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ABSTRACT. Some fixed point theorems of continuous functions involving con-
vex contraction of order r and convex type 2 in quasi M-metric spaces will be
discussed in the paper. The discussion is started by giving some characteriza-
tions of the QM-Cauchy sequences and () M-convergence sequences.
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1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. Fixed point theorems are usually used in proving the unique-

ness and existence of solutions of a system of differential equations [ 1]. One of
the famous fixed point theorems used in proving the uniqueness and existence of
the system of differential equations is the Banach fixed point theorem [!]. Ba-

nach used a Lipschitz condition for a self-mapping on a complete metric space.
A special condition of Lipschitz condition is contraction. The Banach fixed point
theorem has been widely generalized by following the development of the met-
ric spaces and contraction conditions. The concept of a metric space has been

developed to be a quasi-metric space [1], a b-metric space [0], a quasi b-metric
space [10], a strong b-metric space [15], a partial metric space [14], an M-metric
space [2], and a quasi-M-metric space [3]. It is a fact that every metric space is

an M-metric space and every M-metric space is a quasi M-metric space. The
development of the metric space has given several types of fixed point theorems
by generalizing or modifying the concept of contraction, such as Kannan contrac-

tion [15, 16], paired-Kannan contraction [5], contraction in the small [12], Cirié
contraction of type Z [7], fuzzy H-weak contraction [17] convex contraction [13],
and convex contractive [9]. Istratescu [13] introduced a continuous function that

is convex contraction of order r» with r > 2 and convex type 2 in complete metric
spaces.
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Cauchy sequences and convergent sequences are closely related in proving fixed-
point theorems of contraction functions. Proving fixed-point theorems with con-
traction functions on a complete space always forms a Cauchy sequence, thus
forming a convergent sequence. Recently, Darojad and Indrati gave a relation-
ship between a quasi-M-metric space and a metric space constructed by a quasi-
M-metric, specifically the relationship between sequences in both spaces in the
paper [3]. Darojad and Indrati have generalized some fixed point theorems in a
quasi- M-metric space for continuous convex contraction of order 2 [3].

In this paper, the convex contraction of order 2 will be generalized to be a
convex contraction of order r for arbitrary » € N in quasi M-metric spaces. We
begin the discussion with some characteristics of sequences in quasi-M-metric
spaces. The discussion will be completed by giving some fixed point theorems
of continuous functions involving convex contraction of order r» with » € N and
convex type 2 in quasi M-metric spaces. The definition and the theorems in the
metric spaces can be generalized to a quasi M-metric space. The proofs of the
theorems are not as simple as those in complete metric spaces. Strong inductions
will be used to prove theorems in the main results due to fixed point theorems
in quasi M-metric spaces. The generalization has the fact that every continuous
Kannan contraction is a special case of convex type 2 functions.

1.2. Preliminaries. We recall some concepts in quasi M-metric spaces that will
be used in Main Results. Let V' be a non-empty set and v : V x V — [0, 00)
be a function. For every z,y € V, we define m,, = min{v(z,z),v(y,y)} and
M, = max{v(z,z),v(y,y)}, respectively. The definition of the quasi M-metric
space in Definition 1.1 is taken from [3].

Definition 1.1. Let V' be a nonempty set. A function v : V x V — [0,00) is
called a quasi M-metric on V if for all z,y,z € V,

QM1. v(z,z) =v(y,y) =v(z,y) =v(y,x) &z =y,

QM2 mx,y S V(l’,y),

QM3. v(z,y) —myy < v(x,2) — My, +1(2,y) — My

We call (V,v) a quasi M-metric space.

