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REGULARITY AND CORNER SINGULARITIES FOR AN
OBLIQUE DERIVATIVE PROBLEM IN A PLANE POLYGON
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Abstract. This paper analyzes an oblique derivative boundary value problem
for the Laplace equation in a bounded planar polygon. Although the regularity
theory for elliptic problems in non–smooth do- mains is classical, the available
results are often established within very general frameworks. We present a
direct, self-contained treatment in the standard Sobolev setting. Under a uni-
form obliqueness assumption on the boundary vector field, we establish the
existence of weak solutions and prove local regularity away from the vertices.
Our approach relies on a priori estimates and the invariance of the operator
index under homotopy and compact perturbations.
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1. Introduction

Elliptic boundary value problems posed in polygonal domains have been exten-
sively studied over the past decades. The presence of vertices generates singular
behaviors that generally prevent global regularity. A detailed theory describing
these phenomena can be found in the classical work of Grisvard [11] , as well as
in later contributions by Dauge and Nicaise [6] , Eskin [7] and others.

Among the various boundary conditions that arise in this context, the oblique
derivative problem plays an important role both from theoretical and applied
points of view. In polygonal domains, its analysis requires particular care near
the vertices, where the geometry of the boundary leads to additional difficulties.

The purpose of the present paper is not to compete with these general theories.
Rather, we aim to provide a direct, self-contained and comparatively elementary
treatment specialized to the Laplace operator in planar polygonal domains. Our
approach is based on standard Sobolev techniques and is intended to offer a
concise functional framework for the study of weak solutions under a uniform
obliqueness assumption. We believe that the interest of this work lies in the
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accessibility of the proofs and in the unified presentation of the method, which
may be useful for readers and for further developments or applications.

More precisely, let Ω be an open bounded plane polygon with boundary Γ =
n
∪
j=1

Γj where the Γj are linear segments. S = {S1, S2, ..., Sn} is the set of vertices

and ωj the angle between Γj−1 and Γj (with Γn+1 = Γ1) interior to Ω. We will
set νj the normal vector to Γj (oriented outside Ω) and τj the tangent vector to
Γj. Let (ξ1, ξ2, ..., ξn) n unit vectors in R2.

We aim to solve the following problem:

(P ) :

−∆u = f in Ω,
∂u

∂ξj
= gj on Γj j = 1, 2, ..., n,

where f ∈ L2(Ω) and gj ∈ H
1
2 (Γj) j = 1, 2, ..., n.

When ξj = νj or τj this problem can be reduced to a Neumann or Dirichlet
problem or to a mixed problem for which the conditions of existence and regularity
are known and the results are grouped in [9] for example. APEL and NICAISE
[2] showed the regularity of solutions of a mixed problem Dirichlet-Signorini.

When the problem (P ) admits a solution u in H1(Ω), this one is not in H2(Ω).
This is the case, for example, of the Dirichlet problem when Ω is not convex [8] or
of a mixed problem, such that the boundary condition changes to a vertex where
the angle of Ω is greater than π

2
.

The solution u is then regular, i.e.,H2(Ω\ϑ) with ϑ an arbitrary neighborhood of
S. In [9] , one can find a description of singularities1. In the case of the oblique
derivative problem, they can also be described in the neighborhood of any vertex
S1 for example as follows:
By translation and rotation (which do not change the problem), we can reduce
S1 to (0, 0) and Γ1 on the coordinate axis Ox.
Let us denote ϕ1 = (ν1, ξ1) and ϕn = (νn, ξn), ϕ1 and ϕn are counted in the
direct sense between -π

2
and π

2
. ω denotes the angle of Ω in S1 (it is assumed that

ω 6= 2π) see Fig. 5.

On a remark of Calderon we see that the functions

wk(r, θ) = rαk sin(αkθ +
π

2
− ϕ1)

with αk =
ϕ1 − ϕn + kπ

ω
, k ∈ Z satisfies in the infinite sector obtained by ex-

tending Γ1 and Γn ∆wk = 0,
∂wk
∂ξ1

(r, 0) =
∂wk
∂ξn

(r, ω) = 0.

1occurring near the vertices S
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Figure 1. Illustration of the neighborhood of S1

Suitably truncated we obtain functions vk such that vk ≡ wk near the origin such
that ∆vk ∈ C∞(Ω),

∂vk
∂ξj
∈ D(Γj) j = 1 and j = n

and vk are zero near the sides Γj j = 2, 3, ..., n − 1. If for some k ∈ Z, we have
0 < αk < 1 then vk is in H1(Ω) but not H2(Ω).

We shall show later that all the possible singularities of u are of this form. The
method we will use for this, is based on a priori estimate and on the invariance
property of the index of an operator by homotopy and compact perturbation.

The paper is organized as follows. In Section 2, we present the preliminary
results that will be used throughout the paper. In Section 3, we establish a
priori estimates and introduce the homotopy argument. In Section 4 we prove
the existence and uniqueness of a solution in H1(Ω) for a class of problems of
type (P). In Section 5, we address the general case by studying the existence of
solutions and describing the associated singularities. Finally, in Section 6, we
illustrate our results by solving a simple numerical example

2. Preliminaries

We need the:

Lemma 2.1.
We suppose ξj 6= ±ξj+1 ∀j ∈ {1, ..., n} and that there exists j such that ξj 6= τj

then the application

u 7−→
{ ∂u
∂ξj

∣∣∣
Γj

}
j=1,2,...,n

from H2(Ω) in
n∏
j=1

H
1
2 (Γj) is linear continuous onto and admits a linear continu-

ous right inverse.
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If ξj = τj j = 1, 2, ..., n then it is linear continuous onto and admits a linear

continuous right inverse from H2(Ω) on the subspace of
n∏
j=1

H
1
2 (Γj), {gj}j=1,2,...,n

such that
n∑
j=1

∫
Γj
gjdτj = 0.

This lemma is a consequence of Theorem 1.1. of [8].

Let us denote by H2
S(Ω) =

{
u ∈ H2(Ω);u(Sj) = 0 j = 1, ..., n

}
. We will use

in the following section the

Lemma 2.2.
We suppose ξj 6= ±ξj+1 and ξj 6= ±τj ∀j then there is a continuous linear map-

ping from
n∏
j=1

H
1
2 (Γj) in H2

S(Ω) which at {g1, g2, ..., gn} ∈
n∏
j=1

H
1
2 (Γj) associates a

function u ∈ H2
S(Ω) such that

∂u

∂ξj
= gj on Γj j = 1, 2, ..., n.

‖u‖2
2 ≤ C

n∑
j=1

‖gj‖2
1
2
, ∀u ∈ H2

S(Ω).

C being a constant independent of gj, j = 1, 2, ..., n.
If for some j ∈ {1, 2, ..., n}, ξj = ±τj the result remains valid provided that∫

Γj
gjdτj = 0.

This lemma is easily proved by using an explicit construction and the previous
lemma.

Remark 2.3.
If for some j ∈ {1, 2, ..., n} we have ξj = ±ξj+1 then the image of H2(Ω) by

( ∂
∂ξ1
, ∂
∂ξ2
, ..., ∂

∂ξn
) is not closed in

n∏
j=1

H
1
2 (Γj), because gj and gj+1 must verify an

integral condition [8].

