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ENTROPY SOLUTIONS FOR NONLINEAR PARABOLIC
EQUATIONS IN MUSIELAK ORLICZ SPACES WITHOUT
Ay-CONDITION

BADR EL HAJI**, MOSTAFA EL MOUMNI? AND ABDESLAM TALHA 3

ABSTRACT. In this paper, we are interested in results concerning entropy so-
lutions for nonlinear parabolic equations in Musielak Orlicz spaces without
Ao-condition.

1. INTRODUCTION AND BASIC ASSUMPTIONS

In this paper, we study the nonlinear parabolic problem whose model is

9 — div(a(z, t,u, Vu) + ®(z,t,u)) + g(z, t,u, Vu) = f — div(F) in Q,
(P) uw=0 1indQ x (0,7),
u(z,0) =ug in

where € be a bounded Lipschitz domain in RY and 7' > 0, we denote Q =
Q2 x[0,T], and let ¢ and v be two Musielak-Orlicz functions such that ¢ is locally
integrable and v << ¢ Let A : D(A) € Wy L,(Q) — W=1L,(Q) be a
mapping given by

A(u) = —div(a(z,t,u, Vu)),
with a : a(x,t,5,€) : Q@ x [0,T] x R x RY — RY is a Carathodory function
satisfying, for a.e (z,t) € Q and for all s € R and all £, & € RV ¢ £ ¢

la(z, t,5,8)| < B (clw,t) + 47 v (z, vs|) + 97 oz, v]s]), (1.1)
(a(z,t,8,8) —a(z,t,5,¢)) (- &) >0, (1.2)
CL(ZE,t, 375) 6 > 0490(1‘7 |£|)7 (13)

where ¢(z,t) a positive function, c(z,t) € E,(Q) and v, 5, are positive con-
stants.

Let g : 2 x [0,4] x R x RY — R be a Caratheodory function satisfying for
ae. (z,t) € Qx[0,t] and Vs € R, £ € RV :

9(x,t,5,§)] < b(s]) (calz, t) + (z,[§])) (1.4)
g(x,t,s,8)s >0, (1.5)
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where cy(z,t) € LY(Q) and b : R — R is a continuous and nondecreasing
function. Furthermore the function ¢ is a Carathodory function which satisfies
the following growth condition for a.e. (x,t) € @ and for all Vs € R

(2, t,5)| < Pz, )7 7o (ls]), (1.6)

where

P(z,t) € L®(Q).

feLYQ) and F e (EyQ)", (1.7)
ug € L'(Q). (1.8)

A several work have treated the same problem ,we can’t recite all examples but
i will just choose some of them, for instance :

In the case where A is a Leary-Lions operator defined on L? (0,T; W'?(Q))
Porretta [38] proved the existence of solutions for the problem (P), where ¢ is
a nonlinearity with "natural” growth condition and which satisfies the classical
sign condition g(x,t,s,£)s > 0.

In the case where & = div(F) = 0, the existence of entropy solutions for
parabolic problems of the form (P) in the setting of Orlicz spaces has been proved
in A. Elmahi and D. Meskine [29] in the case where f belongs to L'(Q) and g be
a carathodory function satisfying

l9(, t,5,8)] < b(]s|)(c(x, 1) + M([¢]));
g(z,t,8,&)s > 0.

in [33] the authors have been studied the existence of solutions for the prpblem
(P) in variable exponent sobolev spaces where ® = div(F) = g = 0 and the
second membe f is in W12 LP'(@)(Q).

On the other hand, the existence of a weak solution for the problem (P) has
been studied in the framwork of Musielak spaces where & = div(F) = 0, (see
[1]) and recently, in the same fremwork, Talha. A, Benkirane.A and Elemine Vall
M.S.B. were proved the existence of entropy solutions for the problem (P) where
¢ =0, (see [30]).

A large number of research deals with existence solutions of elliptic and para-
bolic problems under different assumptions in order to get a classical results see
[ Y ? Y )

, 43] for more details.

The goal of this paper is to investigate the existence of entropy solutions for
problem (P) in the Musielak Orlicz spaces without A, condition, when the term
nonlinear g(x,t,u, Vu) satisfying the natural growth and the classical signe con-
ditions. Note that the second member is in L' and no hypothesis of coercivity is
assumed on P.

The paper is organized as follows: In Section 2 , we present some preliminaries
and background. Section 3 concern some technical lemmas which will be needed
later. In the final section 4, we give our main result and state the prove of an
existence of solution .

) ) ) Y Y Y ) ) ) Y Y Y ) ) Y Y Y Y )
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2. Background

Here we give some definitions and properties that concern Musielak-Orlicz
spaces (see [39]).

2.1. Musielak-Orlicz functions. Let €2 be an open subset of R".

A Musielak-Orlicz function ¢ is a real-valued function defined in 2 x R, such
that
a) ¢(x,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(z,0) =
0,¢(x,t) > 0 for all £ > 0 and

t t
lim sup M =0, lim inf @ = 0.

t—=0 e t t—o0 €N

b) (-, t) is a Lebesgue measurable function.

Now, let ¢, (t) = p(x,t) and let ¢ be the non-negative reciprocal function
with respect to t, i.e the function that satisfies

0, (p(z,1) = ¢ (z,90, (1) = t.

The Musielak-orlicz function ¢ is said to satisfy the A, -condition if for some
k > 0, and a non negative function h, integrable in €2, we have

o(x,2t) < ko(x,t) + h(x) for all x € Q and ¢t > 0. (2.1)

When 2.1 holds only for ¢t > t; > 0, then ¢ is said to satisfy the A, -condition near
infinity. Let ¢ and v be two Musielak-orlicz functions, we say that ¢ dominate
v and we write v < ¢, near infinity (resp. globally) if there exist two positive
constants ¢ and tg such that for almost all x € Q2

v(z,t) < p(x,ct) for all t >y, (resp. forallt >0ie. to=0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity) and
we write 7 << ¢ if for every positive constant ¢ we have

t t
lim (sup (@, )> =0, ( resp. lim (sup V(@ )) = O) .
t=0 \ zeq ©(z,1) t—o0 \ e (1)
Remark 2.1. (see [27]) If v << ¢ near infinity, then Ve > 0 there exists a non-

negative integrable function h, such that

Y(z,t) < p(x,et) + h(z). for all £ > 0 and for a. e. = € Q. (2.2)

2.2. Musielak-Orlicz-Sobolev spaces. For a Musielak-Orlicz function ¢ and
a measurable function u :  — R, we define the functional

poslts) = / oz, Ju(z) ) dz.