The definitions of Q) M-Cauchy sequences, () M-convergent sequence, () M-complete
spaces, and continuous functions follow from the work of Darojad and Indrati in

[5]-

Definition 1.2. Let (V,v) be a quasi M-metric space, (z,) be a sequence in
V, and z* € V. The sequence (z,) is said to be QQ M-convergent to z*, written
T, —qum o, if for every real number ¢ > 0, there exists an Ny € N such that
V(Xp, %) — My, o+ < €, V(XT*, ) — My, o+ < €, and My, .« —my, .+ < € for every
natural number n > N, which is written

lim (v(x,, %) — My, o) = lUm (v(z*, z,) — My, o) = Um (M, oo — My, ) = 0.
n— o0 n—00 n—0o0

The sequence (x,,) in V' is said to be QM-convergent if there exists z* € V such
that (z,) QM-converges to z*.
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Definition 1.3. A sequence (z,) in a quasi M-metric space (V,v) is called a
QM-Cauchy sequence if for every real number € > 0, there exist Ny € N such
that v(xp, x) — My, 0, < € and My, o, — My, ., < € for all natural numbers
k,n > Ny, which is written
lim (v(xn,xk) — My 2,) = Hm (Mg, 2, — My z,) = 0.
k,n—o00 k,n—o00

Definition 1.4. A quasi M-metric space (V,v) is said to be a Q) M-complete
space if for every QM-Cauchy sequence in (V,v), it is Q M-convergent in (V,v).

The definition of the () M-continuous function in the quasi M-metric space is
as in Definition 1.5.

Definition 1.5. Let g : V' — Y be a function, where (V,v) and (Y,p) are
quasi-M-metric spaces. The function ¢ is said to be a () M-continuous function
at ¢ € V, if for every sequence (x,) converges to ¢ in (V,v), this implies that
(g9(xy)) converges to g(c) in (Y, p)). The function g is called QM-continuous, if ¢
is ) M-continuous at ¢ for every ¢ € V.

2. MAIN RESULTS

In the main results, some sufficient conditions for a function to have a unique
fixed point will be provided in quasi M-metric spaces based on convex contraction
of order r with r € N and convex type 2 conditions. We start by giving some char-
acterizations of the () M-convergence sequences and the () M-Cauchy sequences.
Characteristics will be developed based on a fact in the quasi-M-metrics as stated
in Lemma 2.1.

Lemma 2.1. In a quasi M-metric space (V,v), for every c,d,s,t € V we have
lv(e,d) —v(s,t)] < max{v(s,c) —mse,v(c,s) —Mmset + Mg — Mg,
+max{v(t,d) — myq,v(d,t) —mpa} + Myg — meq.
Proof. For arbitrarily ¢, d, s,t € V', put
z  =max{v(s,c) —mse,v(c,s) —Mmse} + Mg — ms,
+max{v(t,d) — myq,v(d,t) —mas} + Myg — myq,

then

vie,d) —meq <v(c,s) —mse+v(s,t) —mg +v(t,d) —myg
and

v(s,t) —mgy < v(s,c) —mge+v(c,d) —meq+v(d, t) —myq.
Consequently,

V<Cv d) - V(‘Sa t) S V(C7 S) - ms,c + V(t, d) - mt,d + mc,d - ms,t

= v(c,s) —mse+v(t,d) —myg

+%|y(c, &) + v(d, d) — (Ju(e, ¢) — v(d,d)|)]

_%’y(375> + I/(t,t) — (’V(375> - V(tat)’)’
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Consider

%IV(Q ¢) +v(d,d) = (Jv(c,¢) = v(d, d)])| - %IV(S, s) + (1) = (lv(s,s) —v(t, 1))

< %|1/(c, ¢)+v(d,d) —|v(c,e) —v(d,d)| —v(s,s) —v(t,t) + (Jv(s,s) — v(t,t)])]
< gllee) — vls,5)| + glld, d) — vlt, )

Flese) = vld, D) — (wls, )~ vit, )]
As a corollary,
vic,d) —v(s,t) < v(c,s) —mse+v(t,d) —mgy
+lv(e,¢) —v(s,s)| + |v(d,d) —v(t,t)| < z.
Using a similar way, we have v(s,t) — v(c,d) < z.
Since v(s,t) — v(c,d) < z and v(c,d) — v(s,t) < z, we have
lv(s,t) —v(e,d)| <z=max{v(s,c)—mgse,v(c,s) —mg.}+ Mg, —mg,
+max{v(t,d) — myq,v(d,t) —mia} + Myg — mya.
0

Two characteristics of the () M-convergence sequence are provided in Theorem
2.2 and Theorem 2.3.