Remark 2.4.
In the proof of Lemma 2.2 we see that the constant C depends of the ξj,

j = 1, 2, ..., n as follows

C =
C1(Ω)

inf
j
{|ξj ∧ ξj+1|}

where C1 depending only on Ω. We see that C −→ +∞ if ξj −→ ±ξj+1 for some
j ∈ {1, 2, ..., n}.

3. A priori estimate and homotopy

Proposition 3.1.
We assume that ξj 6= ±ξj+1 ∀j ∈ {1, 2, ..., n}, then there is a constant C

depending only on Ω such that

‖u‖2
2 ≤

C

δ2

(
‖∆u− u‖2

0 +
n∑
j=1

‖ ∂u
∂ξj

∣∣∣
Γj

‖2
1
2

)
, ∀u ∈ H2

S(Ω) (3.1)
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with δ = inf
j
|ξj ∧ ξj+1|.

Proof. Let u ∈ H2
S(Ω), let’s put gj =

∂u

∂ξj
.

gj ∈ H
1
2 (Γj), according to Lemma 2.2 and Remark 2.4

∃v ∈ H2
S(Ω) such that

∂v

∂ξj

∣∣∣
Γj

= gj and ‖v‖2
2 ≤

C1

δ2

n∑
j=1

‖gj‖2
1
2
.

By setting w = u− v we have

w(Sj) = 0 and
∂w

∂ξj

∣∣∣
Γj

= 0, j = 1, 2, ..., n.

Everything then amounts to estimating the norm of w in H2(Ω). We have

(∆w − w,∆w − w) = ‖∆w‖2
0 − 2(∆w,w) + ‖w‖2

0.

As in [8] an integration by parts gives

‖∆w‖2
0 = ‖D2

xw‖2
0 + ‖D2

yw‖2
0 + 2‖DyDxw‖2

0. (3.2)

(−∆w,w) = ‖Dxw‖2
0 + ‖Dyw‖2

0 −
n∑
j=1

∫
Γj

∂w

∂νj
w dτj

but

∫
Γj

∂w

∂νj
w dτj = 0 j = 1, ..., n.

Indeed if ξj = νj then
∂w

∂νj
= 0, and if ξj = τj then

∂w

∂τj
= 0 and w(Sj) = 0 gives

w ≡ 0 on Γj.

Finally if ξj = ανj+βτj with α and β non-zero then
∂w

∂ξj
= 0⇒ ∂w

∂νj
= −β

α

∂w

∂τj
on Γj,

and so −
∫

Γj

∂w

∂νj
w dτj =

β

α

∫
Γj

∂w

∂τj
w dτj =

β

2α
(w2(Sj+1)− w2(Sj)) = 0.

It has been proved that
‖∆w − w‖2

0 = ‖D2
xw‖2

0 + ‖D2
yw‖2

0 + 2‖DyDxw‖2
0 + 2(‖Dxw‖2

0 + ‖Dyw‖2
0) + ‖w‖2

0

and so
‖w‖2

2 ≤ ‖∆w − w‖2
0.

We then obtain the Proposition by writing that

‖u‖2
2 ≤ 2‖u− v‖2

2 + 2‖v‖2
2

≤ 2‖∆(u− v)− (u− v)‖2
0 + 2‖v‖2

2

≤ 4‖∆u− u‖2
0 + 8‖∆v‖2

0 + 8‖v‖2
0 + 2‖v‖2

2

≤ 4‖∆u− u‖2
0 +

10C1

δ2

n∑
j=1

‖gj‖2
1
2

≤ 4δ2 + 10C1

δ2

(
‖∆u− u‖2

0 +
n∑
j=1

‖gj‖2
1
2

)
.
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Hence the proposition with C = 4δ2 + 10C1. �

In the following, for any system ξ = (ξ1, ξ2, ..., ξn) of unit vectors we will note
(∆, ξ) the associated oblique derivative problem (P ).
We will say that ξ satisfies the condition (H) if ξj 6= ±ξj+1 (or ξj ∧ ξj+1 6= 0) for
all j = 1, 2, ..., n.

Definition 3.2.
We will say that two problems (∆, ξ ′) and (∆, ξ ′′) are homotopic if

1) ξ ′ and ξ ′′ verify (H).
2) There exist n continuous functions ξ(t) = (ξ1(t), ..., ξn(t)) defined on [0, 1]

with value in the unit circle (or set of unit vectors of the plan) such that:
a) ξj(0) = ξ′j, ξj(1) = ξ′′j , j = 1, 2, ..., n,

b) ∀t ∈ [0, 1], ξ(t) satisfies (H).

Theorem 3.3.
If (∆, ξ ′) is homotopic to (∆, ξ ′′) and if one of them is then the other is also

Fredholm and their indices are equal.

Proof. We assume that (∆, ξ ′) fromH2(Ω) in E = L2(Ω)×
n∏
j=1

H
1
2 (Γj) is Fredholm.

Ω being bounded with Lipschitz boundary, the injection from H2(Ω) in L2(Ω) is

compact. Therefore the operator (∆ − 1, ξ ′) from H2(Ω) in E is Fredholm and

has the same index as (∆, ξ ′).
H2
S(Ω) being a closed subspace of finite codimension in H2(Ω), (indeed H2(Ω) ⊂

C0(Ω)), the operator (∆− 1, ξ ′) is also Fredholm from H2
S(Ω) in E.

Thanks to the a priori estimate of Proposition 3.1, the operators (∆ − 1, ξ(t))
from H2

S(Ω) in E will all be Fredholm provided that this estimate is uniform in
t. This condition is realized by definition of homotopy.
Indeed, for all t, ξ(t) verifies (H) and the functions ξj(t) are continuous on [0, 1].
So there exists δ > 0 such that inf

j
{|ξj ∧ ξj+1|} > δ for all t ∈ [0, 1]. Then the

operators (∆−1, ξ(t)) are all Fredholm from H2
S(Ω) in E. For the same reasons as

those mentioned above the operators (∆, ξ(t)) from H2
S(Ω) in E are all Fredholm.

As the index is invariant by continuous deformation (∆, ξ ′) = (∆, ξ(0)) and

(∆, ξ ′′) = (∆, ξ(1)) are both Fredholm and their indices are equal. �

The problem at present is to know the number of homotopy classes in the set
of problems (∆, ξ) such that ξ verifies the condition (H). We have the

Proposition 3.4.
The set of problems (∆, ξ), ξ satisfying (H) consists of (n−1) homotopy classes

if n is the number of sides of Ω.

Proof. We first notice that by changing ξj to −ξj for some j we do not change
the problem.
ξ = (ξ1, ξ2, ..., ξn) appears as a point of Rn/(πZ)n = T n.

So it’s about seeing how many related components there are in T n−
n
∪
i=1
{ξi = ξi+1}
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ξi ∈ T .
We perform the change of coordinates following:

ς1 = ξ1

ς2 = ξ2 − ξ1

.

.

.

ςn = ξn − ξn−1.

We are then led back to find the number of related components in

T n −
n
∪
i=2
{ςi = 0} − {ς2 + ς3 + ... + ςn = 0 mod π} which is isomorphic to S1 ×

(In−1 − {ς2 + ς3 + ... + ςn = 0 mod π}) where S1 denotes the unit circle and
I =]0, π[. In−1 − {ς2 + ς3 + ... + ςn = 0 mod π} has n − 1 related components
hence the proposition. �

The following paragraphs will show that there are (n − 1) problems (∆, ξ)
having distinct indices as Ω has n sides. This we will demonstrate for any convex
polygon.

