
Gulf Journal of Mathematics

Vol 9, Issue 1 (2020) 1-26

ENTROPY SOLUTIONS FOR NONLINEAR PARABOLIC
EQUATIONS IN MUSIELAK ORLICZ SPACES WITHOUT

∆2-CONDITION

BADR EL HAJI1∗, MOSTAFA EL MOUMNI2 AND ABDESLAM TALHA 3

Abstract. In this paper, we are interested in results concerning entropy so-
lutions for nonlinear parabolic equations in Musielak Orlicz spaces without
∆2-condition.

1. Introduction and Basic assumptions

In this paper, we study the nonlinear parabolic problem whose model is

(P)


∂u
∂t
− div(a(x, t, u,∇u) + Φ(x, t, u)) + g(x, t, u,∇u) = f − div(F ) in Q,

u = 0 in ∂Ω× (0, T ),
u(x, 0) = u0 in Ω,

where Ω be a bounded Lipschitz domain in RN and T > 0, we denote Q =
Ω× [0, T ], and let ϕ and γ be two Musielak-Orlicz functions such that ϕ is locally
integrable and γ ≺≺ ϕ Let A : D(A) ⊂ W 1,x

0 Lϕ(Q) −→ W−1,xLψ(Q) be a
mapping given by

A(u) = − div(a(x, t, u,∇u)),

with a : a(x, t, s, ξ) : Ω × [0, T ] × R × RN −→ RN is a Carathodory function
satisfying, for a.e (x, t) ∈ Q and for all s ∈ R and all ξ, ξ′ ∈ RN , ξ 6= ξ′ :

|a(x, t, s, ξ)| ≤ β
(
c(x, t) + ψ−1

x γ(x, ν|s|) + ψ−1
x ϕ(x, ν|s|)

)
, (1.1)

(a(x, t, s, ξ)− a (x, t, s, ξ′)) (ξ − ξ′) > 0, (1.2)

a(x, t, s, ξ) · ξ ≥ αϕ(x, |ξ|), (1.3)

where c(x, t) a positive function, c(x, t) ∈ Eψ(Q) and ν, β, α are positive con-
stants.

Let g : Ω × [0, t] × R × RN −→ RN be a Caratheodory function satisfying for
a.e. (x, t) ∈ Ω× [0, t] and ∀s ∈ R, ξ ∈ RN :

|g(x, t, s, ξ)| ≤ b(|s|) (c2(x, t) + ϕ(x, |ξ|)) , (1.4)

g(x, t, s, ξ)s ≥ 0, (1.5)
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where c2(x, t) ∈ L1(Q) and b : R+ −→ R is a continuous and nondecreasing
function. Furthermore the function Φ is a Carathodory function which satisfies
the following growth condition for a.e. (x, t) ∈ Q and for all ∀s ∈ R

|Φ(x, t, s)| ≤ P (x, t)γx
−1γx(|s|), (1.6)

where

P (x, t) ∈ L∞(Q).

f ∈ L1(Q) and F ∈ (Eψ(Q))N , (1.7)

u0 ∈ L1(Ω). (1.8)

A several work have treated the same problem ,we can’t recite all examples but
i will just choose some of them, for instance :

In the case where A is a Leary-Lions operator defined on Lp (0, T ;W 1,p(Ω))
Porretta [38] proved the existence of solutions for the problem (P), where g is
a nonlinearity with ”natural” growth condition and which satisfies the classical
sign condition g(x, t, s, ξ)s ≥ 0.

In the case where Φ ≡ div(F ) ≡ 0, the existence of entropy solutions for
parabolic problems of the form (P) in the setting of Orlicz spaces has been proved
in A. Elmahi and D. Meskine [29] in the case where f belongs to L1(Q) and g be
a carathodory function satisfying

|g(x, t, s, ξ)| ≤ b(|s|)(c(x, t) +M(|ξ|));
g(x, t, s, ξ)s ≥ 0.

in [33] the authors have been studied the existence of solutions for the prpblem
(P) in variable exponent sobolev spaces where Φ ≡ div(F ) ≡ g ≡ 0 and the
second membe f is in W−1,xLp

′(x)(Q).
On the other hand, the existence of a weak solution for the problem (P) has

been studied in the framwork of Musielak spaces where Φ ≡ div(F ) ≡ 0, (see
[1]) and recently, in the same fremwork, Talha. A, Benkirane.A and Elemine Vall
M.S.B. were proved the existence of entropy solutions for the problem (P) where
Φ ≡ 0, (see [36]).

A large number of research deals with existence solutions of elliptic and para-
bolic problems under different assumptions in order to get a classical results see
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 25, 26, 27, 28, 31, 37,
42, 43] for more details.

The goal of this paper is to investigate the existence of entropy solutions for
problem (P) in the Musielak Orlicz spaces without ∆2 condition, when the term
nonlinear g(x, t, u,∇u) satisfying the natural growth and the classical signe con-
ditions. Note that the second member is in L1 and no hypothesis of coercivity is
assumed on Φ.

The paper is organized as follows: In Section 2 , we present some preliminaries
and background. Section 3 concern some technical lemmas which will be needed
later. In the final section 4, we give our main result and state the prove of an
existence of solution .
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2. Background

Here we give some definitions and properties that concern Musielak-Orlicz
spaces (see [39]).

2.1. Musielak-Orlicz functions. Let Ω be an open subset of Rn.
A Musielak-Orlicz function ϕ is a real-valued function defined in Ω×R+ such

that
a) ϕ(x, t) is an N-function i.e. convex, nondecreasing, continuous, ϕ(x, 0) =
0, ϕ(x, t) > 0 for all t > 0 and

lim
t→0

sup
x∈Ω

ϕ(x, t)

t
= 0, lim

t→∞
inf
x∈Ω

ϕ(x, t)

t
= 0.

b) ϕ(·, t) is a Lebesgue measurable function.

Now, let ϕx(t) = ϕ(x, t) and let ϕ−1
x be the non-negative reciprocal function

with respect to t, i.e the function that satisfies

ϕ−1
x (ϕ(x, t)) = ϕ

(
x, ϕ−1

x (t)
)

= t.

The Musielak-orlicz function ϕ is said to satisfy the ∆2 -condition if for some
k > 0, and a non negative function h, integrable in Ω, we have

ϕ(x, 2t) ≤ kϕ(x, t) + h(x) for all x ∈ Ω and t ≥ 0. (2.1)

When 2.1 holds only for t ≥ t0 > 0, then ϕ is said to satisfy the ∆2 -condition near
infinity. Let ϕ and γ be two Musielak-orlicz functions, we say that ϕ dominate
γ and we write γ ≺ ϕ, near infinity (resp. globally) if there exist two positive
constants c and t0 such that for almost all x ∈ Ω

γ(x, t) ≤ ϕ(x, ct) for all t ≥ t0, ( resp. for all t ≥ 0 i.e. t0 = 0) .

