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TRIGONOMETRIC B-SPLINE QUASI-INTERPOLANTS AND
THEIR APPLICATIONS TO NUMERICAL INTEGRATION AND

ELLIPTIC PDES
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Abstract. This work presents the construction and analysis of trigonometric
B-splines of orders 2, 3, and 4 for numerical approximation. We develop asso-
ciated quasi-interpolants and weighted Gaussian quadrature rules, and demon-
strate their effectiveness in computing the L2-energy of functions. Addition-
ally, these tools are applied to solve a second-order elliptic differential equation
with homogeneous boundary conditions using a classical variational formula-
tion. Numerical experiments confirm the accuracy, stability, and efficiency of
the proposed methods.
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1. Introduction

For several decades, spline functions have been fundamental tools in numeri-
cal analysis and approximation [8]. Their local structure, controlled regularity,
and recursive definition make them particularly well suited for the numerical
solution of differential equations and the construction of stable and accurate nu-
merical methods. Among the various spline families, trigonometric B-splines are
especially effective for modeling periodic and oscillatory phenomena, and have
been successfully applied in collocation, quasi-interpolation, and elliptic prob-
lems [1, 6].

Recent developments confirm the effectiveness of spline-based methods in both
numerical approximation and geometric applications. In particular, spline quasi-
interpolants have been used in numerical integration and surface estimation [7],
while generalized spline interpolation techniques have been explored in various
contexts [9, 5].

The construction of quasi-interpolants based on trigonometric splines relies
on Marsden’s identity, which provides explicit expressions for reproduction func-
tionals. This property makes quasi-interpolants particularly attractive from both
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theoretical and computational perspectives. Moreover, when combined with suit-
able quadrature rules, these quasi-interpolants lead to efficient numerical inte-
gration schemes that exploit the local support of the spline basis. In particular,
weighted Gaussian quadrature methods [2] have shown that an appropriate choice
of weights significantly enhances integration accuracy.

In this work, we construct explicit trigonometric B-spline quasi-interpolants
of orders 2, 3, and 4 using Marsden’s identity. Their approximation properties
are investigated through numerical experiments, including a numerical conver-
gence study. Furthermore, we develop weighted quadrature rules adapted to the
spline basis, which are then applied to two problems: the variational solution of
the elliptic equation −u′′ = f with homogeneous boundary conditions, and the
numerical approximation of the L2-energy of periodic functions. This approach
naturally combines quasi-interpolation with weighted quadrature adapted to the
spline basis, providing an effective and coherent numerical framework for both
variational problems and the approximation of integral quantities.

The numerical results demonstrate that increasing the spline order significantly
improves accuracy, and confirm the effectiveness of combining quasi-interpolation
with weighted quadrature for both variational problems and numerical integra-
tion.

The remainder of the paper is organized as follows: Section 2 introduces the
theoretical background on trigonometric B-splines, Section 3 presents the con-
struction of quasi-interpolants, Section 4 discusses numerical experiments and
quadrature rules, and Section 5 presents the applications.

2. Preliminaries

In the context of numerical analysis and approximation theory, L-splines are a
natural generalization of classical splines. Given a linear differential operator L,
an L-spline is a piecewise-defined function s(x) satisfying

L(s(x)) = 0 on each subinterval [ti, ti+1].

A particular class of these, trigonometric B-splines, correspond to L-splines
with compact support that form a local basis of the associated spline space.
These functions are constructed in such a way as to guarantee restricted support,
controlled regularity, and good approximation properties, which makes them par-
ticularly well suited to modeling periodic or oscillatory phenomena.

2.1. Trigonometric B-splines. Before introducing trigonometric B-splines of
order k, it is necessary to specify the functional space in which they are con-
structed. To do this, we consider the space of trigonometric polynomials associ-
ated with order k, denoted Tk. This space provides the natural basis for defining
and analyzing trigonometric splines. The structure of Tk depends on the parity
of k, which leads to the following two definitions:

If k is odd,

Tk =

f(x) = a0 +

(k−1)
2∑

n=1

(an cos(nx) + bn sin(nx)) : a0, an, bn ∈ R

 ,
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and if k is even,

Tk =

f(x) =

k
2
−1∑

j=0

(
αj cos

(
2j+1
2

x
)
+ βj sin

(
2j+1
2

x
))

: αj, βj ∈ R

 .