The classical problems of Dirichlet, Neumann and mixed type, for the Laplace
equation that are self-adjoint do not give us in general (n − 1) distinct indices,
except if n = 3, that is, if Ω is a triangle. We will specify this case, because we
will use it further. Let Ω be a triangle (S1, S2, S3). It can be assumed that the
angles ω1 and ω2 smaller than π

2
. We will note Γ1 the side limiting these two

angles, so we have the

Lemma 3.5.

a) (∆, ν1, ν2, ν3) is of index 0.
b) (∆, τ1, ν2, ν3) is of index 1.

Proof. a) is a result of [14].
b) This problem reduces to the mixed problem

∆u = f in Ω,
∂u

∂ν2

∣∣∣
Γ2

=
∂u

∂ν3

∣∣∣
Γ3

= 0,

u
∣∣∣
Γ1

= 0,

which admits a solution in H2(Ω) according to [9].
Since the kernel of (∆, τ1, ν2, ν3) is equal to constants, this problem is of index
1. �

Consider now the case of the following quadrilateral Ω = (S1S2S3S4) such that
ω1, ω2 and ω3 are all three higher than π

2
.

Using [14] and [9] it is easy to see that (∆, ν1, ν2, ν3, ν4) and (∆, τ1, τ2, τ3, τ4)

are of index 0 from H2(Ω) in L2(Ω)×
4∏
j=1

H
1
2 (Γj). The problem (∆, τ1, ν2, ν3, ν4)
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reduces to the mixed problem

∆u = f ∈ L2(Ω),

u
∣∣∣
Γ1

= 0,

∂u

∂νj

∣∣∣
Γj

= 0 j = 2, 3, 4,

and this problem is of index −2, according to [9] it is one to one.
Since the kernel of (∆, τ1, ν2, ν3, ν4) is equal to the constants, this last problem

is of index -1.
It is easy to check that all the problems that can be built with mixed conditions

are of index 0 or -1. We will show later that there is an oblique derivative problem
of index 1.

4. Existence and uniqueness of a solution in H1(Ω) for a class of
problems of the type (P)

We will begin by introducing some notations that will be widely used later.

4.1. Space of singular functions E2(Ω, ξ). Let us consider again the functions
wk(r, θ) introduced previously, where we have assumed that the vertex S1 is (0, 0)
and Γ1 on the Ox axis, we had set

wk(r, θ) = rαk sin(αkθ + π
2
− ϕ1) with αk =

ϕ1 − ϕn + kπ

ω
, k ∈ Z.

It is easy to verify that in the sector obtained by extending Γ1 and Γn we have∆wk = 0,
∂wk
∂ξ1

(r, 0) =
∂wk
∂ξn

(r, ω) = 0.

We will be interested in this paragraph only in the functions wk(r, θ) such that
the associated αk satisfies 0 < αk < 1, when they exist. We will truncate the
functions wk into vk in such a way that:

1) vk(r, θ) = wk(r, θ) for (r, θ) ∈ Ω, r ≤ r0
2

,
2) vk(r, θ) ≡ 0 for (r, θ) ∈ Ω, r ≥ 4r0,
3) vk satisfies the same boundary conditions as wk on Γ1 and Γn,
4) ∆vk ∈ C∞(Ω),

with r0 small enough so that the support of vk does not meet any side of Ω other
than Γ1 and Γn.
For this we consider a function ρ such that ρ ∈ D(R+)
ρ(t) ≡ 1 0 ≤ t ≤ r0,
ρ(t) ≡ 0 t > 2r0 and r0 small.
If ξ1 = ν1 or τ1 and ξn = νn or τn, just set vk(r, θ) = ρ(r)wk(r, θ).
Indeed if ξ1 = τ1 it means wk ≡ 0 on Γ1 (since wk(S1) = 0) and so vk also and

therefore
∂vk
∂τ1

= 0 on Γ1.
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If ξ1 = ν1 then
∂vk
∂ν1

= ρ(r)
∂wk
∂ν1

= 0 (because
∂ρ

∂ν1

= 0) on Γ1.

It is the same on Γn.
It is clear that ∆vk ∈ C∞(Ω).
If ξi 6= ±τi and ξi 6= ±νi, i = 1 or i = n then ξi = ατi + βνi with α and β
non-zero.

It’s obvious that
∂ρ

∂ξi

∣∣∣
Γi

has its support on Γi ∩ {r, r0 ≤ r ≤ 2r0}.
It is then easy to see that we can modify ρ in the neighborhood of the support

of
∂ρ

∂ξi

∣∣∣
Γi

to obtain ρ1 such that vk = ρ1wk verifies 1), 2), 3) and 4).

At each vertex we associate a set (possibly empty) of functions vk, constructed
as indicated above. We will note E2(Ω, ξ) the space generated by the functions
vj.

E2(Ω, ξ) can be reduced to {0} if the ϕj and ωj j = 1, 2, ..., n are such that there
is no αk ∈]0, 1[.
The elements of E2(Ω, ξ) will be called later singular functions for (∆, ξ) in
the sense that:

Lemma 4.1.
If 0 < αk < 1 then

i) vk is not in H2(Ω).
ii) vk is in H1+ε(Ω) for all ε < αk.

Proof. i) is immediate because
∂2vk
∂r2

/∈ L2(Ω).

ii) It is easy to check that vk is in W 2,p(Ω) for all p < 2
2−αk

. On the other

hand, W 2,p(Ω) is imbedded into H1+ε(Ω) provided ε < 2− 2
p

hence ii).
�

Now consider the following problems

(P ′) :


−∆u = f in Ω,

u = 0 on Γj j ∈ D,
∂u

∂ξj
=

∂u

∂νj
+ tan(ϕj)

∂u

∂τj
= 0 on Γj j ∈ N,

where D and N is a partition of {1, ..., n}.
We assume of course that if j ∈ N ξj 6= ±τj (otherwise we will take on Γj
the condition u = 0), and that the system obtained by taking the vectors
{{ξj}j∈N , {τj}j∈D} satisfies the condition (H).

We have the following theorem:

Theorem 4.2.
Let D be non-empty, then the problem (P ′) has a solution in H1(Ω).
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Proof. If we consider the space U = {u ∈ H1(Ω), u
∣∣
Γj

= 0 j ∈ D} and the

classical bilinear form:

a(u, v) =

∫
Ω

∇u∇vdxdy +
∑
j∈N

tan(ϕj)

∫
Γj

∂u

∂τj
vdτj

introduced in Lions [13]. One can show by [10] that it is not continuous on U×U .
Take V = U ∩ {u ∈ D(Ω), u ≡ 0 near the vertices} and the form:

b(u, v) =

∫
Ω

∇u∇vdxdy +
∑
j∈N

tan(ϕj)

2

∫
Γj

(
∂u

∂τj
v − ∂v

∂τj
u)dτj.

b(., .) is well defined on U×V . It is continuous on U for v fixed in V , and coercive
on V ×V equipped with the norm of U . The projection theorem of Lions ensures
that there exists u ∈ H1(Ω) such that b(u, v) = (f, v) ∀v ∈ V. But u is not
necessarily unique. It remains to prove that such u is a solution of (P ′). This
will be the consequence of the following proposition.