We say that γ grows essentially less rapidly than ϕ at 0 (resp. near infinity) and
we write γ ≺≺ ϕ if for every positive constant c we have

lim
t→0

(
sup
x∈Ω

γ(x, ct)

ϕ(x, t)

)
= 0,

(
resp. lim

t→∞

(
sup
x∈Ω

γ(x, ct)

ϕ(x, t)

)
= 0

)
.

Remark 2.1. (see [27]) If γ ≺≺ ϕ near infinity, then ∀ε > 0 there exists a non-
negative integrable function h, such that

γ(x, t) ≤ ϕ(x, εt) + h(x). for all t ≥ 0 and for a. e. x ∈ Ω. (2.2)

2.2. Musielak-Orlicz-Sobolev spaces. For a Musielak-Orlicz function ϕ and
a measurable function u : Ω −→ R, we define the functional

ρϕ,Ω(u) =

∫
Ω

ϕ(x, |u(x)|)dx.

The setKϕ(Ω) = {u : Ω −→ R measurable /ρϕ,Ω(u) <∞} is called the Musielak-
Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space (the general-
ized Orlicz spaces) Lϕ(Ω) is the vector space generated by Kϕ(Ω), that is, Lϕ(Ω)
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is the smallest linear space containing the set Kϕ(Ω). Equivalently

Lϕ(Ω) =
{
u : Ω −→ R measurable /ρϕ,Ω

(u
λ

)
<∞, for some λ > 0

}
.

For a Musielak-Orlicz function ϕ we put: ψ(x, s) = supt>0{st − ϕ(x, t)}, ψ is
the Musielak-Orlicz function complementary to ϕ (or conjugate of ϕ ) in the sens
of Young with respect to the variable s In the space Lϕ(Ω) we define the following
two norms:

‖u‖ϕ,Ω = inf

{
λ > 0/

∫
Ω

ϕ

(
x,
|u(x)|
λ

)
dx ≤ 1

}
,

which is called the Luxemburg norm and the so-called Orlicz norm by:

‖|u|‖ϕ,Ω = sup
‖v‖ψ≤1

∫
Ω

|u(x)v(x)|dx,

where ψ is the Musielak Orlicz function complementary to ϕ. These two norms
are equivalent (see [39])

We will also use the space Eϕ(Ω) defined by

Eϕ(Ω) =
{
u : Ω −→ R measurable /ρϕ,Ω

(u
λ

)
<∞, for all λ > 0

}
.

A Musielak function ϕ is called locally integrable on Ω if ρϕ (tχD) <∞ for all
t > 0 and all measurable D ⊂ Ω with meas (D) <∞ Let ϕ a Musielak function
which is locally integrable. Then Eϕ(Ω) is separable (see [39], Theorem 7.10) .

We say that sequence of functions un ∈ Lϕ(Ω) is modular convergent to u ∈
Lϕ(Ω) if there exists a constant λ > 0 such that

lim
n→∞

ρϕ,Ω

(
un − u
λ

)
= 0.

For any fixed nonnegative integer m we define

WmLϕ(Ω) = {u ∈ Lϕ(Ω) : ∀|α| ≤ m,Dαu ∈ Lϕ(Ω)} ,

and

WmEϕ(Ω) = {u ∈ Eϕ(Ω) : ∀|α| ≤ m,Dαu ∈ Eϕ(Ω)} ,
where α = (α1, . . . , αn) with nonnegative integers αi, |α| = |α1| + . . . + |αn| and
Dαu denote the distributional derivatives.
The space WmLϕ(Ω) is called the Musielak Orlicz Sobolev space.

Let

ρ̄ϕ,Ω(u) =
∑
|α|≤m

ρϕ,Ω (Dαu) and ‖u‖mϕ,Ω = inf
{
λ > 0 : ρ̄ϕ,Ω

(u
λ

)
≤ 1
}

for u ∈ WmLϕ(Ω).
These functionals are a convex modular and a norm on WmLϕ(Ω), respectively,
and the pair

(
WmLϕ(Ω), ‖‖mϕ,Ω

)
is a Banach space if ϕ satisfies the following

condition (see[39]):
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there exist a constant c0 > 0 such that inf
x∈Ω

ϕ(x, 1) ≥ c0. (2.3)

The space WmLϕ(Ω) will always be identified to a subspace of the product∏
|α|≤m Lϕ(Ω) = ΠLϕ, this subspace is σ (ΠLϕ,ΠEψ) closed.

The spaceWm
0 Lϕ(Ω) is defined as the σ (ΠLϕ,ΠEψ) closure ofD(Ω) inWmLϕ(Ω).

and the space Wm
0 Eϕ(Ω) as the (norm) closure of the Schwartz space D(Ω) in

WmLϕ(Ω).
Let Wm

0 Lϕ(Ω) be the σ (ΠLϕ,ΠEψ) closure of D(Ω) in WmLϕ(Ω), the following
spaces of distributions will also be used:

W−mLψ(Ω) =

f ∈ D′(Ω); f =
∑
|α|≤m

(−1)|α|Dαfα with fα ∈ Lψ(Ω)

 ,

and

W−mEψ(Ω) =

f ∈ D′(Ω); f =
∑
|α|≤m

(−1)|α|Dαfα with fα ∈ Eψ(Ω)

 .

We say that a sequence of functions un ∈ WmLϕ(Ω) is modular convergent to
u ∈ WmLϕ(Ω) if there exists a constant k > 0 such that

lim
n→∞

ρ̄ϕ,Ω

(
un − u
k

)
= 0.

For ϕ and her complementary function ψ, the following inequality is called the
Young inequality (see[39]):

ts ≤ ϕ(x, t) + ψ(x, s), ∀t, s ≥ 0, x ∈ Ω, (2.4)

this inequality implies that

‖u‖ϕ,Ω ≤ ρϕ,Ω(u) + 1. (2.5)

In Lϕ(Ω) we have the relation between the norm and the modular

‖u‖ϕ,Ω ≤ ρϕ,Ω(u) if ‖u‖ϕ,Ω > 1, (2.6)

‖u‖ϕ,Ω ≥ ρϕ,Ω(u) if ‖u‖ϕ,Ω ≤ 1. (2.7)

For two complementary Musielak Orlicz functions ϕ and ψ, let u ∈ Lϕ(Ω) and
v ∈ Lψ(Ω), then we have the Holder inequality (see[39]):∣∣∣∣∫

Ω

u(x)v(x)dx

∣∣∣∣ ≤ ‖u‖ϕ,Ω‖|v|‖ψ,Ω. (2.8)
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2.3. Inhomogeneous Musielak-Orlicz-Sobolev spaces. Let Ω a bounded
open subset of RN and let Q = Ω×]0, T [ with some given T > 0. Let ϕ and
ψ be two complementary Musielak-Orlicz functions. For each α ∈ NN denote
by Dα

x the distributional derivative on Q of order α with respect to the vari-
able x ∈ RN . The inhomogeneous Musielak-Orlicz-Sobolev spaces of order 1 are
defined as follows.

