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EXISTENCE AND STABILITY RESULTS FOR IMPLICIT
CAPUTO-TEMPERED FRACTIONAL DELAY

INTEGRO-DIFFERENTIAL EQUATIONS

MOUSSA HAOUES

Abstract. We aim to study a class of implicit Caputo-tempered fractional
integro-differential equations with retarded and advanced delays in Banach
spaces with nonlocal conditions. By applying Sadovskii’s fixed point theo-
rem and measure of noncompactness under suitable assumptions, we establish
sufficient conditions for the existence of solutions to the proposed fractional
integro-differential equations in Banach spaces under nonlocal conditions. Fur-
thermore, we prove that the solution is Hyers-Ulam stable. These results also
provide a significant expansion of the existing literature in this field. Finally,
an example is provided to illustrate the main results.
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1. Introduction

Fractional differential equations, both with and without delay, arise naturally
in a wide range of scientific and engineering applications. These include, but
are not limited to, applied sciences, mechanical systems, engineering methods,
economics, control theory, physics, chemistry, biology, medicine, atomic energy,
information theory, harmonic and nonlinear oscillators, conservative systems, the
stability and instability of geodesics on Riemannian manifolds, and the dynamics
of Hamiltonian systems. In particular, the qualitative analysis of linear and
nonlinear fractional differential equations, with or without delay, has attracted
considerable research interest, as evidenced by the works cited in [1]-[18],[20, 24],
and the references therein.

The so-called tempered fractional calculus is a particularly interesting kind
of fractional calculus that expands on the traditional idea of fractional deriva-
tives by taking into account functions with exponentially decaying tails. This
concept has been rediscovered at least twice under different names[5, 7, 12]. It
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is interesting because it is the only point where fractional calculus with ana-
lytic kernels and weighted fractional calculus overlap. It has been used in Lévy
processes such as Brownian motion and to understand turbulence in geophysical
flows. In addition, it is particularly relevant in applications where memory effects
are essential, such as in viscoelastic materials, nonlocal models in physics, and
fractional-order control systems. The Caputo-tempered derivative is a modifica-
tion of the classical Caputo space-fractional derivative, in which the underlying
convolution kernel is exponentially truncated. The tempered fractional deriva-
tive allows for a more accurate description of the underlying dynamics, capturing
both long-range memory and fast-decaying behaviours. Further elaboration on
this topic can be found in [4]-[7] and [13]-[14]. A subfield of mathematics called
Ulam-Hyers stability examines the stability of specific functional equations. The
behaviour of solutions to functional equations that are disturbed by slight varia-
tions in the input parameters is specifically examined by the Ulam-Hyers stability
theory. The Ulam-Hyers stability theory generally addresses the following query:
If an equation holds roughly, how near to the exact solution may the solution
get? The theory offers a framework for examining the stability of a wide range
of functional equations, including those from different branches of mathematics,
including number theory, differential equations, and functional analysis. In the
1940s, S. M. Ulam and D. H. Hyers separately devised the Ulam-Hyers stability
hypothesis, which bears their names. Since then, numerous studies have investi-
gated the stability of various differential and integral equations. Readers seeking
further information can consult [13, 23] and the references therein

In interesting contributions, in [14], the authors discussed the existence and
uniqueness results for a class of problems for nonlinear implicit fractional differ-
ential equations subject to boundary conditions and delay:

(
C
0 D

ζ,ε
θ χ

)
(θ) = Ψ

(
θ, χρ(θ,χθ),D

ζ
0χ(θ)

)
; θ ∈ Θ

χ(θ) = ℘(θ), θ ∈ [−κ, 0]
ıχ(0) + ȷχ(ϖ) = ϱ

where 0 < ζ < 1, ε ≥ 0, C0 D
ζ,ε
θ is the Caputo tempered fractional derivative,

Ψ : Θ × C([−κ, 0],R) × R is a continuous function, ℘ ∈ C([−κ,ϖ],R), 0 < ϖ <
+∞, ι, ȷ, ϱ are real constants, and κ > 0 is the time delay.

Rahou in [19] discussed the existence of solutions for the nonlinear implicit
Caputo-Tempered fractional differential equations with retarded and advanced
arrguments in Banach Spaces with nonlocal conditions

C
0 D

α,ϱ
θ ξ(θ) = Ψ

(
θ, ξθ, C0 D

α,o
θ ξ(θ)