Proposition 4.3.

Let W∆
p (Ω) =

{
u ∈ W 1,p(Ω), ∆u ∈ Lp(Ω)} 2 ≤ p <∞

equipped with |||u|||p = ‖u‖p1,p + ‖∆u‖p0,p, we have

i) W 2,p(Ω) is dense in W∆
p (Ω).

ii) for u ∈ W∆
p (Ω),

∂u

∂νj

∣∣∣
Γj

j = 1, ..., n is well defined as the element of

W
− 1

p
p (Γj).

Let us admit this proposition and complete the proof of Theorem 4.2.

For all ϕ ∈ D(Ω) we have:∫
Ω
∇u∇ϕ =

∫
Ω
fϕ which implies −∆u = f ∈ L2(Ω) and therefore that u ∈

W∆
2 (Ω),

and consequently
∂u

∂νj

∣∣∣
Γj

is well defined in H−
1
2 (Γj), thanks to ii) of Proposition

4.3.
On the other hand for u ∈ W 2,p(Ω) and v ∈ V we have:∫

Ω

−∆u · vdxdy =

∫
Ω

∇u∇vdxdy −
∑
j∈N

∫
Γj

∂u

∂νj
vdτj.

As v ∈ W , v|Γj
∈ H

1
2
0,0(Γj) whose dual is H−

1
2 (Γj).

thanks to i) of the Proposition 4.3, we have for u ∈ W∆
2 (Ω)∫

Ω

−∆u · vdxdy =

∫
Ω

∇u∇vdxdy −
∑
j∈N

〈 ∂u
∂νj

, v
〉
H−

1
2×H

1
2
0,0

∀v ∈ W.

We then obtain for the solution u:〈 ∂u
∂νj

+ tan(ϕj)
∂u

∂τj
, ψ
〉
H−

1
2×H

1
2
0,0

= 0 ∀ψ ∈ D(Γj).
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Since D(Γj) is dense in H
1
2
0,0(Γj) we have

∂u

∂νj
+ tan(ϕj)

∂u

∂τj
= 0 as an element of

H−
1
2 (Γj) and that for all j ∈ N .

By definition of V u = 0 on Γj j ∈ D. Hence the proof of Theorem 4.2 is
complete. �

Remark 4.4.

ii) is valid for
∂u

∂ξj

∣∣∣
Γj

with ξj any vector and u ∈ W∆
p (Ω).

The Theorem 4.2 thus gives us the existence of a solution of (P ′) in H1(Ω), but
not uniqueness. But we have uniqueness, if we impose a condition on angles ϕj,
this will be proved after showing that the solutions obtained by Theorem 4.2 are
more regular. This is the essential result of this paragraph, given by Theorem

Theorem 4.5.
We assume that:

i) D is no empty,
ii) for j such that j and j-1 are in N we have ϕj ≤ ϕj−1.

Then (P ′) admits a unique solution u in H1(Ω) and it is actually in H2(Ω) ⊕
E2(Ω, ξ) where ξ is the system obtained by adding to the vectors {ξj}j∈N the
vectors {τj}j∈D .

Proof. The proof of this theorem will be performed in three parts.
The first consists of the following lemma:

Lemma 4.6.
If the completely homogeneous problem∆u = 0 in Ω,

∂u

∂ξj
= 0 on Γj j = 1, 2, ..., n,

ξ verifying the condition (H), admits a solution in H1(Ω), it is necessarily in
H2(Ω)⊕ E2(Ω, ξ).

In the second part, we will establish the

Proposition 4.7.
Under conditions i) and ii) of Theorem 4.5 (P ′) admits a solution u in H2(Ω)⊕

E2(Ω, ξ).

The third part, by which we will begin, will give the proof of Theorem 4.5.
Indeed, Proposition 4.7 gives us a solution u in H2(Ω) ⊕ E2(Ω, ξ), hence the
existence. If there was another solution in H1(Ω) that we will call v then w = u−v
is a solution of the completely homogeneous problem and according to the Lemma
4.6, it is in H2(Ω)⊕ E2(Ω, ξ) and then v too.
It is then enough to prove the uniqueness in H2(Ω)⊕ E2(Ω, ξ).
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Let u ∈ H2(Ω)⊕ E2(Ω, ξ) solution of
∆u = 0 in Ω,

u = 0 on Γj j ∈ D,
∂u

∂ξj
= 0 on Γj j ∈ N,

It is easy to see that u is in W 1,p(Ω) for some p > 2, and so in W∆
p (Ω).

For u ∈ W 2,p(Ω) we have:∫
Ω

−∆u · udxdy =

∫
Ω

|∇u|2dxdy −
n∑
j=1

∫
Γj

∂u

∂νj
u dτj

This identity can be extended to W∆
p (Ω), by writing:∫

Ω

−∆u.udxdy =

∫
Ω

|∇u|2dxdy −
n∑
j=1

〈 ∂u
∂νj

, u
〉
W
− 1

p
p (Γj)×W

0, 1p
q (Γj)

where q is the conjugate of p that is to say 1
p

+ 1
q

= 1.

Indeed
∂u

∂νj
is well defined in W

− 1
p

p (Γj), according to Proposition 4.3.

On the other hand u
∣∣
Γj
∈ W

1− 1
p

p (Γj) but p > 2⇒ 1
q

= 1− 1
p
> 1

p
⇒ q < p, hence

W
1− 1

p
p (Γj) ⊂ W

1
p
q (Γj) = W

0, 1
p

q (Γj) and therefore u
∣∣
Γj
∈ W

0, 1
p

q (Γj).

Using this formula for the solution of the problem we have∫
Ω

−∆u.udxdy =

∫
Ω

|∇u|2dxdy +
∑
j∈N

tan(ϕj)〈
∂u

∂τj
, u〉

=

∫
Ω

|∇u|2dxdy +
∑
j∈N

tan(ϕj)

2
(u2(Sj+1)− u2(Sj))

i.e.,∫
Ω

−∆u.udxdy =

∫
Ω

|∇u|2dxdy +
∑

{j/j and j−1∈N}

(tan(ϕj−1)− tan(ϕj))

2
u2(Sj).

(4.1)
We have ‖∇u‖2

0 ≤ (−∆u, u)L2(Ω) because the second term of the right hand side
of 4.1 is positive from hypothesis ii) of Theorem.
The functions of W 1,p(Ω), p > 2 being continuous on Ω, hence uniqueness comes
from the hypothesis i). �

Remark 4.8.
Hypothesis i) allows us to write the Poincaré inequality ‖u‖2

0 ≤ C‖∇u‖2
0 and

C depends only on Ω and to deduce that
‖∇u‖2

0 ≤ ‖∆u‖0‖u‖0 ≤ C‖∆u‖0‖∇u‖0 i.e.,

‖∇u‖0 ≤ C‖∆u‖0, (4.2)

what we will use later.
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We have yet to demonstrate Lemma 4.6 and Proposition 4.7.

Proof of Lemma 4.6. Let u ∈ H1(Ω) solution of∆u = 0 in Ω,
∂u

∂ξj
= 0 on Γj j = 1, 2, ..., n.