W 1,xLϕ(Q) = {u ∈ Lϕ(Q) : ∀|α| ≤ 1Dα
xu ∈ Lϕ(Q)}

et

W 1,xEϕ(Q) = {u ∈ Eϕ(Q) : ∀|α| ≤ 1Dα
xu ∈ Eϕ(Q)} .

This second space is a subspace of the first one, and both are Banach spaces
under the norm

‖u‖ =
∑
|α|≤1

‖Dα
xu‖ϕ,Q

These spaces constitute a complementary system since Ω satisfies the segment
property.These spaces are considered as subspaces of the product space ΠLϕ(Q)
which has (N + 1) copies.

We shall also consider the weak topologies σ (ΠLϕ,ΠEψ) and σ (ΠLϕ,ΠLψ) If
u ∈ W 1,xLϕ(Q) then the function t→ u(t) = u(·, t) is defined on [0, T ] with values
in W 1Lϕ(Ω). If u ∈ W 1,xEϕ(Q), then u ∈ W 1Eϕ(Ω) and it is strongly measurable.
Furthermore, the imbedding W 1,xEϕ(Q) ⊂ L1 (0, T,W 1Eϕ(Ω)) holds. The space
W 1,xLϕ(Q) is not in general separable, for u ∈ W 1,xLϕ(Q) we cannot conclude
that the function u(t) is measurable on [0, T ].

However, the scalar function t→ ‖u(t)‖ϕ,Ω is in L1(0, T ). The space W 1,x
0 Eϕ(Q)

is defined as the norm closure of D(Q) in W 1,xEϕ(Q). We can easily show as in
[34] that when Ω has the segment property, then each element u of the closure of
D(Q) with respect of the weak ∗ topology σ (ΠLϕ,ΠEψ) is a limit in W 1,xLϕ(Q)
of some subsequence (vj) ∈ D(Q) for the modular convergence, i.e. there exists
λ > 0 such that for all |α| ≤ 1∫

Q

ϕ

(
x,

(
Dα
xvj −Dα

xu

λ

))
dxdt→ 0 as j →∞,

this implies that (vj) converges to u inW 1,xLϕ(Q) for the weak topology σ (ΠLϕ,ΠLψ)
Consequently

D(Q)
σ(ΠLϕ,ΠEψ)

= D(Q)
σ(ΠLϕ,ΠLψ)

The space of functions satisfying such a property will be denoted by W 1,x
0 Lψ(Q)

Furthermore, W 1,x
0 Eϕ(Q) = W 1,x

0 Lϕ(Q) ∩ ΠEϕ(Q). Thus, both sides of the last

inequality are equivalent norms on W 1,x
0 Lϕ(Q). We then have the following com-

plementary system: (
W 1,x

0 Lϕ(Q) F

W 1,x
0 Eϕ(Q) F0

)
where F states for the dual space of W 1,x

0 Eϕ(Q). and can be defined, except for

an isomorphism, as the quotient of ΠLψ by the polar set W 1,x
0 Eϕ(Q)⊥. It will be
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denoted by F = W−1,xLψ(Q), where

W−1,xLψ(Q) =

f =
∑
|α|≤1

Dα
xfα : fα ∈ Lψ(Q)


This space will be equipped with the usual quotient norm

‖f‖ = inf
∑
|α|≤1

‖fα‖ψ,Q

where the infimum is taken over all possible decompositions

f =
∑
|α|≤1

Dα
xfα, fα ∈ Lψ(Q)

The space F0 is then given by

F0 =

f =
∑
|α|≤1

Dα
xfα : fα ∈ Eψ(Q)


and is denoted by F0 = W−1,xEψ(Q) .

Theorem 2.2. [1] Let ϕ be a Musielak-Orlicz function satisfies the assumption
3.1. If u ∈ W 1,xLϕ(Q) ∩ L2(Q)

(
respectively u ∈ W 1,x

0 Lϕ(Q) ∩ L2(Q)
)

and
∂u
∂t
∈ W−1,xLψ(Q) + L2(Q), then there exists a sequence (vj) ∈ D(Q̄) ( respec-

tively D(Ī , D(Ω))) such that vj −→ u in W 1,xLϕ(Q) ∩ L2(Q) and
∂vj
∂t
−→ ∂u

∂t
in

W−1,xLψ(Q) + L2(Q) for the modular convergence.

Lemma 2.3. [1] Let a < b ∈ R and let Ω be a bounded Lipschitz domain in RN .{
u ∈ W 1,x

0 Lϕ(Ω×]a, b[) :
∂u

∂t
∈ W−1,xLψ(Ω×]a, b[) + L1(Ω×]a, b[)

}
is a subset of C(]a, b [, L1(Ω)).

In order to show the existence theorem we need the follwing lemmas .

3. Some technical Lemmas

Lemma 3.1. [27]
Let Ω be a bounded Lipschitz domain in RN and let ϕ and ψ be two comple-

mentary Musielak-Orlicz functions which satisfy the following conditions:
i)There exist a constant c > 0 such that inf x∈Ωϕ(x, 1) ≥ c.

ii) There exist a constant A > 0 such that for all x, y ∈ Ω with |x− y| ≤ 1
2

we
have

ϕ(x, t)

ϕ(y, t)
≤ c.t

(
A

log( 1
|x−y|)

)
, ∀t ≥ 1. (3.1)

iii)

If D ⊂ Ω is a bounded measurable set, then

∫
D

ϕ(x, 1)dx <∞. (3.2)
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iv) There exist a constant C > 0 such that ψ(x, 1) ≤ C a.e in Ω.

Under this assumptions, D(Ω) is dense in Lϕ(Ω) with respect to the modular
topology, D(Ω) is dense in W 1

0Lϕ(Ω) for the modular convergence and D(Ω̄) is
dense in W 1Lϕ(Ω) the modular convergence.

Consequently, the action of a distribution S in W−1Lψ(Ω) on an element u of
W 1

0Lϕ(Ω) is well defined. It will be denoted by < S, u >.

Lemma 3.2. ([38]) Let F : R −→ R be uniformly Lipschitzian, with F (0) = 0.
Let ϕ be a Musielak-Orlicz function and let u ∈ W 1

0Lϕ(Ω). Then F (u) ∈ W 1
0Lϕ(Ω)

Moreover, if the set D of discontinuity points of F ′ is finite, we have

∂

∂xi
F (u) =

{
F ′(u) ∂u

∂xi
a.e in{x ∈ Ω : u(x) ∈ D}

0 a.e in {x ∈ Ω : u(x) /∈ D}.
Lemma 3.3. [4] (Poincare inequality). Let ϕ a Musielak Orlicz function which
satisfies the assumptions of lemma 3.1, suppose that ϕ(x, t) decreases with respect
of one of coordinate of x Then, there exists a constant c > 0 depends only of Ω
such that ∫

Ω

ϕ(x, |u(x)|)dx ≤
∫

Ω

ϕ(x, c|∇u(x)|)dx, ∀u ∈ W 1
0Lϕ(Ω).

