Rather, we aim to provide a direct, self-contained and comparatively elementary
treatment specialized to the Laplace operator in planar polygonal domains. Our
approach is based on standard Sobolev techniques and is intended to offer a
concise functional framework for the study of weak solutions under a uniform
obliqueness assumption. We believe that the interest of this work lies in the
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accessibility of the proofs and in the unified presentation of the method, which
may be useful for readers and for further developments or applications.
More precisely, let 2 be an open bounded plane polygon with boundary I' =

'Glfj where the I'; are linear segments. S = {51, S, ..., Sy} is the set of vertices
‘7:

and w; the angle between I';_; and I'; (with I';,;; = I'y) interior to 2. We will
set v; the normal vector to I'; (oriented outside €2) and 7; the tangent vector to

[;. Let (&1,&,...,&,) n unit vectors in R?.
We aim to solve the following problem:

—Au=f in{,
P):< 0Ou ,
(P) a—gj:gj onl; j5=1,2,..,n,

where f € L*(Q) and g, € H%(Fj) j=1,2,...,n.

When §; = v; or 7; this problem can be reduced to a Neumann or Dirichlet
problem or to a mixed problem for which the conditions of existence and regularity
are known and the results are grouped in [9] for example. APEL and NICAISE
[2] showed the regularity of solutions of a mixed problem Dirichlet-Signorini.

When the problem (P) admits a solution u in H'(2), this one is not in H?(Q).
This is the case, for example, of the Dirichlet problem when €2 is not convex [%] or
of a mixed problem, such that the boundary condition changes to a vertex where
the angle of € is greater than 7.

The solution u is then regular, i.e., H*(2\ ¥J) with ¢ an arbitrary neighborhood of
S. In [9] , one can find a description of singularities’. In the case of the oblique
derivative problem, they can also be described in the neighborhood of any vertex
S; for example as follows:

By translation and rotation (which do not change the problem), we can reduce
S1 to (0,0) and I'y on the coordinate axis Ozx.

Let us denote p; = (v1,&) and ¢, = (Vp, &), ¢1 and ¢, are counted in the
direct sense between -5 and 7. w denotes the angle of €2 in S; (it is assumed that
w # 27) see Fig. 5.

On a remark of Calderon we see that the functions

wi(r, 0) = r** sin(a.0 + g — 1)

901_90n+k7r

with o = , k € 7Z satisfies in the infinite sector obtained by ex-

w
tending I'; and T,

Awk = O,
8wk . 8wk .
3_{’1(T’ 0) = o€, (r,w) = 0.

1occurring near the vertices S
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F1GURE 1. Illustration of the neighborhood of S}

Suitably truncated we obtain functions v, such that vy = wy near the origin such
that

Av, € C oo(Q),
g—ZGD(I’j) j=1 and j=n
and vy, are zero near the sides I'; 7 = 2,3,...,n — 1. If for some k € Z, we have
0 < ay, < 1 then vy is in H*(Q) but not H*(Q).

We shall show later that all the possible singularities of v are of this form. The
method we will use for this, is based on a priori estimate and on the invariance
property of the index of an operator by homotopy and compact perturbation.

The paper is organized as follows. In Section 2, we present the preliminary
results that will be used throughout the paper. In Section 3, we establish a
priori estimates and introduce the homotopy argument. In Section 4 we prove
the existence and uniqueness of a solution in H'(2) for a class of problems of
type (P). In Section 5, we address the general case by studying the existence of
solutions and describing the associated singularities. Finally, in Section 6, we
illustrate our results by solving a simple numerical example

2. PRELIMINARIES
We need the:

Lemma 2.1.
We suppose &; # £&;41 Vj € {1,...,n} and that there exists j such that £; # 7;
then the application
- {8u
u —
9¢;
from H?*(Q) in HH%(FJ») is linear continuous onto and admits a linear continu-
j=1
ous right inverse.

r; }j1,2,...,n
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If & = 15 5 = 1,2,...,n then it is linear continuous onto and admits a linear

continuous right inverse from H?()) on the subspace of HH%(Fj), {9;}j=12,..n
j=1

sych that

-21 fFj gdej =0.
]:

This lemma is a consequence of Theorem 1.1. of [4].
Let us denote by H2(Q) = {u e H*(Q);u(S;) =0 j=1, ,n} We will use
in the following section the

Lemma 2.2.
We suppose § # £Ej1 and & # £1; V) then there is a contmuous linear map-

ping from HH2( ;) in HZ(QY) which at {g1, 92, .., gn} € HHz( I';) associates a

Jj= Jj=

ou
function u € HA(Q) such that 9 =g; on I'; j=12,..n
j

lullz < CZ lgsll3,  Vu € H5(Q).

C being a constant independent of g;,j =1,2,...,n

If for some j € {1,2,...,n}, § = =£7; the result remains valid provided that
fFj gdej =0.

This lemma is easily proved by using an explicit construction and the previous
lemma.

Remark 2.3.
If for some j € {1,2,....,n} we have {; = +&;;1 then the image of H?*(Q2) by

n
0.0 9 s not closed in H2 (T, , because ¢g; and ¢;,; must verify an
0&1° 9t o€, J gj 9j+ y
i=1

integral condition [3].
Remark 2.4.

In the proof of Lemma 2.2 we see that the constant C' depends of the ¢;,

Jj=1,2,...,n as follows
C1 ()

~ f{lg A gial}

where € depending only on §2. We see that €' — 400 if §; — £&;1; for some
je{1,2,...,n}.