It is well known that u is C∞ inside Ω, and even near the regular parts of the
boundary. It will be enough to study it in the neighborhood of a vertex, for
example S1.
By rotation and translation we bring S1 in (0, 0) and Γ1 on Ox. Let ρ be a
truncation function like those described previously. Call Σ the sector obtained
by extending Γ1 and Γn. So v = ρu is in H1(Σ), with compact support and
verifies:

(P ′′) :


∆v = 2∇ρ∇u+ u∆ρ = f ∈ C∞(Ω) with compact support,
∂v

∂ξ1

∣∣∣
Γ1

= 0,

∂v

∂ξn

∣∣∣
Γn

= 0.

To show that v ∈ H2(Ω) ⊕ E2(Ω, ξ) we will use the method introduced in Kon-
dratiev [12]. We put (x, y) = reiθ, r > 0, 0 < θ < ω, we multiply the first equation
of (P ′′) by r2 and the others by r, and passing in polar coordinates, (P ′′) becomes:

(rDr)
2v +D2

θv = r2f,

(rDr)v + tan(ϕ1)v = 0 θ = 0,

(rDr)v + tan(ϕn)v = 0 θ = ω.

We then perform the change of variable r = et which transforms Σ into the strip
B = R×]0, ω[ and the problem in

(D2
t +D2

θ)w = e2tf(et, θ) = g(t, θ),

(−Dt + tan(ϕ1))w = 0 θ = 0,

(−Dt + tan(ϕn))w = 0 θ = ω,

with w(t, θ) = v(et, θ).
We perform the Fourier transform with t respect to the problem that becomes

(D2
θ − λ2)ŵ(θ, λ) = ĝ on ]0, ω[,

(iλ+ tan(ϕ1))ŵ(θ, λ) = 0 in θ = 0,

(iλ+ tan(ϕn))ŵ(θ, λ) = 0 in θ = ω,

which is an ordinary differential equation depending on the parameter λ.
The explicit calculation of the solution shows that the resolvant of this problem
has as poles exactly the numbers {λk} such that λk = αk = ϕ1−ϕn+kπ

ω
.

Lemma 4.6 is then an immediate consequence of Theorem 1.2 of Kondratiev [12].
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Indeed, this theorem states that one can write v near the origin in the form:

v =
∑

0<αk<1

rαk sin(αkθ +
π

2
− ϕ1) + v0

where v is in H2(Ω) provided that::

a) αk 6= 1 for all k,
b) v, rDxv, rDyv, r

2D2
xv, r

2D2
yv and r2DxDyv are in L2(Σ).

a) comes from the fact that ξ1 and ξn are not parallel.
b) v, rDxv and rDyv are already in L2(Ω). For the second derivatives let

Gk = {(x, y) ∈ Σ,
r20
2k
< x2+y2 <

r20
2k−1} k = 1, 2, ... with r0 small enough. We can

build ρ such that ρ = 1 on Gk with support in Gk+1∪Gk∪Gk−1, with
∂ρ

∂ξ1

(r, 0) =

∂ρ

∂ξn
(r, ω) = 0. Then it is easy to see that ρv is in H2(Gk+1 ∪Gk ∪Gk−1), and we

can find a constant C such that:∫
Gk

|D2
xu|2 + |D2

yu|2 + |DxDyu|2dxdy ≤ C

∫
Gk−1∪Gk∪Gk+1

(
|u|2

r4
+
|∇u|2

r2
+ |f |2)dxdy.

Which gives us∫
Gk

(|D2
xu|2+|D2

yu|2+|DxDyu|2)r4dxdy ≤ 24C

∫
Gk−1∪Gk∪Gk+1

(|u|2+r2|∇u|2+r4|f |2)dxdy.

The constant C is uniform in k, which is easily seen by performing the change of
variable

x′ =
2k1

2k0
x, y′ =

2k1

2k0
y which makes us going from Gk0 to Gk1 .

Summing these inequalities for k ∈ N, and repeating the same operation near
each vertex, we get the lemma. �

Proof of Proposition 4.7. Let u be a solution given by Theorem 4.2 and v = ρu
where ρ is a truncation function as previously described whose support is near
S1(for example). We will consider v as a solution to a boundary problem in a
triangle T if ω1 < π, or a quadrilateral Q if ω > π (see Fig. 2) containing the
support of v.
i) Consider the case where ω1 < π.

We take Γ′ such that (ξn, ξ1, τ
′) verifies (H) and v ≡ 0 near Γ′ then v is a solution

of

(P ′1) :


∆v ∈ H1(T ),
∂v

∂ξ1

∣∣∣
Γ1

=
∂v

∂ξn

∣∣∣
Γn

= 0,

v
∣∣∣
Γ′

= 0.

The oblique derivative problem (P1) associated with (P ′1) (this is the one obtained

by changing the condition v
∣∣∣
Γ′

= 0 by
∂v

∂τ ′

∣∣∣
Γ′

= 0) is homotopic either to a

problem of index 0, or to a problem of index 1, as an operator from H2(T ) in
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Figure 2. Illustration of the triangle T and the quadrilateral Q

L2(T )×
3∏
j=1

H
1
2 (Γj), according to Lemma 3.5.

Estimate 3.2 of proposition 3.1: ‖∆u‖2
0 = ‖D2

xu‖2
0 + ‖D2

yu‖2
0 + 2‖DyDxu‖2

0 shows

that the kernel from (∆, ξ) in H2(Ω) is reduced to the constants and is therefore
of dimension 1, provided for example that 2 consecutive ξj are non-parallel, which
is true here.
1st case: (∆, ξn, ξ1, τ

′) is homotopic to a problem of index 1.
Its kernel being of dimension 1, it is therefore onto and consequently there exists
u in H2(T ) unique to a constant near such that:∆u = ∆v,

∂u

∂ξ1

∣∣∣
Γ1

=
∂u

∂ξn

∣∣∣
Γn

=
∂u

∂τ ′

∣∣∣
Γ′

= 0.

So u − v is the solution of problem (P1) Completely homogeneous, and so is in
H2(T )⊕ E2(T, ξn, ξ1, τ

′), as well as v since u is in H2(T ).
By subtracting eventually a constant from u (its value on Γ′), we can actually
that assume u− v is a solution of

∆(u− v) = 0 in T,
∂(u− v)

∂ξ1

∣∣∣
Γ1

=
∂(u− v)

∂ξn

∣∣∣
Γn

= 0,

(u− v)
∣∣∣
Γ′

= 0.

and estimate 4.1 by noting that ϕ1 ≤ ϕn by hypothesis gives u− v = 0, so v is in
H2(T ).

Remark 4.9.
It is obvious that in this case E2(T, ξn, ξ1, τ

′) = {0}, and in particular that
there are no singular functions in S1.
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2nd case: (∆, ξn, ξ1, τ
′) is homotopic to a problem of index 0.

That means that his image in L2(Ω)×
3∏
j=1

H
1
2 (Γj) is closed with codimension 1.