)
, θ ∈ Θ := [0,κ],

ξ(θ) = Λ1(θ), θ ∈ [−ϖ, 0],

ξ(θ) = Λ2(θ), θ ∈ [κ,κ + δ],

where C
0 D

α,ϱ
θ represents the Caputo tempered fractional derivative of order α ∈

(0, 1), ϱ ≥ 0, ϖ, δ > 0,Ψ : Θ × C([−ϖ, δ],Ξ) × Ξ → Ξ is a given function,
Λ1 ∈ C([−ϖ, 0],Ξ), and Λ2 ∈ C([κ,κ + δ],Ξ). The authors derived existence
and stability conclusions by applying the fixed point theory for condensing maps.
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Inspired by the aforementioned research, we examine the following nonlinear
implicit Caputo-Tempered fractional integro-differential equations with advanced
and retarded arguments in Banach spaces with nonlocal conditions in this paper:

C
0 D

ε,ρ
θ ξ(θ) = F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0
g (θ, s, ξ(s)) ds

)
, θ ∈ J := [0, κ] ,

ξ(θ) + (𭟋1ξ) (θ) = Λ1(θ), θ ∈ [−r, 0] ,
ξ(θ) + (𭟋2ξ) (θ) = Λ2(θ), θ ∈ [κ, κ+ h] ,

(1.1)

where C
0 D

ε,ρ
θ represents the Caputo tempered fractional derivative of order ε ∈

(0, 1), ρ ≥ 0, r, h > 0, and F : J × C([−r, h],Ξ) × Ξ × Ξ → Ξ is a given
function, g : J × J × Ξ → Ξ, 𭟋1 : C([−r, κ + h],Ξ) → C([−r, 0],Ξ) and 𭟋2 :
C ([−r, κ+ h] ,Ξ) → C ([κ, κ+ h] ,Ξ) Moreover, Λ1 ∈ C ([−r, 0] ,Ξ) and Λ2 ∈
C ([κ, κ+ h] ,Ξ).

For each function ξ defined on [−r, κ + h] and for any θ ∈ J, we denote by ξθ
the element of C ([−r, h] ,Ξ) defined by

ξθ (t) = ξ (θ + t) , t ∈ [−r, h]

Outline of the paper. The work is divided as follows. In Section 2, we give
some notation and materials needed for our work. In Section 3, we transform
(1.1) into an integral equation and then use Sadovskii’s fixed point theorem to
show the existence results. Section 4 is devoted to obtaining Ulam-Hyers and
generalised Ulam-Hyers stability results of (1.1). Finally, we provide an example
to illustrate the obtained results.

2. Preliminaries

The terminology, definitions, and background information utilised in this study
are introduced in this section.

The Banach space of all continuous functions with the norm

∥ξ∥∞ = sup {∥ξ (θ)∥ : 0 ≤ θ ≤ κ}

is represented by C ([0, κ] ,Ξ).
Let C([−r, 0],Ξ) be the Banach space with the norm

∥ξ∥[−r,0] = sup{∥ξ(θ)∥ : θ ∈ [−r, 0]}.

Consider C([κ, κ+ h],Ξ) the Banach space with the norm

∥ξ∥[κ,κ+h] = sup{∥ξ(θ)∥ : θ ∈ [κ, κ+ h]},

and C([−r, h],Ξ) the Banach space with the norm

∥ξ∥[−r,h] = sup{∥ξ(θ)∥ : θ ∈ [−r, h]}.

Let

ΩΞ =
{
ξ : [−r, κ+ h] → Ξ | ξ|[0,κ] ∈ C(J,Ξ), ξ|[−r,0] ∈ C([−r, 0],Ξ), and ξ|[κ,κ+h] ∈ C([κ, κ+ h],Ξ)

}
.

We note that ΩΞ is a Banach space with the norm

∥ξ∥ΩΞ
= sup

θ∈[−r,κ+h]

∥ξ(θ)∥.
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Definition 2.1. Suppose that the function F ∈ C(J,Ξ) and ρ ≥ 0. Then, the
Riemann-Liouville tempered fractional integral of order ε is defined by

0I
ε,ρ
θ F(θ) = e−ρθ

0I
ε
θ

(
eρθF(θ)

)
=

1

Γ(ε)

∫ θ

0

e−ρ(θ−σ)F(σ)(θ − σ)ε−1dσ, (2.1)

where 0I
ε
θ denotes the Riemann-Liouville fractional integral [13], defined by

0I
ε
θF(θ) =

1

Γ(ε)

∫ θ

0

F(σ)(θ − σ)ε−1dσ. (2.2)

The Riemann-Liouville fractional integral (2.2) is the obvious reduction of the
tempered fractional integral (2.1) if ρ = 0.

Definition 2.2. [21]. For j−1 < ε < j, j ∈ N, and ρ ≥ 0, the Riemann-Liouville
tempered fractional derivative is defined by

0D
ε,ρ
θ F(θ) = e−ρθ

0D
ε
θ

(
eρθF(θ)

)
= e−ρθ 1

Γ(j − ε)

dj

dθj

∫ θ

0

eρσF(σ)(θ − σ)ε−j+1dσ,

where 0D
ε
θ(e

ρθF(θ)) denotes the Riemann-Liouville fractional derivative [13], is
defined as

0D
ε
θ(e

ρθF(θ)) =
1

Γ(j − ε)

dj

dθj

∫ θ

0

(eρσF(σ))(θ − σ)ε−j+1dσ.

