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EXISTENCE AND STABILITY RESULTS FOR IMPLICIT
CAPUTO-TEMPERED FRACTIONAL DELAY
INTEGRO-DIFFERENTIAL EQUATIONS

MOUSSA HAOUES

ABSTRACT. We aim to study a class of implicit Caputo-tempered fractional
integro-differential equations with retarded and advanced delays in Banach
spaces with nonlocal conditions. By applying Sadovskii’s fixed point theo-
rem and measure of noncompactness under suitable assumptions, we establish
sufficient conditions for the existence of solutions to the proposed fractional
integro-differential equations in Banach spaces under nonlocal conditions. Fur-
thermore, we prove that the solution is Hyers-Ulam stable. These results also
provide a significant expansion of the existing literature in this field. Finally,
an example is provided to illustrate the main results.
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1. INTRODUCTION

Fractional differential equations, both with and without delay, arise naturally
in a wide range of scientific and engineering applications. These include, but
are not limited to, applied sciences, mechanical systems, engineering methods,
economics, control theory, physics, chemistry, biology, medicine, atomic energy,
information theory, harmonic and nonlinear oscillators, conservative systems, the
stability and instability of geodesics on Riemannian manifolds, and the dynamics
of Hamiltonian systems. In particular, the qualitative analysis of linear and
nonlinear fractional differential equations, with or without delay, has attracted
considerable research interest, as evidenced by the works cited in [1]-[18],[20, 24],
and the references therein.

The so-called tempered fractional calculus is a particularly interesting kind
of fractional calculus that expands on the traditional idea of fractional deriva-
tives by taking into account functions with exponentially decaying tails. This
concept has been rediscovered at least twice under different names[>, 7, 12]. It
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is interesting because it is the only point where fractional calculus with ana-
lytic kernels and weighted fractional calculus overlap. It has been used in Lévy
processes such as Brownian motion and to understand turbulence in geophysical
flows. In addition, it is particularly relevant in applications where memory effects
are essential, such as in viscoelastic materials, nonlocal models in physics, and
fractional-order control systems. The Caputo-tempered derivative is a modifica-
tion of the classical Caputo space-fractional derivative, in which the underlying
convolution kernel is exponentially truncated. The tempered fractional deriva-
tive allows for a more accurate description of the underlying dynamics, capturing
both long-range memory and fast-decaying behaviours. Further elaboration on
this topic can be found in [4]-[7] and [I13]-[14]. A subfield of mathematics called
Ulam-Hyers stability examines the stability of specific functional equations. The
behaviour of solutions to functional equations that are disturbed by slight varia-
tions in the input parameters is specifically examined by the Ulam-Hyers stability
theory. The Ulam-Hyers stability theory generally addresses the following query:
If an equation holds roughly, how near to the exact solution may the solution
get? The theory offers a framework for examining the stability of a wide range
of functional equations, including those from different branches of mathematics,
including number theory, differential equations, and functional analysis. In the
1940s, S. M. Ulam and D. H. Hyers separately devised the Ulam-Hyers stability
hypothesis, which bears their names. Since then, numerous studies have investi-
gated the stability of various differential and integral equations. Readers seeking
further information can consult [13, 23] and the references therein

In interesting contributions, in [14], the authors discussed the existence and
uniqueness results for a class of problems for nonlinear implicit fractional differ-
ential equations subject to boundary conditions and delay:

(ocﬁg,sx) 0) =V <9’XP(9,X9)7 @8X<9)> 0cO

x(0) = p(0), 0¢€[-k,0]
1x(0) 4+ gx(w) = o

where 0 < ( < 1l,e > 0,3@575 is the Caputo tempered fractional derivative,
U : 0 x C([—k,0],R) x R is a continuous function, p € C([—k,w],R),0 < w <
+00,,J, 0 are real constants, and x > 0 is the time delay.

