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SEMI-SLANT RIEMANNIAN MAPS FROM COSYMPLECTIC
MANIFOLDS INTO RIEMANNIAN MANIFOLDS

RAJENDRA PRASAD! AND SUSHIL KUMAR?2*

ABSTRACT. In this paper we study semi-slant Riemannian maps from Cosym-
plectic manifolds into Riemannian manifolds. Several fundamental results on
integrability of distributions and geometry of foliations are proved for such
maps. Also we find the conditions for Riemannian maps to be totally geodesic
and investigate some decomposition theorems. Finally, we give some examples
of semi-slant Riemannian maps such that the characteristic vector field £ is
either vertical or horizontal.

1. INTRODUCTION

Let (M, gan) and (N, gn) be Riemannian manifolds of dimensional m and n re-
spectively. A differentiable map f : (M, gy) — (N, gn) is called a Riemannian
submersion if (7) f has maximal rank (i7) The differential f. preserves the lengths
of horizontal vectors. Riemannian submersions between Riemannian manifolds
were studied by ONeill [10] and Gray [7], while Riemannian submersions between
Riemannian manifolds equipped with an additional structure of almost complex
type was initially studied by Watson in [15]. The concept of Riemannian maps
between Riemannian manifolds was introduced by A. Fischer [6] in 1992. It
generalizes and unifies the notion of an isometric immersion, a Riemannian sub-
mersion and an isometry. Let (M, gyr) and (N, gny) be two Riemannian manifolds
such that dimM = m and dimN = n. A smooth map f : (M, gn) — (N, gn)
0 < rank f. < min(m,n) is called a Riemannian map if it satisfies the equation

gN(f*va*Y) :gM(X,Y), (1'1)

for all X,Y € (kerf,). Let f : (M, gyn) — (N,gn) be a Riemannian map such
that 0 < rankf < min(m,n). Then we denote the kernel space of f, by ker f, and
consider the orthogonal complementary space (kerf.)% of kerf, in TM. Then
the tangent bundle of M has the following decomposition:

TM = ker f, @ (ker f*)L (1.2)

In [2], isometric immersions and Riemannian submersions are particular cases
of Riemannian maps with ker f, = {0} and (rangef.)* = {0} respectively.
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In, 2010 anti-invariant Riemannian submersions from almost Hermitian man-
ifolds onto Riemannian manifolds were introduced by B. Sahin [14]. Erken and
Murathan introduced the notion anti-invariant Riemannian submersions from
Sasakian manifolds onto Riemannian manifolds [5] and anti-invariant Riemann-
ian submersions from Cosymplectic manifolds onto Riemannian manifolds [9].
Further anti-invariant Riemannian submersions from Kenmotsu manifolds onto
Riemannian manifolds were studied by Beri et al. [2]. In 2013, B. Sahin intro-
duced and studied the notion of slant Riemannian maps from almost Hermitian
manifolds into Riemannian manifolds [13]. Further, in 2017, Prasad and Pandey
introduced the concept of slant Riemannian maps from almost contact metric
manifolds into Riemannian manifolds [16].

The paper is arranged as follows: In Section 2, we recall basic formulae and
definitions for Cosymplectic manifolds and semi-slant submersions, which are
needed in present paper. In section 3, we give the definition of a semi-slant
Riemannian map from an almost contact metric manifold into a Riemannian
manifold admitting vertical structure vector field and find some results. In section
4, we give the definition of a semi-slant Riemannian map from almost contact
metric manifold to Riemannian manifolds admitting horizontal structure vector
field and establish some results. Finally in section 5, we give examples of semi-
slant Riemannian maps in which the characteristic vector field £ is either vertical
or horizontal.