Definition 2.3. [21]. For j − 1 < ε < j, j ∈ N, and ρ ≥ 0, the definition of the
Caputo tempered fractional derivative is

C
0 D

ε,ρ
θ F(θ) = e−ρθ C

0 D
ε
θ

(
eρθF(θ)

)
= e−ρθ 1

Γ(j − ε)

∫ θ

0

1

(θ − σ)ε−j+1

dj

dσj
(eρσF(σ))dσ,

where

C
0 D

ε
θ(e

ρθF(θ)) =
1

Γ(j − ε)

∫ θ

0

1

(θ − σ)ε−j+1

dj

dσj
(eρσF(σ))dσ.

Lemma 2.4. [21]. For a constant C,

0D
ε,ρ
θ C = Ce−ρθ

0D
ε
θe

ρθ,

C
0 D

ε,ρ
θ C = Ce−ρθC

0 D
ε
θe

ρθ.

Obviously,

0D
ε,ρ
θ (C) ̸= C

0 D
ε,ρ
θ (C).

Moreover,
C
0 D

ε,ρ
θ (C) is no longer equal to zero, differing from C

0 D
ε
θ(C) ≡ 0.

Lemma 2.5. [21]. Let F ∈ Cj(Θ,Ξ) and j − 1 < ε < j, j ∈ N. Then, the Ca-
puto tempered fractional derivative and the Riemann-Liouville tempered fractional
integral satisfy the composition properties

0I
ε,ρ
θ

(
C
0 D

ε,ρ
θ F(θ)

)
= F(θ)−

j−1∑
k=0

e−ρθ θ
k

k!

[
dk

dθk
(
eρθF(θ)

)∣∣∣∣
θ=0

]
,
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and
C
0 D

ε,ρ
θ (0I

ε,ρ
θ F(θ)) = F(θ), for ε ∈ (0, 1).

Definition 2.6. [3]. Let X be a Banach space and let ∆X be the family of
bounded subsets of X. The Kuratowski measure of noncompactness is the map
φ : ∆X → [0,∞) defined by

φ(Φ) = inf

{
α > 0 : Φ ⊂

m⋃
j=1

Φj, diam(Φj) ≤ α

}
,

where Φ ∈ ∆X.

Definition 2.7. [3]. The map φ satisfies the following properties:

• φ(Φ) = 0 ⇐⇒ Φ is compact (i.e., Φ is relatively compact);
• φ(Φ) = φ(Φ);
• If Φ1 ⊂ Φ2, then φ(Φ1) ≤ φ(Φ2);
• φ(Φ1 + Φ2) ≤ φ(Φ1) + φ(Φ2);
• φ(cΦ) = |c|φ(Φ), for c ∈ R;
• φ(convΦ) = φ(Φ).

Lemma 2.8. [9]. Let B ⊂ ΩΞ be a bounded and equicontinuous set. Then:

(1) The function θ 7→ φ(B(θ)) is continuous, and

φΩΞ
(B) = sup

θ∈[−r,κ+h]

φ(B(θ)).

(2)

φ

({∫ κ

0

ξ(σ)dσ : ξ ∈ B

})
≤

∫ κ

0

φ(B(σ))dσ,

where B(θ) = {ξ(θ) : ξ ∈ B}, θ ∈ J.

Definition 2.9. [3] Let X be a Banach space and H : X → X be a continuous
mapping. H is said to be a condensing mapping if for each bounded set B with
φ(B) ̸= 0, we have

φ(H(B)) < φ(B).

Theorem 2.10. [8] Let D be a non-empty, closed, bounded, and convex subset
of a Banach space X, and let H : D → D be a condensing mapping. Then H has
a fixed point in D.

3. Existence Results

To demonstrate our existence results, let’s state a few presumptions:

(H1) The function F : J× C([−r, h] ,Ξ)× Ξ× Ξ → Ξ is continuous.
(H2) There exist constants K1 > 0 and 0 < K2 < 1 such that

∥F(θ, γ, ℘, v)− F(θ, γ̄, ℘̄, v̄)∥ ≤ K1∥γ − γ̄∥[−r,h] +K2∥℘− ℘̄∥+K3 ∥v − v̄∥ ,

for any γ, γ̄ ∈ C([−r, h] ,Ξ), ℘, ℘̄, v, v̄ ∈ Ξ, and θ ∈ J.
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(H3) There exist constants 0 < K4 < 1 and K5 > 0 such that

∥𭟋1ξ1 −𭟋1ξ2∥[−r,0] ≤ K4∥ξ1 − ξ2∥[−r,κ+h].

and

∥g (θ, s, u1)− g (θ, s, u2) ∥ ≤ K5∥u1 − u2∥.
(H4) There exist constants M𭟋1 ≥ K4 > 0 and M𭟋2 > 0 such that

∥𭟋1ξ∥[−r,0] ≤ M𭟋1 and ∥𭟋2ξ∥[κ,κ+h] ≤ M𭟋2 .