Rahou in [19] discussed the existence of solutions for the nonlinear implicit
Caputo-Tempered fractional differential equations with retarded and advanced
arrguments in Banach Spaces with nonlocal conditions

§Dg?E(0) =W (0,£°,§Dg?c(0)), 0€0:=]0,5],
£0)=M(0), 0¢€|-w,0],
£(0) = Aa(0), 6 € [5x4+ 6],
where § Dy? represents the Caputo tempered fractional derivative of order a €
(0,1),0 > 0, w,0 > 0,¥ : © x C([-w,d],E) x Z — EZ is a given function,

A € C([—w,0],E), and Ay € C([s,5 + ¢],=). The authors derived existence
and stability conclusions by applying the fixed point theory for condensing maps.
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Inspired by the aforementioned research, we examine the following nonlinear
implicit Caputo-Tempered fractional integro-differential equations with advanced
and retarded arguments in Banach spaces with nonlocal conditions in this paper:

§D57¢(0) = 5 (0.6, §D5°€(0), ;' 8.0, 5,€()) ds ), 0.€3:=[0,4],
§(0) + (1 1) (6) = Ai(6), 0 € [~,0], (11)
§(0) + (F2£) (0) = As(0), 0 €[k, K +b],
where §Dy* represents the Caputo tempered fractional derivative of order ¢ €
(01)p20th>0and3 C([—t,b],2) x Ex 2 — Z is a given
function, g: J X I X = — =, Fq : C’([—t,/@—i— b],=) — C(]—,0],E) and Fo :
C([-t,k+b],2) = C([k,k+b],Z) Moreover, A; € C([—t,0],Z) and Ay €
C(lk,k+b],2).

For each function £ defined on [—t, k + h] and for any 6 € J, we denote by &
the element of C' ([—t, b],Z) defined by

() =€0+1), t€[-rb]

Outline of the paper. The work is divided as follows. In Section 2, we give
some notation and materials needed for our work. In Section 3, we transform
(1.1) into an integral equation and then use Sadovskii’s fixed point theorem to
show the existence results. Section 4 is devoted to obtaining Ulam-Hyers and
generalised Ulam-Hyers stability results of (1.1). Finally, we provide an example
to illustrate the obtained results.

2. PRELIMINARIES

The terminology, definitions, and background information utilised in this study
are introduced in this section.
The Banach space of all continuous functions with the norm

1€lloe = sup {lI€ (O)]] - 0 < 0 <}

is represented by C ([0, k], Z).
Let C([—r,0],Z) be the Banach space with the norm

1€ lli-e0p = sup{lI€(O)]| - 6 € [—v, 0]}
Consider C([k, k + b], E) the Banach space with the norm
1€l = sup{IE(O)]] = 0 € [, & + b]},
and C([—v, b], =) the Banach space with the norm

1€lli=e.) = sup{[[£(O)]| : 0 € [, b}
Let
QE = {f : [_t7/{ + h] — = | §|[07n] € 0(375)7 €|[—t70} € O([_tv 0}75)7 and §|[H,H+b] S O([I{W‘i + h]75>} .

We note that 2= is a Banach space with the norm

[€llos = sup[EO)]-

e [_t"%'i_b]
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Definition 2.1. Suppose that the function § € C(J,Z) and p > 0. Then, the
Riemann-Liouville tempered fractional integral of order ¢ is defined by

0
oﬁﬁﬁ®zeﬂ%5Gﬁmm):félAeﬁwwwwﬂﬂ—d%ﬂm (2.1)

where (5 denotes the Riemann-Liouville fractional integral [13], defined by
o I53(6) / 3o )*"ldo. (2.2)

The Riemann-Liouville fractional 1ntegral (2.2) is the obvious reduction of the
tempered fractional integral (2.1) if p = 0.

Definition 2.2. [21]. For j—1 < e < j,j € N, and p > 0, the Riemann-Liouville
tempered fractional derivative is defined by

i 0
0Dy E(0) = e " Dj (6993(0)) = e_pe—,l i/ " F(0)(0 — o) do,
0

[(j—e)doi
where (Dg(e”’F(0)) denotes the Riemann-Liouville fractional derivative [13], is
defined as
Di(e5(9)) = — . /9( 7§(0))(0 — o)
oDg(e = TG —oa J, e’ F(o o 0.
Definition 2.3. [21]. For j — 1 <e < j, j € N, and p > 0, the definition of the

Caputo tempered fractional derivative is
§D5E(60) = D (<F(0))

o 1 0 1 &/ oo
~ =5 ), T e

where ,
1 1 &’
C e, pb o
Dy(e”F(0)) = e’ :
SDHS0) = 5 | G (S
Lemma 2.4. [21]. For a constant C,
0D;"C = Ce™yDje”,
§D5PC = Ce "5 Dier.
Obviously,
D5’ (C) # 5 Dy (C).
Moreover,
§D5?(C) is no longer equal to zero, differing from § Dg(C) = 0.
Lemma 2.5. [21]. Let § € C/(0,Z) and j — 1 < e < j, j € N. Then, the Ca-

puto tempered fractional derivative and the Riemann-Liouville tempered fractional
integral satisfy the composition properties
9:0} 7

I3 (ED57500) = 50) - Y- e | (500)

k=0
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and
6 D5 (01573(0)) = §(0), fore € (0,1).