Lemma 3.4. [35] Suppose that Ω satisfies the segment property and let u ∈
W 1

0Lϕ(Ω). Then, there exists a sequence (un) ⊂ D(Ω) such that

un → u for modular convergence in W 1
0Lϕ(Ω)

Furthermore, if u ∈ W 1
0Lϕ(Ω) ∩ L∞(Ω) then ‖un‖∞ ≤ (N + 1)‖u‖∞.

Lemma 3.5. Let (fn) , f ∈ L1(Ω) such that
i) fn ≥ 0 a.e in Ω
ii) fn −→ f a.e in Ω

iii)

∫
Ω

fn(x)dx −→
∫

Ω

f(x)dx

then fn −→ f strongly in L1(Ω).

Lemma 3.6. (Jensen inequality). [40] Let ϕ : R −→ R a convex function and g
: Ω −→ R is function measurable, then

ϕ

(∫
Ω

gdµ

)
≤
∫

Ω

ϕ ◦ gdµ.

Lemma 3.7. (The Nemytskii Operator)[2] . Let Ω be an open subset of RN

with finite measure and let ϕ and ψ be two Musielak-Orlicz functions. Let f :
Ω×R −→ R be a Carathéodory function such that for a.e. x ∈ Ω and all s ∈ R :

|f(x, s)| ≤ c(x) + k1ψ
−1
x ϕ(x, k2|s|). (3.3)

where k1 and k2 are real positives constants and c(.) ∈ Eψ(Ω). Then the Nemytskii
Operator Nf defined by Nf (u)(x) = f(x, u(x)) is continuous from

P
(
Eϕ(Ω),

1

k2

)
=

{
u ∈ Lϕ(Ω) : d(u,Eϕ(Ω)) <

1

k2

}
.



ENTROPY SOLUTIONS FOR NONLINEAR PARABOLIC EQUATIONS 9

into Lψ(Ω).
Furthermore if c(·) ∈ Eγ(Ω) and γ ≺≺ ψ then Nf is strongly continuous from

P
(
Eϕ(Ω), 1

k2

)
to Eγ(Ω).

4. Existence result

For k > 0 we define the truncation function Tk : R −→ R by:

Tk(s) =

{
s if |s| ≤ k,
k s
|s| if |s| > k,

and let us define the following function

Sk(r) =

∫ r

0

Tk(σ)dσ =

{
r2

2
if |r| ≤ k,

k|r| − r2

2
if |r| > k,

and

T 1,ϕ
0 (Q) =

{
u : Ω −→ R measurable such that Tk(u) ∈ W 1,x

0 Lϕ(Q)∀k > 0
}
.

Our aim now is to prove the following existence theorem.

Theorem 4.1. Let Ω be a bounded Lipschitz domain in RN , ϕ and ψ be two com-
plementary Musielak-Orlicz functions satisfying the assumptions of Lemma 3.1
and ϕ(x, t) decreases with respect to one of coordinate of x, we assume also that
(1.1)–(1.7) and (1.8) hold true. Then the problem (P) has at least one entropy
solution of the following sense

u ∈ T 1,ϕ
0 (Q) ∩W 1,x

0 Lϕ(Q), Sk(u) ∈ L1(Q), g(., u,∇u) ∈ L1(Q),∫
Ω

Sk(u(T )− v(T ))dx+

〈
∂v

∂t
, Tk(u− v)

〉
+

∫
Q

a(x, t, u,∇u) · ∇Tk(u− v)dxdt

+

∫
Q

Φ(x, t, u) · ∇Tk(u− v)dxdt+

∫
Q

g(x, t, u,∇u)Tk(u− v)dxdt

≤
∫
Q

fTk(u− v)dxdt+

∫
Q

F · ∇Tk(u− v)dxdt+

∫
Ω

Sk (u0 − v(0)) dx,

∀v ∈ W 1,x
0 Lϕ(Q) ∩ L∞(Q) such that ∂v

∂t
∈ W−1,xLψ(Q) + L1(Q).

4.1. Proof.

4.1.1. The approximate problems :
Let us define the approximation

gn(x, t, s, ξ) = Tn(g(x, t, s, ξ)).

Consider the nonlinear approximate problems

(Pn)

{
un ∈ W 1,x

0 Lϕ(Q), un(., 0) = u0n in ∂Q = ∂Ω× [0, T ],
∂un
∂t
− div (a (x, t, un,∇un) + Φn (x, t, un)) + gn (x, t, un,∇un) = fn − div(F ).

We have, the sequence (fn) ⊂ D(Q) is such that

fn −→ f strongly in L1(Q),
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and ‖fn‖L1(Q) ≤ ‖f‖L1(Q) and (u0n) ⊂ D(Ω) is such that

u0n −→ u0 strongly in L1(Ω) and ‖u0n‖L1(Ω) ≤ ‖u0‖L1(Ω) .

Now by theorem 5.1 of [1], the problem (Pn) has at least one solution un .

4.1.2. A priori estimates:
In this step we define ci, i = 1, 2, . . . a constants not depends on k and n. For

k > 0, by taking the function Tk (un) as test in (Pn) , we get∫
Q

∂un
∂t

Tk (un) dxdt+

∫
Q

a (x, t, Tk (un) ,∇Tk (un)) · ∇Tk (un) dxdt

+

∫
Q

gn (x, t, un,∇un)Tk (un) dxdt

=

∫
Q

fnTk (un) dxdt+

∫
Q

F · ∇Tk (un) dxdt+

∫
Q

Φn (x, t, un) · ∇Tk (un) dxdt

≤ ‖f‖L1(Q)k +

∫
Q

F · ∇Tk (un) dxdt+

∫
Qτ

Φn (x, t, un) · ∇Tk (un) dxdt. (4.1)

Furthermore, let 0 < p < min(α, 1), with α is the constant of (1.3), and thinks
to the Young’s inequality, we obtain∫

Q

F · ∇Tk (un) dxdt =

∫
Q

1

p
F · p∇Tk (un) dxdt

≤
∫
Q

ψ

(
x,

1

p
|F |
)
dxdt+ p

∫
Q

ϕ (x, |∇Tk (un)|) dxdt. (4.2)

Now, note that if γ ≺< ϕ, we get, for all ε > 0 there exists a constant dε > 0
depending on ε > 0 such that for almost all x ∈ Ω

γ(x, t) ≤ ϕ(x, εt) + dε, for all t ≥ 0

By assuming that ε = α−p
(α+Cp)(λ+1)

, (where α is the constant of (1.3). and thinks

to (1.6) we obtain∫
Q

Φn (x, t, un)∇Tk (un) dxdt ≤
∫
Q

P (x, t)γx
−1γx (|Tk (un)|)∇Tk (un) dxdt.