3. A PRIORI ESTIMATE AND HOMOTOPY

Proposition 3.1.
We assume that & # &1 V5 € {1,2,...,n}, then there is a constant C
depending only on € such that

2
A
Julg < & (12 - mm+§]g§

), Vu € H2(Q) (3.1)
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with § = inf [§; A .
J
ou

¢
g; € H%(F]’), according to Lemma 2.2 and Remark 2.4

Proof. Let u € HZ(R), let’s put g; =

ov C)
Jv € H2(Q) such that I, =g; and |3 < 52 ; ngHZ%
By setting w = u — v we have
’LU(S]):O and 8_€J'F =0, ]:172a y 1

Everything then amounts to estimating the norm of w in H?(Q2). We have
(Aw —w, Aw —w) = [|Aw][ — 2(Aw, w) + [Jwlf5.
As in [8] an integration by parts gives

JAw|2 = [ D2w|]2 + | 2wl + 21D, Dol (3.2)
(—Aw,w) = | Dywll? + [ Dywll? — z/ S dr

but —wdr; =0 j=1,..
uﬁjaij 7 Jj=1..n

Indeed if & = v; then 2 = 0, and if & = 75 then 2% = 0 and w(S}) = 0 gives

aV]‘ 6Tj
w=0onT}.
Finally if §; = av; + 7; with a and 8 non-zero then g—g =0= S—Z = —gg—:_j
on Fj,
ow B 5
and so — aij drj = / 87] wdry = a(w2(5j+1) - WQ(SJ‘)) =0.

It has been proved that

[Aw — w2 = [ D2wl3 + | D2w|3 + 2] Dy Do + 20 Dawll3 + 1 Dywld) + ]
and so

w2 < [l Aw — w2

We then obtain the Proposition by writing that

2[|u — v||3 + 2{]v]]3

2 A(u —v) = (u—v)[§ + 203

4| Au — ulfg + 8]|Av|[5 + 8][v][5 + 2[lv]l3

100, <
A Au — ullf + R Z ||gj||2%

46% +10C,

< —5—(1Au —Mb+§:MM

ull2

VANVANVAN

IN
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Hence the proposition with C' = 462 + 10C;. O

In the following, for any system & = (&1, &, ..., &,) of unit vectors we will note
(A, &) the associated oblique derivative problem (P).
We will say that & satisfies the condition (H) if & # %&;41 (or £ A &1 # 0) for
all j =1,2,...,n.

Definition 3.2.
We will say that two problems (A, f/) and (A, f”) are homotopic if
1) f/ and fﬁ verify (H).
2) There exist n continuous functions & () = (&1(), ..., &.(t)) defined on [0, 1]
with value in the unit circle (or set of unit vectors of the plan) such that:
a) 5](0) = ;‘a f](l) = ;‘/’ j = 172a —y I,
b) Vt € [0,1], £(t) satisfies (H).

Theorem/ 3.3. ,
If (A, &) is homotopic to (A, &) and if one of them is then the other is also

Fredholm and their indices are equal.

Proof. We assume that (A, &) from H2(Q) in E = L*(Q) x [ H2(T;) is Fredholm.
j=1
Q being bounded with Lipschitz boundary, the injection from H?(Q) in L*(Q) is

compact. Therefore the operator (A — 1,5,) from H?(Q) in E is Fredholm and

has the same index as (A, fl)

HZ(Q) being a closed subspace of finite codimension in H?(2), (indeed H?*(2) C

C°(Q)), the operator (A —1,£) is also Fredholm from H2(1) in E.

Thanks to the a priori estimate of Proposition 3.1, the operators (A — 1,£(%))

from HZ(2) in E will all be Fredholm provided that this estimate is uniform in

t. This condition is realized by definition of homotopy.

Indeed, for all ¢, £(t) verifies (H) and the functions &;(t) are continuous on [0, 1].

So there exists § > 0 such that inf{|§; A §;11|} > 6 for all t € [0,1]. Then the
J

operators (A—1,&(t)) are all Fredholm from HZ(€2) in E. For the same reasons as
those mentioned above the operators (A, £(t)) from H2(Q) in E are all Fredholm.
As the index is invariant by continuous deformation (A,fl) = (A,£(0)) and
(A, f”) = (A, &(1)) are both Fredholm and their indices are equal. O]

The problem at present is to know the number of homotopy classes in the set
of problems (A, &) such that & verifies the condition (H). We have the

Proposition 3.4.
The set of problems (A, &), & satisfying (H) consists of (n—1) homotopy classes
if n is the number of sides of €.

Proof. We first notice that by changing §; to —¢; for some j we do not change
the problem.
f = (&,&, ..., &) appears as a point of R"/(7Z)" = T™.

So it’s about seeing how many related components there are in T —ig{fi =&}
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&LeT.
We perform the change of coordinates following:
(§1 =&
©=8—&
(on = gn - Sn—l-

We are then led back to find the number of related components in
T — 'QJQ{Q =0} —{®w+wa+..+¢ =0 mod n} which is isomorphic to S x

(I"'—{u+a+ ...+, =0 mod7}) where S' denotes the unit circle and
I=]0,7[. I"'—{o%+ea+..+¢ =0 mod 7} has n — 1 related components
hence the proposition. O

The following paragraphs will show that there are (n — 1) problems (A, &)
having distinct indices as {2 has n sides. This we will demonstrate for any convex
polygon.

The classical problems of Dirichlet, Neumann and mixed type, for the Laplace
equation that are self-adjoint do not give us in general (n — 1) distinct indices,
except if n = 3, that is, if €2 is a triangle. We will specify this case, because we
will use it further. Let © be a triangle (51, S2,53). It can be assumed that the

angles w; and wy smaller than 7. We will note I'; the side limiting these two
angles, so we have the

Lemma 3.5.
a) (A, v1,v9,13) is of index 0.
b) (A, 7, va,v3) is of index 1.