We now introduce trigonometric B-splines of order k (See [4] and [8]). Let k
be a positive integer and {ti}m+k

i=1 a subdivision of the interval [a, b] satisfying

a = t1 = . . . = tk < tk+1 < . . . < tm+1 = . . . = tm+k = b

The trigonometric B-spline of order k, denoted T
(k)
i (x), is defined recursively as

follows.

Ti,1(x) =

{
1, if x ∈ [ti, ti+1),

0, otherwise.

and

Ti,k(x) =

sin

(
x− ti
2

)
sin

(
ti+k−1 − ti

2

) Ti,k−1(x) +

sin

(
ti+k − x

2

)
sin

(
ti+k − ti+1

2

) Ti+1,k−1(x).

Any fraction appearing in the recurrence relation and having a zero denomi-
nator is interpreted as being equal to zero.

The derivative of the trigonometric B-spline Ti,k(x) is defined by the recurrence
relation (See [3])(

Ti,k(x)
)′

=

(
k − 1

2

)
cos
(
x−ti
2

)
sin
( ti+k−ti

2

) Ti,k−1(x) −
cos
( ti+k−x

2

)
sin
( ti+k−ti

2

) Ti+1,k−1(x).

The figures 1, 2, 3 and 4 illustrate trigonometric B-splines of orders 1, 2, 3 and
4.

2.2. Trigonometric Marsden’s Identity. We aim to represent any function
f ∈ Tk using a linear combination of trigonometric B-splines. According to [4],
the trigonometric version of Marsden’s identity is given by

sin k−1

(
y − x

2

)
=

n∑
i=1

θk,i(y)Ti,k(x), for all x, y ∈ J,

where

θk,i(y) :=
k−1∏
ℓ=1

sin

(
y − ti+ℓ

2

)
.

This identity ensures exact reproduction within the trigonometric spline space
Tk.

In order to illustrate the behavior of the trigonometric Marsden’s identity, we
explicitly give the cases:

for k = 2, the trigonometric space is defined by

T2 = span
{
sin
(
x
2

)
, cos

(
x
2

)}
.



4 M. NAIMI, M. LAMNII

Figure 1. trigonometric
B-spline of order 1.

trigonometric B-spline of order 1.jpg

Figure 2. trigonometric
B-spline of order 2.

trigonometric B-spline of order 2.jpg

Figure 3. trigonometric
B-spline of order 3.

trigonometric B-spline of order 3.jpg

Figure 4. trigonometric
B-spline of order 4.

trigonometric B-spline of order 4.jpg

and the trigonometric Marsden’s identity are given by

cos
(
x
2

)
=

m∑
i=1

cos
( ti+1

2

)
Ti,2(x),

sin
(
x
2

)
=

m∑
i=1

sin
( ti+1

2

)
Ti,2(x).

To illustrate this reproduction property, the figures 5 and 6 show the error between
each exact function and its reconstruction via Marsden’s identity.
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Figure 5. Reproduction
error of the function
cos
(
x
2

)
obtained by Mars-

den’s identity.

error for cos(x-2) for order 2.jpg

Figure 6. Reproduction
error of the function
sin
(
x
2

)
obtained by Mars-

den’s identity.

error for sin(x-2) for order 2.jpg

for k = 3, the trigonometric space is defined by

T3 = span { 1, sin(x), cos(x) } .

and the trigonometric Marsden’s identity are given by

1 =
m∑
i=1

cos

(
ti+1 − ti+2

2

)
Ti,3(x),

cos(x) =
m∑
i=1

cos

(
ti+1 + ti+2

2

)
Ti,3(x),

sin(x) =
m∑
i=1

sin

(
ti+1 + ti+2

2

)
Ti,3(x).