The set K,(2) = {u : @ — R measurable /p,o(u) < 0o} is called the Musielak-
Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space (the general-
ized Orlicz spaces) L, () is the vector space generated by K,(€2), that is, L,(£2)
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is the smallest linear space containing the set K,(2). Equivalently

L,(Q) = {u : 0 — R measurable /p, o (g) < 00, for some A > O} .

For a Musielak-Orlicz function ¢ we put: ¥(x,s) = sup,.o{st — ¢(z,t)},¢ is
the Musielak-Orlicz function complementary to ¢ (or conjugate of ¢ ) in the sens
of Young with respect to the variable s In the space L, (2) we define the following

two norms:
HuH¢Q—1nf{)\>0// ( —|>d <1}

which is called the Luxemburg norm and the so-called Orlicz norm by:

s = sup | Jua)ota)lde
llvlly <1
where v is the Musielak Orlicz function complementary to ¢. These two norms
are equivalent (see [39])
We will also use the space E,(2) defined by

E,(Q) = {u : 2 — R measurable /p, o (%

A Musielak function ¢ is called locally integrable on € if p,, (txp) < oo for all
t > 0 and all measurable D C € with meas (D) < oo Let ¢ a Musielak function
which is locally integrable. Then E,({2) is separable (see [39], Theorem 7.10) .

><oo, forall/\>0}.

We say that sequence of functions u, € L,(2) is modular convergent to u €
L,(Q) if there exists a constant A > 0 such that

Up — U
i oo (5) =0

For any fixed nonnegative integer m we define

W™L,(Q) = {u € Ly(Q) : V]a| < m, D% € L,(Q)},

and
WME,(Q) ={u € E,(Q) : V|a| <m,D% € E,(Q)},
where a = (o, ..., a,) with nonnegative integers «;, |a| = |aq| + ... + |a,| and

D“u denote the distributional derivatives.
The space W™ L, () is called the Musielak Orlicz Sobolev space.

Let
. _ u
Py.0(u g Po0 (D%u) and [Jul|q 1nf{)\ >0: puoa <X) < 1}

la]<m
for u e W™L,(Q).
These functionals are a convex modular and a norm on W™ L,({2), respectively,
and the pair (W™L,(Q),[||7q) is a Banach space if ¢ satisfies the following
condition (see[39]):
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there exist a constant ¢y > 0 such that ingf)gp(x, 1) > . (2.3)
TE

The space W™L,(€2) will always be identified to a subspace of the product
[Tjaj<m Lo (§2) = ILL,, this subspace is o (I1Ly, I1Ey) closed.

The space W[ L,(€2) is defined as the o (IIL,,, IIEy) closure of D(£2) in W™ L, (§2).
and the space W["E,({2) as the (norm) closure of the Schwartz space D(f2) in
W™L,(Q).

Let W§"L,(Q2) be the o (ILL,,, I1Ey) closure of D(§2) in W™ L,(€2), the following
spaces of distributions will also be used:

W Ly(Q) =< f € D'(Q); f= D (=)D f, with fo € Ly(Q) ¢,
ja]<m
and
WEy(Q) =4 feD(Q);f =Y (=)D f, with f, € Ey(Q)
o <m

We say that a sequence of functions u,, € W™L,(2) is modular convergent to
u e WL, (Q) if there exists a constant £ > 0 such that

. Up — U\
Jim g () =0

For ¢ and her complementary function ¢, the following inequality is called the
Young inequality (see[39]):

ts < p(z,t) +¢Y(z,s), Vi, s>0,x €, (2.4)

this inequality implies that

lullo < poalu) +1. (2.5)
In L,(€2) we have the relation between the norm and the modular
ullp,0 < ppa(u) if [ufpo > 1, (2.6)

[ullo.o = pea(u) if fulloo < 1. (2.7)

For two complementary Musielak Orlicz functions ¢ and v, let u € L,(£2) and
v € Ly(§2), then we have the Holder inequality (see[39]):

< [lulloelllvllle.g- (2.8)

/Qu($)v($)d1'
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2.3. Inhomogeneous Musielak-Orlicz-Sobolev spaces. Let () a bounded
open subset of RY and let Q = Qx]0,7T[ with some given T > 0. Let ¢ and
1 be two complementary Musielak-Orlicz functions. For each o € NV denote
by D¢ the distributional derivative on () of order a with respect to the vari-
able z € RY. The inhomogeneous Musielak-Orlicz-Sobolev spaces of order 1 are
defined as follows.

W'Ly(Q) = {u € Ly(Q) : Vla| < 1Dfu € L, (Q)}

et
W EL(Q) = {u € E,(Q) : V]a| < 1D%u € E,(Q)}.

This second space is a subspace of the first one, and both are Banach spaces

under the norm
lull = Y 1Dgull,,

o<1

These spaces constitute a complementary system since 2 satisfies the segment
property. These spaces are considered as subspaces of the product space I1L,(Q)
which has (N + 1) copies.

We shall also consider the weak topologies o (IIL,, [1E,) and o (ILL,, IIL,) If
u € WH L, (Q) then the function ¢t — u(t) = u(-,t) is defined on [0, 7] with values
in WHL,(Q2). Ifu € W E,(Q), then u € W'E,(£2) and it is strongly measurable.
Furthermore, the imbedding W *E,(Q) C L' (0,7, W'E,(2)) holds. The space
W*L,(Q) is not in general separable, for u € W'*L,(Q) we cannot conclude
that the function u(t) is measurable on [0, 7.