(4.3)
Remember that γ ≺≺ ϕ⇐⇒ ϕ̄ = ψ ≺≺ γ̄ , by Young inequality and taking into
account that P ∈ L∞ (Q) , we get∫

Q

Φn (x, t, un)∇Tk (un) dxdt ≤Cp
∫
Q

ϕ

(
x,
ελ |Tk (un)|

λ

)
+ 2dε meas (Q)

+ εCp

∫
Q

ϕ (x, |∇Tk (un)|) dxdt.

Thinks to (3.3) and using the convexity of ϕ where λε ≤ 1, we obtain∫
Q

Φn (x, t, un)∇Tk (un) dxdt ≤ (εCp + ελCp)

∫
Q

ϕ (x, |∇Tk (un)|) dxdt+2dε meas (Q) .

(4.4)
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According to (4.1),(4.2) and (4.4) ,one has∫
Q

∂un
∂t

Tk (un) dxdt+

∫
Q

a (x, t, Tk (un) ,∇Tk (un)) · ∇Tk (un) dxdt

+

∫
Q

Φn (x, t, un) · ∇Tk (un) dxdt+

∫
Q

gn (x, t, un,∇un)Tk (un) dxdt

≤ c1k + c2 + (p+ εCp + ελCp)

∫
Q

ϕ (x, |∇Tk (un)|) dxdt+ c3. (4.5)

Thinks to (1.5) and (1.3), we can obtain∫
Q

∂un
∂t

Tk (un) dxdt+
α− (p+ εCp + ελCp)

α

∫
Q

a (x, t, Tk (un) ,∇Tk (un))·∇Tk (un) dxdt ≤ c1k+c2.

(4.6)
The first term of the left hand side of (4.6) , translates as∫

Q

∂un
∂t

Tk (un) dxdt =

∫
Ω

Sk (un(T )) dx−
∫

Ω

Sk (u0n) dx.

Consequently∫
Ω

Sk (un(T )) dx+
α− (p+ εCp + ελCp)

α

∫
Q

a (x, t, Tk (un) ,∇Tk (un)) · ∇Tk (un) dxdt

≤ c1k + c2 + c3 +

∫
Ω

Sk (u0n) dx.

By taking that Sk(σ) > 0, |Sk(u0n)| ≤ k |u0n| , Thus 4.6 becomes

α− (p+ εCp + ελCp)

α

∫
Q

a (x, t, Tk (un) ,∇Tk (un)) · ∇Tk (un) dxdt ≤ c4k + c2 + c3.

Hence

α− (p+ εCp + ελCp)

α

∫
Q

a (x, t, Tk (un) ,∇Tk (un)) · ∇Tk (un) dxdt ≤ c4k + c5.

(4.7)
Then thinks to (1.3), we obtain∫

Q

ϕ (x, |∇Tk (un)|) dxdt ≤ c6k + c7

by applying the Lemma (3.3) we get∫
Q

ϕ

(
x,
|Tk (un)|

c

)
dx ≤

∫
Q

ϕ (x, |∇Tk (un)|) dx ≤ c6k + c7, (4.8)

where c is the constant of Lemma (3.3) .

Then

(Tk (un))n and (∇Tk (un))n bounded in Lϕ(Ω),

hence
(Tk (un))n is bounded in W 1

0Lϕ(Ω),
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there exist some vk ∈ W 1
0Lϕ(Ω) such that{

Tk (un) ⇀ vk weakly in W 1
0Lϕ(Ω) for σ (ΠLϕ,ΠEψ)

Tk (un) −→ vk strongly in Eϕ(Ω).
(4.9)

4.1.3. In this part we prove that

Tk (un) ⇀ Tk(u) weakly in W 1,x
0 Lϕ(Q) for σ (ΠLϕ,ΠEψ) ,

and

Tk (un) −→ Tk(u) strongly in Eϕ(Q).

Let k > 0 large enough, by (4.8) we get

meas {|un| > k} ≤ 1

infx∈Ω ϕ
(
x, k

λ

) ∫
{|un|>k}

ϕ

(
x,
k

λ

)
dxdt

≤ 1

infx∈Ω ϕ
(
x, k

λ

) ∫
Q

ϕ

(
x,

1

λ
|Tk (un)|

)
dxdt

≤ c6k + c7

infx∈Ω ϕ
(
x, k

λ

) ∀n, ∀k ≥ 0

where c5 is a constant not dependent on k, consequently

meas {|un| > k} ≤ c6k+c7
infx∈Ω ϕ(x, kλ)

−→ 0 as k −→∞

For every λ > 0 we obtain

meas {|un − um| > λ} ≤ meas {|un| > k}
+ meas {|um| > k}
+ meas {|Tk (un)− Tk (um)| > λ} .

(4.10)

Hence, thinks to (4.8) we suppose that (Tk (un))n is a Cauchy sequence in measure
in Q. Let ε > 0, thus by (4.10) there exists some k = k(ε) > 0 such that

meas {|un − um| > λ} < ε, for all n,m ≥ h0(k(ε), λ).

which gives that (un)n is a Cauchy sequence in measure in Q, then converge
almost every where to some measurable functions u. hence{

Tk (un) ⇀ Tk(u) weakly in W 1,x
0 Lϕ(Q) for σ (ΠLϕ,ΠEψ)

Tk (un) −→ Tk(u) strongly in Eϕ(Q).
(4.11)

4.1.4. In this subsubsection we show that

a (x, t, Tk (un) ,∇Tk (un)) ⇀ hk weakly ∗ in (Lψ(Ω))N for σ (ΠLψ,ΠEϕ) .

Let w ∈ Eϕ(Q)N such that ‖w‖ϕ,Ω ≤ 1,
taking account to (1.2) we get .(

a (x, t, Tk (un) ,∇Tk (un))− a
(
x, t, Tk (un) ,

w

ν

))(
∇Tk (un)− w

ν

)
> 0

consequently
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∫
Ω

a (x, t, Tk (un) ,∇Tk (un))
w

ν
dxdt ≤

∫
Ω

a (x, t, Tk (un) ,∇Tk (un))∇Tk (un) dxdt

−
∫

Ω

a
(
x, t, Tk (un) ,

w

ν

)(
∇Tk (un)− w

ν

)
dxdt

(4.12)
by (4.7), we obtain∫

Ω

a (x, Tk (un) ,∇Tk (un))∇Tk (un) dxdt ≤ c4k + c2 + c3

Now, for λ large enough (λ > β), by according to (1.1) we get

∫
Ω

ψx

(∣∣∣∣∣a
(
x, t, Tk (un) , w

ν

)
3λ

∣∣∣∣∣
)
dxdt

≤
∫

Ω

ψx

(
β (d(x) + ψ−1

x (γ (x, ν |Tk (un)|)) + ψ−1
x (ϕ(x, |w|)))

3λ

)
dxdt

≤ β

λ

∫
Ω

ψx

(
h1(x, t) + ψ−1

x (γ (x, ν |Tk (un)|)) + ψ−1
x (ϕ(x, |w|)))

3

)
dxdt

≤ β

3λ

(∫
Ω

ψx (h1(x, t)) dxdt+

∫
Ω

γ (x, ν |Tk (un)|) dxdt+

∫
Ω

ϕ(x, |w|)dxdt
)

≤ β

3λ

(∫
Ω

ψx (h1(x, t)) dxdt+

∫
Ω

γ(x, νk)dxdt+

∫
Ω

ϕ(x, |w|)dxdt
)
.