The figures 7, 8 and 9 show the error between each exact function and its recon-
struction via Marsden’s identity.

For k = 4, the trigonometric space is defined by

T4 = span
{
sin
(
x
2

)
, cos

(
x
2

)
, sin

(
3x
2

)
, cos

(
3x
2

)}
.

and the trigonometric Marsden’s identity are given by

cos
(
x
2

)
=

m∑
i=1

1

3

[
2 cos

( ti+1

2

)
cos
( ti+2−ti+3

2

)
+ cos

( ti+1−ti+2−ti+3

2

) ]
Ti,4(x),

sin
(
x
2

)
=

m∑
i=1

1

3

[
2 sin

( ti+1

2

)
cos
( ti+2−ti+3

2

)
− sin

( ti+1−ti+2−ti+3

2

) ]
Ti,4(x),
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Figure 7. Reproduction
error of the constant func-
tion 1 obtained by Mars-
den’s identity.

error for 1 for order 3.jpg

Figure 8. Reproduction
error of the function cos(x)
obtained by Marsden’s

identity.

error for cos(x) for order 3.jpg

Figure 9. Reproduction
error of the function sin(x)
obtained by Marsden’s

identity.

error for sin(x) for order 3.jpg

cos
(
3x
2

)
=

m∑
i=1

cos
( ti+1+ti+2+ti+3

2

)
Ti,4(x),

sin
(
3x
2

)
=

m∑
i=1

sin
( ti+1+ti+2+ti+3

2

)
Ti,4(x).

The figures 10,11, 12 and 13 show the error between each exact function and its
reconstruction via Marsden’s identity.
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Figure 10. Reproduction
error of the function cos

(
x
2

)
obtained by Marsden’s

identity.

error for cos(x-2) for order 4.jpg

Figure 11. Reproduction
error of the function sin

(
x
2

)
obtained by Marsden’s

identity.

error for sin(x-2) for order 4.jpg

Figure 12. Reproduction
error of the function cos

(
3x
2

)
obtained by Marsden’s

identity.

error for cos(3x-2) for order 4.jpg

Figure 13. Reproduction
error of the function sin

(
3x
2

)
obtained by Marsden’s

identity.

error for sin(3x-2) for order 4.jpg

3. Trigonometric Quasi-Interpolant

The construction of the trigonometric quasi-interpolant is based directly on
Marsden’s identity presented in the previous section. This identity allows each
basis function of the space Tk to be expressed as an explicit combination of
trigonometric B-splines of order k, providing the associated reproduction coeffi-
cients . The idea is then to exploit these coefficients as evaluation functionals
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applied to the function to be approximated. This process leads to a simple lin-
ear operator that reproduces exactly all the functions of Tk. In the following,
we introduce the quasi-interpolants thus obtained for orders k = 2, 3, and 4.
All numerical results reported in this section are computed using a uniform dis-
cretization with mesh size h = 2π

n
, with n = 500.

The trigonometric quasi-interpolant of order 2 is given by

Q2f(x) =
m∑
i=1

f(ti+1)Ti,2(x).

The Table 1 shows the maximum error made by the trigonometric quasi-
interpolant of order 2 for several test functions. We observe that the first three
functions, which belong to the space T2, are reproduced with machine preci-
sion, confirming the exact reproduction property of the quasi-interpolant. For
functions outside T2, the error is no longer zero but remains relatively small,
confirming the approximation capability of the quasi-interpolant even outside its
reproduction space. These results illustrate both the theoretical fidelity of the
quasi-interpolant in T2 and its numerical efficiency on more general functions.

Table 1. Maximum error of the quasi-interpolant of order 2 for
different test functions.