However, the scalar function t — ||u(t)||,.q is in L'(0, T). The space Wy E,(Q)
is defined as the norm closure of D(Q) in W'*E,(Q). We can easily show as in
[34] that when Q has the segment property, then each element u of the closure of
D(Q) with respect of the weak x topology o (IIL,, IIE,) is a limit in Wh*L,(Q)
of some subsequence (v;) € D(Q) for the modular convergence, i.e. there exists
A > 0 such that for all |a| <1

Dew; — D2
/gp(x, (M))dmdt%Oasj%oo,
Q

this implies that (v;) converges to u in W* L, (Q) for the weak topology o (IIL., ITL,;)
Consequently

ML, ,HE¢) HLg,,HLw)

g " =gyt
The space of functions satisfying such a property will be denoted by VVO1 " Ly(Q)
Furthermore, W, *E,(Q) = Wy L,(Q) NTIE,(Q). Thus, both sides of the last
inequality are equivalent norms on I/VO1 "L,(Q). We then have the following com-
plementary system:

( Wo Ly(@Q) F )
Wo Ey(Q) Fy

where F' states for the dual space of I/VO1 "FE,(Q). and can be defined, except for
an isomorphism, as the quotient of IIL, by the polar set VVO1 TE,(Q)*. Tt will be
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denoted by F' = W~1*L,(Q), where

W Ly(Q) =< f =Y Difa: fu€Ly(Q)

o<1
This space will be equipped with the usual quotient norm
£ =inf > ([ fallyq
laf<1
where the infimum is taken over all possible decompositions
F=) Difa fa€Ly@Q
la|<1

The space Fy is then given by

Fo=Sf=Y Difa:fa€Eu(Q)

laf<1

and is denoted by Fy = W1 E,(Q) .
Theorem 2.2. [I] Let ¢ be a Musielak-Orlicz function satisfies the assumption
3.1. If u € W' L,(Q) N L*(Q) ( respectively u € Wy L, (Q) N L*(Q)) and

Qu ¢ I/V__l’wa(Q) + L*(Q), then there exists a sequence (v;) € D(Q) (re{spec-
twely D(I, D(Q))) such that v; — u in W L,(Q) N L*(Q) and % — % ip
WL, (Q) + L*(Q) for the modular convergence.
Lemma 2.3. [I] Let a < b € R and let Q be a bounded Lipschitz domain in RY.

Ou

{u € Wy Ly (@x]a,b]) :

€ WLy (Qx]a, b)) + L'(2x]a, b[)}

is a subset of C(]a,b[, L' (2)).
In order to show the existence theorem we need the follwing lemmas .

3. Some technical Lemmas

Lemma 3.1. [27]

Let Q be a bounded Lipschitz domain in RN and let ¢ and v be two comple-
mentary Musielak-Orlicz functions which satisfy the following conditions:

i) There exist a constant ¢ > 0 such that inf zeqp(z,1) > c.

ii) There exist a constant A > 0 such that for all z,y € Q with |z —y| < % we
have

plest) c.t<l°g(:1y|>>, vVt > 1. (3.1)

iii)

If D C Q is a bounded measurable set, then / oz, 1)dr < oo. (3.2)
D
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iv) There ezist a constant C > 0 such that ¥ (z,1) < C a.e in Q.

Under this assumptions, D(Q) is dense in L,(Q2) with respect to the modular
topology, D(Q) is dense in Wy L,(Q) for the modular convergence and D(Q) is
dense in WL,(Q) the modular convergence.

Consequently, the action of a distribution S in WL, () on an element u of
Wy L,(€2) is well defined. It will be denoted by < S, u >.

Lemma 3.2. ([38]) Let F : R — R be uniformly Lipschitzian, with F(0) = 0.
Let ¢ be a Musielak-Orlicz function and let u € Wi L,(2). Then F(u) € Wi L,(Q)
Moreover, if the set D of discontinuity points of F' is finite, we have
0 () 2 el :

9 plu) = Fl(u) 5. a-e in{r € Q:u(z) € D}

oz; 0 a.ein{zr € Q:u(x) ¢ D}.
Lemma 3.3. [1] (Poincare inequality). Let ¢ a Musielak Orlicz function which
satisfies the assumptions of lemma 3.1, suppose that p(x,t) decreases with respect

of one of coordinate of x Then, there exists a constant ¢ > 0 depends only of €2
such that

/Q<p(x, |u(z)|)dx < /ng(x, c|Vu(x)|)dz, Yue€ W&Lw(Q).

Lemma 3.4. [30] Suppose that 0 satisfies the segment property and let u €
Wi Ly (). Then, there exists a sequence (u,) C D(Q) such that

u, — u for modular convergence in Wy L,(€2)
Furthermore, if u € Wi Ly(Q) N L>®(Q) then [Jun|, < (N +1)||ulc-

Lemma 3.5. Let (f,), f € L'(Q) such that
i) fn>0 a.ein )
i) fn—> f a.ein Q

iii) /Q Fo(2)dz —> /Q F(@)da
then f, — f strongly in L'(Q).

Lemma 3.6. (Jensen inequality). [10] Let ¢ : R — R a convez function and g
: 2 — R is function measurable, then

w(/gdu> S/wogdu-
Q Q

Lemma 3.7. (The Nemytskii Operator)[2] . Let Q be an open subset of RN
with finite measure and let ¢ and ¢ be two Musielak-Orlicz functions. Let f :
QxR — R be a Carathéodory function such that for a.e. x € Q and all s € R :

[f(,5)] < e(@) + ks o (x, kals]). (3.3)
where ky and ko are real positives constants and c(.) € Ey(2). Then the Nemytskii
Operator Ny defined by Ny¢(u)(x) = f(x,u(z)) is continuous from

P(EW(Q), /%) - {u € L,(Q) : d(u, E,(Q)) < le}
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into Ly (82).
Furthermore if ¢(-) € E,(Q) and v << 1 then Ny is strongly continuous from
P(E(9). 1) to B(9).