Definition 2.6. [3]. Let X be a Banach space and let Ax be the family of
bounded subsets of X. The Kuratowski measure of noncompactness is the map
¢ : Ax — [0,00) defined by

©(®) = inf {04 >0:®C U Q;, diam(P;) < a} :

j=1
where ® € Ax.

Definition 2.7. [3]. The map ¢ satisfies the following properties:

©(®) =0 < ® is compact (i.e., @ is relatively compact);
P(P) = p(P);

If &1 C Dy, then p(P1) < p(P2);

P(P1 + Do) < p(P1) + (P2);

o(c®) = |c|e(P), for ¢ € R;

o(conv®) = p(P).

Lemma 2.8. [9]. Let B C Qz be a bounded and equicontinuous set. Then:
(1) The function 0 — o(B(#)) is continuous, and

va=(B) = sup @(B(0)).
96[_17’“4'})]

o({ [ eon:cenl) < [etpionan

where B(0) ={£(0): € € B}, 6¢€3.

(2)

Definition 2.9. [3] Let X be a Banach space and H : X — X be a continuous

mapping. H is said to be a condensing mapping if for each bounded set B with
©(B) # 0, we have

p(H(B)) < ¢(B).

Theorem 2.10. [8] Let D be a non-empty, closed, bounded, and convex subset
of a Banach space X, and let H : D — D be a condensing mapping. Then H has
a fixed point in D.

3. EXISTENCE RESULTS

To demonstrate our existence results, let’s state a few presumptions:
(H1) The function § : J x C([—t,b],Z) x = x = — E is continuous.
(H2) There exist constants K7 > 0 and 0 < K5 < 1 such that

15(0, 7, 0,v) = F(0,7, 0, 0)|| < Killy = Al ep) + Kallp — oIl + Kz [lv — 9],
for any v,7 € C([~t,b],E), p, ,v,0 € Z, and 0 € J.
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(H3) There exist constants 0 < K, < 1 and K; > 0 such that
|F1& — F1§2||[—r,0} < Ky|& - §2||[—t,n+h]-

and
g (0,5, u1) —g(0,s,u2) | < Kslur — ual|.
H4) There exist constants M, > K, > 0 and M, > 0 such that
1 2
1F 1€l (—co) < My, and [[F 2€[jwnr) < My,
H5) For each 0 € J and bounded sets By C C(|—t, b|, =), By, B3 C =, we have
( 7 Y ) ) Y

C(§(0, By, B, Bs)) < i sup ((Bi(0)) + 12¢(B2) + 15¢(Bs).

o€[—1,b]

(H6) There exist a function n € L (J,Z) such that

/0|g<9,s,u>\dssme)(wun,

Lemma 3.1. Let ¢ be a continuous function. Then the linear problem
6 Dg"6(0) =0 (0), 0€J:=10,x],
§(0) + (F16) (0) = M1 (0), 0 € [—x,0], (3.1)
£(0) + (F28) (0) = No(0), 0 € [k, 5 +1b],
has a unique solution which is given by
A1(0> - (F1€> (9) ) 0 € [_t7 0] ’
§0) =4 (A1 (0) = (1) (0)) e + & [ 09 (0) (6 — o) ' do, 0 3:= 0,4,
Ao(0) = (F2€) (0), 0 € s, x+Db], 52
3.2

Proof. Suppose that ¢ satisfies (3.1). By applying the tempered fractional integral
of Riemann-Liouville of order € and by Lemma 2.5 , we get

W57 DFEB) = oI;79 (6).
Implies that

0
£(0) — £(0)e " = % /0 e PI=)y (o) (6 — 0)571 do.
Then,
0
£(0) = £(0)e + %/0 e =9 (0) (0 — o) do.
Finally,
£(0) = (A1(0) = (F1€) (0) e + %/ﬂ e 79 (0) (0 — 0)" " do.