Case Exact function f(x) Error max |f(x)−Q2f(x)|

1 cos
(
x
2

)
2.2204× 10−16

2 sin
(
x
2

)
3.3307× 10−16

3 0.4 cos
(
x
2

)
+ 0.8 sin

(
x
2

)
3.3307× 10−16

4 cos(x) 1.4804× 10−5

5 sin(x) 1.4702× 10−5

6 −6 cos2(x) sin(x) + 3 sin3(x) 3.9689× 10−4

7 exp(sin x) 3.9961× 10−5

Now, for k = 3 and for α = 2π
n
with n ∈ N, the trigonometric Quasi-interpolant

is given by

Q3f(x) =
m∑
i=1

λi(f)Ti,3(x),

where the functional are given by

λi(f) =
1

4
sec
(α
2

) (
−f((i−3)α)+f((i−1)α)+2(cos(α)+1) f((i−2)α)

)
, i = 3, . . . ,m−2,

and
λ1(f) = f(0),

λ2(f) =
1

4
sec
(α
2

) (
−f(2α) + 2(cos(α) + 1) f(α) + f(0)

)
,
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λm−1(f) =
1

4
sec
(α
2

) (
−f(2π − 2α) + 2(cos(α) + 1) f(2π − α) + f(2π)

)
,

λm(f) = f(2π).

Table 2. Maximum error of the quasi-interpolant of order 3 for
different test functions.

Case Exact function f(x) Error max
x

|f(x)−Q3f(x)|
1 1 4.4409× 10−16

2 cos(x) 9.9920× 10−16

3 sin(x) 8.8471× 10−16

4 cos
(
x
2

)
9.8836× 10−8

5 sin
(
x
2

)
9.8762× 10−8

6 −6 cos(x)2 sin(x) + 3 sin(x)3 1.4250× 10−5

7 exp(sin x) 7.3603× 10−7

The results in Table 2 confirm the exact reproduction of the functions belonging
to the T3 space, namely 1, cos(x), and sin(x), for which the maximum error
remains of the order of machine precision, as was observed for order 2. We also
observe that several functions that are not part of either T2 or T3 are correctly
approximated by both quasi-interpolants. However, the numerical results show
that the order 3 quasi-interpolant systematically gives a smaller error than the
order 2 quasi-interpolant. This improvement can be explained by the fact that
the space T3 is richer than T2, which allows it to better represent the variations
of the test functions and obtain a more accurate approximation.

After establishing the quasi-interpolants for k = 2 and k = 3, we now consider
the case k = 4, the trigonometric quasi-interpolant is given by

Q4f(x) =
m∑
i=1

λ4,i(f)Ti,4(x),

where

λ4,i(f) =
1

6
sec
(
α
2

) [
−f((i−3)α)+8 cos3

(
α
2

)
f((i−2)α)−f((i−1)α)

]
, i = 3, . . . ,m−2,

and
λ4,1(f) = f(0),

λ4,2(f) =
1

12 cos(α) + 6

[
(4 cos(α) + 3) sec

(
α
2

)
f(0) + 2(2 cos(α) + 1)2f(α)

−(2 cos(α) + 1)2 sec
(
α
2

)
f(2α) + 2f(3α)

]
,

λ4,m−1(f) =
1

12 cos(α) + 6

[
(4 cos(α) + 3) sec

(
α
2

)
f(2π) + 2(2 cos(α) + 1)2f(2π − α)
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−(2 cos(α) + 1)2 sec
(
α
2

)
f(2π − 2α) + 2f(2π − 3α)

]
,

λ4,m(f) = f(2π).

Table 3. Maximum error of the quasi-interpolant of order 4 for
different test functions.

Case Exact function f(x) Error max
x

|f(x)−Q4f(x)|
1 cos

(
x
2

)
6.6613× 10−16

2 sin
(
x
2

)
6.6613× 10−16

3 cos
(
3x
2

)
2.7756× 10−15

4 sin
(
3x
2

)
2.6090× 10−15

5 cos(x) 9.6201× 10−10

6 sin(x) 7.0945× 10−10

7 −6 cos2(x) sin(x) + 3 sin3(x) 1.0092× 10−7

8 exp(sin x) 4.2412× 10−9

The results of the Table 3 clearly confirm the advantage of order 4. Compared
to quasi-interpolants of orders 2 and 3, order 4 provides significantly lower er-
rors , both for functions belonging to T4 and for those outside this space. This
improvement can be explained by the increased richness of T4, which allows for
better capture of the variations in the test functions. Thus, the quasi-interpolant
of order 4 appears to be the most performant of the three approaches studied.