4. Existence result

For k£ > 0 we define the truncation function 7} : R — R by:
s if|s| <k,
Ti(s) = { kit fs| >k,

and let us define the following function
2

" = if |r] <k
Su(r) = | Ty(o)do = 7 =5
k(r) /0 k(o)do {k:|r|—% if r| > k,
and

T,%(Q) = {u : © — R measurable such that Ty(u) € Wy L,(Q)Vk > 0}

Our aim now is to prove the following existence theorem.

Theorem 4.1. Let ) be a bounded Lipschitz domain in RN, ¢ and 1 be two com-
plementary Musielak-Orlicz functions satisfying the assumptions of Lemma 3.1
and p(x,t) decreases with respect to one of coordinate of x, we assume also that
(1.1)~(1.7) and (1.8) hold true. Then the problem (P) has at least one entropy
solution of the following sense

(€ Ty7(Q) NWy " Lo(Q), Si(w) € LNQ), g(.,u, Vu) € LY(Q),

/QS]C(U(T) —o(T))dx + <%, Ty (u — v)> + /Q a(x,t,u, Vu) - VI (u — v)dxdt

—l—/ O(z,t,u)  VTi(u—v)dzdt + / g(z,t,u, Vu) Ty (u — v)dzdl
Q

< 7 [T (u — v)dzdt + / F-VTi(u—v)dzdt + / Sk (ug — v(0)) dz,
Q Q Q

[ Vo € Wy Lo(Q) N L=(Q) such that %2 € WLy (Q) + LY(Q).

4.1. Proof.

4.1.1. The approximate problems :
Let us define the approximation

gn(xa ta S, g) = Tn(g(l', t’ S, 5))
Consider the nonlinear approximate problems

(P.) Un € Wy Lp(Q),  un(.,0) = ugy in dQ = 9N x [0,T],
" %Ltn —div (a(x,t, up, Vu,) + @, (x,t,u,)) + gn (2,1, Uy, Vuy,) = fr, — div(F).

We have, the sequence (f,) C D(Q) is such that
fn — f strongly in L*(Q),
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and || full 1) < [1fll21@) and (uon) C D(€2) is such that
Ugn — g strongly in L'(€2) and ||U0n||L1(Q) < ||U0||L1(Q) :
Now by theorem 5.1 of [1], the problem (P,) has at least one solution u,, .

4.1.2. A priori estimates:
In this step we define ¢;,7 = 1,2, ... a constants not depends on k and n. For
k > 0, by taking the function T} (u,) as test in (P,), we get

/ 8(%71]% (up,) dxdt + / a(z,t, Ty (un), VT (uy)) - VT (uy,) drdt
@ Q

+ / gn (I7 tu U, vun) Tk; (un) dxdt
Q

= / Ty (uy) dxdt + / F - VT (uy,) dxdt + / D, (z,t,uy,) - VT (uy,) dedt
Q Q Q

< [ fllergyk + / F - VT (u,) dedt + / D, (x,t,u,) - VT (uy) dadt.  (4.1)
Q

-

Furthermore, let 0 < p < min(a, 1), with « is the constant of (1.3), and thinks
to the Young’s inequality, we obtain

1
/ F - VT (u,) dzdt = / —F - pVTy (uy,) dxdt
Q QP

< /Qw (m,%|F|> dadt —f—p/ng(x,WTk (uy)) dadt. (4.2)

Now, note that if v << ¢, we get, for all € > 0 there exists a constant d. > 0
depending on € > 0 such that for almost all z € Q
y(x,t) < p(x,et) +d., forallt>0

By assuming that e = ¢ where « is the constant of (1.3). and thinks

a+gp_)(p)\+l)’ (
to (1.6) we obtain

/Q D, (z,t,un) VI, (u,) dedt < / Pz, )% e (| Tk (un)|) VT (uy) dodt.

Q
(4.3)
Remember that v << p <= ¢ = 1 << 7, by Young inequality and taking into
account that P € L™ (Q), we get

/ D, (x,t,u,) VI}, (uy,) dxdt §Cp/
Q Q

+ an/ o (x, VT (u,)|) dzdt.
Q

e Ty (uy)|
(208

) + 2d. meas (Q)

Thinks to (3.3) and using the convexity of ¢ where Ae < 1, we obtain

/ D, (x,t,u,) VI (u,) dedt < (eCp 4+ eACyp) / o (2, |VTy (uy)|) dedt+2d. meas (Q) .
Q Q
(4.4)
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According to (4.1),(4.2) and (4.4) ,one has

/ %Tk (up) dxdt + / a(z,t, Ty (un) , Vi (un)) - VT (uy) dodt
@ Q

—i—/ D, (z,t,uy,) - VT (u,) dedt + / Gn (T, U, Vuy) Ty (uy,) dedt
Q Q

<ck+ca+ (p+eC,+erCy) / o (2,|VTy (uy)|) dedt + cs. (4.5)
Q

Thinks to (1.5) and (1.3), we can obtain

/ %Tk () dwdis & (p+eCp+eXCy)

/ a(z,t, Ty (un) , VI (u))-VTi (uy) dedt < cik+co.
Q

(4.6)
The first term of the left hand side of (4.6) , translates as

Ol (1) dclt = / Sk (un(T)) dz — / S (uon) dz.
Consequently
/ S (un(T)) d + 2= 2 ‘fp +eAG) / 0 (2,4, T (1), VT () - VT () ddt
Q Q
<ck+cy+cez+ / Sk (ugy) dz.
Q

By taking that Si(c) > 0, |Sk(uon)| < k |ugn|, Thus 4.6 becomes

a—(p+eC,+eAC,)
a

/ a(z,t, Ty (uy) , VT (up)) - VT (uy,) dedt < cqk + co + c3.
Q

Hence
a—(p+eCy+erCy)
Q

/ a(z,t, Ty (un) , VI (uy)) - VI, (wy,) dedt < 4k + c5.
Q

(4.7)
Then thinks to (1.3), we obtain

/ o (x, VT (uy)|) dedt < ck + 7
by applying the Lemn?a (3.3) we get
/ ® (:c, M:"”) dr < / o (x, VT (uy)|) de < ck + e, (4.8)
where c¢ is tlclge constant of Lemma (5?) :
Then

(Ty (un)),, and (VTj (uy)), bounded in L,(€2),
hence
(T (uy,)),, is bounded in Wy L, (€2),
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there exist some vy, € Wy L,(€) such that

{ T (un) — v weakly in WL, (Q) for o (1L, T1E,) (19)

Ty, (un) — vy, strongly in E,().