On the other hand, it can be demonstrated, using Definition 2.1 , Lemma 2.4 and
Lemma 2.5 that if £ verifies (3.2), then the problem (3.1) is also satisfied. O]

The next result is based on Sadovskii’s fixed point theorem.
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Theorem 3.2. Assume that (H1) — (H6) hold. If
<K1 + K3K5K,) K*
(1-Ky)T(e+1)

where X = supye; Kae ™, then there exists at least one solution of (1.1)

A+ <1

Proof. Consider the operator T': {2z — €)= defined by

Mi(0) = (F18) (6), 6 € [-x.0],

TE(0) = { (A1 (0) = (F18) (0) e + 55 fy e * N (0) (0 = o) " dor, 6 €3 = [0,1),
Ba(6) = (F26) (6), 0 € [m+ D],

where N € C(J, =) is such that

N O =5 (6.0, [ o050 05)

Clearly, the fixed points of operator T" are solution of problem (1.1). The proof
is divided into three steps.

Step 1. We prove that T' is continuous.
Let u, be a sequence such that u, — u in Q=. If € [—¢,0] or 0 €
[k, k + b] then
|(Tun)(0) — (Tu)()] = 0
For 0 € J we have
I _
(T ) (0) = (Tw)(0)] < [(F1un) (0) = (F1u) (0)] 6’)9+m/ e "N, (0)=N (0) | (0 —0)" " do
0

whereN,,, N € C(J, Z) are such that
0
N (0) =5 (08,1001, [ 90.5.00() )
0

and

0
N@O)=F (G,ue,N(Q),/O g (9,5,u(3))ds>
By (H2) and (H3) we have

N, (6) = N (8)] = ’g (H,UfL,Nn(Q),/Oeg(Q,S,UH(S))dS) —{§<9,u0,/\/(6’),/009(9,s,u(s))ds)

IN

0
Killug, — v || e + K2 |INL(0) — N(0)] + KS/ l9(0,5,u,(s)) —g(0,s,u(s))| d:
0
0
< Kqllul — | mep) + K2 [NL(0) — N(6)] + K3/ Ks||uy — ul|ds,
0

0
< Ky~ en) + Ko IN(8) — N (B)] + KK ( / ds) —}
0

Thus,

K, — K3K50
Na(6) = NO)] < === llun = ullie
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And by (H3) we have
|(F1un) (0) = (F1w) (0)] < Kallup — ||,
So, for each 6 € J , we have

_ Ky — K3Ks0 [ o, o
[(Tun)(0)—(Tu)(0)] < Kye pe”“fb_ua”[t,mb]+11_—;;25/o e P09 (g — o) [l —u® ||| pydo

Then the Lebesgue dominated convergence theorem imply that
|(Tu,)(0) — (Tu)(0)] — 0 as n — oo
Hence
| Tu, — Tul|oz. — 0 as n — o0
Consequently, T is continuous.

Choose

(§1+Ksllnll, )se
[ A1 (0) || + My, + (i_KQ)r(aLil)

ke (K1+Ksnll )
(1—=K2)T(e+1)

R > max

s My 4 Al =0 Mry + | A2l it ¢
1 —
and define the set
Dp={€€Q=z:|¢llos < R}
It is clear Dy that is a bounded, closed and convex subset of (2= .

Step 2. We prove that T(Dg) C Dg.
If 6 € [, 0], then

IO < 1IF1€lli—cor + [[A1ll =0
< My, A+ [[Ar e

< R.

If 6 € [k, Kk + b, then

17O < [1F 28l psrn) + 1 A2 femro)
< MFz + HA?”[H,NJrh]
< R.

For each 0 € J := [0, k], then

TEO] < (1A O)] + 1(F1) O)) e + % / DN (@) (0~ o) do,

From hypothesis (H2), we have

ol =[5 (0080, [ a.5.u6a)

0
31(0) + K| iany + K IN'(0)] + K / 1860, 5,£(s))| ds

<
< B+ Kllgllas + K2 IN(O)] + K3 (0) (1 + [I€]laz)
< B+ KR+ K N(0)] + K lnll, (1+ R)

where §] = SUPgcy F1(0) = SUPgey §(0,0,0) and ||77||oo = SUPgeyz M (0)
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Then,

81+ KR+ Ks|nll (1 + R)
1- K,

IN(O)] <

Therefore,

e < (0 01+ e+ SEIIEH LA om0 g gy,
0

(1= K>)I(e)

7O < (1A O]+ O e + TiF Kff ff} |’rn<li(i>+ R)) x*

(81 + K1R+ Ky ||l (1+ R)) #°
(1-Ky)T(e+1)

TE@) < AL O) ]| + My, +
< R

Consequently,
T(Dg) C Dg.