Theorem 2.2. If (z,) and (y,) are two sequences in a quasi-M metric space
(V,v) QM -converge to a and b, respectively, then (v(zn,yn,)) converges to v(a,b).

Proof. Let ¢ > 0 be given. There is a natural number Ny such that for every
n € N, with n > Ny, one has v(z,,a) — Me,a < 5, V(a,2,) — My, 0 < 5,
My a=Mapa < 5, V(Yn,b) =My, » < 5, V(0, Yn) =My, » < 5, and My, ,—m,, 4, < =.
By Lemma 2.1, for any n € N with n > Nj,

\v(@n, yn) — v(a,b)| < max{v(z,,a) — My, q v(a,T,) — My, o}

+ max{v(yn, b) — my, b, v(b, yn) — My, »}
+Mxn,a — Mg, o+ Mymb — My, p < E.

O

Theorem 2.3. Let (x,) be a sequence in a quasi M-metric space (V,v). The
sequence (x,,) is a QM -Cauchy sequence in V' if and only if there is an a € [0, c0)
such that for every € > 0, there is a natural number Ny, such that for all natural
numbers n, k > Ny, we have |v(x,, x) — a| < €, which is written
lim v(z,,z;) = a.
n,k—00

Proof. (=) Let ¢ > 0 be given. From the hypothesis, there is an N; € N such
that v(xp,, zr) — My, 2, < €, V(Tk, Tn) — My a0, < €, and My, o — My, .. < € for
every natural number n > k > N;. Therefore, for every n, k > N, we have

|V(5(7m Ty) — V(T Ik” = My o, — My, < E.
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Consequently, (v(x,,x,)) is a Cauchy sequence in R, so there is an element a € R
with (v(z,, z,)) convergent to a. We show that a > 0. Let £ > 0 be given. Since
(v(xy, x,) converges to a, there exists Ny € N such that |v(z,,x,) — a| < ¢ for
every natural number n > Ny. Observe that —e < a — v(zp, x,) < a for every
n > Ny. Since —e < a for all e > 0, then a > 0. Let € be any positive real number.
Since (x,,) is a QM-Cauchy sequence in V, there is a natural number Nj such
that v(z,, Tx) — Maya, < 55 V(Thy Tn) — May 0, < 5, and My, o — My, o, < 5 for
every n > k > Nj. Since (v(x,,x,)) converges to a, there exists a number Ny € N
such that |v(zy,z,) — a| < § for every n > N,. Choose Ny = max{Ns, N,}. For
n, k > Ny, we have

[V(Tn, 21) —a] < [v(@,, 18) — mxn,cck| + |mxn,xk —al = v(Tn, 21) — My, 2y,

+ %(V(xn,xn) + v(xg, x) — |V (20, 20) — V(Ikuxk”) —a

IN

V(‘Tnv‘rk) — My, ay, + —|V(In,l’n) - V<Ik7mk)|

2
1 1
(e, 2a) — al + v (an, ) —af
1
= V(xm xk) - Mgy, ), T E(Mxn,:tk - m:vn,a:k)
1 1
+§|V<:En, T,) —al + §|1/(xk, xy) — al
€E € € & be
< gzttt o=+ <e

3 6 6 6 6

Therefore, |v(z,, zx) — a| < ¢ for n, k > Nj.

(<) Let € > 0 be given. From the hypothesis, there exists a natural number N,
such that |v(zy, 2) —a| < § for every n, k > Ny. Let n,k € N be with k,n > N.
Assume that & > n. We observe that

M, — @ = 5(”(%,%) + (g, 1) — V(20 T0) — V(K 71)]) — @
1 1 1
< §|1/(:vn,xn) — v(zk, o) + §|V(In,l‘n) —al+ §|V(l‘k,Ik) —al
< e wa) —ata— e )|+ 5+
—|v(xp, Tn) —a+a—vizg, o -+ =
S 3 k> Tk 5T 6
1 1
< §\y(xn,xn)—a]+§\l/(xk,xk)—aH—%
e € € 2e
< —t-to=%

6 6 3 3
Consequently,

e 2
l/(l'n,l’k) = May,ay, < ‘I/(xnaxk) - CL’ + ’mxn,xk - a’ < g + ? =€
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and
e 2
vz, xn) — My, o, < [V(Tky T0) — a| + My, 2, — a] < 3 + 3= €.
Observe that
g € 2e
My, 2 — Moy zp < [V(Tn, 20) — al + |v(zg, 1) — al < 3 + 33 < €.
That means (x,) is a QM-Cauchy sequence in V. O

2.1. Convex contraction of order r. In this part, a sufficient condition will
be given for a function to have a unique fixed point using a convex contraction
of order r with r € N.