4.1.3. In this part we prove that

Ty, (un) — Ti(u) weakly in W, "L, (Q) for o (1L, T1E,),
and
Ty (un) — Ti(u)  strongly in E,(Q).
Let k > 0 large enough, by (4.8) we get

1 k
meas { |u,| > k} < - / © <x, —) dxdt
infoca ¢ (2, %) Juairy -\ A

o foe ez me)
< oz, = Ty (uy,)| | dzdt
L enp (.3) Jo 7 \7 2 ()

66/{7 + c7
N infxEQ ¥ (‘Ta %)
where c5 is a constant not dependent on k, consequently

cek+c
meas {|u,| > k} < —infz:mp(;,%) — 0as k — o0

Vn, Vk>0

For every A > 0 we obtain

meas { |, — Up| > A} < meas {|u,| > k}
+ meas {|u,,| > k} (4.10)
+ meas {|T) (un) — Tk (um)| > A} .

Hence, thinks to (4.8) we suppose that (7} (uy,)),, is a Cauchy sequence in measure
in Q. Let € > 0, thus by (4.10) there exists some k = k() > 0 such that

meas {|u, —u,| > A} <&, for all n,m > ho(k(e), A).

which gives that (u,), is a Cauchy sequence in measure in (), then converge
almost every where to some measurable functions u. hence

Ty, (un) — Ti(u) weakly in W, L, (Q) for o (TIL,, T1E,) (411)
Ty, (un) — Tj(u)  strongly in E,(Q). '

4.1.4. In this subsubsection we show that
a(xz,t, Ty (un) , VTx (uy)) — hy weakly * in (L (Q)" for o (I1Ly, TE) .
Let w € E,(Q)" such that |w|,q < 1,
taking account to (1.2) we get .

(a (2., T (un) , VT (1)) — a (:c,t,Tk () , %)) (VTk () — 9) >0

v
consequently
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/ 0 (2,4, Th (1) , VT (1)) “dadt < / 0 (2,4, Th (1) , VTh (1)) VT (1) devdt
Q v Q

_ /Qa (ZE,t,Tk (un), ;> (VTk (up) — —) dxdt

(4.12)
by (4.7), we obtain

/ 0 (2, Th (1) , VT (un)) VTk () ddt < caki + 5 + cs
Q

Now, for A large enough (A > ), by according to (1.1) we get

/Q b, < ) dzdt

)+t (v (2, v [T (ua)]) + 97 (o(w, [w])))
S/ :c( 0 )dxdt

B ha(@,t) + ¢t (v (@, v [Tk (ua)]) + 95 (el [w])))
= —/ < 3 ) dxdt

a (x, t, Tk (uy) , %)
3A

N

< % </Q Wy (hy(z,t)) dedt + /Q'y(x,l/ Ty, (uy,)|) dedt + /ng(as, |w|)dxdt)

< % (/Q Yy (h(z,t)) dedt + /Q”y(x,yk)dxdt —|—/Qg0(x, ]w|)d:cdt>.

Finally, since v grows essentially less rapidly than ¢ near infinity and thinks to
Remark?2.1 there exists (k) > 0 such that v(x,vk) < r(k)e(x,1) then we obtain

a (x, t, Tk (uy) , %)
/Qibx ( 0 ) dxdt

< 3)\ (/ Yy (ha(x t))dxdtjtr(k)/ggo(x,1)da:dt~|—/9c,0(x,|w|)dxdt) :

Conseqgently

a (w, t, Tk (un) , %) is bounded in (Ly(Q))" .

this implies that second term of the right hand side of (4.12) is bounded, hence
we obtain

/ a(x,t, Ty (uy) , VT (uy)) wdzdt < cg(k), for all w € (L“’(Q))N where ||w|,0 < 1.
Q

Then by applying the theorem of Banach Steinhous one has,

the sequence (a (z,t, Ty (un), VT (u,))), bounded in (Ly(Q))".
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Which implies that, for all & > 0 there exists a function &y, € (Ly(Q2))" such
that

a(z,t, Ty (un), VT () = hy weaklys in (Ly(Q)Y for o (I1Ly, TIEy) . (4.13)

4.1.5. In this step we show that

VT (u,) — VTj(u) as n — +oo for the modular convergence,

We will write only &(n, j, 1, s) to mean all quantities (possibly different) such
that

lim lim lim lim e(n,j,u,s) =0,
n—+o00 j—+4o00 p——+00 s—+00

since T (u) € Wy L,(2) then there exists a sequence (ai) C D(Q) such that
(o) — T(u) for the modular convergence in Wy "Ly (9).

For the remaining of this article, x, and x; will denoted respectively the
characteristic functions of the sets Qs = {(,t) € Q: |VT}(u(z,t))| < s} and
Qs = {(z,t) € Q |VT; (af(z,0))] < s}.

By taking T, (un — T (ai)ﬁ) as test function in (P,,) we get
Oun
o Ot
+/ a(x,t,uy, Vuy,) - VT, (un — T (ai)/) dxdt
—l—/Zgn (z,t, un, Vu,) T, (un — Ty (ai)”) dxdt
< ||f||177+/ | F-VT, (u, — Ty, (af) ) dzdt
{7 (un-10(e3) ) | <n} n< ' “)

—/ P, (z,t,u,) - VT, (un — Ty (ai) ) dzdt.
0 u

T, (un — T (ai)}) dxdt

Let 0 < p < min(1, ), by Young’s inequality, we have

Oy, ,
o T, (un — T (ai)u) dzdt
+/ a(x,t,u,, Vuy,) - VT, (un — T (ai)“> dxdt

+jgn (x,t,un, Vu,) T, <un - T (ai) > dxdt
o p

< [Iflan + /{‘Tn@n_%(ai)“)’q} v <x %) davdt +p/Q o (2,97, (un = Tic (o), )| ) deat.