It is easy, but rather tedious, to see that E2(T, ξn, ξ1, τ
′) is of dimension 1, gener-

ated by a certain function v0 of E2(T, ξ). Then v is written in the form u0 + λv0

with u0 ∈ H2(T ). Indeed (∆v0, 0, 0, 0) does not belong to ImP . Otherwise we
would have u in H2(T ) such that u − v0 is a solution of P1 completely homoge-
neous. But estimate 4.1 would give u − v0 = cst i.e.,v0 in H2(T ) which is false
by definition of E2(T, ξ).
Thus (∆v0, 0, 0, 0) generates a supplementary of ImP . We have a function u0 in
H2(T ) and a real number λ such that

∆(u0 + λv0) = ∆v in T,
∂((u0 + λv0)

∂ξ1

∣∣∣
Γ1

=
∂((u0 + λv0)

∂ξn

∣∣∣
Γn

= 0,

((u0 + λv0)
∣∣∣
Γ′

= 0.

As before, we necessarily have v = u0 + λv0 + cst.

Remark 4.10.
If v0 is related to one of the vertices S ′2, S

′
n, λ = 0 and v ∈ H2(T ) because v is

identically zero in the neighborhood of Γ′.
If v0 is related to the vertex S1 then v ∈ H2(T ) if and only if λ = 0.

ii) ω > π :
The result is quite similar. Just build the sides Γ′1 and Γ′n such that there are

no singular functions in S ′2 and S ′n in E2(Q, ξn, ξ1, τ
′
1, τ
′
n), which is always possible.

Remark 4.11.
As in remarks 4.9 and 4.10, v is of the form v = u0 +

∑
λivi where u0 ∈ H2(Q)

and vi are the exceptional functions related to the vertex S1.

By repeating this reasoning near each of the vertices, and knowing the regu-
larity elsewhere in Ω, we have proposition 4.7. �

Corollary 4.12.
Under conditions i) and ii) of Theorem 4.5 the problem (∆, ξ) from H2(Ω) in

L2(Ω)×
n∏
j=1

H
1
2 (Γj) is Fredholm:

χ(∆, ξ) = − dimE2(Ω, ξ).

It is an immediate consequence of remarks 4.9, 4.10, 4.11 and the linear inde-
pendence of singular functions vk.

We can thus construct mixed problems, namely with the Dirichlet condition on
Γj for j ∈ D and a condition of oblique derivative on the others, whose index is
given to us by the number of the singular functions but only with the conditions
ϕj ≤ ϕj−1 if j and j − 1 are in N and D 6= ∅.
To such a problem we will associate the oblique derivative problem where we
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replace the Dirichlet conditions by the condition of zero tangential derivative.
For that we have first the

Lemma 4.13.

If the operator u 7−→ ∆u from
{
u ∈ H2(Ω),

∂u

∂ξj
= 0, j = 1, ..., n

}
in L2(Ω) is

of index m,m ∈ Z then the operator u 7−→ (∆u,
∂u

∂ξj

∣∣∣
Γj

) from H2(Ω) in L2(Ω)×
n∏
j=1

H
1
2 (Γj) is index and has for index m, provided that the system ξ verifies the

condition (H).

This lemma is a consequence of lemma 2.1.
The link between the previous mixed problems and the oblique derivative prob-
lems associated is given by Proposition 4.14.
Let Γi1 ,Γi2 , ...,Γip be the connected parts of the boundary formed by {Γj} with
j ∈ D.

Proposition 4.14.
If the problem

(I)


∆u = f ∈ L2(Ω),

u
∣∣∣
Γj

= 0 j ∈ D,
∂u

∂ξj

∣∣∣
Γj

= 0 j ∈ N (ξj 6= τj),

is of index -m in H2(Ω) then the problem

(II)


∆u = f ∈ L2(Ω),
∂u

∂τj

∣∣∣
Γj

= 0 j ∈ D,
∂u

∂ξj

∣∣∣
Γj

= 0 j ∈ N,

is of index −m+ p.

Proof. • If D = ∅ it is lemma 4.13.
• If N = ∅ it is lemma 2.1 (2nd part).
• D 6= ∅.
We denote H

3
2 (Γip) the functions g defined on Γip such that

− g
∣∣∣
Γj

∈ H 3
2 (Γj) for Γj Γip

− g
∣∣∣
Γj

(Sj) = g
∣∣∣
Γj−1

(Sj) if Γj and Γj−1 are in Γip.

Then
(I) is of index −m as an operator

H2(Ω) 7−→ L2(Ω)×
∏
j∈N

H
1
2 (Γj)×

p∏
k=1

H
3
2 (Γik) = F

u 7−→ (∆u,
∂u

∂ξj

∣∣∣
Γj

, u
∣∣∣
Γik

)
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thanks to the trace theorem 1.1 of [8].
The problem (II) has a solution if and only if the problem

(I ′)


∆u = f,

u
∣∣∣
Γik

= λk k = 1, ..., p, λk any real

∂u

∂ξj

∣∣∣
Γj

= 0 j ∈ N,

has a solution.

Let F0 be the subspace generated by the elements of F of the forme: (∆u,
∂u

∂ξj
j ∈

N, u
∣∣∣
Γik

k = 1, ..., p) for all u of H2(Ω).

So F = F0 ⊕Gm where Gm is of dimension m because (I) is of index −m and
is one to one.
The elements of F of the form (0, ..., 0, λ1, λ2, ..., λp) are in F0 only if λ1 = λ2 =
... = λp. Otherwise we would have a non-constant solution of the completely
homogeneous problem (II).
These particular elements generate a vector space G′ of dimension p and its
intersection with F0 is of dimension 1. This already proves that m ≥ p − 1 and
writing F = F0 ⊕G′ ⊕ F1 with F1 of dimension m− p + 1, it is easy to see that
(II) admits a solution if and only if f satisfies m− p+ 1 conditions, namely that
its projection on F1 is zero. As the conditions are in the kernel of the problem
(II) its index is 1− (m− p+ 1) = −m+ p.
To find a problem of index l, it suffices to find a mixed problem of the type (P ′)
of index m, with p related components in D such that m+ p = l. �

Theorem 4.15.
We assume that Ω is convex, then: ∀k ∈ {−(n− 3), ..., 1}, there is an oblique

derivative problem (∆, ξ) (ξ satisfying (H)) of index k.

Proof. a) k = 1: We consider the problem


∆u = f in Ω,

u
∣∣∣
Γn

= 0,

∂u

∂ξj

∣∣∣
Γj

= 0 j = 1, 2, ..., n− 1.

This problem is index 0 if the ϕj verify:
ϕj ≤ ϕj−1 j = 2, 3, ..., n− 1,

E2(Ω, ξ) = {0},
−π

2
< ϕj <

π
2
.

(4.3)
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To have E2(Ω, ξ) = {0} we must have
{
k ∈ Z, 0 < ϕj − ϕj−1 + kπ < ωj

}
= ∅

for every j which gives as conditions, since ωj < π,∀j



ϕ1 > ω1 − π
2

−ϕn−1 > ωn − π
2

0 ≤ ϕ1 − ϕ2 < π − ω2

...

0 ≤ ϕj−1 − ϕj < π − ωj
...

0 ≤ ϕn−2 − ϕn−1 < π − ωn−1

−π
2
< ϕj <

π
2
.

These conditions are equivalent to

ω1 + ωn − π < ϕ1 − ϕn−1 < (n− 2)π −
n−1∑
j=2

ωj.