Step 3. T is condensing.
Let B be an equicontinuous subset of Dp.
If 6 € [—t,0], then

CT(B(9))) =c{T¢(®), &€ B}
= C{M(0) — F1&(0), &€ B}
< MF1

and if 0 € [k, k + b], then

CT(B(9))) = c{T¢(0), &€ B}
= ({A2(0) — F2£(0), &€ B}
< MF2

For each 6 € J, we have

(T(B(0) = {T¢(0), &€ B}

= - oo+ s [0 o Wi, ce B
< (MO - (9 O)e, ¢eB)

+¢ {ﬁ /0 6 e 0= (9 — )N (0)do, €€ B}

IN

Kie 6(B) + 55 [ (0= o) (W oo, €€ B)
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We have by condition (H5)
cwoy = (s (0.0n0. [ a0sconas))

6
< 0 s C(E) Kol O) + K ( [ (65,6060 s )

96[7t7h]

< K s C(E0) + KN (0)) + KoK ( / <<5<s>>ds>

96[_t7’§+h]
Thus,

Bt Balshi o0 cecoy)

N(9)) <
CN(B)) < 1 - Ky pelocnty]

—pf K1+K3K5I€ 0 e—1
CTBO) < Kie "B+ Gogespes [(0-or s ccoin <)

(Kl -+ K3K5I€) K¢
[+ ) )

Therefore,
(K1 + K3K5K) K€
e (T(B) < (At T B o () < Gon (),

Then, we have (o_(T'(B)) < (q-(B), which implies that 7" is a condensing
operator.

As a result of Sadovskii’s fixed point theorem, the operator T has at least one
fixed point that solves the problem (1.1). O
4. ULAM-HYERS STABILITY

We adopt the definitions of Ulam-Hyers stability and generalized Ulam-Hyers
stability given in [13, 23].

Definition 4.1. We say that (1.1) has Ulam-Hyers stability if there exists a real
number Kz > 0 such that for each € > 0, if £ € 2z satisfies

9
FDe(0) - 5 (0.€.5057€0), [ al0.5.606)) s )
0
then there exists a solution ¢ € Q= of (1.1) such that
1€(0) = €(O)]] < Kge, 0€3:=[0,x].

Definition 4.2. We say that (1.1) has generalized Ulam-Hyers stability if there
exists a function ¢z € C(RT,RT) with ¢z(0) = 0 such that for each € > 0, if
¢ € Oz satisfies

0
CDsre(0) - 3 <e, £.50570). [ 0 (0.s.605) ds)

<e 0e€3:=10,k],

‘Sey 963::[07"{']7



IMPLICIT FRACTIONAL DELAY INTEGRO-DIFFERENTIAL EQUATIONS 11
then there exists a solution & € Q= of (1.1) such that
1€(0) = €O)]] < w5(e), €T :=10,4].
Theorem 4.3. Assume that the conditions (H1)-(H2) hold and that the condition

0
SDse(0) — § (9,59,31);%(9),/ g(0,s,£(5)) ds) H <e, 0€J:=[0,x],
0

1s satisfied for every e > 0.
Then the problem (1.1) is Ulam-Hyers stable.

Proof. Let € € Q= be a solution of the inequality

0
Sbﬁam—s@fﬂﬁﬁ%wyégw@a@mﬁ

‘ge, 0e€J:=][0,k],

and £ € Q= the solution of the problem (1.1). Then there exists a function
ye € C(J,Z) (depending on ) such that

lye (@)l <€, 6 €J:=[0,x],
and

0
6 Dg"E(0) =F (9,59,31?2”’5(9)7/0 g (9,8,5(8))618) +ye(0), 0€J:=1[0,r],

In the light of Lemma 3.1, £ satisfies the fractional integral equation

Al(e) - (Flf) (9) ) NS [_ta 0] )

(A1 (0) = (F18) (0) e + 5 [ e P O-IN (0) (0 — o) do
iy e POy (0) (0 — o) do, 0 €3 :=1[0,5],
No(0) — (F28)(0), 0¢€[r r+h],

Then we have
1€(0) = £(0)|| = H ((F18) (0) = (F1£) (0) e + 575 Jo €PN (0) = M (0)) (0 = o) do
i Jy ey (0) (6 — o) do |

§(0) =

which implies that

e —pb 1 ’ —p(0—0o e—1
@) =@ < [|[(F18) (0) = (F1€) (0)]| e +@/O€ DN (@) = M (o)l (0 — o) do

1 O s .
+ﬁ5Ae“9w%mwww>wo

< [[(F16) (0) = (F1€) (0)||€p9+%/0 e PO N (0) = M (o) (6 — o) ' do
Ter1)




12 M. HAOUES

where the function A/ and M are defined such that they each meet distinct sets
of functional equations.