—/ ®, (x,t,u,) - VT, (un — T (ai) ) dxdt.
Q 7
(4.14)
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On the other hand while v << ¢, we have, for all € > 0 there exists a constant
d. > 0 depending on € > 0 such that for almost all z € 2

Y(x,t) < p(x,et) +d., forallt>0

Without loss of generality, we can assume that ¢ = mgpﬁ, (with « is the

constant of 1.3).

Using 1.6 we get

/ P, (z,t,u,) VT, (un — T (ai) > dxdt
0 I

S/QP(%t)%_l%(

Recall that v << ¢ <= ¢ = 1) << 7 then, with Young inequality and bearing
in mind that P € L (Q), we obtain

) (0= T (ad),)]) 9T (0 = Ti (o), ) dadt. (4.15)

/Q<I>n (z,t,u,) VT, (un — T (a ) > dzdt <C, / o |z eX|T;, < /\Tk; (Oék)u>‘ + 2d. meas (Q)

+¢C, / v, VT, (1 = Ti (0f), ) |) deat
by Lemma (3.3) and the convexity of ¢ with Ae < 1, we get

/ P, (z,t,u,) VT, (un — T (ozi) > dxdt
o 7

< (60, + £ACY) / go(ac,‘VTn (un—Tk (ai)u)’>dxdt+2demeas Q) (4.16)

Q
Combining and (4.14) ,(4.16) we obtain

/Q%ﬂ7 (un — Ty (ai)u) dzdt

—|—/ a(x,t,uy, Vu,) - VT, (un gc)

—|—/2gn (@, t, upn, Vu,) T, (un — Tk )

<17+ | o (s ’ﬂ
(1ol o)

+p/QsO <f€; ‘VT?? <Un — Tk (%)#) D ddt.

— (eCp +eXCy) / @ (x, 0 (un — Tk (ai)/) D dxdt — 2d. meas (Q)
Q

dxdt

)
) dzdt

i.e.
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ou,, ,
/Q WTn (un — T (ai) > dxdt
+/ a(z,t, u,, Vu,) - VT, ( )

+fgn ($7t7unavun)T ( Tk’ ak >
Q

)
dxd
S”mm+4m@¢k )@}( )dﬁ

+cg + (p— eC, — eAC)) /Q © (w, ) (un — Ty (ai)u> D dxdt.

Using now (1.3) on the last term of the last inequality, we get

Oy, ,
/Q WTW (un — T (ai)#) dxdt
+/ a(z,t, uy,, Vu,) - VT, (un — T (ai)u> dxdt

+ Z dn ($, ta Un, Vun) T77 <un - Tk (Oli)u> dxdt
<1+ [ o (2. 2) e
{|7 (un=1(a),) |<n}

dzdt

—eC, —eXC,
ey LG >/ammnﬂwmwnﬂwmv%mw
Q
Which implies that,
Otin (0 = Ti (0}),,) o (4.17)
o ot T\ AT '
a—(p—eC,—elC))

+

- / a(x,t, Tisy (un) , VIigy (uy)) Vu,dadt
Q

-I—/ Gn (2, t,un, Vu,) T, (un — T (ai)u) dxdt
Q

§01n+69+/{‘Tn<un (el <o} < |F|> dxdt. (4.18)

The first term of the left hand side of the last equality reads as

ou, , ou, Tk (ozj ) .

+ /Q T“Tn (un — T (ai)”) dxdt.

The second term of the last equality can be easily to see that is positive and
the third term can be written as
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. /Q (Ti (@) = T (0]),) Tot (10— T3 (o), ) v,

thus by letting n,j — 400, and since (ai) — Ti(u) a.e. in @ and by using
Lebesgue Theorem,

/Q (Tk (ai) — T (ai)l) T, <un — T (ai)l) dxdt :/ (T (u) — Ti(w),) - - -

Q
Ty (u— Tg(u),) dedt + (n, )
Consequently

ot
Then,(4.17) can be write as

/Q Mﬂ] (un ~ T, (%)u) dvdt = e(n, j).

a—(p—eC, —elC,) / a(x,t,un, Vu,) T, (un — T (ai) ) dxdt
(6% Q H

+/ Gn (x,t, Uy, Vu,) T, <Un — Tk (Oé‘;i)u> dadt < cin+cy (4.19)
Q

( |F|> dxdt + e(n, 7).

ptene o

On the other hand,
/ a(z,t,u,, Vu,) T, <un — T (ai) ) dxdt
Q a |
- /{‘ ‘ } (x,t, Tk (uy) , VT (uy)) (VTk (u,) — VT (ai)u Xj,s) dxdt
<n
. a(z,t,u,, Vuy,) - Vu,dzxdt
{Jun=Te(at), [ <n}

— a(x,t,u,, Vuy,) - VTk( ) X{|VT( >|>s}daf:dt

{|un|>k}ﬁ{ ‘un—Tk (ai)#‘<n}

- a(x,t,un,Vun) VTk( ) X{|VTk( )|>S}d$dt.

{|un|>k}ﬂ{‘unka(ai)Mkn}
Thus, by using the fact that

(x,t, Uup, Vuy,) - Vuy,dzdt >0

/{|un>k}m{)un Ti(a (<n}

We obtain

a—(p—eC,—

«

eAC))
_ a(z,t, Ty (uy) , VT} (uy))
/{\un e e}

X (VTk (un) — VT (ai)u Xj,s> dxdt
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+/ Gn (T, U, Vu,) T, (un — Ty (ai) )dxdt
Q I

Scln+69+/ < ’F|>dxdt
{Tn(un—ﬂ.C ak ))<7]}
a—(p—eC,—elC,) /
+ a (.1', ta Up, Vun) VT, X k B dzdt
a {unl >k [un~Ti (o) |<n} (0) X o) 5}
+¢e(n, j). (4.20)

By using (1.5) and the fact that T, (un — T (ai)/) has the same sign of u,, on
the set {|u,| > k}, we get

a—(p—eC,—eAC,)