Proof. a) is a result of [11].
b) This problem reduces to the mixed problem

Au=f in €,
ou|  Ou| 0
81/2 I N (91/3 I's -
u| =0,

I

which admits a solution in H?(2) according to [9)].
Since the kernel of (A, 7,15, 13) is equal to constants, this problem is of index
1. O

Consider now the case of the following quadrilateral Q = (5152555,) such that
w1, wo and ws are all three higher than 7.
Using [14] and [9] it is easy to see that (A, vy, ve,v3,v4) and (A, 71, 72, T3, T4)

4 1
are of index 0 from H%(Q) in L*(Q) x [[H=(T;). The problem (A, 71,1, v3, 1)
i=1
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reduces to the mixed problem

(Au=f e L2(Q),
ul =0,
I
Qul _g joa3.4
kan I

and this problem is of index —2, according to [9] it is one to one.

Since the kernel of (A, 71, 15, 13, 14) is equal to the constants, this last problem
is of index -1.

It is easy to check that all the problems that can be built with mixed conditions
are of index 0 or -1. We will show later that there is an oblique derivative problem
of index 1.

4. EXISTENCE AND UNIQUENESS OF A SOLUTION IN H!(Q) FOR A CLASS OF
PROBLEMS OF THE TYPE (P)

We will begin by introducing some notations that will be widely used later.
4.1. Space of singular functions F,(Q,&). Let us consider again the functions

wg(r, 0) introduced previously, where we have assumed that the vertex S; is (0, 0)
and I'y on the Oz axis, we had set

— o, + k
wy(r,0) = r** sin(axd + 5 — ¢1) with oy, = w, ke Z.
w
It is easy to verify that in the sector obtained by extending I'y and I';,, we have
Awk = 0,
8wk 8wk
—(r,0) = —(r,w) = 0.
o6, "0~ g, )

We will be interested in this paragraph only in the functions wy(r, #) such that
the associated «y, satisfies 0 < aj < 1, when they exist. We will truncate the
functions wy, into vy in such a way that:

1) vi(r, 0) = wi(r, 0) for (r,0) € Q, r < 22,
2) vg(r,0) =0 for (r,0) € Q, r > 4r,
3) vy satisfies the same boundary conditions as wy on I'y and Iy,

4) Ay, € C>(Q),
with rg small enough so that the support of v, does not meet any side of €2 other
than I'y and T,,.
For this we consider a function p such that p € D(R,)
pt)y=1 0<t<r,
p(t) =0 > 2rgand ro small.
If & = vy or 7y and &, = v, or 7, just set v(r,0) = p(r)wy(r, 0).
Indeed if £ = 71 it means wy = 0 on I'; (since wg(S;) = 0) and so v, also and

therefore % =0onlI}.
6’7'1
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If & = vy then 2—7:; = p(r)aa—l;}f = 0 (because g—y’i =0) on I'.

It is the same on I',,.

It is clear that Av, € C*°(Q).

If& # 47 and & # £y, @ = 1 or ¢ = n then & = a7, + fy; with a and
NON-Zero.

0
It’s obvious that p

has its support on I'; N {r,rg < r < 2r¢}.

i1l

It is then easy to see that we can modify p in the neighborhood of the support
0
of ag to obtain p; such that vy = pjwy, verifies 1), 2), 3) and 4).
i1l

At each vertex we associate a set (possibly empty) of functions vy, constructed
as indicated above. We will note Fs(€2, f ) the space generated by the functions
V.

Ey($2, &) can be reduced to {0} if the p; and w; j = 1,2, ...,n are such that there
is no ay, €0, 1[.
The elements of Ey(€2,&) will be called later singular functions for (A, §) in
the sense that:

Lemma 4.1.
If 0 < ap <1 then
i) vg is not in H?*(Q).
ii) vy is in H(Q) for all € < ay.

82
Proof. i) is immediate because Uzk ¢ L*(9).
r
ii) It is easy to check that vy is in W2P(Q) for all p < 2720%. On the other
hand, W2P(Q) is imbedded into H'**(Q) provided ¢ < 2 — 2 hence ii).
0
Now consider the following problems
—Au=f in Q
(P/)Z u=~0 OHFJ' jGD,
Ou _ 0 ano) 2 —0 onT, jeN
— = — +tan(p;)=— =0 on T}
afj 81/]- i aTj i ’

where D and N is a partition of {1,...,n}.
We assume of course that if j € N & # =£7; (otherwise we will take on T,
the condition uw = 0), and that the system obtained by taking the vectors
{{&}jen: {7} e} satisfies the condition (H).

We have the following theorem:

Theorem 4.2.
Let D be non-empty, then the problem (P') has a solution in H'(Q).
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Proof. If we consider the space U = {u € H'(Q), ul
classical bilinear form:

a(u,v) —/QVUVUd:Udy—I—Ztan(goj)/F %vdq
j J

jEN

erO j € D} and the

introduced in Lions [13]. One can show by [10] that it is not continuous on U x U.

Take V=UN{u € D(Q), w=0 near the vertices} and the form:

b(u,v) = /ﬂVqud:pdy + Z tan(e;) / (g—fv — %u)dq.
Iy J J

, 2
JEN

b(.,.) is well defined on U x V. It is continuous on U for v fixed in V', and coercive
on V x V equipped with the norm of U. The projection theorem of Lions ensures
that there exists u € H'(Q) such that b(u,v) = (f,v) Vv € V. But u is not
necessarily unique. It remains to prove that such u is a solution of (P’). This
will be the consequence of the following proposition.

Proposition 4.3.

Let WHQ) = {u e WHP(Q), Aue LP(Q)} 2 < p < o0
equipped with, |[[u]||P = |Jull}, + [|Aullf ,, we have
i) W2P(Q) is dense in W2 (€2).
ou

i) for u € WHQ), B
J

7 = 1,...,n is well defined as the element of
Ly
1

Wp ;(Fj)-

Let us admit this proposition and complete the proof of Theorem 4.2.