Definition 2.4. Let r € N and (V,v) be a quasi M-metric space. A QM-
continuous function g : V' — V is called a convex contraction of order r if there
are ag,ai, - ,a,_1 €[0,1), ag+ay + -+ a,_1 < 1, with

(g (u),g"(v) < aor(u,v) + arv(g(u), g(v)) + - - + ar_1v(g" " (u), g (v)),
for every u,v € V.

From Definition 2.4, it is clear that a self-contraction function in a metric space
is a convex contraction of order 1. An example of a convex contraction function of
order 2 is provided in Example 2.5. Moreover, examples of functions that are not
convex contraction functions of order r, for any r € N, are provided in Example
2.6.

Example 2.5. Let ([0,1],v) be a quasi M-metric space, where v(z,y) = |z — y|
for all z,y € [0,1]. A self-function g on [0,1] with g(z) = 1(2* + ), is a convex
contraction of order 2.

Example 2.6. Let ([0,00),r) be a quasi M-metric space with v(z,y) = 2z +y
for every x,y € [0,00). The identity function I on [0, 00) is QM-continuous, but
I is not a convex contraction function of order r, for any » € N. The function
g :[0,00) = [0, 00), where g(z) = 3 (z—|%]), is not a convex contraction of order
r, for any r € N, but g satisfies v(g(z), g(y)) < sv(z,y) for all z,y € [0, 00).

Theorem 2.7 provides a fixed point theorem for the convex contraction function
of order r € N.

Theorem 2.7. Let (V,v) be a QM-complete quasi M-metric space and r € N.
If g : V = V is a convex contraction function of order r, then g has a unique
fixed point in V.

Proof. From the hypothesis, there are ag, a1, - ,a,-1 € [0,1) with ag+a; +- -+
a,_1 < 1 such that

v(g"(x), 9" (y) < aor(z,y) + aww(g(x), g(y)) + - + a—1v(g" " (x), 9" ' (v)),
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for all z,y € V. Fix g € V. Let

. = max{u@o,g(xo))+ng%xo),gﬂ‘“@o)),u(g(xo>,xo>
j=1
r—1 r—1
+ 3 ). ) vlan) + 3 ),

=1 =1
For every natural number n, let us define a sequence (z,,) in V, with x,, = ¢"(zo)
and ¢°(zg) = mg. We define several sequences in R, namely (b,), (¢,), and
(dn), with by = v(zo,9(x0)), co = v(g(xo),20), and do = v(zo,z0), and b, =
(T, Tpi1),Cn = V(Tpi1,x,), and d, = v(x,,z,) for all n € N. For n > r,

observe that

by = v(Tn, Tni1) = v(g"(20), 9" (20)) = V(9" (9" " (20)), 9" (""" (20)))
aov (g™ " (20), 9" (o)) + arv (" (o), 9" (o))

+ ot a (9" (o), 9" (20))

= aoV(Tp_r, Tn_ry1) + O1V(Tp_ri1, Tnra2) + -+ + a0 (Ty_1,Tp)

= agbyp—r + albnfr+1 +oeee A+ arflbnfla

IN

Using an identical argument of b,,, we obtain the bounds for ¢, and d,, as follows.
en = v(Tpi1,Tn)
< agv(g" " (wo), 9" (20)) + arv (9" (w0), g (o))
+ o argv(g"(20), 9" (o))
= QoCp—r t 1Cp—py1 + -+ ap_1Cp_1,
and
d, = v(zp, )
< agr(g" (o), 9" (20)) + arv(g" T (@), g (o))
+-a (g™ (w0), 9" (o))
= aodp—r +a1dp_yy1+ -+ ar_1d,_1.