Finally, since γ grows essentially less rapidly than ϕ near infinity and thinks to
Remark2.1 there exists r(k) > 0 such that γ(x, νk) ≤ r(k)ϕ(x, 1) then we obtain∫

Ω

ψx

(
a
(
x, t, Tk (un) , w

ν

)
3λ

)
dxdt

≤ β

3λ

(∫
Ω

ψx (h1(x, t)) dxdt+ r(k)

∫
Ω

ϕ(x, 1)dxdt+

∫
Ω

ϕ(x, |w|)dxdt
)
.

Conseqently

a
(
x, t, Tk (un) ,

w

ν

)
is bounded in (Lψ(Ω))N .

this implies that second term of the right hand side of (4.12) is bounded, hence
we obtain

∫
Ω

a (x, t, Tk (un) ,∇Tk (un))wdxdt ≤ c8(k), for all w ∈ (Lϕ(Ω))N where ‖w‖ϕ,Ω ≤ 1.

Then by applying the theorem of Banach Steinhous one has,

the sequence (a (x, t, Tk (un) ,∇Tk (un)))n bounded in (Lψ(Ω))N .
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Which implies that, for all k > 0 there exists a function hk ∈ (Lψ(Ω))N such
that

a (x, t, Tk (un) ,∇Tk (un)) ⇀ hk weakly∗ in (Lψ(Ω))N for σ (ΠLψ,ΠEϕ) . (4.13)

4.1.5. In this step we show that

∇Tk (un) −→ ∇Tk(u) as n −→ +∞ for the modular convergence,

We will write only ε(n, j, µ, s) to mean all quantities (possibly different) such
that

lim
n→+∞

lim
j→+∞

lim
µ→+∞

lim
s→+∞

ε(n, j, µ, s) = 0,

since Tk(u) ∈ W 1,x
0 Lϕ(Ω) then there exists a sequence

(
αjk
)
⊂ D(Ω) such that(

αjk
)
−→ Tk(u) for the modular convergence in W 1,x

0 Lϕ(Ω).

For the remaining of this article, χs and χj,s will denoted respectively the
characteristic functions of the sets Qs = {(x, t) ∈ Ω : |∇Tk(u(x, t))| ≤ s} and
Ωj,s = {(x, t) ∈ Ω

∣∣∇Tk (αjk(x, t))∣∣ ≤ s
}
.

By taking Tη

(
un − Tk

(
αjk
)
µ

)
as test function in (Pn) we get∫

Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

a (x, t, un,∇un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ ‖f‖1η +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

F · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

−
∫
Q

Φn (x, t, un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt.

Let 0 < p < min(1, α), by Young’s inequality, we have∫
Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

a (x, t, un,∇un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ ‖f‖1η +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt+ p

∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt.

−
∫
Q

Φn (x, t, un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt.

(4.14)
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On the other hand while γ ≺< ϕ, we have, for all ε > 0 there exists a constant
dε > 0 depending on ε > 0 such that for almost all x ∈ Ω

γ(x, t) ≤ ϕ(x, εt) + dε, for all t ≥ 0

Without loss of generality, we can assume that ε = α−p
(α+Cp)(λ+1)

, (with α is the

constant of 1.3).

Using 1.6 we get ∫
Q

Φn (x, t, un)∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

≤
∫
Q

P (x, t)γx
−1γx

(∣∣∣Tη (un − Tk (αjk)µ)∣∣∣)∇Tη (un − Tk (αjk)µ) dxdt. (4.15)

Recall that γ ≺≺ ϕ⇐⇒ ϕ̄ = ψ ≺≺ γ̄ then, with Young inequality and bearing
in mind that P ∈ L∞ (Q) , we obtain

∫
Q

Φn (x, t, un)∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt ≤Cp

∫
Q

ϕ

x, ελ
∣∣∣Tη (un − Tk (αjk)µ)∣∣∣

λ

+ 2dε meas (Q)

+ εCp

∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt

by Lemma (3.3) and the convexity of ϕ with λε ≤ 1, we get∫
Q

Φn (x, t, un)∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

≤ (εCp + ελCp)

∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt+ 2dε meas (Q) (4.16)

Combining and (4.14) ,(4.16) we obtain∫
Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

a (x, t, un,∇un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ ‖f‖1η +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+p

∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt.

− (εCp + ελCp)

∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt− 2dε meas (Q)

i.e.
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Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

a (x, t, un,∇un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ ‖f‖1η +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+c9 + (p− εCp − ελCp)
∫
Q

ϕ
(
x,
∣∣∣∇Tη (un − Tk (αjk)µ)∣∣∣) dxdt.

Using now (1.3) on the last term of the last inequality, we get∫
Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

a (x, t, un,∇un) · ∇Tη
(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ ‖f‖1η +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+c9 +
(p− εCp − ελCp)

α

∫
Q

a (x, t, Tk+η (un) ,∇Tk+η (un))∇undxdt.

Which implies that, ∫
Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt (4.17)

+
α− (p− εCp − ελCp)

α

∫
Q

a (x, t, Tk+η (un) ,∇Tk+η (un))∇undxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ c1η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt. (4.18)

The first term of the left hand side of the last equality reads as∫
Q

∂un
∂t

Tη

(
un − Tk

(
αjk
)
µ

)
dxdt =

∫
Q

(
∂un
∂t
−
∂Tk

(
αjk
)
µ

∂t

)
Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

∂Tk
(
αjk
)
µ

∂t
Tη

(
un − Tk

(
αjk
)
µ

)
dxdt.

The second term of the last equality can be easily to see that is positive and
the third term can be written as∫

Q

∂Tk
(
αjk
)
µ

∂t
Tη

(
un − Tk

(
αjk
)
µ

)
dxdt
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= µ

∫
Q

(
Tk
(
αjk
)
− Tk

(
αjk
)
µ

)
Teta

(
un − Tk

(
αjk
)
µ

)
dxdt,

thus by letting n, j −→ +∞, and since
(
αjk
)
−→ Tk(u) a.e. in Q and by using

Lebesgue Theorem,∫
Q

(
Tk
(
αjk
)
− Tk

(
αjk
)
µ

)
Tη

(
un − Tk

(
αjk
)
µ

)
dxdt =

∫
Q

(Tk(u)− Tk(u)µ) · · ·

· · ·Tη (u− Tk(u)µ) dxdt+ ε(n, j)

Consequently ∫
Q

∂Tk
(
αjk
)
µ

∂t
Tη

(
un − Tk

(
αjk
)
µ

)
dxdt ≥ ε(n, j).

Then,(4.17) can be write as

α− (p− εCp − ελCp)
α

∫
Q

a (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt ≤ c1η + c9

+

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt+ ε(n, j).