Numerical convergence of the quasi-interpolants. While the previous re-
sults illustrate the reproduction properties and approximation behavior of the
quasi-interpolants, we now study their numerical convergence. To this end, we
consider several smooth 2π-periodic test functions that are not exactly reproduced
by the quasi-interpolants.

For each quasi-interpolant, the approximation error is measured in the maxi-
mum norm over [0, 2π], namely

En(f) = max
x∈[0,2π]

|f(x)−Qkf(x)|,

where k = 2, 3, 4.
The experimental order of convergence is computed using the general formula

order =
ln(En/Em)

ln(m/n)
.

The computations are performed for successive refinements of the partition,
with

h =
2π

n
,
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and for the following test functions:

f1(x) = esinx, f2(x) =
1

2 + cos x
, f3(x) = sin(2x) + cos(3x).

Tables 4–6 report the errors and the corresponding experimental orders of
convergence for the quasi-interpolants Q2, Q3, and Q4, respectively.

Table 4. Maximum errors and experimental orders of convergence
for the quasi-interpolant Q2.

n En(f1) order En(f2) order En(f3) order
20 2.3464× 10−2 — 8.1595× 10−3 — 1.4220× 10−1 —
50 4.0190× 10−3 1.93 1.4506× 10−3 1.89 2.3438× 10−2 1.96
100 1.0030× 10−3 2.00 3.6787× 10−4 1.99 5.9335× 10−3 2.00
200 2.5107× 10−4 2.00 9.2410× 10−5 2.00 1.4875× 10−3 2.00
500 3.9961× 10−5 2.00 1.4392× 10−5 2.00 2.3762× 10−4 2.00

Table 5. Maximum errors and experimental orders of convergence
for the quasi-interpolant Q3.

n En(f1) order En(f2) order En(f3) order
20 1.0668× 10−2 — 5.2461× 10−3 — 1.0905× 10−1 —
50 7.2756× 10−4 2.95 3.7411× 10−4 2.91 7.8011× 10−3 2.98
100 9.2076× 10−5 2.98 4.7634× 10−5 2.97 9.8461× 10−4 2.99
200 1.1537× 10−5 3.00 5.9755× 10−6 2.99 1.2357× 10−4 3.00
500 7.3603× 10−7 3.00 3.8277× 10−7 3.00 7.9171× 10−6 3.00

Table 6. Maximum errors and experimental orders of convergence
for the quasi-interpolant Q4.

n En(f1) order En(f2) order En(f3) order
20 1.3756× 10−3 — 1.0565× 10−3 — 1.7543× 10−2 —
50 4.1802× 10−5 3.96 3.5730× 10−5 3.92 5.5951× 10−4 3.98
100 2.6307× 10−6 3.99 2.3522× 10−6 3.98 3.7787× 10−5 3.99
200 1.6552× 10−7 4.00 1.4910× 10−7 4.00 2.3956× 10−6 4.00
500 4.2412× 10−9 4.00 3.8150× 10−9 4.00 6.0752× 10−8 4.00

The numerical results presented in Tables 4–6 clearly illustrate the convergence
behavior of the proposed quasi-interpolants.

For the quasi-interpolant Q2, the experimental orders of convergence are close
to 2 for all test functions. Although slightly lower values are observed for coarse
discretizations, the convergence order stabilizes as n increases, indicating a second-
order behavior.

Similarly, Table 5 shows that the quasi-interpolant Q3 exhibits experimental
convergence orders close to 3, suggesting a stable third-order approximation.
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Finally, Table 6 shows that the quasi-interpolant Q4 achieves experimental
orders close to 4 across all refinements, indicating a fourth-order behavior.