2. PRELIMINARIES

An odd dimensional smooth manifold M is said to have an almost contact
structure if there exist on M, a tensor field ¢ of type (1,1), a vector field £ and
1-form 7 such that

PP=—-T4+n®E =0, nop=0, (2.1)
n(g) =1. (2.2)

If there exists a Riemannian metric g on an almost contact manifold M satis-
fying the conditions:

9(0X,0Y) = g(X,Y) —n(X)n(Y), (2.3)
9(X,0Y) = —g(¢X,Y),
9(X, &) = n(X), (2.4)

where XY are any vector fields on M. Then M is called almost contact metric
manifold with almost contact structure (¢, &, 7, g). It is denoted by (M, ¢,&,1,9).

An almost contact structure (¢, &, n) is said to be normal if the almost complex
structure J on the product manifold M x R given by

d

d
J(X, F—) = (X — F&n(X)— 2.5
(X, F5) = (6X — F&n(X)5) (25)
where J? = —I and F is the differentiable function on M x R has no torsion i.e., .J

is integrable. The form for normality in terms of ¢, £ and 7 is [, ¢]+2dn Q& =0
on M, where [¢, ¢] is the Nijenhuis tensor of ¢ . Lastly, the fundamental 2-form
® is defined by ®(X,Y) = g(X, ¢Y).
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An almost contact metric manifold M with almost contact structure (¢, &, 7, g)
is said to be Cosymplectic manifold [8], if

(Vx9)Y =0, (2.6)

for any vector fields X,Y on M, where V denotes the Riemannian connection of
the metric g on M. For a Cosymplectic manifold V x& = 0, for any vector field
X on M

Example 2.1. ([17]) We consider R**1 with Cartesian coordinates (z;,y;, 2)
(1 =1,2....k) and its usual contact form n = dz.

The characteristic vector field £ is given by % and its Riemannian metric g
and tensor field ¢ are given by

grorer = Y _((day)* + (dy:)*) + (d2)*, o= | =0;; 0 0 |, i, j=1,.k
i=1 0 0 0

This gives a Cosymplectic structure R?**1. The vector fields E; = 8%, By =
8%1-’ £ = % form a ¢—basis for the Cosymplectic manifold. On the other hand,
it can be shown that (R?**! ¢, £, 7, g) is a Cosymplectic manifold.

Let f: (M,gnm,J) — (N,gn) be a differentiable map, where (M, gy, J) be
a Hermitian manifold and (N, gy) a Riemannian manifold. A Riemannian map
f:(M,gm,J) = (N,gn) is called a semi-slant Riemannian map if there is a
distribution Dy C (ker f.) such that

ker f, = D1 & Dy, J(D;) = Dy,

and the angle 6 = 6(X) between JX and the space (D3), is constant for non-zero
vector field X € (Ds),, ¢ € M, where D, is the orthogonal complement of D; in
kerf. [12]. We call the angle 6 a semi-slant angle.

Let f: (M,gy) — (N, gy) be a differentiable map. The second fundamental
form of f is given by

(VL)X,Y) = VLAY — f(VxY), forall XY eD(TM).  (2.7)

where V/ is the pullback connection and we denote conveniently by V the Rie-
mannian connections of the metrics g); and gy. Memories that f is said to be
harmonic if we have the tensor field 7(f) = trace(V f.) = 0 and we call the map
f a totally geodesic map if (Vf,)(X,Y) = 0, for X, Y € I'(T'M) [1]. Denote
the range of f., by rangef., at ¢ € M and consider the orthogonal complement
(rangef.,)* of rangef., in the tangent space T¢(q)N of N. Since for proper Rie-
mannian maps 0 < rank < f. < min(m,n), we always have ((rangef,),)= # 0.
Thus the tangent space Ty(q)N of N has the following decomposition

fT'TN = rangef. ® (range f.)*.