(H5) For each θ ∈ J and bounded sets B1 ⊆ C([−r, h] ,Ξ), B2, B3 ⊆ Ξ, we have

ζ(F(θ,B1, B2, B3)) ≤ l1 sup
σ∈[−r,h]

ζ(B1(σ)) + l2ζ(B2) + l3ζ(B3).

(H6) There exist a function η ∈ L1 (J,Ξ) such that∫ θ

0

|g (θ, s, u)| ds ≤ η (θ) (1 + |u|) ,

Lemma 3.1. Let ϑ be a continuous function. Then the linear problem
C
0 D

ε,ρ
θ ξ(θ) = ϑ (θ) , θ ∈ J := [0, κ] ,

ξ(θ) + (𭟋1ξ) (θ) = Λ1(θ), θ ∈ [−r, 0] ,
ξ(θ) + (𭟋2ξ) (θ) = Λ2(θ), θ ∈ [κ, κ+ h] ,

(3.1)

has a unique solution which is given by

ξ(θ) =


Λ1(θ)− (𭟋1ξ) (θ) , θ ∈ [−r, 0] ,

(Λ1 (0)− (𭟋1ξ) (0)) e
−ρθ + 1

Γ(ε)

∫ θ

0
e−ρ(θ−σ)ϑ (σ) (θ − σ)ε−1 dσ, θ ∈ J := [0, κ] ,

Λ2(θ)− (𭟋2ξ) (θ) , θ ∈ [κ, κ+ h] ,
(3.2)

Proof. Suppose that ξ satisfies (3.1). By applying the tempered fractional integral
of Riemann-Liouville of order ε and by Lemma 2.5 , we get

0I
ε,ρ
θ

C
0 D

ε,ρ
θ ξ(θ) = 0I

ε,ρ
θ ϑ (θ) .

Implies that

ξ(θ)− ξ(0)e−ρθ =
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ)ϑ (σ) (θ − σ)ε−1 dσ.

Then,

ξ(θ) = ξ(0)e−ρθ +
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ)ϑ (σ) (θ − σ)ε−1 dσ.

Finally,

ξ(θ) = (Λ1(0)− (𭟋1ξ) (0)) e
−ρθ +

1

Γ(ε)

∫ θ

0

e−ρ(θ−σ)ϑ (σ) (θ − σ)ε−1 dσ.

On the other hand, it can be demonstrated, using Definition 2.1 , Lemma 2.4 and
Lemma 2.5 that if ξ verifies (3.2), then the problem (3.1) is also satisfied. □

The next result is based on Sadovskii’s fixed point theorem.
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Theorem 3.2. Assume that (H1)− (H6) hold. If

λ+
(K1 +K3K5κ)κ

ϵ

(1−K2) Γ(ϵ+ 1)
< 1

where λ = supθ∈J K4e
−ρθ, then there exists at least one solution of (1.1)

Proof. Consider the operator T : ΩΞ → ΩΞ defined by

Tξ(θ) =


Λ1(θ)− (𭟋1ξ) (θ) , θ ∈ [−r, 0] ,

(Λ1 (0)− (𭟋1ξ) (0)) e
−ρθ + 1

Γ(ε)

∫ θ

0
e−ρ(θ−σ)N (σ) (θ − σ)ε−1 dσ, θ ∈ J := [0, κ] ,

Λ2(θ)− (𭟋2ξ) (θ) , θ ∈ [κ, κ+ h] ,

where N ∈ C(J,Ξ) is such that

N (θ) = F

(
θ, ξθ,N (θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)
Clearly, the fixed points of operator T are solution of problem (1.1). The proof
is divided into three steps.

Step 1. We prove that T is continuous.
Let un be a sequence such that un → u in ΩΞ. If θ ∈ [−r, 0] or θ ∈