«

/ . a(x,t, Ty (uy) , VI (uy))
(el e
X (VTk (u,) — VT (ai)u Xj,s) dxdt
+/ Gn (2, t, Uy, Vu,) T, (un — T (ai:) > dxdt
{lun|<k} g

Scm+c9+/{‘Tn<un (e ))q} ( |F|> dxdt

+a—(p—EC’p—

«

eAC
p) / (x,t,un,Vun) VTk ( ) X{|VT ( )|>S}dl’dt
{lun >k}0{[un~T0(a}) | <n
+e(n, j). (4.21)
by using (1.4), we get

a—(p—eC,—elC))

«

/{‘u - ‘< }a (2, t, Ty, (up) , VTi (un)) <VTk (u,) — VT (04{;)/L Xj,s) drdt

gcm+cg+/{‘Tn(un et o) ( ’F|>dxdt

+a—(p—50p—

(0%

5/\Cp)/
a(z,t,u,, Vn,) - VI, X adadt
(b3 o2 ), 1) () X (e) |-}

T, (un — T (af;)/) ‘ dxdt
(4.22)

e(nj) + /{ el ) 4 o [V )

where b, = sup{b(s) : |s| < k}.
Using now (4.8) there exists a constant ¢ > 0 depends on k such that
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[{ e oy T ) L) (VT 00) = VT o), )

§01077+C9+/ ( |F|)d dt
{70 (en=7e(e}), ) |<n}

a (:L‘, t, Uy, VI (aj)u X{|VTk(a§)|>s}dIdt

g
{lunl >k} { [un—Ti(od) | <n}
+e(n, j).
(4.23)
since a (,t, Tyy (Un) , Vit (tn)) — hiyy weakly-star in (Ly (Q))" for o (TILy, TIE,) .
Then

a(z,t,uy, Vuy,) - VI X kYo ) dadt
. (95), X{[ori(e5) 5}

(), [<n)

s - VI T Ssrdzdt n).
/{|u>k}m{|uTk(ai)u|<n} k k( ) u X VT (o8) [>5} +¢(n)

Now, letting j to infinity, we obtain
_ a(z,t,uy, Vu,) - VT, (« ) X{|vT, adudt
/{|un|>k}ﬂ{‘un—Tk(ai)u|<77} {IVTi(a5)|>s}

= P - VT (W) u X (0T ()| >sydxdt + £(n, 7).
{lu|>k}0{|u—T (u) u|<n}

Hence, we get

(:U,t,un,vun) VTk< ) X{|VTk( )|>S}dxdt

/{un|>k}ﬂ{‘un Tk ‘<77}

= Piqn - VT () X (v, (u)>sydrdt +£(n, j, 1)
{lul>EkIn{lu=T (u)|<n}

= E:(n’ j’ u? 8)
Then (4.23) becomes

/ _ a(x,t, Ty (u,), VI (uy) (VTk u,) — VT (ozk) va5> dxdt
{Jun=te (o), [<n
(4.24)
§0107]—|—09+/ ( £ |)d$dt+5nj,u, s). On the other
{osone) k7
hand, remark that
/ (x,t, Ty (un) , VTi (uy) (VTk — VT, (ock,) Xj,s) dxdt
(A

_ /{ N~ }G(I,t,Tk(un),VTk(un)) (VT (un) — VT (o) v0) dardt
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+/ | a(z,t, T (un) , Vi (un)) - - (VTk (af) Xjs — VT (ai)u Xj7s> dxdt
{ESCANES
(4.25)
for the second term of the last inequality, we have obviously that
/{‘ ‘ a(x,t, Ty (uy) , VT (uy)) (VTk (af) — VT (ai)u Xj,s> dxdt
Tk <n
=e(n, j, p, 8).

Then (4.24) becomes

/{‘ o) a(x,t, T (un) , VTi (un)) (VT (un) — VT (o) xj,s) dadt

k)

F
< 01077+09+/ (:1: | |) dxdt + (n, j, i, s). (4.26)

([ sl ) <0}

Hence by letting n to zero, we get

/{‘ (el }a (2,8, Ty (un) , VT (wy)) (VT (w,) — VT, (a{:) Xj,s) dxdt

< g(naja Ly S, n) + Cy.
(4.27
Now, let 0 < 6 < 1, by applying the Young’s inequality with p = % and ﬁ
Yn = (:Ea ta Tk (un) ) ka (un)) Y= (.T, tv Tk (un) ) ka(u)) , We get

~—

aWn) —a VT (un) — VIi(u 9 dxd
/Qﬂ{|Tk(un)Tk(a’?)u|<n}([ (yn) — a(y)] x [V (un) k(w)]) t

J

:/ ([a (yn) — a(y)] x [VTy (un) — VTi(u )] X{‘Tk (un) T (o ‘< }d:cdt
Q

L
< cmeas{’Tk (un) — Tk ‘ < 7]} o

+c </Qﬁ{’Tk o= ’<n} —a(y)] x [VTy (un) — VTi(u)] d:z:dt) :

(4.28)
But we have for s > 0,y, = (z,¢, T} (un), VIk(u)xs) and yo, = (x,t,Tj (uy)
VT (af) Xj,S) , we have
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—a(y)] x [VTy (up) — VTi(u)] dxdt

/Qﬂ{‘Tk (un)~Tio ‘<n}
<

—a(yy)] X [VTi (un) — VT (u)xs] dedt

{70 )~ (o 1<n}
< —a(ya)] X [VTk (un) — VT, (oz?) Xj,s| dzdt
{| 70 () -7 (o (<n}
w) [V (o) xj.s — VTi(w)xs] dadt.
(e \<n}
—a(yy)] VI, (uy,) dadt
(1)
— a (Ya VTk( )Xjﬁsdxdt
(e,
(x,t, T) (un) , VI (u)xs) VI (uw)xsdxdt
(fm-n(es), |}

D Tty LT s
(4.29)

We shall go to limit as n, 7, 4 and s to infinity in the last fifth integrals of the last
side. Starting by .J;, one has