In 1966 [10], the fundamental tensors of a submersion were introduced by
ONeill. They have a similar role to that of the second fundamental form of an
immersion. More exactly, ONeills tensors 7 and A defined by

ApF = HVypVF + VWV tF, (2.8)
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TeF = HVypVFE + VVypHE, (2.9)
for vector fields £, F € I'(T'M), where V and H are the vertical and horizontal
projections, V is the Riemannian connection of M. Let tensors 7 and A for
Riemannian map f are also defined by equations (2.8) and (2.9). On the other
hand, from equations (2.8) and (2.9), we have

VoV =ToV + ViV, (2.10)
VX = HVuX + To X, (2.11)
VxU = AxU 4+ VVxU, (2.12)
VxY = HVxY + AxY, (2.13)

for U,V € T'(ker f,) and X,Y € I'((ker f.)1). Now, we discuss the harmonicity of
amap F. Let (M, gy) and (N, gy) be Riemannian manifolds with Riemannian
metrics gy and gy respectively and let f: (M, gar) — (IV, gn) be a differentiable
map between them. The energy density of f is the differentiable function e(f) :
M — [0, 00| given by

o)) = 5 | elf)(@) P, = € M,

where | (fi)(z) | denotes the Hilbert-Schmidt norm of (f.)(z) defined by

[ (F)(a) =Ygl S

where e; is an orthonormal basis for (T,,M) [1]. We call e(f) the energy density
of f and let L be a compact domain of M. The energy integral of f over L is the
integral of its energy density

BUK) = [ elhn =5 [ 10 F v,

where wy,, is the volume resume on M defined by the metric g5;. A differentiable
map f : (M, gy) — (N, gn) is said to be harmonic if it is a critical point of the
energy functional E(f, K) : C*°(M,N) — R for any compact domain L C M
where C*°(M, N) denote the space of all differentiable maps from M to N. Thsese
results provided by J. Eells and J. Sampson [4], implies that the map f is harmonic
if and only if the tension field 7(f) = trace(V f.) = 0.

Next, we discuss for decomposition theorems by using the existence of semi-
slant Riemannian map. We have memories the following results from [17]. Con-
sider a distribution D on Riemannian manifold (M, gas). The distribution D
is called autoparallel (a totally geodesic foliation) if VxY € T'(D), for every
X,Y € I'(D). If D is autoparallel, then it is integrable and its leaves are totally
geodesic in M. The distribution D is said to be parallel if for V' € I'(D) and
W e I'(TM) implies ViV € I'(D). If D is parallel then its orthogonal com-
plement distribution D is also parallel. In this case M is locally Riemannian
product manifold of the leaves of D and D*. It is also simple to prove that if
the distributions D and D+ are simultaneously autoparallel, then they are also
parallel
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Lemma 2.2. Let f : (M,gy) — (N,gn), a Riemannian map between two Rie-
mannian manifolds [6]. We have

(V)(X,Y) e T'((rangef)*), forall X,Y € I'((ker f,)h).

Lemma 2.3. For any X,Y wvertical and V, W horizontal vector fields, the tensor
fields T and A satisfy [12]:

TXY = 7;/X7
AW = —AWV:%V[V,W].

Lemma 2.4. For a Riemannian map f : (M, gn) — (N,gn) between two Rie-
mannian manifolds, we have

2e(f) =|| f. |*= rankf.

Here || f. ||? is a continuous function on M and rank f is integer-valued so that
rank f is locally constant. Hence, if M is connected, then rank f is a constant
function.

3. SEMI-SLANT RIEMANNIAN MAPS ADMITTING VERTICAL STRUCTURE
VECTOR FIELD

In this section we define semi-slant Riemannian maps from almost contact
metric manifolds to Riemannian manifolds. We have investigated integrability of
distributions and harmonicity conditions for semi-slant Riemannian map. Fur-
ther, we have found the conditions for semi-slant Riemannian map to be totally
geodesic and proved decomposition theorems. Throughout this section we have
taken semi-slant Riemannian maps admitting vertical structure vector field

Definition 3.1. Let (M, ¢,&,n,ga) be a almost contact metric manifold and
(N, gn) be a Riemannian manifold. A Riemannian map f : (M, ¢,&,n,9m) —
(N, gn) is called a semi-slant Riemannian map if there is a distibution D; C
(ker f.) such that

ker f, = D1 & Do® < & >,¢(D;) = Dy,

and the angle § = 0(U) between ¢U and the space (Ds), is constant for non-zero
vector fields U € (Ds), and = € M, where Dy, Dy and £ are mutually orthogonal
distributions in kerf,. We call the angle § a semi-slant angle of the semi-slant
Riemannian map.

