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OSCILLATION CRITERIA FOR GENERALIZED
EMDEN-FOWLER EQUATIONS VIA LOCAL GENERALIZED
DERIVATIVES AND MITTAG-LEFFLER KERNELS

JUAN E. NAPOLES!2 and J. JUAN ROSALES3:4*

ABSTRACT. This paper investigates the oscillatory behavior of a generalized
version of the Emden-Fowler equation using the Local Generalized Derivative
(LGD). We establish a new generalized Riccati identity and use the Diver-
gence Theorem to derive an energy inequality for non-oscillatory solutions. By
introducing a radial scaling function and a generalized Hartman-Wintner cri-
terion, we demonstrate how the choice of the kernel function, specifically the
Mittag-Leffer kernel, drastically alters the stability of the system, compared to
classical conformable models. Our results show that exponential kernels can
induce “ultra-sensitive” oscillations even when the potential function decays,
providing a more flexible framework for modeling complex physical media.
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1. INTRODUCTION AND PRELIMINARIES

The study of fractional and local derivatives has gained significant impulse in
recent years due to its ability to describe complex phenomena that classical cal-
culus cannot fully capture. Traditional models often fail when dealing with non-
homogeneous media or systems with memory effects and variable timescales. To
address these limitations, the local generalized derivative (LGD) was introduced
in [9], offering a flexible framework through the use of an absolutely continuous
kernel g(7, ) (also see [1, 11]).

Definition 1.1. Given a function ¢ : [0,4+00) — R. Then, the N-derivative of
1 of order « is defined by
@ . @ZJ(T-{—{{Q(T, a)) _¢(T)
Ng(r) = lim ,
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2 OSCILLATION CRITERIA FOR GENERALIZED EMDENFOWLER EQUATIONS

forall 7 > 0, a € (0,1), where f(7,«) is an absolutely continuous function. If ¢ is
N-differentiable in some (0, «), and 1im+N;‘1/)(7') exists, then, we define N (0) =
70

lim+Ngaw(T); note that if ¢ is differentiable, then N (7) = L(7, )y’ (7), where
7—0
Y’ (7) is the ordinary derivative.

This generalized derivative has proven useful in several applied problems (see
[2, 3, 4, 10, 11]). Tt is clear that if we choose g(t,a) = t'7%, we recover the
derivative of 7], with g(t,a) = ¢/ " we obtain the non-conformable derivative of
[0]; and if g(t,«) = 1, we have the classic derivative. However, in [9] it allows for
more complex kernels, which can model specific material behaviors or variable
timescales, which the simple conformal derivative does not capture. From LNV
we can define the generalized partial derivatives as follows.

Definition 1.2. Given a real valued function f : R® — R and a = (a1,...,a,) €
R™ a point whose, ¢-th component is positive. Then, the generalized partial N-
derivative of f of order o with respect to the variable z;, in the point q =
(ay,...,a,) is defined by

) . ai, .., 0; + €g;(a;, ), ..,Qn) — [lQ1,..,04,..,0n

e—0 g

if it exists, it is denoted ;N f (7), called the i-th generalized partial derivative
of f of the order o € (0,1] at @

Remark 1.3. When using functions of two independent variables, we will only
indicate the variable with respect to which we are integrating; so, ;N will indicate
the first-order partial derivative with respect to the variable ¢.

Remark 1.4. If a real valued function f with n variables has all generalized partial
derivatives of the order a € (0, 1] at 7, each a; > 0, then, the generalized a-
gradient of f of the order o € (0,1] at @ is
Vof(d) = (NG f(a@).... 2 N f()).
Remark 1.5. The higher-order N-partial derivatives of a real valued function f
with n variables, with a € (0,1] at @, are similarly defined by
iNg (iNg f) =) Ny *ef.

We will also need the corresponding generalized Laplace-Beltrami operator,

which is given by:
Aju = divy (Vgu).

Let F' = (Fy, Fy, ..., F,) be a differentiable vector field on 2 C R™. The general-
ized local divergence is defined as the sum of the generalized partial derivatives:

. a ~ va - OF;
divy F' = Z Ny, b= Zg(xi, a)%.
i=1 i=1 ¢
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Q) will be defined later.