(4.19)

On the other hand,∫
Q

a (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

=

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

+

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, un,∇un) · ∇undxdt

−
∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

−
∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt.

Thus, by using the fact that∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇undxdt ≥ 0

We obtain

α− (p− εCp − ελCp)
α

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))

×
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt
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+

∫
Q

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ c1η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+
α− (p− εCp − ελCp)

α

∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

+ ε(n, j). (4.20)

By using (1.5) and the fact that Tη

(
un − Tk

(
αjk
)
µ

)
has the same sign of un on

the set {|un| > k} , we get

α− (p− εCp − ελCp)
α

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))

×
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

+

∫
{|un|≤k}

gn (x, t, un,∇un)Tη

(
un − Tk

(
αjk
)
µ

)
dxdt

≤ c1η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+
α− (p− εCp − ελCp)

α

∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

+ε(n, j). (4.21)

by using (1.4), we get

α− (p− εCp − ελCp)
α

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

≤ c1η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+
α− (p− εCp − ελCp)

α

∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇ηn) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

+ε(n, j) +

∫
{|un|≤k}

bk (h2(x, t) + ϕ (x, |∇Tk (un)|))
∣∣∣Tη (un − Tk (αjk)µ)∣∣∣ dxdt

(4.22)
where bk = sup{b(s) : |s| ≤ k}.
Using now (4.8) there exists a constant c10 > 0 depends on k such that
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∫
{|un−Tk(αjk)k|<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

≤ c10η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt

+

∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a
(
x, t, un,∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

+ε(n, j).
(4.23)

since a (x, t, Tk+η (un) ,∇Tk+η (un)) ⇀ hk+η weakly-star in (Lψ(Q))N for σ (ΠLψ,ΠEϕ) .
Then∫

{|un|>k}∩{|un−Tk(αjk)u|<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

=

∫
{|u|>k}∩{|u−Tk(αjk)u|<η}

hk+η · ∇Tk
(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt+ ε(n).

Now, letting j to infinity, we obtain∫
{|un|>k}∩{|un−Tk(αjk)u|<η}

a (x, t, un,∇un) · ∇Tk
(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

=

∫
{|u|>k}∩{|u−Tk(u)µ|<η}

hk+η · ∇Tk(u)µχ{|∇Tk(u)|>s}dxdt+ ε(n, j).

Hence, we get∫
{|un|>k}∩

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, un,∇un) · ∇Tk

(
αkj
)
µ
χ{|∇Tk(αkj )|>s}dxdt

=

∫
{|u|>k}∩{|u−Tk(u)|<η}

hk+η · ∇Tk(u)χ{|∇Tk(u)|>s}dxdt+ ε(n, j, µ)

= ε(n, j, µ, s).

Then (4.23) becomes

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

(4.24)

≤ c10η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt+ ε(n, j, µ, s). On the other

hand, remark that∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

=

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
χj,s
)
dxdt
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+

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un)) · · · · · ·
(
∇Tk

(
αkj
)
χj,s −∇Tk

(
αjk
)
µ
χj,s

)
dxdt

(4.25)
for the second term of the last inequality, we have obviously that∫

{∣∣∣un−Tk(αjk)µ∣∣∣<η}
a (x, t, Tk (un) ,∇Tk (un))

(
∇Tk

(
αkj
)
−∇Tk

(
αjk
)
µ
χj,s

)
dxdt

= ε(n, j, µ, s).

Then (4.24) becomes∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
χj,s
)
dxdt

≤ c10η + c9 +

∫
{∣∣∣Tη(un−Tk(αjk)µ)∣∣∣<η}

ψ

(
x,
|F |
p

)
dxdt+ ε(n, j, µ, s). (4.26)

Hence by letting η to zero, we get

∫
{∣∣∣un−Tk(αjk)µ∣∣∣<η}

a (x, t, Tk (un) ,∇Tk (un))
(
∇Tk (un)−∇Tk

(
αjk
)
χj,s
)
dxdt

≤ ε(n, j, µ, s, η) + c9.
(4.27)

Now, let 0 < θ < 1, by applying the Young’s inequality with p = 1
θ

and 1
1−θ

yn = (x, t, Tk (un) ,∇Tk (un)) , y = (x, t, Tk (un) ,∇Tk(u)) , we get

∫
Q∩{|Tk(un)−Tk(αkj )u|<η}

([a (yn)− a(y)]× [∇Tk (un)−∇Tk(u)])θ dxdt

=

∫
Q

([a (yn)− a(y)]× [∇Tk (un)−∇Tk(u)])θ χ{∣∣∣Tk(un)−Tk(αkj )µ
∣∣∣<η}dxdt

≤ cmeas
{∣∣∣Tk (un)− Tk

(
αkj
)
µ

∣∣∣ < η
} 1

1−θ

+c

(∫
Q∩
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} [a (yn)− a(y)]× [∇Tk (un)−∇Tk(u)] dxdt

)θ

.

(4.28)
But we have for s > 0, yχ = (x, t, Tk (un) ,∇Tk(u)χs) and yα = (x, t, Tk (un)
∇Tk

(
αkj
)
χj,s
)
, we have
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∫
Q∩
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} [a (yn)− a(y)]× [∇Tk (un)−∇Tk(u)] dxdt

≤
∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} [a (yn)− a (yχ)]× [∇Tk (un)−∇Tk(u)χs] dxdt

≤
∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} [a (yn)− a (yα)]×
[
∇Tk (un)−∇Tk

(
αkj
)
χj,s
]
dxdt

+

∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (yn)
[
∇Tk

(
αkj
)
χj,s −∇Tk(u)χs

]
dxdt.

+

∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} [a (yα)− a (yχ)]∇Tk (un) dxdt

−
∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (yα)∇Tk
(
αkj
)
χj,sdxdt

+

∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (x, t, Tk (un) ,∇Tk(u)χs)∇Tk(u)χsdxdt

= J1 + J2 + J3 + J4 + J5.
(4.29)

We shall go to limit as n, j, µ and s to infinity in the last fifth integrals of the last
side. Starting by J1, one has

J1 ≤ c9+ε(n, j, µ, η)−
∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (yα)
[
∇Tk (un)−∇Tk

(
αkj
)
χj,s
]
dxdt.