Let f: (M,9,&,1m,9:m)) — (N,gn) be a semi-slant Riemannian map. Then
there is a distribution D; C (ker f.) such that

ker f, = Dy & Do® < & >, ¢(D1) = Dy,
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and the angle § = 0(U) between ¢U and the space (D3), is constant for non
zero vector fields (Dy), and = € M where Dy, Dy and £ are mutually orthogonal
distributions in kerf,. For U € I'(ker f,), we get

U=PU+QU+nU), (3.1)
where PU € I'(Dy) and QU € I'(Dy).
Also, for U € T'(ker f.), we get
oU = U + wU, (3.2)

where U € T'(ker f.) and wU € T'((ker f,)*).
For X € ['((ker f,)1), we write

¢X = BX + CX, (3.3)

where BX € T'(ker f,) and CX € T'((ker f,)h).
For We I'(T'M), we obtain

W =VW +HW, (3.4)
where VW € T'(ker f.) and HW € T'((ker f.)1).
For Z € T(f~'TN), we have
7 =PZ+QZ, (3.5)

where PZ € I'(range f,) and QZ € I'(range f,)*.
Then (ker f,)t = wDy @ p, where p is the orthogonal complement of wD, in
(ker f,)* and is invariant under ¢.
Further more,
¢D1 — D1, le =0.

For U,V € I'(ker f,), define

ViV = VvV,
(Vop)V = VbV — ViV, (3.6)
(Vyw)V = HVywV — wVV. (3.7)

Lemma 3.2. Let f : (M,¢$,&,1n,9m) — (N,gn) be a semi-slant Riemannian
maps, where (M, $,&,n,gn) is a Cosymplectic manifold and (N, gn) be a Rie-
mannian manifold. Then we have following results

(1)

(Voy)V = BTV — TywV, (3.8)
(Vow)V = CToV = oV, (3.9)
for all U,V € T'(ker f,).
(2)
VVxBY + AxCY =y AxY + BHV Y, (3.10)
AxBY + HVxCY = wAxY + CHV Y, (311)

for all X, Y € I'((ker f.)4).
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VuBX + ToCX = Ty X + BHVy X, (3.12)
ToBX + HVyCX = CHVy X +wTy X, (3.13)
VYV xypU + AxwU = ypVVxU + BAxU, (3.14)
AxyYU + HV xwU = wVV U + CAxU, ( )
for all U € ['(ker f,) and X € T'((ker f.)h).

Let f: (M,¢,&,m,9m) — (N, gn) be a semi-slant Riemannian map with the
semi-slant angles . Then given non-zero vector field U € I'(Ds), we have

| YU |
cosl) = ——, 3.16
o0 (310
and
coslt) = ———1—~,
| oU || U |
By using equation (3.2), we have
coslf) = ———=
| oU || U |
gM(U7 1/}2U)
cosf) = ———"—". 3.17
[ 6U 10U | 47

From equations (2.1), (3.16) and (3.17), we get
YU = —cos? 0.U, for all U € T(Dy).

Theorem 3.3. Let (M, ¢,&,m,gn) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M,®,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map with the semi-slant angles 6. Then

VU = —cos? 0.U, for all U € T(Dy).
The following corollary can be easily obtained by above theorem.