We define the Generalized Fractional Integral associated with the LGD as

¢
f(x)

Zrf(t) = d 1.1

20 = [ I (L)

where g(x,a) is the kernel defined in the work [9]. If g(z, ) = z'7%, we recover

the conformable operator, and if g(x,a) = 1, we obtain the classic Riemann in-
tegral.

In [12], the conformal Emden-Fowler type elliptic partial differential equation
of the form

ASu + c(x)|u|ﬁ_1u|Do‘(u)|1_ﬂ =0

was studied. In the present work, we will study the generalized version of the
above Emden-Fowler equation, given by the following expression:

« B—1 a, ||11-8 __ n
Aju + c(x)[ul” ul| Vyul 77 =0, z€QCR" (1.2)

where A7 is the Laplacian based on the generalized local derivative.

Vgu is the generalized local gradient of u;

c(x) is the potential function defined on the domain €2;

a, § are parameters on the interval (0, 1);

|| - || represents the usual Euclidean norm on R™.
This new formulation allows the oscillation of the solutions to depend not only
on the order «, but also on the intrinsic structure of the kernel function g, which
provides greater flexibility in modeling complex physical phenomena.

This paper focuses on the Emden-Fowler equation, a fundamental model in
astrophysics and gas dynamics; now, reformulated within the LGD framework.
While previous studies, such as [12], have explored these equations using con-
formable operators, our generalized approach allows the oscillation of solutions
depend not only on the order «, but also on the intrinsic structure of the kernel
function g. By using the generalized Laplace-Beltrami operator Agu and the
n-dimensional gradient Vyu, we seek to establish new oscillation criteria. This
provides a more sensitive mathematical tool for identifying unstable states in
highly nonlinear media, where traditional polynomial growth models are insuffi-
cient.

2. RESuLTS

For convenience, we will use the following notation for partial derivatives

LT
oo I a ox;

7

We define the generalized Riccati vector W as follows
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I Vgul g

|ul?~u

Let us calculate the generalized partial derivative of the i-th component of W

(Wi):

« —1 _9%u
PW, o (HVguHB 18‘%?’&)

g’a - g7a
O} Oz}

: [T

Applying the operator div, to the numerator of W and using the original Emden-
Fowler equation, we obtain the term of the power function ¢(z). Differentiating

the denominator, |u|?~'u with respect to z;, we get 6|u|5*1£%. Expanding
divgW and substituting A%u = —c(x)|ul’ul|Vul|'”, the expression reduces
to

2
w5l S, (%)

divgW = —Be(z) — B P

2
Note that >, (%) = [|[V&ul?, so, the second term on the right becomes

Vel (vaun)ﬁ*{

Jul+t [ul

a, I8 feY B+1
Since || W] = S5, then W% = (SE4)

lul

Thus, the new generalized Riccati identity is
Bl
diveW + Be(z) + B|W|| 7 =o. (2.1)

According to (1.1), we have the natural antiderivative of the operator. For the
multivariable case in R", the generalized volume element in rectangular coordi-
nates would be

dxidzredz,

d,x = .
I g($17a)g<x27a>"‘g(xnva)

Lemma 2.1. Suppose that u is a non-oscillatory (eventually positive) solution of

the Emden-Fowler equation generalized on an unbounded domain €2 C R™. Then,

there exists a Riccati vector W, such that for r > ro, divgW(z) = —Bc(x) —
Bt1

BIW ()|

holds

, for any test function ¢ € CL(Q), the following energy inequality

BrOp 4

Proof. 1t is sufficient to follow the proof of Lemma 2.3 of [12]. O

L a || B+1
/ [ﬁc(:c)ﬂ -7 L IVeol™ e <o
Q
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Let us now define the generalized spherical average. If we define M|[f](r) as
the average of f over the surface of the sphere of radius r, in the generalized
derivative metric, the geometric factor r"~! (area of the sphere, according to the
conformable derivative) is affected by the kernel g(r, ).

Therefore, we must define the function A,(r) as a radial scaling function
do W™
A (’]") = / = n s
! L g(ra)  g(r )
where w, is the area of the unit sphere.

Now, we can define a crucial function, the one that determines whether the sys-
tem ”explodes” (oscillates) or not in the generalized Hartman-Winter Theorem.