Hence for a solution provided that
n∑
j=1

ωj < (n − 1)π which is obviously verified

since
n∑
j=1

ωj = (n − 2)π. Hence, for a choice of ϕj verifying 4.3 the oblique

derivative problem (∆, ξ) where ξ = (ξ1, ξ2, ..., ξn−1, τn) is of index 1 according
to proposition 4.14.
b) k < 1: we begin by showing the existence of a problem of index k = −(n− 3)
and construct problems with greater indices from the latter.
We will start with case n ≥ 6. We will study directly the cases n = 5 and n = 4.
b1) n ≥ 6 we will distinguish two cases:
1st Case: There are 2 consecutive angles of sum less than π. We will assume
that this is ωn−1 and ωn renumbering eventually the angles. In this case we
consider the problem 

∆u = f in Ω,

u = 0 on Γn−2 ∪ Γn−1 ∪ Γn,
∂u

∂ξj

∣∣∣
Γj

= 0 j = 1, 2, ..., n− 3.

This problem is of index −(n− 2) if the ϕj are such that:{
ϕj ≤ ϕj−1 j = 2, ..., n− 3

dimE2(Ω, ξ) = n− 2
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which amounts to looking for ϕ1, ..., ϕn−3 such that:

ϕ1 < ω1 − π
2

−ϕn−3 < ωn−2 − π
2

ϕ1 − ϕ2 > π − ω2

...

ϕn−4 − ϕn−3 > π − ωn−3

−π
2
< ϕj <

π
2

this system admits a solution if

(n− 4)π −
n−3∑
j=2

ωj < ϕ1 − ϕn−3 < ω1 + ωn−2 − π

or

(n− 3)π <
n−2∑
j=1

ωj = (n− 2)π − (ωn + ωn−1)

which is exactly ωn + ωn−1 < π.
For intermediate indices, it suffices to extend the Dirichlet condition successively
to Γn−3,Γn−4... to find problems (∆, ξ) with index −(n− 4),−(n− 5), ..., 0.
2nd Case: ωj + ωj+1 ≥ π for all j = 1, 2, ..., n. We will take the following
problem 

∆u = f in Ω,

u = 0 on Γn ∪ Γk ∪ Γk+2,
∂u

∂ξj

∣∣∣
Γj

= 0 j 6= n, k, k + 2.

We have the expected result if we can find k such that:
ω1 + ω2 + ...+ ωk > (k − 1)π

ωk+1 + ωk+2 > π

ωk+3 + ...+ ωn > (n− k − 3)π.

Let us denote by Σl the sum: Σl = ω1 + ...+ ωl, then we have the distribution of
{Σl} on [0, (n− 2)π] (see Fig. 3) .

Figure 3. Illustration of the distribution of {Σl} on [0, (n− 2)π]

Indeed, in each interval [jπ, (j + 1)π] there is at least one Σp because Ω is
convex, and so there exists a k and only one such that the interval [kπ, (k + 1)π]
contains 2. This k is different from 1 and n − 3. This integer k answers the
question provided that Σk 6= (k − 1)π or Σk+2 6= (k + 1)π and ωk+1 + ωk+2 > π.
We then have dimE2(Ω, ξ) = n, and p = 3 because n ≥ 6 hence the result.
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If ωk+1 + ωk+2 = π, or Σk = (k − 1)π or Σk+2 = (k + 1)π we make the change of
variables: {

X = x− εy
Y = y

which transforms Ω into Ωε and the operator ∆ into Lε = ∆− 2ε∂x∂y + ε2∂2
x .

For |ε| small, Ωε has its angles that satisfy one of the previous conditions. We
build a problem of index −(n − 3) in Ωε. Lε will also be of index −(n − 3) for
ε small. The inverse change of variables provides us with an oblique derivative
problem in Ω of index −(n− 3).
From the problem of index −(n− 3), we obtain a problem of index −(n− 4), by
replacing ξk−1 by τk−1 and changing a little the ϕj. We get problems of index
−(n− 5),−(n− 6), ..., 0.
b2) n = 4: It is necessary to build a problem of index −1. It is obtained by using
a method similar to b1 1st case, except if ωj = π

2
j = 1, 2, 3, 4 in which case we

use the perturbation described at the end of case 2, above.
b3) n = 5: by reasoning similarly to that used in the end of b1, 2nd case, we can
suppose that the ωj are different from π

2
.

If there is at most one ωj <
π
2

then we have the indices 0, -1, -2 by the self-adjoint
problems.
In other cases we use a methods similar to b1 1st case if there are 3 angles less
than π

2
, and similar to b1 2nd case if there is exactly 2.

This completes the proof of Theorem 4.15. �

Remark 4.16.
From Theorems 3.3, 4.15 and proposition 3.4, we deduce that any oblique

derivative problem (∆, ξ), ξ verifying (H) is of index as operator from H2(Ω) to

F = L2(Ω)×
n∏
j=1

H
1
2 (Γj) when Ω is convex.

When (H) is not verified by ξ, (∆, ξ) is not Fredholm, its image in F being not
closed according to remark 2.3.
When an oblique derivative problem (∆, ξ), ξ satisfying (H) has a unique solution
in H1(Ω) up to a constant, which is the case for example when the conditions i)
and ii) of theorem 4.5 are verified, we then know the index of (∆, ξ) and E2(Ω, ξ)
gives us this index and the singularities of the solution.

In paragraph 4, we will study the general case, but before we will show that
there is not always uniqueness on a particular example, where Ω is a triangle.
Let T be a triangle of sides Γ1,Γ2 and Γ3.
The problem (∆, ν1, ν2, τ3) is of index 1 according to Lemma 3.5 andE2(T, ν1, ν2, τ3) =
{0}.
Let ε > 0 small and ξ1 be the unit vector such that (ν1, ξ1) = −ε, it is clear that
for ε small enough the problem (∆, ξ1, ν2, τ3) is of index 1, because it is homotopic
at (∆, ν1, ν2, τ3). On the other hand, it is easy to check with estimate 3.2 that its

kernel is reduced to constants. So he is onto from H2(Ω) to L2(Ω)×
3∏
j=1

H
1
2 (Γj).

For ε > 0 small E2(Ω, ξ1, ν2, τ3) is generated by a singular function v1, built at
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the vertex S2, with 

∆v1 ∈ L2(Ω),
∂v1

∂ξ1

∣∣∣
Γ1

= 0,

∂v1

∂ν2

∣∣∣
Γ2

= 0,

∂v1

∂τ2

∣∣∣
Γ3

= 0,

since (∆, ξ1, ν2, τ3) is onto, there exists u in H2(Ω) satisfying the same boundary
conditions that v1 and ∆u = ∆v1. It is obvious that w = u−v1 is a non-constant
solution of the completely homogeneous problem (∆, ξ1, ν2, τ3) and u − v1 is in
H1(Ω).

5. Existence and description of singularities in the general case

Let Ω and ξ be given as in the introduction. E2(Ω, ξ) will always denote the
set of singular functions.

Theorem 5.1.
For every f given in L2(Ω) the problem:

(P ) :

−∆u+ u = f in Ω,
∂u

∂ξj
= 0 on Γj j = 1, 2, ..., n

has a solution u in H2(Ω)⊕ E2(Ω, ξ).
If there exists j ∈ {1, 2, ..., n} such that ξj = τj then we can replace in (P ) −∆+1
by −∆.