Corollary 3.4. Let (M,$,&,n,90m) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M,®,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map with the semi-slant angles 6. Then

gM(va ¢V) = C082 egM(Uv V)7
gu (WU, wV) = sin? Ogn (U, V),
for all U,V € I'(D3), where 6 € (0, %)

We can locally choose an orthonormal frame {ey, e, ...., e, Yeg, 1, sec Ol csc Owly,
..... s, sec Ol escOwls, &, 91,0 q1, ..., g, gy } of TM such that {ey, ey, ...., ex, eg }
is an orthonormal frame of Dy, {li,secOuly ,,.....,ls,secO)ls} an orthonormal
frame of Dy, < €& > an orthogonal Dy and D,, {cscOwly, .....,cscOwls} an or-
thonormal frame of wDsy, and {g1, Y1, ...., g, g} an orthonormal frame of p.

Lemma 3.5. Let (M, ¢,&,1n,gu) be a Cosymplectic manifold and (N, gy) a Rie-
mannian manifold. Let f: (M, ®,&,n,90m) — (N, gn) be a semi-slant Riemannian
map with the semi-slant angles 0. If tensor w s parallel, then
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Tov U = —cos® 0.TyU,  for all U € T(Dy). (3.18)
Proof. If the tensor w is parallel such that
(Vyw)V = 0. (3.19)
From equation (3.9), we have
TvoU =TopV.
Replace V' — ¢ U, we have
ToubU = —cos?0.TyU,  for all U € T(Dy).
O

Theorem 3.6. Let (M, ¢,&,m,90m) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,m,90) — (N, gn) be a semi-slant Rie-
mannian map. Then the slant distribution Dy is integrable if and only if,

w(VyV —=VyU) =0, forall UV €T (D).

Proof. It is known that for all X,Y € I'(kerf,) = [X,Y] € I'((ker f,). For all
UV €I(Dy) and Z € (kerf.)* = [U, V] € I'((ker f.). We know that

gM(V7 6) = 07
Vu(gu(V,€)) = 0,
gM(VUva ’S) = _gM<V7 VU€)7

gM(VUV, 6) = 0.

Since Vi€ = 0, for Cosymplectic manifolds. Now, consider

gu([U,V],6) = gu(VoV,§) — gu(VvU,§),
gu([U, V], €) = 0.

Consider
gu(@lU V], Z) = gu(o(VuV —VyU), 2),
Using equation (3.2), (3.3) and (2.10), we get
gm(([UV]), 2) = gu(BTGV + CToV + ViV +wVyV
—BTyU - CTyU —yVyU —wVyU, 7).
Hence, D, is integrable < P(¢)(VyV — VyU)) = 0, for all U,V € (D). O

Theorem 3.7. Let (M, ¢,&,m,g0) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map. Then the slant distribution D is integrable if and only if,

P(W(VyV —VyU)) =0, forall U,V €T(Dy).
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Proof. For all U,V € I'(D,) and X € I'(Dy), since [U,V] € T'((ker f.). Similar
way as in theorem (3.6) we have

gu([U,V],€) = 0.

Now, consider
Using equation (3.2), (3.3) and (2.10), we get

gu(o([UV]), X) = gu(BToV +CTyV +4VyV 4wV V
—BTyU — CTyU — VU — wVy U, X).

Hence, D, is integrable < P(¢)(VyV — VyU)) = 0, for all U,V € T'(Dy). O

Theorem 3.8. Let (M,¢,&,m,gn) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,£,mn,9m) — (N,gn) be a semi-slant Rie-
mannian map such that Dy s integrable. Then f is harmonic if and only if
trace(V f,) = 0 on Dy and H, where H denotes the mean curvature vector field

of rangef,.

Proof. Using Lemma (2.2), we get trace(V fi)|ker 1. € (range fi) and trace
(VI (kerp.) " € (range fo)* so that

trace(Vf,) =0 < trace(V fo)|ker . = 0,
and

trace(V £.)|(ker £, )= = 0.