Thus, we have
= 5 / (/ , C(x)d") e

By simplifying it, if we define ¢(r) as the average of the potential function ¢(x)
on the sphere, we have

n—1

Cy(r) = g(r; ) /T e dr.

et g(7,a)

=27, (L 0+

In the following result, ) is an unbounded domain in the n-dimensional Eu-
clidean space R™. It is considered an ”exterior domain,” that is, the space outside
a sphere of a given radius ry. Mathematically, it is defined as

Similarly,

Q={r eR":|z| >y},
where rg > 0.

In the oscillation theory of elliptic equations, €2 is the stage where we look for
solutions u(x). To say that a solution is oscillatory in 2 means that, no matter
how far we move away from the origin (i.e., for arbitrarily large radii r), the
solution u(z) will still have zeros (changing sign).

When generalizing, {2 becomes critically important because of how the kernel
g(x, ) "weighs” the space. The boundary 0f2 differs from the conformable case,
because S, spheres are used for integration. In our case, these spheres are inside
Q2. Although 2 is geometrically the same, the “distance” or “volume” inside €2 is
now measured using the generalized integral

Vol,( /d T = / dml .
g(x1,a). (:Un,a)

Regarding oscillation, we need the domain to extend to infinity. If Q were a
bounded set, we would be talking about boundary value problems (like Dirichlet),
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but not asymptotic oscillation. The Hartman-Wintner theorem, which we will
present below, seeks to prove that the “pull” towards zero of the function wu(z)
is so strong throughout €2, that the solution cannot remain positive forever when
|z| — oo. In short, Q is the subspace of R" (from a radius ry to infinity), where
the generalized Emden-Fowler equation is “alive” and where the kernel g(z, ) of
the generalized derivative modifies how the potential ¢(z) affects the solution.

Theorem 2.2. Suppose that the reqularity conditions on the kernel g(x,a) (con-
tinuity and positivity in Q) are met and that there exists a radially dominant
kernel function g(r,«), let u(z) be a solution of the generalized Emden-Fowler
equation (1.2). If the following holds

lim C,(r) = oo,
r—00
then, every solution u(x) of the equation is oscillatory in €.

Remark 2.3. If we define ) as before, then, the boundary is the hypersphere of
radius 7o

OV={zxeR":|z| =7}
For oscillation theorems, it is not just 92 (where r = ry) that matters, but also
what happens when |z| — co. This is where our generalization shows its scope.
Under the generalized local derivative, for the Hartmann-Wintner Theorem to
hold, we must impose a growth condition on the kernel g(z,«). That is, the
kernel g(r, @) must be such, that the integral of the "path” to infinity diverges

< 1
/ ———d1 = 0.
o 9(T, )

If this integral were finite, the "space” would run out prematurely, and the solu-
tion might not have enough ”distance” to oscillate.

In fact, to generalize the results of [12] from the perspective of the DLG,
the validation of the Divergence Theorem is a fundamental point. Without this
theorem, we cannot transform volume integrals (where the differential equation
resides) into surface integrals (where we analyze the Riccati flow).

First, recall that the general linear transformation (GL) of a function f with
respect to x; is defined by a kernel function g(z;, @)

LR
(91:3’& A 8%

7

For the Divergence Theorem to hold, the kernel g must be positive and continuous
on the domain of interest. We define the generalized volume element as:

n

,  with G(x,a):Hg(xi,a).

i=1

dor— dl’ldxg e dI‘n
0 Gx,a)
We want to show that
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/(divg‘F)dgx :/ F -nydoy,.
Q )

We expand the left-hand term using the definition of divergence and the measure

dgyx, thus, we have
Q \,_ ne axl H?:l g(l'j, Oé) '

For each term i of the sum, the factor g(x;, &) in the numerator is cancelled by
the corresponding factor in the denominators product

/Z (axl . #'gl(xj &)) dry .. dz,. (2.2)

Let us define a new auxiliary vector field ¥ = (Wy,...,¥,), such that

F;
Hj;ﬁi g(l’j, 04).
Note that if we apply the classical Gaussian Divergence Theorem to this field W,
then

‘Pi:

/div(\lf)dv :/ VU - ndo.
Q o0

When calculating div(¥) classically, we notice that the partial derivatives 2%

ox;
do not affect the terms g(x;, ) in the denominator, because they depend on

variables x; with j # i. Therefore,

0w, 1 OF,

Ox; Hj;éz (2, ) Oy

This is exactly the equation (2.2). By integrating it, we arrive at the final for-
mulation, necessary for our generalization

Fi-n;
/ (diveF)dyz = / Z ) do
dQ _]#71 m]? Oé)

Where n; are the components of the standard unit normal vector.