For all ¢ € D(Q2) we have:
Jo VuVe = [, fe which implies —Au = f € L*(Q) and therefore that u €
W (9),

U
and consequently e
Vj

4.3.
On the other hand for u € W??(Q) and v € V we have:

Ju
—Au - vdrdy = / VuVoudxdy — / —uodT;.
/Q Q Z T, v, ’
Asve W, v, € HéO(Fj) whose dual is H=2(T;).

jeN
thanks to ) of the Proposition 4.3, we have for u € W (Q)

is well defined in H _%(I‘j), thanks to i7) of Proposition

r;

Ju
/Q—Au -vdxdy = /QVqudxdy — Z <8_Vj7 U>H_%><HO%O Yo e W.

JEN

’

We then obtain for the solution w:

ou ou
<a_uj +tan(goj)a—7_j,w> .1 =0 Vi eDTIy).
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1 0
Since D(T';) is dense in H,(I';) we have 2y tan(<pj)—u = 0 as an element of

@V] @Tj
H_%(Fj) and that for all j € N.
By definition of V.4 = 0 on I'; j € D. Hence the proof of Theorem 4.2 is

complete. 0
Remark 4.4.
i1) is valid for a_u with &; any vector and u € W2(€).
A

The Theorem 4.2 thus gives us the existence of a solution of (P’) in H'(Q), but
not uniqueness. But we have uniqueness, if we impose a condition on angles ¢;,
this will be proved after showing that the solutions obtained by Theorem 4.2 are
more regular. This is the essential result of this paragraph, given by Theorem

Theorem 4.5.
We assume that:
i) D is no empty,
ii) for j such that j and j-1 are in N we have p; < @;_q.
Then (P') admits a unique solution u in H'(QY) and it is actually in H*(Q) @

Ey(Q,&) where & is the system obtained by adding to the vectors {&;}jen the
vectors {T;}jep -

Proof. The proof of this theorem will be performed in three parts.
The first consists of the following lemma:

Lemma 4.6.
If the completely homogeneous problem

Au=0 1in €,
ou .
a—fj:() onl'; j=1,2,..,n,

& werifying the condition (H), admits a solution in H(SY), it is necessarily in

H*(Q) & By(2,8).
In the second part, we will establish the

Proposition 4.7.
Under conditions i) and ii) of Theorem 4.5 (P') admits a solution u in H*(Q)®

Ey(,).

The third part, by which we will begin, will give the proof of Theorem 4.5.
Indeed, Proposition 4.7 gives us a solution u in H*(Q) @ E5(Q, &), hence the
existence. If there was another solution in H'(Q) that we will call v then w = u—v
is a solution of the completely homogeneous problem and according to the Lemma
4.6, it is in H*(Q) @ Ey(Q, &) and then v too.

It is then enough to prove the uniqueness in H2() @ F,(Q, ).
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Let u € H*(Q) ® Fy(Q, &) solution of

Au=0 in £,

u=0 onl; jebD,

ou ‘

a—gj =0 on Fj VRS N,
It is easy to see that u is in W'?(€2) for some p > 2, and so in W (€2).
For uw € W?%P(Q) we have:

= ou
—Au-udxdy:/ Vul|*dxdy — /—udr-
/ [ vu > ), o

This identity can be extended to WpA(Q), by writing:

" Ou
—Auvaudrdy = | |Vul’dedy =Y (F—u) _1 ’
/Q u.uaxray /Q| ul“dzdy ;<5Vj u>Wp’1’(Fj)XW§7;

where ¢ is the conjugate of p that is to say % + % =1

(r'y)

) _1
Indeed a_u is well defined in W, *(I';), according to Proposition 4.3.
Vj
1

1—1
On the other hand U‘p. eW, *(I';) but p>2= % =1- % > }1) = ¢ < p, hence
J
1 1

1 1 1 1
W, *(;) C Wg (T;) = Wy ?(T;) and therefore u| . € W, *(T;).
Using this formula for the solution of the problem we have

ou
“Auv.udrdy = 2dxd t N
| ~duudsdy = [ (Fupdsay+ 3 i) (52

JEN
tan(p;
= [ IVuPdny+ 3 B )~ ()
JEN

ie.,

/Q—Au.udxdy = /Q |Vul*dzdy + Z “an(%_l)Q_ tan(goj))u%sj).

{j/i and j-1eN}
(4.1)
We have ||Vul|§ < (—Au,u)[2(q) because the second term of the right hand side
of 4.1 is positive from hypothesis ii) of Theorem.
The functions of WP(€2), p > 2 being continuous on €, hence uniqueness comes
from the hypothesis 7). O

Remark 4.8.

Hypothesis ) allows us to write the Poincaré inequality ||ul|2 < C||Vul2 and
C depends only on 2 and to deduce that
IVull§ < |Aullollullo < CllAullo|[Vullo ie.,

IVullo < Cl|Aullo, (4.2)

what we will use later.
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We have yet to demonstrate Lemma 4.6 and Proposition 4.7.

Proof of Lemma J.6. Let u € H'(Q) solution of
Au=0 1in €,

ou
= nl;, 7=12.,n.

9 3 =0 o J , 2,1
It is well known that u is C° inside €2, and even near the regular parts of the
boundary. It will be enough to study it in the neighborhood of a vertex, for
example Sy.
By rotation and translation we bring S; in (0,0) and I'; on Ox. Let p be a
truncation function like those described previously. Call X the sector obtained
by extending I'; and T',. So v = pu is in H'(X), with compact support and
verifies:

Av = 2VpVu +ulp = f € O=(Q) with compact support,
ov

(P"): 1 9 e, — "

v _0

8571 I'n -
To show that v € H*(Q) @ F5(Q, &) we will use the method introduced in Kon-
dratiev [12]. We put (z,y) = re?,r > 0,0 < 6 < w, we multiply the first equation

of (P") by r* and the others by r, and passing in polar coordinates, (P”) becomes:

(rD,)?v + Div = r*f,
(rD,)v +tan(p)v =0 6 =0,
(rDy)v+tan(p,)v =0 6 =w.