Using strong mathematical induction, we get b, < (ag + a1 + -+ + a,_1) \-H z,

cn < (a0+a1+-~~+aT_1)[%Jz, and d, < (ap + a4 +---+aT_1)L%Jz for n > 0.
We show that (z,) is QM-convergent. For n,k € N with k& > n, we observe
that

k—1
0 S l/(l’n, mk) - mazn,xk S Z I/(ZEZ', mi—i—l) - ml’i,l‘i+1
k—1 o
< ZV Ti, Tit) Zb < Z apt+ar+ -+ a,— 1)L Jz
> Lij (ao +a;+---+ ar—l) L%J rz
S Z(a0+a1+---+ar_1)rzg )

. l—ap—a1—--—ar—
=n
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k—1
0 < (@ n) = Maya, < Y V(Tig1, T5) — M a,,
i=n
k—1
S Zl/lerl,:UZ ZCZ<ZGO+G1+ Tt A 1)LJZ
i=n
= B (ap+ay+ -+ a,-1) 2] rz
< D (aot+a+--+a)lilz< :
—n l—ay—a1— - —ar—
and
k—1
0 S Mxn,xk - mxn,xk S Z Mxi7xi+1 - mxi7xi+1
=n
k—1 k—1 _
< ZM$1,11+1<Zd +dz+1<22 ap + ai + - —i—ar_l)L?Jz
i=n i=n i=n

2(a0+a1+---~|—a7«_1)tﬂm
l—ay—a —-—a,1

< 22(a0+a1+--~+ar_1)tﬂz<

We have (ao+a1+...+apl)t7j Tz

tends to 0 as n — co. Consequently

l—ap—ay1——ar—1
lim (v(xn,xk) — My z,) = Hm (Mg, 2, — My z,) = 0.
k,n—o00 k,n—o00

As a corollary, (z,) is a QM-Cauchy sequence. Therefore, there is u € V with
(x,) is QM-convergent to u.

Since ¢ is QM-continuous on V' and (x,) QM-converges to u, then (g(z,))
QM -converges to g(u). On the other hand, g(x,) = g(¢™(z0)) = g”“( 0) = Tpi1
for every n € N. Since (z,41) is a subsequence of (z,) and (z,) QM-converges
to u, then (z,41) @M-converges to u. In other words, (g(x,)) Q@M-converges to
u. Since (g(x,)) QM-converges to g(u) and (g(x,)) QM-converges to u, then
g(u) = u.

Let w* € V be with g(w*) = w*. Since g(u) = u and g(w*) = w*, then
g"(u) = u and ¢g"(w*) = w* for every n € N. As a corollary,

v(w,w) = v(g'(u),g"(w"))

apy(u,w") + arv(g(u), g(w")) + - + aav(g" (u), g (w"))
aov(u, w*) + arv(u, w*) + -+ + a,_v(u, w")

(ap +ay + - - + ap—1)v(u, w*),

(VAN

v(wh,u) = v(g"(w),g"(u))
aov(w*, u) + arv(g(w*), g(u) + -+ a,_1v(g" H(w*), g" H(u))
(ap+ a1+ -+ ar—1)v(w, u),

IN
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v(u,u) = vig"(u), g (u))
< agr(u,u) + av(g(u), g(w) + - + a_1v(g" " (u), g (u))
(ao +a+---+ ClT_l)V(U, u),

and
v(w',w') = v(g"(w),g"(w"))
< agr(w',w*) + arv(g(w"), g(w")) + - + av(g" (w), g (w"))
= (CL() +a+---+ CLT_l)V(U)*, w*)
We get (1—ap—ay—---—a,—1)v(u,w*) <0,(l—ag—ay—--—a,—1)v(w*,u) <0,
(1—ap—a;— - —a,_1)v(u,u) <0, and (1 —ap —a; — -+ — a,_1)v(w*, w*) <0.
Since 1—ag—a;—- - -—a,_1 > 0, then v(u, w*) = v(w*,u) = v(u,u) = v(w*, w*) =
0. Since v(u,w*) = v(w*,u) = v(u,u) = v(w*,w*), then u = w*. That proves
the theorem. O