Let us start with the identity established above (equation (2.1))

divaW () + Be(x) + B W ()| F =

where W (z) is the generalized Riccati vector. To transform it into a scalar cri-
terion (which depends only on the radius r), we must integrate over a spherical
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region Q(rg,r) = {x € R" : 1y < |z| < r}. We apply the generalized integral with

the measure dy,o = % to the entire identity

/ div;dex+/ ﬁc(x)dngr/ BIW | dya = 0.

Q(ro,r) Q(ro,r) Q(ro,r)

By using the generalized Divergence theorem, we transform the divergence inte-
gral

/ divgWdyz = / W -ngdo, — / W -nydoy,
Q(ro,r) S, Sro

where S, is the surface area of the sphere of radius r. By the Cauchy-Schwarz
inequality, we know that W -n, < |[W/||. To simplify the expression, we define
the average of the potential ¢(z) weighted by the kernel

Cy(r) = /S T c(z)do,,

and the Riccati flux term at the surface
wir) = [ W,

By substituting these averages into the total integral, we obtain a single-variable
integral differential equation (r)

w(r) —w(ro) + / BCy(r)dr + /Tﬁ (/S |]W!|B;1dag) dr <0.

B41
By using Jensen’s inequality for the last term (since the function z 7 is convex),

we can bound the surface integral of W. After rearranging the terms, we arrive
at the required inequality

" ()| F

w(r) < w(re) — 5/; Colmr =5 |

where A,(r) is the “generalized area” of the sphere, which we defined earlier as

Ay(r) = “’g"(;::)l, and C,(r) is the potential accumulated on the surface under the
LGD metric. This inequality is what allows us to prove the Hartman-Wintner
Criterion. If the intermediate term f:o C,(7)dT tends to infinity as r — oo (which
is our function Cy(r) from the previous step), then, the right-hand side of the
inequality becomes infinitely negative. Since w(r) is related to the power norm, it
cannot be infinitely negative, unless the solution u(x) ceases to exist as a positive
function. Therefore, for a solution to be positive (non-oscillatory), the integral of
the potential ¢(x) “diluted” by the kernel g(x, ), must be finite. If the presence
of the kernel of the LGD causes this integral to explode, then, the equation must
oscillate. Now, we can prove the Theorem 2.2.
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Proof. Suppose, on the contrary, that there exists a solution u(z), that is even-
tually positive for |x| > ro. Then, we can define the generalized Riccati vector

vauﬂﬁ_lvgu

[ul?~tu

W) =

Based on the structure of the operator N, the following identity holds
a g1
divgW(z) = —=fec(z) = g[W ()] 7.

We integrate the identity over the domain §(ry,r) by using the measure d,z =
G(Cixa). By applying the Divergence Theorem, we obtain the following

W n,do, — W ngdag—i-ﬁ/ / x)dogdr
S’I’O T

+ ﬁ//uwu‘” dorydr — 0.

Let w(r) = [, s, W-nydo,. By using the Holder /Jensen inequality in the nonlinear
term, we obtaln

B+1

w(r) < w(rg) — 5/; US c(:z:)dag] dr — %dr

By dividing by A,(r) and taking the limit as r — oo, the potential integral term
c(z) dominates the expression due to the hypothesis lim, ,o Cy(r) = co. This
implies that

w(r)
li
rase Ay (1)
which contradicts to the existence of a positive solution u(z), that maintains the

stability of the Riccati vector W. Therefore, every solution must have zeros in
any neighborhood of infinity. OJ

= —0Q,

Let us consider the generalized local derivative ¥, where the kernel is the one-
k

parameter Mittag-Leffler function, defined by ¢(z;, o) = E,(z;) = > m

Therefore, from the previous result, we can derive the following conclusion.
Corollary 2.4. If the potential c(x) of the Emden-Fowler equation (2.1) satisfies

lim {Ea(r) /T: é(T)Tn_ldT:| .

r—oo | rn—1 EQ(T)

then, every solution of the equation is oscillatory in 2.