Moreover, the consistency of the results across the different test functions high-
lights the robustness of the proposed quasi-interpolants. In all cases, the approx-
imation error decreases significantly as the mesh is refined.

In addition, for a fixed discretization level, higher-order quasi-interpolants yield
significantly smaller errors, highlighting the advantage of increasing the spline
order. These observations are in agreement with the expected approximation
behavior of higher-order spline quasi-interpolants.

4. Resolution of −u′′(x) = f(x)

In this section, we illustrate the use of fourth-order trigonometric B-splines in
the context of the variational solution of a simple elliptic differential equation.
To do this, we consider a one-dimensional problem with homogeneous boundary
conditions, which is a classic test case for evaluating the accuracy of spline ap-
proximation methods. The objective is to approximate the exact solution from a
weak formulation and to analyze the numerical behavior of the method when the
solution function has different regularities.

We consider the following boundary value problem:{
−u′′(x) = f(x), x ∈ (0, 2π),

u(0) = u(2π) = 0.

By adopting the classical variational formulation, we search for a function u ∈
H1

0 (0, 2π) such that∫ 2π

0

u′(x) v′(x) dx =

∫ 2π

0

f(x) v(x) dx, ∀v ∈ H1
0 (0, 2π).

We approximate u(x) as a linear combination of trigonometric B-splines:

uh(x) =
m∑
j=1

cj Tj,4(x),

and the test functions are chosen from the same basis, v(x) = Ti,4(x). Substituting
into the variational formulation, we obtain

m∑
j=1

cj

∫ 2π

0

T ′
j,4(x)T

′
i,4(x) dx =

∫ 2π

0

f(x)Ti,4(x) dx, i = 1, . . . ,m.

Since we impose u(0) = u(2π) = 0, we get:

0 = u(0) =
m∑
j=1

cj Tj,4(0) = c1 T1,4(0) = c1,

0 = u(2π) =
m∑
j=1

cj Tj,4(2π) = cm Tm,4(2π) = cm.
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Then, we obtain

m−1∑
j=2

cj

∫ 2π

0

T ′
j,4(x)T

′
i,4(x) dx =

∫ 2π

0

f(x)Ti,4(x) dx, ∀ i = 2, . . . ,m− 1.

This leads to the matrix system Kc = F , where

Kij =

∫ 2π

0

T ′
j,4(x)T

′
i,4(x) dx, Fi =

∫ 2π

0

f(x)Ti,4(x) dx.

We decompose the derivative T ′
i,4(x) as

T ′
i,4(x) =

3 cos
(
x−ti
2

)
2 sin

( ti+4−ti
2

) Ti,3(x) −
3 cos

( ti+4−x
2

)
2 sin

( ti+4−ti
2

) Ti+1,3(x).

then,

Kij =

∫ 2π

0

9 cos
(

x−tj
2

)
cos
(
x−ti
2

)
4 sin

(
tj+4−tj

2

)
sin
( ti+4−ti

2

) Tj,3(x)Ti,3(x) dx

−
∫ 2π

0

9 cos
(

x−tj
2

)
cos
( ti+4−x

2

)
4 sin

(
tj+4−tj

2

)
sin
( ti+4−ti

2

) Tj,3(x)Ti+1,3(x) dx

−
∫ 2π

0

9 cos
(

tj+4−x

2

)
cos
(
x−ti
2

)
4 sin

(
tj+4−tj

2

)
sin
( ti+4−ti

2

) Tj+1,3(x)Ti,3(x) dx

+

∫ 2π

0

9 cos
(

tj+4−x

2

)
cos
( ti+4−x

2

)
4 sin

(
tj+4−tj

2

)
sin
( ti+4−ti

2

) Tj+1,3(x)Ti+1,3(x) dx.

To calculate these integrals, we used weighted Gaussian quadrature. Since the
coefficients Kij involve terms of the form Tj,3(x)Ti,3(x), the quadrature rule was
constructed using this product as the weight function.