[κ, κ+ h] then
|(Tun)(θ)− (Tu)(θ)| = 0

For θ ∈ J we have

|(Tun)(θ)−(Tu)(θ)| ≤ |(𭟋1un) (0)− (𭟋1u) (0)| e−ρθ+
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ)|Nn (σ)−N (σ) | (θ − σ)ε−1 dσ

whereNn,N ∈ C(J,Ξ) are such that

Nn (θ) = F

(
θ, uθ

n,Nn(θ),

∫ θ

0

g (θ, s, un(s)) ds

)
and

N (θ) = F

(
θ, uθ,N (θ),

∫ θ

0

g (θ, s, u(s)) ds

)
By (H2) and (H3) we have

|Nn (θ)−N (θ)| =

∣∣∣∣F(
θ, uθ

n,Nn(θ),

∫ θ

0

g (θ, s, un(s)) ds

)
− F

(
θ, uθ,N (θ),

∫ θ

0

g (θ, s, u(s)) ds

)∣∣∣∣
≤ K1∥uθ

n − uθ∥[−r,h] +K2 |Nn(θ)−N (θ)|+K3

∫ θ

0

|g (θ, s, un(s))− g (θ, s, u(s))| ds,

≤ K1∥uθ
n − uθ∥[−r,h] +K2 |Nn(θ)−N (θ)|+K3

∫ θ

0

K5∥un − u∥ds,

≤ K1∥uθ
n − uθ∥[−r,h] +K2 |Nn(θ)−N (θ)|+K3K5

(∫ θ

0

ds

)
∥un − u∥,

Thus,

|Nn(θ)−N (θ)| ≤ K1 −K3K5θ

1−K2

∥un − u∥[−r,h].



8 M. HAOUES

And by (H3) we have

|(𭟋1un) (0)− (𭟋1u) (0)| ≤ K4∥uθ
n − uθ∥[−r,κ+h].

So, for each θ ∈ J , we have

|(Tun)(θ)−(Tu)(θ)| ≤ K4e
−ρθ∥uθ

n−uθ∥[−r,κ+h]+
K1 −K3K5θ

1−K2

∫ θ

0

e−ρ(θ−σ) (θ − σ)ε−1 ∥uθ
n−uθ∥[−r,h]dσ

Then the Lebesgue dominated convergence theorem imply that

|(Tun)(θ)− (Tu)(θ)| → 0 as n → ∞
Hence

∥Tun − Tu∥ΩΞ
→ 0 as n → ∞

Consequently, T is continuous.

Choose

R ≥ max

∥Λ1 (0) ∥+M𭟋1 +
(F∗

1+K3∥η∥L1
)κϵ

(1−K2)Γ(ε+1)

1− κϵ(K1+K3∥η∥L1
)

(1−K2)Γ(ϵ+1)

,M𭟋1 + ∥Λ1∥[−r,0],M𭟋2 + ∥Λ2∥[κ,κ+h]

 ,

and define the set
DR = {ξ ∈ ΩΞ : ∥ξ∥ΩΞ

≤ R} .
It is clear DR that is a bounded, closed and convex subset of ΩΞ .

Step 2. We prove that T (DR) ⊂ DR.
If θ ∈ [−r, 0], then

∥Tξ(θ)∥ ≤ ∥𭟋1ξ∥[−r,0] + ∥Λ1∥[−r,0]

≤ M𭟋1 + ∥Λ1∥[−r,0]

≤ R.

If θ ∈ [κ, κ+ h], then

∥Tξ(θ)∥ ≤ ∥𭟋2ξ∥[κ,κ+h] + ∥Λ2∥[κ,κ+h]

≤ M𭟋2 + ∥Λ2∥[κ,κ+h]

≤ R.

For each θ ∈ J := [0, κ], then

|Tξ(θ)| ≤ (|Λ1 (0)|+ |(𭟋1ξ) (0)|) e−ρθ +
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ) |N (σ)| (θ − σ)ε−1 dσ,

From hypothesis (H2), we have

|N (θ)| =

∣∣∣∣F(
θ, ξθ,N (θ),

∫ θ

0

g (θ, s, u(s)) ds

)∣∣∣∣
≤ F1(θ) +K1∥ξθ∥[−r,h] +K2 |N (θ)|+K3

∫ θ

0

|g (θ, s, ξ(s))| ds

≤ F∗
1 +K1∥ξ∥ΩΞ

+K2 |N (θ)|+K3η (θ) (1 + ∥ξ∥ΩΞ
)

≤ F∗
1 +K1R +K2 |N (θ)|+K3 ∥η∥∞ (1 +R)

where F∗
1 = supθ∈J F1(θ) = supθ∈J F(θ, 0, 0) and ∥η∥∞ = supθ∈J η (θ)
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Then,

|N (θ)| ≤ F∗
1 +K1R +K3 ∥η∥∞ (1 +R)

1−K2

Therefore,

|Tξ(θ)| ≤ (|Λ1 (0)|+ |(𭟋1ξ) (0)|) e−ρθ +
F∗
1 +K1R +K3 ∥η∥∞ (1 +R)

(1−K2) Γ(ε)

∫ θ

0

e−ρ(θ−σ) (θ − σ)ε−1 dσ,

|Tξ(θ)| ≤ (|Λ1 (0)|+ |(𭟋1ξ) (0)|) e−ρθ +
(F∗

1 +K1R +K3 ∥η∥∞ (1 +R))κϵ

(1−K2) Γ(ε+ 1)

|Tξ(θ)| ≤ ∥Λ1 (0) ∥+M𭟋1 +
(F∗

1 +K1R +K3 ∥η∥∞ (1 +R))κϵ

(1−K2) Γ(ε+ 1)

≤ R

Consequently,

T (DR) ⊂ DR.