Remark 2.5. Unlike the conformable derivative, where g(r,a) = r'=* (a poly-
nomial growth), the Mittag-Leffler function for = > 0 behaves asymptotically
as
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1
Ea($) ~ a exp(ml/a)7

which implies that the generalization models systems where ”diffusion” or local
change grows exponentially in a fractional way. Under this kernel, the term ﬁ(ﬂ
in the integral acts as an extremely strong damper. For the system to oscillate,
the potential ¢(x) must be large enough to overcome the exponential decay of the
inverse of the Mittag-Leffler function. This allows for the classification of much
more complex materials or media, than those of [12]. The area of the sphere in
this particular case is

wyr™ L

AEQ(T> = EQ(T) .

Since E,(r) grows very rapidly, Ag, (r) tends to zero much faster than in the
classical case, when r — co. This makes it easier for the limit of C,(r) to tend to
infinity, suggesting that the use of Mittag-LefHer kernels tends to favor oscillation
of solutions, compared to conformal calculus.

3. SOME EXAMPLES

Below, we present two examples studied with different kernels. We will compare
the conformable kernel 7'~ against the Mittag-Leffler kernel E,(r), and see how
the “speed” of the derivative affects the system’s stability. To ensure a fair
comparison, we will analyze how the Hartman-Wintner criterion behaves in both
cases, for the same Emden-Fowler equation with a potential ¢(z) = |z|7 = r°.

1. Case A: Conformable Core ([12]). In this case g(r, ) = r'=®. This nucleus
has a polynomial growt;, thus, Ay (r) = - n=2+a and the integral of
the potential is

oA n—1 r _o.-n—1 r o+n—1+a
Cc\T)T T T _ T
/ ( ) dr = / dr = / ,7_o+n 2+ad7_ ~
T T

g(7, ) Tl . oc+n—1+a

The Hartman-Wintner criterion for the conformable case is defined as

C(r) = Aal(r) / ( / T c(x)daa) dr.

By substituting the obtained values, we get

oc+n—1+a
== )

wpr"”
rl—c«

= Wy

0

wprn—2te \o+n—1+a«
after simplifying the exponents 0 +n — 1+ a — (n — 2+ a) = 0 + 1, we have
1
C(r) ~ cpotL

wp(o+n—14+a)

For the system to be oscillatory, we require that lim,_,., C(r) = co. From the
previous expression, this occurs if and only if the exponent of r is positive

c+1>0 — o> —1.
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If the potential decays faster than 1/r, (i.e., 0 < —1), the system may have
non-oscillatory solutions (positive solutions that tend to zero). If the potential is
constant, o = 0, or increases, the system always oscillates.

In summary:

e The oscillation is polynomial 7o+, It is a “slow” oscillation.

e The oscillation depends linearly on ¢ and is slightly affected by « in the
coefficient, but not in the main growth rate of C'(r) (since « cancels out
in the final exponent of r*1).

e This model cannot capture behaviors, where the physical medium has a
memory or a local response, other than a simple power (simple fractality).

2. Case B: Mittag-Leffler nucleus. Here, the kernel ¢g(r,a) = E,(r) grows

exponentially. By using the approximation for r — oo, we have E,(r) ~ éeTl/a.
In this way, the integral of the potential is

T oA n—1 r o, n—1 r
o(r)T 7T 1 _sl/a
/ LdT%/ 1—1/ad7':a/ ot e
0 Ea(T) T =e7 T0

0 «
This is an incomplete Gamma function type integral. Most importantly, due to
the term effl/a, this integral converges to a constant value K, as r — oo, even if
the potential 77 is very large. The oscillation function C,(r) in this case is given
by Cy(r) = m X (Integral of the potential). By substituting the exponentially
collapsing area A,(r), we obtain
) o K= R

aw,r"—le—m* aw,rnt

In this case, Cy(r) — oo at an exponential rate.

In summary:

e The oscillation is fractional exponential. It is a “violent” or “ultra-
sensitive” oscillation.

e The system is inherently unstable. The Mittag-Leffler kernel acts as an
amplifier, so that it ensures that the Hartman-Wintner criterion is almost
always met.

e While the conformable kernel describes media with moderate memory,
the generalized model describes media with long memory and ultra-fast
diffusion, where perturbations propagate and oscillate regardless of how
much the potential decays to infinity.