This approach allows us to take into account the local support of the trigono-
metric splines and obtain an accurate approximation of the integrals. Thus, for
any regular function g, the weighted integral is approximated by∫ b

a

g(x)Ti,3(x)Tj,3(x) dx ≈
3∑

ℓ=0

w
(i,j)
ℓ g

(
x
(i,j)
ℓ

)
,

where {x(i,j)
ℓ } and {w(i,j)

ℓ } denote respectively the nodes and weights of the quad-
rature adapted to the weight Wi,j(x) = Ti,3(x)Tj,3(x). The quadrature rules are
constructed locally on each interval by taking into account the support of the
trigonometric B-spline basis functions. In this setting, the weights are naturally
adapted to the spline functions, which act as weight functions in the integration
process.
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This local construction allows the quadrature to accurately capture the behav-
ior of the basis functions, leading to improved numerical integration, especially
in the presence of oscillatory or localized features.

Similarly, the second member is evaluated using a weighted Gaussian quadra-
ture adapted to the spline support Ti(x). Thus,

Fi =

∫ 2π

0

f(x)Ti(x) dx ≈ w
(i)
0 f

(
x
(i)
0

)
+w

(i)
1 f

(
x
(i)
1

)
+w

(i)
2 f

(
x
(i)
2

)
+w

(i)
3 f

(
x
(i)
3

)
,

where {x(i)
ℓ }3ℓ=0 and {w(i)

ℓ }3ℓ=0 denote respectively the nodes and weights of the
quadrature associated with the weight Ti(x).

By combining this approximation with the one used for the coefficients Kij, we
finally obtain the linear system

Kc = F.

Thanks to the compact support of trigonometric B-splines, the stiffness matrix
K is sparse and banded, which allows us to directly obtain

c = K−1F.

Numerical Results. To illustrate the numerical performance of the proposed
method, we consider several test functions for which the exact solution is known.
This allows us to compare the approximate solution obtained using trigonometric
B-splines with the analytical solution.

For each test case, the right-hand side f(x) is computed from the equation

−u′′(x) = f(x).

The approximation error is measured in the maximum norm over [0, 2π], namely

En = max
x∈[0,2π]

|u(x)− uh(x)|,

where uh denotes the numerical solution.
We consider the following test functions:

u1(x) = (cos x− 1)3 sin2(x), u2(x) = (1− cos x)2, u3(x) = sin4(x).

The computations are performed for different values of n, with mesh size h =
2π
n
. Table 7 reports the corresponding errors for the considered test functions.

Table 7. Errors and experimental orders of convergence for the
numerical solution for different values of n.

n Error (u1) order Error (u2) order Error (u3) order
20 2.1345× 10−3 — 4.2484× 10−2 — 2.1589× 10−1 —
50 5.7777× 10−5 3.94 1.3657× 10−3 3.75 5.1811× 10−3 4.07
100 3.6426× 10−6 3.99 9.0129× 10−5 3.92 3.5582× 10−4 3.87
200 2.2092× 10−7 4.04 5.7649× 10−6 3.97 2.2985× 10−5 3.95
500 4.7997× 10−9 4.18 1.4948× 10−7 3.99 5.9762× 10−7 3.98

The results clearly show that the error decreases as the mesh is refined for all
test functions, confirming the convergence of the proposed method. The con-
vergence behavior is consistent across the different test cases, demonstrating the
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robustness of the numerical approach. The observed convergence orders are close
to 4, indicating a fourth-order behavior of the proposed numerical method.

Figures 14–16 illustrate the comparison between the exact solutions and their
numerical approximations for the considered test cases. The numerical and exact
solutions are almost indistinguishable, which confirms the high accuracy of the
proposed method and is consistent with the error values reported in Table 7.