Step 3. T is condensing.
Let B be an equicontinuous subset of DR.
If θ ∈ [−r, 0], then

ζ(T (B(θ))) = ζ{Tξ(θ), ξ ∈ B}
= ζ {Λ1(θ)−𭟋1ξ(θ), ξ ∈ B}
≤ M𭟋1

and if θ ∈ [κ, κ+ h], then

ζ(T (B(θ))) = ζ{Tξ(θ), ξ ∈ B}
= ζ {Λ2(θ)−𭟋2ξ(θ), ξ ∈ B}
≤ M𭟋2

For each θ ∈ J, we have

ζ(T (B(θ))) = ζ{Tξ(θ), ξ ∈ B}

= ζ

{
(Λ1 (0)− (𭟋1ξ) (0)) e

−ρθ +
1

Γ(ϵ)

∫ θ

0

e−ϱ(θ−σ)(θ − σ)ϵ−1N (σ)dσ, ξ ∈ B

}
≤ ζ

{
(Λ1 (0)− (𭟋1ξ) (0)) e

−ρθ, ξ ∈ B
}

+ζ

{
1

Γ(ϵ)

∫ θ

0

e−ϱ(θ−σ)(θ − σ)ϵ−1N (σ)dσ, ξ ∈ B

}
≤ K4e

−ρθζξ(B) +
1

Γ(ϵ)

∫ θ

0

(θ − σ)ϵ−1{ζ(N (σ))dσ, ξ ∈ B}
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We have by condition (H5)

ζ(N (θ)) = ζ

(
F

(
θ, ξθ,N (θ),

∫ θ

0

g (θ, s, ξ(s)) ds

))
≤ K1 sup

θ∈[−r,h]

ζ
(
ξθ
)
+K2ζ(N (θ)) +K3ζ

(∫ θ

0

g (θ, s, ξ(s)) ds

)
≤ K1 sup

θ∈[−r,κ+h]

ζ(ξ(θ)) +K2ζ(N (θ)) +K3K5

(∫ θ

0

ζ (ξ(s)) ds

)
Thus,

ζ(N (θ)) ≤ K1 +K3K5κ

1−K2

sup
θ∈[−r,κ+h]

ζ(ξ(θ))

Then,

ζ(T (B(θ)) ≤ K4e
−ρθζξ(B) +

K1 +K3K5κ

(1−K2) Γ(ϵ)

∫ θ

0

(θ − σ)ϵ−1{ sup
θ∈[−r,κ+h]

ζ(ξ(θ))dσ, ξ ∈ B}

≤
(
λ+

(K1 +K3K5κ)κ
ϵ

(1−K2) Γ(ϵ+ 1)

)
ζξ(B)

Therefore,

ζΩΞ
(T (B)) ≤

(
λ+

(K1 +K3K5κ)κ
ϵ

(1−K2) Γ(ϵ+ 1)

)
ζΩΞ

(B) < ζΩΞ
(B).

Then, we have ζΩΞ
(T (B)) ≤ ζΩΞ

(B), which implies that T is a condensing
operator.

As a result of Sadovskii’s fixed point theorem, the operator T has at least one
fixed point that solves the problem (1.1). □

4. Ulam-Hyers stability

We adopt the definitions of Ulam-Hyers stability and generalized Ulam-Hyers
stability given in [13, 23].

Definition 4.1. We say that (1.1) has Ulam-Hyers stability if there exists a real
number KF > 0 such that for each ϵ > 0, if ξ ∈ ΩΞ satisfies∥∥∥∥C

0 D
ε,ρ
θ ξ(θ)− F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)∥∥∥∥ ≤ ϵ, θ ∈ J := [0, κ] ,

then there exists a solution ξ̄ ∈ ΩΞ of (1.1) such that∥∥ξ(θ)− ξ̄(θ)
∥∥ ≤ KFϵ, θ ∈ J := [0, κ] .

Definition 4.2. We say that (1.1) has generalized Ulam–Hyers stability if there
exists a function φF ∈ C(R+,R+) with φF(0) = 0 such that for each ϵ > 0, if
ξ ∈ ΩΞ satisfies∥∥∥∥C

0 D
ε,ρ
θ ξ(θ)− F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)∥∥∥∥ ≤ ϵ, θ ∈ J := [0, κ] ,
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then there exists a solution ξ̄ ∈ ΩΞ of (1.1) such that∥∥ξ(θ)− ξ̄(θ)
∥∥ ≤ φF(ϵ), θ ∈ J := [0, κ] .