Proof. The existence of a solution in H1(Ω) is ensured by the projection method
used in Theorem 4.2, by replacing the form b(u, v) by the form b1(u, v) = b(u, v)+∫

Ω
uvdxdy, which is coercive on the same spaces V and W , even if D is empty,

i.e.,ξj 6= τj ∀j ∈ {1, 2, ..., n}.
And if for j ∈ {1, 2, ..., n} ξj = τj then we can use the same form and thus have

the result of existence for (∆, ξ). However, we do not have uniqueness.
Let u be such a solution, it remains to show that it is in H2(Ω)⊕ E2(Ω, ξ). For
this, as in proposition 4.7, we will study u in the neighborhood of each vertex. Let
ρ be a truncation function as described in paragraph 3, with support near S1 for
example. Then v = ρu is a solution in a triangle T (respectively a quadrilateral
Q) of

(∗) :



−∆v = −ρu+ ρf − 2∇ρ∇u+ u∆ρ = g ∈ L2(T ) (resp L2(Q)),
∂v

∂ξ1

∣∣∣
Γ1

= 0,

∂v

∂ξn

∣∣∣
Γn

= 0,

v = 0 near Γ′ (resp of Γ′1 and Γ′n)
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following the notations introduced in proposition 4.7.
Thus v is the solution of the oblique derivative problem (∆, ξ1, ξn, x

′) (resp (∆, ξ1, ξn, ξ
′
1, ξ
′
2))

where x′ (resp ξ′, , ξ
′
n) is any unit vector, homogeneous with g as right hand side.

Theorem 5.1 is then a consequence to the following lemma

Lemma 5.2.
Let T be a triangle (resp Q a quadrilateral). Let ξ1, ξ2, fixed with ξ1 6= ±ξ2.

Then there exists a choice of ξ3 (resp ξ3 and ξ4) such that (∆, ξ1, ξ2, ξ3) is onto
(resp (∆, ξ1, ξ2, ξ3, ξ4) has a solution in H2(Q)⊕ E2(Q, ξ)) for a right hand side
of the form g.

Choosing appropriately x′ (resp ξ′1, ξ
′
n) then there exists u0 ∈ H2(T ) (resp

u0 ∈ H2(Q)⊕ E2(Q, ξ) ) solution of the same problem as v.
u0−v solution of the completely homogeneous problem is in H2(T )⊕E2(T, ξ)(resp
H2(Q)⊕E2(Q, ξ))(lemma 4.6) and thus v too. v being identically zero outside a
neighborhood of S1 so we have v in H2(Ω)⊕ E2(Ω, ξ). We have theorem 5.1 by
repeating the same operation in the neighborhood of each vertex of Ω.

�

Proof of lemma 5.2. • Triangle case:
Using the proof and the notations of proposition 3.4 it means that ς1 being the
representative in ]0, π[ of ξ2 − ξ1, we must choose ξ3 so that the representative ς2
in ]0, π[ of ξ3 − ξ2 be such that ς1 + ς2, be in the related component of operators
of index 1 (here ς1 + ς2 < π)
• Quadrilateral case :
As for the convex case, we can show that for a non-convex quadrilateral, there
are three homotopy classes with indices 1, 0, -1. We then have the result by
reasoning as in 4.7 and taking into account of the particular form of right hand
side. �

Remark 5.3.
Theorem 5.1 show that any oblique derivative problem (∆, ξ) in a convex or
non-convex polygon is Fredholm, since ξ verifies the condition (H).

What we can observe however is that when the problem does not have a unique-
ness property in H1(Ω), we can eliminate a number of singular functions, in the
sense of the following proposition.

Proposition 5.4.
Let P = (∆, ξ) be such that

i) ξ verifies the condition (H).
ii) ∃j1, j2 ∈ {1, 2, ..., n} such that ξj1 = τj1 and ξj2 6= τj2.

Let N1 be the kernel of (∆, ξ) in H1(Ω), m1 its dimension, then there exists a
subspace F2(Ω, ξ), of codimension m1 − 1 in E2(Ω, ξ) such that

(∆, ξ) : H2(Ω)⊕ F2(Ω, ξ) 7−→ L2(Ω)×
n∏
j=1

H
1
2 (Γj)

be bijective.
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• If ξj = τj for all j, we come back to the Dirichlet problem for which the
results are well known.
• If ξj 6= τj for all j, proposition 5.4 remains true, by replacing, ∆ with ∆− 1.

Proof. By lemma 2.1 we come back to the problem with null boundary conditions.

Posing then V 2(Ω) =
{
u ∈ H2(Ω),

∂u

∂ξj
= 0 on Γj, j = 1, 2, ..., n

}
We have:
∆ is a Fredholm operator from V 2(Ω) in L2(Ω).
Let M be a supplementary of his image. We have L2(Ω) = ∆(V 2(Ω))⊕M .
On the other hand, we have, by Theorem 5.1:
L2(Ω) = ∆(V 2(Ω)) + ∆(E2(Ω, ξ)),
where ∆(V 2(Ω)) denotes the image in L2(Ω) of V 2(Ω) by ∆ and ∆(E2(Ω, ξ)) the
image in L2(Ω) of E2(Ω, ξ) by ∆.
It is easy to see that the space M ′ = ∆(V 2(Ω)) ∩ ∆(E2(Ω, ξ)) is of dimension
m1 − 1. Indeed if f belongs to this space then there exists u ∈ V 2(Ω) and
v ∈ E2(Ω, ξ) such that ∆u = ∆v = f and so (u− v) ∈ N1 with unique v, and u
unique up to a constant, and thus:
dimM ′ = dimN1 − 1 = m1 − 1.
On the other hand we have the following unique decomposition

∆vk = fk +
l∑

j=1

λkj$j

where $j form a basis of M , vk any singular function of E2(Ω, ξ), fk an element
of ∆(V 2(Ω)).
First note that,, dimE2(Ω, ξ) = dimM +m1 − 1 = l +m1 − 1.
We thus have the system:

l∑
j=1

λkj$j = ∆vk − fk, k = 1, 2, ..., l +m1 − 1.

Among the ∆vk − fk, 1 ≤ k ≤ m1 + l − 1, l at least are linearly independent,
because with each zero linear combination of these functions corresponds a non-
constant function of N1, and the non-constant functions of N1 form a space of
dimension m1 − 1. It is obvious then that the $j are expressed in functions of
these elements that we can suppose to be the first ones l: ∆vk − fk, 1 ≤ k ≤ l.
It is clear that L2(Ω) = ∆(V 2(Ω))⊕ {∆vk, k = 1, 2, ..., l}.
Hence the proposition, with F2(Ω, ξ) = {vk, k = 1, 2, ..., l}. �

6. Numerical Example

In this section, we propose to solve a simple example numerically
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
∆u = f in Ω,

∂u

∂ν2

∣∣∣
Γ2

= 2,

u|Γ1 = x, u|Γ3 = y,

f(x, y) = −4
(
cos(x2 + y2 − 1)− (x2 + y2) sin(x2 + y2 − 1)

)
Ω = Triangle

Figure 4. Isovalu of u

Figure 5. The Solution u in 3d
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