2.2. Convex type 2. In this part a fixed point theorem will be given using a
convex type 2 condition.

Definition 2.8. Let (V,v) be a quasi M-metric space. A () M-continuous func-
tion g : V' — V is convex type 2 if there exist p,q,r,s,t,u € [0,1) with p + ¢ +
r4+s+1t+u < 1 such that for every z,y € V, we have

v(g®(x), % (y) < pr(zy)+aqvigla),g(y)) +rv(z, g(z))

+sv(g(x), g (x)) + tr(y, g(y) + uv(g(y), 9°(y)).

In a metric space (V,d), a continuous function g : V- — V is called a Kannan
contraction if there exists a § € [0,3) such that d(g(u),g(v)) < Bd(u, g(u)) +
Bd(v, g(v)), for every u,v € V. Observe that d(g*(u),g*(v)) < Bd(g(u), g*(u)) +
Bd(g(v), g*(v)), for every u,v € V. Choosing s =u=Bandp=q=r=1t=0,

then we have p+q¢+r+s+t+u=28 <1 and

v(g*(u), g*(v)) < pr(u,v)+qu(g(u),g(v)) + rv(u, g(v))
+sv(g(u), g*(u)) + tv(v, g(v) + uv(g(v), ¢°(v))

for every u,v € V. This means that a Kannan contraction function is a special
case of convex type 2 functions. We give examples of convex type 2 functions and
that are not convex type 2.

Example 2.9. A real function G, with G(t) = L if t <0and G(t) = £ift > 0, is
a convex type 2 function on a quasi M-metric space (R, v), where v(s,t) = |s —t|
for s,t € R.

Example 2.10. In a quasi M-metric space (V,v) with V = [0,1] and v(s,t) =
|s —t] for all s,t € V, a function g : V — V, with g(t) = L if ¢ € [0,3) and
g(t) = Lif t € [3,1], is not a convex type 2 function. The function g satisfies

v(g%(s), g (t)) < gy(s,g(s)) + %V(t,g(t)) for all s,t € V.

We give a fixed point theorem for a convex type 2 function in Theorem 2.11.
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Theorem 2.11. Let (V,v) be a quasi M -metric space. If V' is QM -complete and
g:V =V s a conver type 2 function, then there is a unique fized point of g.

Proof. From the hypothesis, there are p, q,r, s, t,u € [0,1) with p+qg+r+s+t+u <
1 with
v(g*(2),9°(v) < v(z,y)+av(g(@).9(y) +rv(z, g(z))
+sv(g(x), g°(2)) + tv(y, 9(y) +ur(g(y), 9 (v))

forall z,y € V. Since p+q+r+s+t+u<1,thenu(p+qg+r+s+t+u) <u.
Therefore, 0 <u—u(p+qg+r+s+t+u). Asacorollary, p+q+r+s+t<

ptagt+r+st+ttu—ulptqgtr+s+t+u)=1—-u)p+qg+r+s+t+u).
ptqgt+r+s+t
That means 1 <p+qg+r+s+t+u.
—u
FixzoeV. Lt y=p+qg+r+s+t+uand
20 :maX{V(xoaxo),V(g($0)79($0))7V($079($0))7V(9($0),$0)7
V(9($0)>92(950))>V(QQ(%),g(iUo))}-

In V, we define a sequence (r,) with x, = ¢g"(x¢) for every n € N and ¢°(x¢) =
xo. We define several sequences in R, namely (a,), (b,), and (¢,), with ag =

V(xOJ.g(IO))7bO - V(.g(x())?x())) and Cy = V(QTO,IO), and an = V(xn,l'n+1), b’n -
V(Tpy1,%n), and ¢, = v(x,, z,) for every n € N. For n > 2, observe that

(1) an = v(@n,T0r1) = V(g% (9" *(20)), 4* (9" (20)))
< pr(g" (o), ¢" (o)) + qv(g" (20), 9" (w0)) +7v(9" " (0), 6" (0))
+50(g" (20), 9" (20)) + tr(g" (w0), g" (20)) + ur (g™ (x0), g™+ (o))
= pv(Tp_o2,Tn1) + qu(xy_1,2,) + 10(Tp_2, Tp_1)
+sv(Tp_1, Tn) + tV(Tp_1,2n) + uv (T, Tpi1)

= DPap-2 + qan— +ran—2 + Sap-1 + ta'n—l + uay,

which is equivalent to (1 — u)a, < (p+7)an_o + (¢ + s+ t)a,_1. Therefore,

t
1—u 1—u

Using an identical argument of a,,, we obtain the bounds for b, and ¢, as follows.