Theorem 4.3. Assume that the conditions (H1)-(H2) hold and that the condition∥∥∥∥C
0 D

ε,ρ
θ ξ(θ)− F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)∥∥∥∥ ≤ ϵ, θ ∈ J := [0, κ] ,

is satisfied for every ϵ > 0.
Then the problem (1.1) is Ulam-Hyers stable.

Proof. Let ξ ∈ ΩΞ be a solution of the inequality∥∥∥∥C
0 D

ε,ρ
θ ξ(θ)− F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)∥∥∥∥ ≤ ϵ, θ ∈ J := [0, κ] ,

and ξ̄ ∈ ΩΞ the solution of the problem (1.1). Then there exists a function
yξ ∈ C(J,Ξ) (depending on ξ) such that

∥yξ(θ)∥ ≤ ϵ, θ ∈ J := [0, κ] ,

and

C
0 D

ε,ρ
θ ξ(θ) = F

(
θ, ξθ, C0 D

ε,ρ
θ ξ(θ),

∫ θ

0

g (θ, s, ξ(s)) ds

)
+ yξ(θ), θ ∈ J := [0, κ] ,

In the light of Lemma 3.1, ξ satisfies the fractional integral equation

ξ(θ) =


Λ1(θ)− (𭟋1ξ) (θ) , θ ∈ [−r, 0] ,

(Λ1 (0)− (𭟋1ξ) (0)) e
−ρθ + 1

Γ(ε)

∫ θ

0
e−ρ(θ−σ)N (σ) (θ − σ)ε−1 dσ

+ 1
Γ(ε)

∫ θ

0
e−ρ(θ−σ)yξ (σ) (θ − σ)ε−1 dσ, θ ∈ J := [0, κ] ,

Λ2(θ)− (𭟋2ξ) (θ) , θ ∈ [κ, κ+ h] ,

Then we have∥∥ξ(θ)− ξ̄(θ)
∥∥ =

∥∥∥((𭟋1ξ) (0)−
(
𭟋1ξ̄

)
(0)

)
e−ρθ + 1

Γ(ε)

∫ θ

0
e−ρ(θ−σ)(N (σ)−M (σ)) (θ − σ)ε−1 dσ

− 1
Γ(ε)

∫ θ

0
e−ρ(θ−σ)yξ (σ) (θ − σ)ε−1 dσ

∥∥∥
which implies that∥∥ξ(t)− ξ̄(t)

∥∥ ≤
∥∥(𭟋1ξ) (0)−

(
𭟋1ξ̄

)
(0)

∥∥ e−ρθ +
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ) ∥N (σ)−M (σ)∥ (θ − σ)ε−1 dσ

+
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ) ∥yξ (σ)∥ (θ − σ)ε−1 dσ

≤
∥∥(𭟋1ξ) (0)−

(
𭟋1ξ̄

)
(0)

∥∥ e−ρθ +
1

Γ(ε)

∫ θ

0

e−ρ(θ−σ) ∥N (σ)−M (σ)∥ (θ − σ)ε−1 dσ

+
κεϵ

Γ(ε+ 1)
,
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where the function N and M are defined such that they each meet distinct sets
of functional equations.

N (θ) = F

(
θ, ξθ,N (θ),

∫ θ

0

g1 (θ, s, ξ(s)) ds

)
and

M (θ) = F

(
θ, ξ̄θ,M(θ),

∫ θ

0

g2
(
θ, s, ξ̄(s)

)
ds

)
From hypothesis (H3), we have

∥ (𭟋1ξ) (0)−
(
𭟋1ξ̄

)
(0) ∥ ≤ K4∥ξθ − ξ̄θ∥[−r,κ+h].

And by hypothesis (H2), we have

∥N (σ)−M (σ)∥ = ∥F
(
θ, ξθ,N (θ),

∫ θ

0

g1 (θ, s, ξ(s)) ds

)
− F

(
θ, ξ̄θ,M(θ),

∫ θ

0

g2
(
θ, s, ξ̄(s)

)
ds

)
∥

≤ K1

∥∥ξθ − ξ̄θ
∥∥
[−r,h]

+K2 ∥N (σ)−M (σ)∥

+K3

∫ θ

0

∣∣g1 (θ, s, ξ(s))− g2
(
θ, s, ξ̄(s)

)∣∣ ds
≤ K1

∥∥ξθ − ξ̄θ
∥∥
[−r,h]

+K2 ∥N (σ)−M (σ)∥+K3K5

∫ θ

0

∥ξ − ξ̄∥ds

≤ K1

∥∥ξθ − ξ̄θ
∥∥
[−r,h]

+K2 ∥N (σ)−M (σ)∥+K3K5

(∫ θ

0

ds

)
∥ξ − ξ̄∥,

which implies that,

∥N (σ)−M (σ)∥ ≤ K1 +K3K5θ

1−K2

∥ξ − ξ̄∥[−r,h].