Jy < cote(n, j, p,m)— / o) [V (u,) — VT, (af) Xj,s) ddt.
{[men)-1(a \<n}

Since a (ya) converge strongly to a (z,t, Ty, (u), VT (oz?) Xjs) in (Ey(Q))Y and
VT (u,) = VTi(u) weakly in (L,(Q))", then

a(ya) [VTi (un) — VT () x| ddt
Fito e 1o () 3]

= a (x,t Ty (u), VT ( ) Xj, S) [VTk(u) — VT, (a}“) Xj,S} dxdt
({);k(u)_Tk(a?)u‘<n}
+e(n

which gives by letting j — oo, 4 — 00 and s — o0 respectively

[VTk (up) — VT (Ozf) Xj7s} dxdt

/{(Tk (un)~T (<n}

= (x,t, Ti(u), VI (u)xs) [VTr(u) — VT (u)xs) dedt

{fo-m(et) e
+e(n, j)
- /Q a (2,1, Ti(u), VTu(w)xs) [VTi(w) — VTe(w)ve] ddt + e(n, j, 1)

= 8(”7]7 /"L7 S)‘
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Finally, we get
Jy=¢e(n,j, 1, s,1m). (4.30)
Similarly, we get

Jo=Js=Jy=Js=¢(n,j,1s,n). (4.31)
Combining (4.30)-(4.31), we get

lim ([a(yn) — a(y)] x [VTk (u,) — VTk(u)])e dzdt = 0.

n—+oo Q
and, like a same argument in [!] we have

VT (u,) — VT (u) as n — +oo for the modular convergence, (4.32)

4.1.6. In this step, We shall prove that

Gn (2., Uy, Vu,) — g(x,t,u, Vu) strongly in L'(Q); (4.33)
thinks to (4.32) we obtain
Gn (2, t, up, Vu,) — g(z,t,u, Vu) a.e. in Q. (4.34)

Let E be measurable subset of @ and let m > 0. by (1.3) and (1.3) one has

[gn (.’L’, ta U, vun) \dxdt

I e—

/ lgn (x,t, up, Vu,)| dedt + / \gn (2, t, Up, Vu,)| dedt
En{|un|<m}

En{[un|>m}

< b(m)/ ho(x,t)dzdt + b(m)/ a(z,t, Ty (), VT (uy)) - VT, (uy) dedt

1 " E
+— / gn (x7t7un7vun) Undl‘dt
m Jg

Now we choose u,, as a test function in (P,) and by analogy to what is done in
step 2 there exists a constant ¢ > 0 such that

/ In ('Ta L, Up, vun) udrdt < c
E

Thus, we get

1
lim — [ g, (z,t, u,, Vu,) u,dedt = 0
m—+oo M E

in view of (4.32) the sequence (a(x,t,Ty, (uy), VT, (uy)) - T (uy)), is equi-
integrable, this implies that

lim sup/ a(z,t, Ty (), VT (uy)) - VT, (uy) dedt =0
E

|[E|=0 n

This prove that g, (z,t, u,, Vu,) is equi-integrable. Therefore, Vitali’s theorem
gives g(x,t,u, Vu) € L'(Q) and

Gn (2, t, Uy, Vu,) — g(x,t,u, Vu) strongly in L'(Q).
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4.1.7. Let v € Wy Ly(Q) such that 2 € WL, (Q) + L'(Q) There exists a
prolongation v of v such that (see the proof of Lemma 2.3 and Theorem 4.6. in
1)

v=v on(@Q

b€ WOML (Qx R)NLY(Q x R) N L®(Q x R)

and 2 € WL, (Q x R) + L'(Q x R).
In view of Lemma 2.3, there exists a sequence (w;); in D(2 x R) such that
w; — 0 in Wy Ly(Q x R) and 2% — 9% i =120, (Q x R) + L(Q x R) for
the modular convergence and |w;, o < (N + 2)[|v]|s,q-

Now, we take T}, (u, — w;) X[, for every 7 € [0,T7, as a test function in (P,) we
get

ou,,
o, Ot

Ty, (un, — wy) dedt + / a(x,t,uy, Vuy,) - VI, (u, — w;) dedt

T

—|—/ O, (z,t,u,) - VT} (u,, — w;) dadt
QT

+/ Gn (2,1, U, Vuy,) Ty, (u, — w;) dedt
QT

T (uy, — wj) dadt + / F VT (u, — wj) ddzdt. (4.35)
Q- .
Concerning the first term of (4.35), we obtain
%Tk( — wj) dedt = {/ Ty, (un — w; dx} / Ouy —=T} (u, — w;) dzdt.
Q. Ot Q
ow
= Ty (u — wj) dx + —Tk (u — wj) dzdt + (n)
Q 0 Qr ot
ou

On the others hand,for the second term of (4.35) we get if |u,| > A then
[tn — w;] = Jun| = [wjll o >k, thus {Jun —w;| <k} € {Jun| <&+ (N +2)[[v]le},
which translates that,

lriglig)f/Qa (x,t, upn, Vuy,) VI (U, — w;) dxdt
= /Q a (2,1, T (v42)olloe (1) Vit (v42) o] (1))

> /Q a (2, t, Tie (v (1) = V0j) X{ju—vizrydadt (4.36)
= / a(z,t,u, Vu) (Vu — Vw;) X (ju-w,|<kydrdt

= ja(m, t,u, Vu)VT (u — w;) dedt
Q
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as VT (u, —wj) = VTj (u —w;) in L,(Q) as n — 400, we have (as n — +00)

/ D, (x,t,uy,) - VI (u, —w;) dadt

T

— O(z,t,u) - VI (u — w;) dedt
QT

Thus, the strong convergence of (g, (z,t, u,, Vu,)), and ((f,)), , implies that
ou

ETk (u—w;)dedt  + / a(z,t,u, Vu) - VI (v — w;) dedt
Q- .

—|—/ O(z,t,u) - VI (u — w;) ddxdt  + / gz, t,u, Vu)Ty, (u — w;) dzdt
’ ’ (4.37)

< [Ty (v — w;) dedt + / F - VT (u — wj) ddzdt.
Qr -
Therefore , by using the modular convergence of j , we have the result desired in
this step. As a conclusion of Step 1 to Step 7, the proof of our existence result is
acheived.
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