(13) by < Pbp_o + qby_1 +tay_o+ (r +u)a,—1 + sa,.

(”Z) Cp, S PCr—2 + gCn—1 + (T + t)an—Q + (5 + u)an—l'

Using strong mathematical induction, we will show that

w3

ap < 7\‘%J 20, bn < WL%J 20, and Cp < ’YL JZO‘ (21)

For n = 0, observe that
ap = v(xg,x1) = v(x0,9(20)) < 20 =7
Y

bo = v(z1,x0) =v(g(z0),x0) < 20 =
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and

0
2

co = v(wo,x0) <20:7L JZo-

For n = 1, observe that

1
ar = vz, 1) = v(g(xo), 9°(20)) < 2 = VMZO,
1
b = viws ) = v(g*(@0), 9(w0)) < 20 = 7120, and
aq =v(ry,r) < 29 = VL%J 20.
Now, let us assume that for every n € {0,1,--- ,k}, we have a,, b,,, and ¢, less
than or equal to v L%J 29- We will show that
apy1 < 7L%J 20, bpyi1 < VL R Jzo, and Cry1 < VL%J z0. (2.2)

In case k = 2j — 1 for some j € N, observe that

+7r +s+t
apy1 = Qg < (219_ u) agj_2 + (%)C@j—l

(pw)vvﬂzw (—qH:t)vmlJzo

1—u
_ (ptqgt+r+s+t
N 1—wu

IN

)’lezo <Y

= ’YjZOZ’YL%JZOI’YL%JZm

IN

Dy = by Pbaj—2 + qbaj 1 +tagj o + (1 + u)ag 1 + say;
2j—1 2j—2

pnyJ? J,z()—l—q’yL 2 Jzo+t’yL 2 Jz0+(r+u)’y[TJzo

IN

+37[*J
Py 0+ a0 H 10 a4 sy 2 + (r w2
R L I T Al (A 1) ey

j—1

IN

k+1

VjZOZWL%JZOZWL 2 JZO,

and

IN

Cht1 = C2j peaj—2 + qcaj1 + (1 +1)ag; 2 + (s +u)ag

LR P bl PSR Jz(>+(s+u)ﬂ2j2 Iz

Py o+ s+ (r )z + (s +u)yY T
27
2

IN

k41

g = iz = AL E g = AL )
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In case k = 2j for some j € N, observe that

bpy1 =
<
<
and
Ck+1

g1 = G2541

IN

1—u) ¥t 1—wu 2

(p+r)ﬂ2j2ljzo+ (LSH)VWJ %

1—u 1—u

IN

2j+1

< Wﬁj_120=7j20=7t ? JZO:V[%HJZO’

b2j+1 < prj_l + qbgj + tagj_l + (7“ + u)(lgj + SA2541

2j—1 2j+1

pyL z Jzo—l—qw/L Jzo—l—t’ﬂ Q_JZQ—F(T—FU)”}/L%JZQ—FS”}/L 2 Jzo
Py 20 F gy 20 + Y T 2 + sy 20 + (1 4 u)y 20
R A R Ul S T) L

2j+1 k+1

iz =25 = 5],

Cojy1 < Peaj1 + qeoj + (1 +t)ag 1 + (s + u)ay;