Then∥∥ξ(t)− ξ̄(t)
∥∥ ≤ e−ρθK4∥ξθ − ξ̄θ∥[−r,κ+h] +

K1 +K3K5θ

(1−K2) Γ(ε)

(∫ θ

0

e−ρ(θ−σ) (θ − σ)ε−1 dσ

)
∥ξ − ξ̄∥[−r,h]

+
κεϵ

Γ(ε+ 1)
,

≤
(
e−ρθK4 +

K1 +K3K5θκ
ε

(1−K2) Γ(ε+ 1)

)
∥ξ − ξ̄∥ΩΞ

+
κεϵ

Γ(ε+ 1)
.

Thus

∥ξ − ξ̄∥ΩΞ
≤

κεϵ
Γ(ε+1)

1−
(
λ+ K1+K3K5θκε

(1−K2)Γ(ε+1)

) = KFϵ

Therefore, the problem (1.1) is Ulam-Hyers stable. If we set φF(ϵ) = KFϵ, then
φF(0) = 0, which proves that (1.1) is generalized Ulam-Hyers stable with the
initial conditions. □
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5. Example

Examine the implicit fractional integro-differential equation that follows
C
0 D

3
5
,2

θ ξ(θ) = 1
4eθ

+ 1
5eθ

(∣∣ξθ∣∣+ ∣∣∣C0 D 3
5
,2

θ ξ(θ)
∣∣∣) , for each θ ∈ [0, e],

ξ(θ) + cos(ξ(θ))eθ

e−θ+8
= Λ1(θ), θ ∈ [−1, 0],

ξ(θ) + 6
(θ+9)3

|ξ(θ)|
1+|ξ(θ)| = Λ2(θ), θ ∈ [e, e+ 2],

(5.1)

where Λ1 ∈ C([−1, 0],Ξ) and Λ2 ∈ C([e, e+ 2],Ξ). Set

Ξ = ℓ1 =

{
ξ = (ξ1, ξ2, . . . , ξj, . . . ) |

∞∑
j=1

|ξj| < ∞

}
where Ξ is a Banach space. And for θ ∈ [0, e], u ∈ C([−1, 2],Ξ),
v ∈ Ξ, we set

F(θ, ξθ,C0 D
3
5
,2

θ ξ(θ), v) =
5e2 + cos

(
∥ξθ∥[−1,2]

)
+ cos

(
∥C0 D

3
5
,2

θ ξ(θ)∥
)
+ 1

4
∥v∥

50eθ+5
(
1 + ∥ξθ∥[−1,2] + ∥C0 D

3
5
,2

θ ξ(θ)∥+ ∥v∥
) ,

g (θ, s, ξ(s)) =
sin (θs)

10
ξ(s)

Clearly, the functions F and g are continuous. For any γ, γ̄ ∈∈ C([−1, 2]; Ξ),
℘, ℘̄, v, v̄ ∈ Ξ, and θ ∈ [0, e], we have:

∥F(θ, γ, ℘, v)−F(θ, γ̄, ℘̄, v̄)∥ ≤ 1

50e5
∥γ− γ̄∥[−1,2] +

1

50e5
∥℘− ℘̄∥+ 1

200e5
∥v − v̄∥ .

∥g (θ, s, u1)− g (θ, s, u2) ∥ ≤ 1

10
∥u1 − u2∥.

And set

(𭟋1ξ) (θ) =
cos(∥ξ(θ)∥)eθ

e−θ + 8
, θ ∈ [−1, 0]

(𭟋2ξ) (θ) =
6

(θ + 9)3
∥ξ(θ)∥

1 + ∥ξ(θ)∥
, θ ∈ [e, e+ 2]

for any ξ ∈ C([−1, e+ 2]; Ξ). For ξ1, ξ2 ∈ C([−1, e+ 2]; Ξ) we have, if θ ∈ [−1, 0]

∥ (𭟋1ξ1) (t)− (𭟋1ξ2) (t)∥[−1,0] ≤
1

9
∥ξ1 − ξ2∥[−1,e+2],

and if θ ∈ [e, e+ 2]

∥ (𭟋2ξ1) (t)− (𭟋2ξ2) (t)∥[e,e+2] ≤
1

270
∥ξ1 − ξ2∥[−1,e+2],

So, we have ϵ = 3
5
, κ = e , K1 =

1
50e5

, K2 =
1

50e5
, K3 =

1
200e5

, K5 =
1
10
, λ =

supθ∈J
e−2θ

9
= 1

9
the contraction condition is
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λ+
K1 +K3 K5θκ

ϵ

(1−K2) Γ(ϵ+ 1)
≈ 0.1114 < 1

All assumptions in Theorem 3.2 are satisfied, then the problem (5.1) has at
least one solution. Moreover, it verifies the Ulam-Hyers stability.
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