We then perform the change of variable r = e’ which transforms X into the strip
B = Rx]0,w[ and the problem in

(D2 + DR)w = e f(e!,0) = g(t,0),
(=D, + tan(p1))w =0 6 =0,
(=D + tan(g,))w =0 0 = w,
with w(t,0) = v(e', 0).
We perform the Fourier transform with ¢ respect to the problem that becomes
(Dg - /\2>ﬂ;(07 /\) = ﬁ on ]07(")[’
(1A + tan(p1))w(#,A) =0 in 6 =0,
(1A + tan(py,))w (0, ) =0 in 0 = w,
which is an ordinary differential equation depending on the parameter .
The explicit calculation of the solution shows that the resolvant of this problem

has as poles exactly the numbers {\;} such that \; = ay = w
Lemma 4.6 is then an immediate consequence of T heorem 1.2 of Kondratiev [12].
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Indeed, this theorem states that one can write v near the origin in the form:

Z r* sin (o6 + g — 1) + v
O<ar<1

where v is in H?(Q) provided that::

a) oy # 1 for all k,

b) v,7Dyv, rDyv,r*D2v,r*DZv and r* D, Dyv are in L*(X).
a) comes from the fact that & and &, are not parallel.
b) v,rD,v and rD,v are already in L*(§2). For the second derivatives let
G ={(z,y) € X, ;—é <2+’ < 2,@1} k =1,2,... with ro small enough. We can

dp B
(9_51 (’f’, O) -

build p such that p = 1 on G}, with support in Gy 1 UG UG_1, with

0
8; (r,w) = 0. Then it is easy to see that pv is in H*(Gj11 UGy UGg_1), and we
can find a constant C' such that:
ul?  |Vul?
[ 1D D DDy < © [ AL VP ey,
G, Gr-1UGLUG k41 r?
Which gives us
/ (ID2uf | D2uf*+ D, Dyul?)rdudy < 2C (P-4 VP44 f2) dady.
G Gr—1UGLUGk 1
The constant C' is uniform in k, which is easily seen by performing the change of
Varlable
k1 ok1
= oh % Yy = T which makes us going from Gy, to Gj,.
Summing these inequalities for £ € N, and repeating the same operation near
each vertex, we get the lemma. O

Proof of Proposition /.7. Let u be a solution given by Theorem 4.2 and v = pu
where p is a truncation function as previously described whose support is near
S1(for example). We will consider v as a solution to a boundary problem in a
triangle T if w; < 7, or a quadrilateral @ if w > 7 (see Fig. 2) containing the
support of v.

i) Consider the case where w; < 7.

We take I such that (&, &, ') verifies (H) and v = 0 near IV then v is a solution
of

Av e HYT),
/ @ = @ =0
(P9 2¢ 1 ~ag I, —
v‘ = 0.
I
The oblique derivative problem (P;) associaated with (Py) (this is the one obtained
v

by changing the condition v = 0) is homotopic either to a
1" /

= 0 by —
or'lr
problem of index 0, or to a problem of index 1, as an operator from H?(T) in
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- wp > T

F1GURE 2. Illustration of the triangle 7" and the quadrilateral )

3
LX(T) x T[ H2(I;), according to Lemma 3.5.
=1

Estimate 3.2 of proposition 3.1: [|Aul[§ = || DZullg + || Djul[§ + 2|| Dy Dul|§ shows
that the kernel from (A, &) in H?(Q) is reduced to the constants and is therefore
of dimension 1, provided for example that 2 consecutive &; are non-parallel, which
is true here.

1st case: (A,&,,&,7') is homotopic to a problem of index 1.

Its kernel being of dimension 1, it is therefore onto and consequently there exists
w in H?(T) unique to a constant near such that:

Au = Aw,
ou _ou) _ou| _
o6 lry 0, Ir, Ol

So u — v is the solution of problem (P;) Completely homogeneous, and so is in
H*(T) ® Ey(T,&,,&1,7'), as well as v since u is in H*(T).
By subtracting eventually a constant from u (its value on I"), we can actually
that assume u — v is a solution of
Alu—v)=0 in T,
ou—v)|  O(u—w) _0
o& I, 0&, Ir. 7

(u— v)‘r/ = 0.

and estimate 4.1 by noting that ¢y < ¢, by hypothesis gives u —v = 0, so v is in
H?*(T).

Remark 4.9.
It is obvious that in this case Eo(T,&,,&,7) = {0}, and in particular that
there are no singular functions in 5;.
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2nd case: (A, ¢&,,&,7') is homotopic to a problem of index 0.

3
That means that his image in L2(Q) x [[Hz(T;) is closed with codimension 1.
j=1
It is easy, but rather tedious, to see that Fy(T,&,, &, ') is of dimension 1, gener-
ated by a certain function vy of Ey(T, f ). Then v is written in the form ug + Avg
with ug € H?(T). Indeed (Awyg,0,0,0) does not belong to ImP. Otherwise we
would have u in H?(T') such that u — v is a solution of P; completely homoge-
neous. But estimate 4.1 would give u — vy = cst i.e.,vy in H?(T) which is false
by definition of Ey(T,§).
Thus (Avy,0,0,0) generates a supplementary of ImP. We have a function ug in
H?(T) and a real number \ such that

A(ug + M) =Av in T,
8((“0 + )\Uo) . 0((u0 + )\’Uo) —0
851 Iy - 8§n Ty 7

((uo + AUO)‘F/ —0.

As before, we necessarily have v = ug + Avg + cst.

Remark 4.10.

If vy is related to one of the vertices S, S/, A =0 and v € H*(T) because v is
identically zero in the neighborhood of T".