2j—1

m[ 2 Jz(nquL JZ(Hr(T’Jr?f)vL 2_JZoJr(SJrU)Vngo

<
= p’ 2tV + (r )y T 2+ (s u)y 2
< Wl =2 = VLQjJIJ 20 = VL%J Z0-

From two cases, we have proved (2.2). That means; we have proved (2.1).
Now, it will be shown that (z,) is QM-convergent. For any n,k € N, k > n,

we have
k— k—1 k—1
0 < I/(iL‘n, xk — Mg, 2, Z ZL‘], xj+1 mxj=$j+1) < V<xj7 $j+1) = a;
j=n j=n j=n
k-1 | 2]
l 1 2yL2l 7
< 2 < 2
- 27 =0 27 1— —q—r—s—t—u’
j=n
k-1 k-1 k-1
0 < V(@ Tn) = Moz < Y V(Tjg1, T5) — Mg, 0y, < ZV (Tj41,75) = ij
ji=n j=n j=n
ST S
< 2 < 2 <
- Zﬁy ZO_ZV Zo_l—p—q—r—s—t—u’
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and
k—1 k—1
O S Mxn Ty mzn Ty S (MQSJ Tjt1 mxj,xj+1) S Z Mx] Tjt+1
j=n j=n
k k-1
J
< > (¢t ) <2 (ptat+r+s+itullz
j=n j=n
B ST
s l-p—q—r—s—t—u
We have # tends to 0 as n — oco. Consequently,
p—q—r—s—t
lim (V(xp,xk) — My 2,) = lim (V(zg, 2n) — My 2
k,n—o00 kn—o0
k>n k>n

= lim (Mg, 2, — Mayz,) = 0.
kn—o0

Therefore, (z,) is QM-Cauchy, so there is € V such that (z,) QM-converges
tox e V.

We show that g(z) = 2. Since the function g is Q@ M-continuous on V' and (z,,)
QM-converges to z, then (g(z,)) QM-converges to g(z). From the construction
of z,, and considering (x,.1) is a subsequence of (z,), we obtain (x,.1) QM-
converges to z, in other words, (g(x,)) Q@ M-converges to z. From the uniqueness
of the limit, we obtain g(x) = .

Let v € V be such that g(v) = v, then ¢g?(v) = g(v) = v. As a corollary,

v(z,x) = v(g*(x), ¢*(x)) < pr(z,x)+qv(g(e), g(x)) +rv(z, g(z))
+sv(g(2), ¢*(x)) + tv(z, g(x) +uv(g(z), ¢*(x))
= v(z,x)

and

v(v,v) =v(g*(v),g°(v)) < pr(v,v)+qr(g(v), g(v)) + rv(v, g(v))
+sv(9(v), g*(v)) + tv(v, g(v)) + ur(g(v), g (v))
= qv(v,0v).

Therefore, v(z, z) = v(v,v) = 0.
As a corollary, we have the following results:

v(z,v) = v(g*(z),q°(v))
< pv(z,v) +qu(g(z), g(v)) + rv(z, g(x))
+SV(9(5C)792(50)) +tv(z, g(v)) +uv(g(v), g°(v))
z,v) + qu(z,v) +rv(z,z) + sv(x, ) + tv(v,v) + uv(v,v)
)+ qv(z,v)

|
/\

+ qv
+

(ZL‘,U
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and

v(v,z) = v(g*(v),q*(v))
pv(v,z) + qv(g(v), 9(x)) + rv(v, g(z))
+sv(g(v), 9°(v) + tv(z, g(x)) +uv(g(z), ¢*(x))
pr(v,x) + qu(v,x) + rv(v,v) + sv(v,v) + tv(x, x) + uv(z, x)
= prv(v,z) + qv(v,z).

IA

(%

We get v(z,v) = v(v,z) = 0. Since v(z,v) = v(v,z) = v(z,z) = v(v,v), then
T =. 0J

3. CONCLUSIONS

The Lemma 2.1 is an important tool in proving two characteristics of sequences
in quasi M-metric space in Theorem 2.2 and Theorem 2.3. The convex contraction
of order 2 has been generalized to r, r € N. The generalization has been applied
to have a fixed point theorem (Theorem 2.7). Another fixed point theorem has
been formulated using a convex type 2 condition in Theorem 2.11.

Acknowledgement. The authors appreciate the valuable support from the
Department of Mathematics and the Faculty of Mathematics and Natural Sci-
ences, Universitas Gadjah Mada.
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