Remark 3.1. Unlike the model proposed in [12], where oscillation is limited by
the polynomial growth of the radius, the introduction of the Mittag-LefHler kernel,
based on [9], induces an exponential collapse in the generalized surface area mea-
sure. This results in a significantly more sensitive Hartman-Wintner criterion,
where the growth rate of the kernel E,(r) dominates the asymptotic behavior,
facilitating the identification of oscillatory states in highly nonlinear media.
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Next, to illustrate the impact of our generalization, we will design two sce-
narios, where the choice of kernel drastically changes the outcome. We will use
the Emden-Fowler equation in a three-dimensional environment to observe the
“explosion” of the oscillation function.

e Parameter Settings: Dimension n = 3 (Standard physical space).

e Order of the derivative o = 0.5 (A classic intermediate value in fractional
calculus).

e Exponent of the equation § = 0.5 (Sublinear equation, common in diffu-
sion models).

e Potential ¢(r) =r~2 (A potential that decays with distance).

Scenario 1: Conformable Kernel, g(r) = r'~®. This is the ordinary

Emden-Fowler model.

(1) Calculation of Ay(r)

Ag(,r,) _ wn,,,,n—Q-‘rOz — 47_‘_7,3—2+0.5 — 471_7"1'5.

(2) Calculation of the integral of the potential o = —2

To

s 7
/ 232405 7 :/ 705 = [2705]7 a 2705,

L] To

(3) Oscillation Function Ceone(r)

2705 1

Arrld 27’

Cconf(r)
Result: lim, o Ceone(r) = 0.

For this potential, the conformable model does not guarantee oscillation. The
system is stable.

Scenario 2: Mittag-Leffler Kernel ¢(r) = E,(r)). This is our generalized
model using the LGD.

(1) Kernel Approximation: for a = 0.5, Eg5(r) = e erfc(—r) ~ 2¢”. To

simplify the graph, we will use the asymptotic form et = e’

(2) Calculation of Ay (r):

Amr?

AQ(T) - 2

6T
(3) Calculation of the integral of the potential: the integral [ T 2% T dr =

1l e~ dr converges quickly to the constant ‘/777 (Gaussian Integral).
(4) Oscillation Function Cyy(r):

V7/2 1
= = e’
4rr2e=r*  8y/mr?

Result: lim, o CyvL(r) = oo (Exponential growth).

CML (1")
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The system is oscillatory. The structure of the LGD space forces oscillation,
where the conformable model failed.

Comparison of Oscillation Criteria

0.14 - 108

0.12 |
- 106

0.10 4

5 loi

0.08 1

C(r) ML (Logaritmic)

102

C(r) Conformable (Lineal)

0.06 +

0.04 L 100

FIGURE 1. Comparison (Conformable vs. Exponential kernel)

The graph shows that while the conformable criterion decays towards zero
(indicating that the potential r—2 is too weak to force oscillations), the general-
ized model, based on the LGD with Mittag-Leffler kernel, triggers the Hartman-
Wintner criterion exponentially.

4. CONCLUSIONS

In this study, we have successfully extended the oscillation theory for Emden-
Fowler type elliptic equations by incorporating the Local Generalized Derivative
(LGD). This framework allows for a significant leap beyond the classical con-
formable calculus by introducing a flexible kernel g(x, @), that can be tailored to
the specific physical properties of the medium under study .

The main contributions of this work are summarized as follows:

e Generalized Theoretical Framework: We established a robust version of
the Divergence Theorem adapted to the LGD, which served as the foun-
dation for deriving a new generalized Riccati identity .

e The Hartman-Wintner Criterion: We proved that the oscillation of the
solutions is not only a function of the potential ¢(z), but is critically
“weighted” by the intrinsic geometry of the space defined by the kernel g.

e Impact of the Mittag-Leffler Kernel: Our comparative analysis revealed
that kernels with exponential growth, such as the Mittag-Leffler function,
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induce to an “ultra-sensitive” oscillatory state. While a system might re-
main stable (non-oscillatory) under a conformable kernel, the same poten-
tial can trigger infinite oscillations when modeled with an LGD approach.

e Modeling Flexibility: This generalization provides a more powerful tool for
describing complex phenomena in non-homogeneous media, where mem-
ory effects and variable timescales—unreachable by classical or simple
fractional derivatives—are present.

e Future research could explore the application of this LGD framework to
other local differential operators, such as Omega derivative [1, 6, 13], to
further broaden the horizons of asymptotic analysis in nonlinear differen-
tial equations.
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