If vy is related to the vertex S; then v € H?(T) if and only if A = 0.

i) w>m:
The result is quite similar. Just build the sides I'} and I'}, such that there are
no singular functions in S and S, in Ey(Q, &, &1, 71, 75,), which is always possible.

Remark 4.11.
As in remarks 4.9 and 4.10, v is of the form v = ug+ Y \;v; where vy € H?*(Q)
and v; are the exceptional functions related to the vertex S.

By repeating this reasoning near each of the vertices, and knowing the regu-
larity elsewhere in €2, we have proposition 4.7. Il

Corollary 4.12.
Under conditions i) and ii) of Theorem 4.5 the problem (A, &) from H*(Q) in
L2(Q) x [[Hz(T;) is Fredholm:

Jj=1

X(A, &) = —dim E»(, §).

It is an immediate consequence of remarks 4.9, 4.10, 4.11 and the linear inde-
pendence of singular functions wvy.

We can thus construct mixed problems, namely with the Dirichlet condition on
I'; for 7 € D and a condition of oblique derivative on the others, whose index is
given to us by the number of the singular functions but only with the conditions
w; <pj_1if jand j —1arein N and D # @.

To such a problem we will associate the oblique derivative problem where we
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replace the Dirichlet conditions by the condition of zero tangential derivative.
For that we have first the

Lemma 4.13.

If the operator u — Au from {u e H*(Q), 9 =0,j=1, ,n} in L*() is
J

of index m,m € Z then the operator u — (Au, %
3T

[1H2(T;) is index and has for index m, provided that the system & verifies the
=1

) from H?(Q2) in L?(Q) x

condition (H).

This lemma is a consequence of lemma 2.1.
The link between the previous mixed problems and the oblique derivative prob-
lems associated is given by Proposition 4.14.
Let I';,,I'y,, ..., I, be the connected parts of the boundary formed by {I';} with
jeD.

i27 .

Proposition 4.14.
If the problem

Au= f € L*(Q),
(1) U ‘:0 J €D,
o’

=0 JEN (§#7)

¢

L
is of index -m in H?(Q) then the problem
Au= f e L*(Q),
Ou
T —0 jeb
(1) § or;lr; 7€
ou
—1| =0 jeN

s of index —m + p.

Proof. ¢ If D = @ it is lemma 4.13.
o If N =@ it is lemma 2.1 (2nd part).
o D # .
We denote H2(T';,) the functions g defined on T';, such that
— g| eH:XT,)for; Ty
T.

J

(Sj) =g

Lj

(S;) if I'; and I';_4 are in I'yy,.

Fj,1

- g
Then
(I) is of index —m as an operator
p
H2(Q) — L2(Q) x [TH2(L;) x [[H2(LCy) = F
jEN k=1

ur— (Au

)

ik

2o
’afj

)
r;
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thanks to the trace theorem 1.1 of [3].
The problem (I7) has a solution if and only if the problem

Au = f,
() u L= A k=1,...,p, A, any real
auzk .
8_61"-:0 jeN,
YRR

has a solution.

0
Let Fy be the subspace generated by the elements of F' of the forme: (Au, % j €
J

N,u . k=1,..p) for all u of H*(Q).

So F = Fy ® G, where Gy, is of dimension m because (I) is of index —m and
is one to one.
The elements of F' of the form (0, ...,0, A1, Az, ..., Ap) are in Fy only if Ay = Ay =
... = Ap. Otherwise we would have a non-constant solution of the completely
homogeneous problem (/7).
These particular elements generate a vector space G’ of dimension p and its
intersection with Fj is of dimension 1. This already proves that m > p — 1 and
writing F' = Fy & G' @ F; with F of dimension m — p 4 1, it is easy to see that
(I7) admits a solution if and only if f satisfies m —p+ 1 conditions, namely that
its projection on F} is zero. As the conditions are in the kernel of the problem
(I7) itsindexis 1 — (m—p+1)=—m+p.
To find a problem of index [, it suffices to find a mixed problem of the type (P’)
of index m, with p related components in D such that m +p = [. O

Theorem 4.15.
We assume that § is convex, then: Yk € {—(n — 3),...,1}, there is an oblique
derivative problem (A, &) (€ satisfying (H)) of index k.

Proof. a) k =1: We consider the problem

Au=f in Q,

ul =0,

o

U

— =0 j=12,...,n—1.
8€jFJ j )= 7”

This problem is index 0 if the ¢; verify:

v;j <pji-1 J=2,3,...,n—1,
E»(,§) = {0}, (4.3)

T b
—§<§0j<§.
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To have Fy(Q,&) = {0} we must have {k €Z, 0<p;—pjq1+kr< wj} =0
for every j which gives as conditions, since w; < m,Vj

Y1 > w1 — 3
—Pn—1 > Wn — g
0§<p1—<,02<7r—w2

0§<pj,1—<pj<7r—wj

0 S Pn—2 — Pn—1 < T — Wp-1
T s
\—3 < ;< 9-

These conditions are equivalent to

n—1

Wit w, =T <P —Ppq < (n—Q)W—ij.
=2

Hence for a solution provided that ) w; < (n — 1) which is obviously verified
j=1

since Y w; = (n — 2)m. Hence, for a choice of ¢; verifying 4.3 the oblique

j=1

derivative problem (A, &) where & = (£,&, ..., & 1,7y) is of index 1 according

to proposition 4.14.

b) k < 1: we begin by showing the existence of a problem of index k = —(n — 3)

and construct problems with greater indices from the latter.