Figure 14. Exact solu-
tion and approximate so-
lution for u(x) = (cosx−
1)3 sin2(x)

equation-(cos(x)-1)^3sin(x)^2.jpg

Figure 15. Exact solu-
tion and approximate so-
lution for u(x) = (1 −
cos x)2

equation-(1-cos(x))^2.jpg

Figure 16. Exact solu-
tion and approximate so-
lution for u(x) = sin4(x)

equation-sin(x)^4.jpg
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5. Energy Calculation

In many contexts in numerical analysis, the L2 norm is an essential tool. It
allows us to naturally quantify the amplitude or overall energy of a function
defined on a given domain.

In this application, we consider the L2 energy of a function f , defined by

∥f∥2L2 =

∫ 2π

0

f(x)2 dx.

In order to obtain a numerical approximation of this quantity, we first apply the
quasi-interpolant Q4f(x). We then obtain

∥f∥2L2 ≈
∫ 2π

0

(Q4f(x))
2 dx =

∫ 2π

0

(
m∑
i=1

λi(f)Ti,4(x)

)2

dx.

Expanding this square, we get∫ 2π

0

m∑
i=1

m∑
j=1

λi(f)λj(f)Ti,4(x)Tj,4(x) dx =
m∑
i=1

m∑
j=1

λi(f)λj(f)

∫ 2π

0

Ti,4(x)Tj,4(x) dx.

This expression can be rewritten in compact matrix form as

∥f∥2L2 ≈ cTM c,

where

c =


λ1(f)

λ2(f)
...

λm(f)

 , Mij =

∫ 2π

0

Ti,4(x)Tj,4(x) dx.

To numerically evaluate the coefficients of the matrix M ,

Mij =

∫ 2π

0

Ti,4(x)Tj,4(x) dx,

we use the fourth-order Gauss quadrature rule defined above, taking f(x) = 1
and considering the product Ti,4(x)Tj,4(x) as the weight function.

This approach provides an accurate and consistent approximation of the mass
matrix associated with the trigonometric spline basis.

Numerical Results. To evaluate the accuracy of the proposed method for the
numerical approximation of the L2-energy, we consider several 2π-periodic test
functions.

The error is defined as the absolute difference between the exact energy and
its numerical approximation.

We consider the following test functions:

f1(x) = cos(x), f2(x) = sin(3x), f3(x) = (1− cosx)2.

The computations are performed for different values of n, with mesh size h =
2π
n
.
The experimental order of convergence is computed between two successive

discretizations. Table 8 reports the corresponding errors and observed orders.
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Table 8. Errors and experimental orders of convergence in the
numerical approximation of the L2-energy for different values of n.

n Error (f1) order Error (f2) order Error (f3) order
20 1.0283× 10−3 — 8.0339× 10−2 — 7.0212× 10−4 —
50 3.5702× 10−5 4.15 2.6246× 10−3 4.01 1.9087× 10−5 4.00
100 2.4509× 10−6 3.86 1.6778× 10−4 3.97 1.2020× 10−6 3.99
200 1.6022× 10−7 3.94 1.0531× 10−5 3.99 7.5263× 10−8 4.00
500 4.2110× 10−9 3.98 2.6986× 10−7 4.00 1.9277× 10−9 4.00

The results clearly show that the error decreases as the mesh is refined for
all test functions, confirming the accuracy of the proposed quadrature method.
The convergence behavior is consistent across the different cases, including more
oscillatory functions such as sin(3x). The observed convergence orders are close
to 4, which confirms the high accuracy of the proposed quadrature-based approx-
imation of the L2-energy.

6. Conclusion

This work shows that trigonometric B-splines provide an effective tool for nu-
merical approximation. Using Marsden’s identity, we constructed simple quasi-
interpolants based on trigonometric B-splines of orders 2, 3, and 4. The numerical
tests indicate that the approximation improves as the order of the spline increases.

These quasi-interpolants were also used to construct weighted quadrature for-
mulas. The obtained results show that this approach provides accurate approxi-
mations for weighted integrals and for the numerical solution of elliptic problems
such as the equation −u′′ = f and the approximation of the L2 energy.

These results illustrate the usefulness of trigonometric spline quasi-interpolants
for numerical integration and approximation problems. Future work may extend
this approach to higher-order splines or to two-dimensional problems.
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