Since a (yα) converge strongly to a
(
x, t, Tk(u),∇Tk

(
αkj
)
χj,s
)

in (Eψ(Q))N and

∇Tk (un) ⇀ ∇Tk(u) weakly in (Lϕ(Q))N , then

∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (yα)
[
∇Tk (un)−∇Tk

(
αkj
)
χj,s
]
dxdt

=

∫
{∣∣∣Tk(u)−Tk(αkj )µ

∣∣∣<η} a
(
x, t, Tk(u),∇Tk

(
αkj
)
χj,s
) [
∇Tk(u)−∇Tk

(
αkj
)
χj,s
]
dxdt

+ε(n)

which gives by letting j −→∞, µ −→∞ and s −→∞ respectively

∫
{∣∣∣Tk(un)−Tk(αkj )µ

∣∣∣<η} a (yα)
[
∇Tk (un)−∇Tk

(
αkj
)
χj,s
]
dxdt

=

∫
{∣∣∣Tk(u)−Tk(αkj )µ

∣∣∣<η} a (x, t, Tk(u),∇Tk(u)χs) [∇Tk(u)−∇Tk(u)χs] dxdt

+ε(n, j)

=

∫
Q

a (x, t, Tk(u),∇Tk(u)χs) [∇Tk(u)−∇Tk(u)χs] dxdt+ ε(n, j, µ)

= ε(n, j, µ, s).
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Finally, we get

J1 = ε(n, j, µ, s, η). (4.30)

Similarly, we get

J2 = J3 = J4 = J5 = ε(n, j, µ, s, η). (4.31)

Combining (4.30)-(4.31), we get

lim
n→+∞

∫
Q

([a (yn)− a(y)]× [∇Tk (un)−∇Tk(u)])θ dxdt = 0.

and, like a same argument in [4] we have

∇Tk (un) −→ ∇Tk(u) as n −→ +∞ for the modular convergence, (4.32)

4.1.6. In this step, We shall prove that

gn (x, t, un,∇un) −→ g(x, t, u,∇u) strongly in L1(Q); (4.33)

thinks to (4.32) we obtain

gn (x, t, un,∇un) −→ g(x, t, u,∇u) a.e. in Q. (4.34)

Let E be measurable subset of Q and let m > 0. by (1.3) and (1.3) one has∫
E

[gn (x, t, un,∇un) |dxdt

=

∫
E∩{|un|≤m}

|gn (x, t, un,∇un)| dxdt+

∫
E∩{|un|>m}

|gn (x, t, un,∇un)| dxdt

≤ b(m)

∫
E

h2(x, t)dxdt+ b(m)

∫
E

a (x, t, Tm (un) ,∇Tm (un)) · ∇Tm (un) dxdt

+
1

m

∫
E

gn (x, t, un,∇un)undxdt.

Now we choose un as a test function in (Pn) and by analogy to what is done in
step 2 there exists a constant c > 0 such that∫

E

gn (x, t, un,∇un)undxdt ≤ c

Thus, we get

lim
m→+∞

1

m

∫
E

gn (x, t, un,∇un)undxdt = 0

in view of (4.32) the sequence (a (x, t, Tm (un) ,∇Tm (un)) · Tm (un))n is equi-
integrable, this implies that

lim
|E|→0

sup
n

∫
E

a (x, t, Tm (un) ,∇Tm (un)) · ∇Tm (un) dxdt = 0

This prove that gn (x, t, un,∇un) is equi-integrable. Therefore, Vitali’s theorem
gives g(x, t, u,∇u) ∈ L1(Q) and

gn (x, t, un,∇un) −→ g(x, t, u,∇u) strongly in L1(Q).
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4.1.7. Let v ∈ W 1,x
0 Lϕ(Q) such that ∂v

∂t
∈ W−1,xLψ(Q) + L1(Q) There exists a

prolongation v̄ of v such that (see the proof of Lemma 2.3 and Theorem 4.6. in
[1] ) 

v̄ = v on Q

v̄ ∈ W 1,x
0 Lϕ(Ω× R) ∩ L1(Ω× R) ∩ L∞(Ω× R)

and ∂v̄
∂t
∈ W−1,xLψ(Ω× R) + L1(Ω× R).

In view of Lemma 2.3, there exists a sequence (wj)j in D(Ω × R) such that

wj −→ v̄ in W 1,x
0 Lϕ(Ω×R) and

∂wj
dt
−→ ∂v̄

∂t
in W−1,xLψ(Ω×R) + L1(Ω×R) for

the modular convergence and ‖wj‖∞,Q ≤ (N + 2)‖v‖∞,Q.
Now, we take Tk (un − wj)χ[0,τ ] for every τ ∈ [0, T ], as a test function in (Pn) we
get ∫

Qτ

∂un
∂t

Tk (un − wj) dxdt+

∫
Qτ

a (x, t, un,∇un) · ∇Tk (un − wj) dxdt

+

∫
Qτ

Φn (x, t, un) · ∇Tk (un − wj) dxdt

+

∫
Qτ

gn (x, t, un,∇un)Tk (un − wj) dxdt

≤
∫
Qτ

fnTk (un − wj) dxdt+

∫
Qτ

F · ∇Tk (un − wj) ddxdt. (4.35)

Concerning the first term of (4.35), we obtain∫
Qτ

∂un
∂t

Tk (un − wj) dxdt =

[∫
Ω

Tk (un − wj) dx
]τ

0

+

∫
Qτ

∂wj
∂t

Tk (un − wj) dxdt.

=

[∫
Ω

Tk (u− wj) dx
]τ

0

+

∫
Qτ

∂wj
∂t

Tk (u− wj) dxdt+ ε(n)

=

∫
Qτ

∂u

∂t
Tk (u− wj) dxdt.

On the others hand,for the second term of (4.35) we get if |un| > λ then
|un − wj| ≥ |un| − ‖wj‖∞ > k, thus {|un − wj| ≤ k} ⊆ {|un| ≤ k + (N + 2)‖v‖∞} ,
which translates that,

lim inf
n→+∞

∫
Q

a (x, t, un,∇un)∇Tk (un − wj) dxdt

≥
∫
Q

a
(
x, t, Tk+(N+2)‖v‖∞(u),∇Tk+(N+2)‖v‖∞(u)

)
≥
∫
Q

a
(
x, t, Tk+(N)‖∞(u)−∇wj

)
χ{|u−v|≤k}dxdt

=

∫
Q

a(x, t, u,∇u) (∇u−∇wj)χ{|u−wj |≤k}dxdt

=

∫
Q

a(x, t, u,∇u)∇Tk (u− wj) dxdt

(4.36)
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as ∇Tk (un − wj)→ ∇Tk (u− wj) in Lϕ(Q) as n→ +∞, we have (as n→ +∞)∫
Qτ

Φn (x, t, un) · ∇Tk (un − wj) dxdt

→
∫
Qτ

Φ(x, t, u) · ∇Tk (u− wj) dxdt

Thus, the strong convergence of (gn (x, t, un,∇un))n and ((fn))n , implies that∫
Qτ

∂u

∂t
Tk (u− wj) dxdt +

∫
Qτ

a(x, t, u,∇u) · ∇Tk (u− wj) dxdt

+

∫
Qτ

Φ(x, t, u) · ∇Tk (u− wj) ddxdt +

∫
Qτ

g(x, t, u,∇u)Tk (u− wj) dxdt

(4.37)

≤
∫
Qτ

fTk (u− wj) dxdt+

∫
Qτ

F · ∇Tk (u− wj) ddxdt.

Therefore , by using the modular convergence of j , we have the result desired in
this step. As a conclusion of Step 1 to Step 7, the proof of our existence result is
acheived.
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