We will start with case n > 6. We will study directly the cases n =5 and n = 4.

b1) n > 6 we will distinguish two cases:

1st Case: There are 2 consecutive angles of sum less than 7. We will assume

that this is w,_; and w, renumbering eventually the angles. In this case we

consider the problem

Au=f in Q,

u=0 on an2 U anl U Fn;
ou

—1! =0 j=12,...,n—3.
85‘7 FJ j 7 ) 7n

This problem is of index —(n — 2) if the ¢; are such that:

QOJSSOJ—I .]:277”_3
dim Fy(Q,&) =n — 2
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which amounts to looking for ¢1, ..., ¢, _3 such that:

( s
1 < wi — 5
v

—Pn—3 < Wnp—2 — 9

Y1 — P2 > T — Wa

Pn—4 — Pn-3 > T — Wp—3
s s
\ T2 <P <3

this system admits a solution if
n—3
(n—4)7r—2wj <Pl — Ppz3<w)+Wpo—T
j=2
or

(n—3)r < iwj =(n—2)7 — (wp + wn_1)

which is exactly w, +w,_1 < 7.

For intermediate indices, it suffices to extend the Dirichlet condition successively
to T3, [_4... to find problems (A, &) with index —(n — 4), —(n — 5), ..., 0.
2nd Case: w; +wjp1 > mforall j = 1,2,...,n. We will take the following
problem

Au=f in

u=0 on ['yUI'yUIDxo,
ou

— =0 7 k. k+ 2.

We have the expected result if we can find k& such that:
wi+we+ o wp > (k=7

Wi+l + W2 > T
Wkas F oo Fwy > (n—k = 3)7.

Let us denote by ¥; the sum: ¥; = w; + ... + w;, then we have the distribution of
{%;} on [0, (n — 2)7] (see Fig. 3) .

b LIS
1 2o Dip1iak42 Yo

0 T 2 (k—1)m kr (k+ 1) (n—3)7 (n—2)7

F1GURE 3. Illustration of the distribution of {¥;} on [0, (n — 2)7]

Indeed, in each interval [jm,(j + 1)7] there is at least one ¥, because Q is
convex, and so there exists a k£ and only one such that the interval k7, (k + 1)7]
contains 2. This k is different from 1 and n — 3. This integer k£ answers the
question provided that ¥ # (k — 1)m or gio # (k+ 1)w and wiy1 + wiao > 7.
We then have dim E5(2, S) =n, and p = 3 because n > 6 hence the result.
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If wpr1 4+ wpyo =7, or L = (kK — 1) or Xgio = (k+ 1)m we make the change of

variables:
X=z—e¢ey
Y=y

which transforms € into Q. and the operator A into L. = A — 2€9,0, + €202 .
For |e| small, Q. has its angles that satisfy one of the previous conditions. We
build a problem of index —(n — 3) in .. L. will also be of index —(n — 3) for
e small. The inverse change of variables provides us with an oblique derivative
problem in  of index —(n — 3).

From the problem of index —(n — 3), we obtain a problem of index —(n —4), by
replacing ;1 by 7,—1 and changing a little the ¢;. We get problems of index
—(n—>5),—(n—6),...,0.

by) n = 4: It is necessary to build a problem of index —1. It is obtained by using
a method similar to b; 1st case, except if w; = 5 j =1,2,3,4 in which case we
use the perturbation described at the end of case 2, above.

b3) n = 5: by reasoning similarly to that used in the end of by, 2nd case, we can
suppose that the w; are different from 7.

If there is at most one w; < 7 then we have the indices 0, -1, -2 by the self-adjoint
problems.

In other cases we use a methods similar to b; 1st case if there are 3 angles less
than 7, and similar to b; 2nd case if there is exactly 2.

This completes the proof of Theorem 4.15. 0

Remark 4.16.

From Theorems 3.3, 4.15 and proposition 3.4, we deduce that any oblique
derivative problem (A, ), & verifying (H) is of index as operator from H?(Q) to
F = 12(Q) x [[Hz(T';) when € is convex.

j=1
When (H) is not verified by &, (A, &) is not Fredholm, its image in F being not
closed according to remark 2.3.
When an oblique derivative problem (A, g ), f satisfying (H) has a unique solution
in H'(Q) up to a constant, which is the case for example when the conditions 7)
and ii) of theorem 4.5 are verified, we then know the index of (A, &) and Ey(€2, &)
gives us this index and the singularities of the solution.

In paragraph 4, we will study the general case, but before we will show that
there is not always uniqueness on a particular example, where 2 is a triangle.
Let T be a triangle of sides I'y,I'y and I's.
The problem (A, vy, 15, 73) is of index 1 according to Lemma 3.5 and Eq (T, vy, 15, 73) =
{0}.
Let € > 0 small and & be the unit vector such that (14,&) = —e, it is clear that
for € small enough the problem (A, &y, 19, 73) is of index 1, because it is homotopic
at (A, vy, 9, 73). On the other hand, it is easy to check with estimate 3.2 that its

3 1
kernel is reduced to constants. So he is onto from H?(Q2) to L*(Q) x [[H2(T;).
i=1
For € > 0 small Ey(2, &, 10, 73) is generated by a singular function vy, built at
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the vertex S,, with

(Avl S LQ(Q),
dul
851 I
Y
Oy 1Ty
oul oy

\ aTQ I's o

since (A, &1, 19, 73) is onto, there exists u in H?(f2) satisfying the same boundary
conditions that v; and Au = Aw;. It is obvious that w = v — v is a non-constant
solution of the completely homogeneous problem (A, &, vo,73) and u — v; is in
HY(Q).

5. EXISTENCE AND DESCRIPTION OF SINGULARITIES IN THE GENERAL CASE

Let Q and & be given as in the introduction. F,(Q, &) will always denote the
set of singular functions.

Theorem 5.1.
For every f given in L*(Y) the problem:

—Au+u=f 1in(,
(P):< Ou _
— =0 onl;, 7=12..n
0¢; !
has a solution u in H?*(Q) @ Ey(,§).
If there exists j € {1,2,...,n} such that §; = 1; then we can replace in (P) —A+1
by —A.