N O =5 (6.680), [ 9 0.5.60)35)
and
MO =5 (9,59,/\4(9), /09 g2 (0, 5,£(s)) ds)

From hypothesis (H3), we have

1 (F1€) (0) = (F1€) (0) || < Kull€” = €1l e
And by hypothesis (HZ), we have

IV (o) = M (o) = ||s(e,59,N<e>, / " <e,s,§<s>>ds) —8(0759,/\4(0), / "o (0.5,

< K€ -8+ KN (0) - M)
0
e / 01 (6, 5.€(5)) — g2 (0. 5. £(5)) | ds
0
0
< R =y + RN (0) = M ()] + Kk [ € = €l
0

< K€ -8+ KN (0) - M(@)] + KoKy ( / ds) e = €.

which implies that,

K, + KK,
IV (0) = M (o mﬁuf Ell e
Then
_ _ K, + K3K50 0 . _
le) - €0 < 6_p6K4||€9—€9||[—t,n+m+(11_+K%( /O e (0 - 0) 1da) 1€~ Ell-ey
Kfe
Ter1)
0 K1+K3K5QI€
= <€pK4+(1 Ko)D(e+1 ))”5 Ello= + (+1)
Thus
1€ = &llas < L(etl) = Kye

K1+ K3 Ks0ke
<>‘ + (11}25}(2“))

Therefore, the problem (1.1) is Ulam-Hyers stable. If we set @z(e) = Kze, then
©3(0) = 0, which proves that (1.1) is generalized Ulam-Hyers stable with the
initial conditions. O
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5. EXAMPLE

Examine the implicit fractional integro-differential equation that follows

OCDegaf(e) o7+ 5 (‘50‘ + ’CD° (9)‘) , for each 6 € [0, e],
£(0) + ED< A ()9 € [-1,0),

—9+8
£(0) + (0+9)3 1|+£|5(9 = Ny(0),0 € [e,e + 2],

where Ay € C([—1,0],Z) and Ay € C([e,e + 2], E). Set

== {g:(gl,gz,...,gj,...)\ Zléj\ <OO}
j=1

where = is a Banach space. And for 6 € [0,¢],u € C(]—1,2],E),

v € =, we set

(5.1)

(1]

CAJ

;7e(0),0) =

562 + cos (€ 1a1) + cos (ISDF2€(O)])) + lo]
500 (14 16?1+ 115°D5 *€(0) ] + 1ol
0
86,5, €(s) = 220

Clearly, the functions § and g are continuous. For any v,5 €€ C([-1,2];Z),
©,0,v,0 €=, and 0 € [0,¢], we have:

50,5 D,

L o= ol + o o —1]
P =l 55005 IV 2l

||3/<9777 @7”) _3(9 Vs 9,V )“ — 50e 5||7 ,}/H[ 1,2] 500 50e®
1
la (6, 5,u1) = 8.0, 5,w) || < 35 llus = wall.

And set .
(116)(0) = SEOD e g

0
N R R R

for any £ € C([—1,e +2];E). For &,& € C([—1,e+ 2]; =) we have, if 6 € [—1,0]

1
I (F1&) (1) = (F1&2) Olli—10 < 16— Sll 12
and if 6 € [e, e + 2]

| (F2&1) (t) — (F 282) (t)[lje,e42) < 270||§1 alli-1e12),

3 - _ 1 —
So, we have e = 2,k = e , K| = o3, Ks =15, A =

—20 . el .
Supgey S5— = 5 the contraction condition is

Ky = 5065’ K3 = 200607
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Kl + K3 K50/€€
A+ ~ 01114 <1
(1—-K;)T'(e+1)

All assumptions in Theorem 3.2 are satisfied, then the problem (5.1) has at

least one solution. Moreover, it verifies the Ulam-Hyers stability.
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