Proof. The existence of a solution in H!(Q) is ensured by the projection method
used in Theorem 4.2, by replacing the form b(u, v) by the form b; (u, v) = b(u,v)+
fQ uvdxdy, which is coercive on the same spaces V and W, even if D is empty,
e & #1; Vje{l,2,..,n}

And if for j € {1,2,...,n} £ = 7; then we can use the same form and thus have
the result of existence for (A, f ). However, we do not have uniqueness.

Let u be such a solution, it remains to show that it is in H?(Q) @ Ey (2, &). For
this, as in proposition 4.7, we will study w in the neighborhood of each vertex. Let
p be a truncation function as described in paragraph 3, with support near S; for
example. Then v = pu is a solution in a triangle T (respectively a quadrilateral

Q) of

(—Av=—pu+pf —2VpVu+ulp =g € L*(T) (resp L*(Q)),
Jv
| =0,
SR
06, I,
(v = 0 near I (resp of '} and I'})
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following the notations introduced in proposition 4.7.

Thus v is the solution of the oblique derivative problem (A, &1, &, ') (resp (A, &1, &0, €7, E5))
where 2’ (resp £', ;) is any unit vector, homogeneous with g as right hand side.
Theorem 5.1 is then a consequence to the following lemma

Lemma 5.2.

Let T be a triangle (resp Q a quadrilateral). Let & ,&s, fized with & # £&.
Then there exists a choice of & (resp & and &) such that (A, &, &, &3) is onto
(resp (A, €1, &, €3, &) has a solution in H*(Q) @ Ey(Q,&)) for a right hand side
of the form g.

Choosing appropriately =’ (resp £],&)) then there exists uy € H?*(T) (resp
uy € H*(Q) @ F»(Q, &) ) solution of the same problem as v.
o —v solution of the completely homogeneous problem is in H2(T)® Ey(T, ) (resp
H*(Q) @ Ey(Q, &))(lemma 4.6) and thus v too. v being identically zero outside a
neighborhood of S; so we have v in H?(Q) @ F»(Q,&). We have theorem 5.1 by
repeating the same operation in the neighborhood of each vertex of 2.

O

Proof of lemma 5.2. e Triangle case:

Using the proof and the notations of proposition 3.4 it means that ¢; being the
representative in |0, 7[ of & — &, we must choose &3 so that the representative ¢,
in |0, [ of {3 — &, be such that ¢; + ¢, be in the related component of operators
of index 1 (here ¢; + ¢ < )

e Quadrilateral case :

As for the convex case, we can show that for a non-convex quadrilateral, there
are three homotopy classes with indices 1, 0, -1. We then have the result by
reasoning as in 4.7 and taking into account of the particular form of right hand
side. O

Remark 5.3.
Theorem 5.1 show that any oblique derivative problem (A,§) in a convex or
non-convex polygon is Fredholm, since f verifies the condition (H).

What we can observe however is that when the problem does not have a unique-
ness property in H'(Q), we can eliminate a number of singular functions, in the
sense of the following proposition.

Proposition 5.4.
Let P = (A, €) be such that
i) & wverifies the condition (H).
i) 351, j2 € {1,2,...,n} such that &, = 7;, and &, # Tj,.
Let Ny be the kernel of (A, &) in HY(Q), my its dimension, then there ezists a
subspace F5(Q, &), of codimension my — 1 in Ey(, &) such that

(8,6) - H() & Fr(©,€) — LA(@) x [[H3(T)

be bijective.
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o If {; = 7; for all j, we come back to the Dirichlet problem for which the
results are well known.
o If &; # 7, for all j, proposition 5.4 remains true, by replacing, A with A — 1.

Proof. By lemma 2.1 we come back to the problem with null boundary conditions.

Posing then V?(2) = {u € H?(Q), g—; =0on Ty, j=1,2, ,n}

We have: ’

A is a Fredholm operator from VZ(Q) in L?(2).

Let M be a supplementary of his image. We have L?(Q) = A(VZ(Q)) & M.

On the other hand, we have, by Theorem 5.1:

L2() = A(V(Q) + A(Ex(2,8)),

where A(V2(£2)) denotes the image in L2(2) of V2(Q) by A and A(FE»(Q,§)) the
image in L?(Q) of Ey(,&) by A.

It is easy to see that the space M’ = A(VZ()) N A(Ey(,€)) is of dimension
my — 1. Indeed if f belongs to this space then there exists u € VZ(Q) and
v € Fy(Q,&) such that Au = Av = f and so (u — v) € Ny with unique v, and u
unique up to a constant, and thus:

dimM' =dim N, — 1 =m; — 1.

On the other hand we have the following unique decomposition

l
Avk = fk + Z )\kjo

Jj=1

where ; form a basis of M, v, any singular function of Ey(Q,&), f. an element
of A(VZ(Q)).

First note that,, dim F5(Q,&) = dim M +m; — 1 =14 m; — 1.

We thus have the system:

l
ZAkjwj:AUk_fky k:1,2,...,l—|—m1—1.
j=1

Among the Avg — fi, 1 < k < my +1—1, 1 at least are linearly independent,
because with each zero linear combination of these functions corresponds a non-
constant function of Nj, and the non-constant functions of N; form a space of
dimension m; — 1. It is obvious then that the w; are expressed in functions of
these elements that we can suppose to be the first ones I: Avp — fi, 1 < k <.
It is clear that L*(Q) = A(V?(Q)) & {Av, k=1,2,...,1}.

Hence the proposition, with F5(£2, f) ={u, k=1,2,...,1}. O

6. NUMERICAL EXAMPLE

In this section, we propose to solve a simple example numerically
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Au=f in(Q,
ou
arle, =%

u|F1 =, U|F3 =Y,

f(z,y) = =4 (cos(z® + y* — 1) — (z* + y*) sin(z® + y* — 1))

) = Triangle

IsoValue

FIGURE 4. Isovalu of u

Llsovale .,

B

o

FIGURE 5. The Solution v in 3d
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