Since Dj is invariant under ¢, we can choose locally orthonormal frame {e1, geq, .....
..... , €k, dex } of Dy. Using the integrbility of the D

(Vf*)(¢ez> ¢€z) = _f*(v¢ei¢ei)a
= f*(veiei)7
= —(Vf)(ee), forl<i<k.
Thus,
trace(V f)|(ker£.) = 0 & trace(V f,)|p, =0, and trace(V f.)(&,€) = 0.
Moreover, it is easy to get that
tmce(Vﬁk)|(kerf*)L =[H, forl= dim(kerf*)L,
so that

trace(V f)|(er )t =0 H = 0.
0

Theorem 3.9. Let (M, ¢,&,m,gn) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,£,mn,9m) — (N,gn) be a semi-slant Rie-
mannian map. Then f is a totally geodesic map if and only if
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w(VpV + TowV) + C(TobV + HVywV) = 0,

w(VyBX + TyCX) + C(TyBX + HVyCX) =0,

@(V{/f*Z) = O,
for all U,V € I'(ker f,) and X,Y, Z € T'((ker f,)4).
Proof. It XY, Z € T'(ker f.)*, from Lemma (2.2), we get
(VI Z) =06 QUV L)Y, Z)) = Q(VY f.Z) = 0.

For U,V € T'(ker f.), using equations (2.1),(3.2),(3.3),(2.10) and (2.11), we
have

(VLU V) = —f(ViV),
= LSV + TodV + TowV + HVpwV),
= [ WV +wVpV + BTV + CToV + Y TowV
+wTywV + BHVywV + CHVywV).
Hence
(VU V) =0< w(VyoV + TowV) + C(TowV + HVywV) = 0.

If U € T(ker f,) and X € T'(ker f,)*, since the tensor (Vf,) is symmetric.
Using equations (2.1), (3.2), (3.3), (2.10) and (2.11), we get

(VU X) = —f(VuX),
= f(¢(VuBX + TyBX + TyCX + HVyCX)),

= f.(WVyBX +wVyBX + BT;BX + CTyBX + yT;CX
+wTyCX 4+ BHVyCX + CHVyCX).

Thus,
(VF)U, X) =0 < w(VyBX + TuCX) + C(TyBX + HVyCX) = 0.
O]

Let f : (M,gm) — (N,gny) be a Riemannian map. The map f is called a
Riemannian map with totally umbilical fibres if

ToV =gu(U,V)H, for all UV € ' (kerf,),
where H is mean curvature vector field of the fibre.

Lemma 3.10. Let (M, ¢,&,m, gur) be a Cosymplectic manifold and (N, gy) a Rie-
mannian manifold. Let f: (M, ¢,&,n,9nm) — (N, gn) be a semi-slant Riemannian
map. Then

H e D(wD,)
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Proof. For all U,V € I'(Dy) and Z € T'(u), from equations (3.2), (3.3) and (2.10)
we get

VLV = ViV +¢ToV,
VeV = VgV +wVyV + 9TV + w T V.
We have
gm(TupV, Z2) = gu(CToV, Z).
By using result
TooV = gu(U,V)H,
¢TooV = gu(U,¢V)H,

gu(U,oV)gu(H,Z) = —gu(ToV,0Z).
gu(U, V)9 (H, Z) = —gu(U,V)gu (H, 2). (3.20)
Interchanging the role of U and V', we get
gu(V,0U)gn(H, Z) = —gu (V. U)gu (H, Z). (3.21)

So that comparing the equations (3.20) and (3.21), we have
gu(V,U)gm(H, 9Z) = 0.
which means H € I'(wDs) O

Theorem 3.11. Let (M, ¢,&,m,gm) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,n,90m) — (N, gn) be a semi-slant Rie-

mannian map. Then (M, $,&,n, gar) is locally a Riemannian product manifold of
the leaves of T'(ker f.) and T'(ker f,)* if and only if

w(VyV + TywV) 4+ C(ToV + HVywV) = 0,

'lb(VVXBZ + AXC’Z) + B(.AxBZ + HVXCZ> =0,
for all U,V € T(ker f.) and X, Z € I'((ker f,)F).

Proof. For U,V € I'(ker f.), using equation (2.1),(2.6),(3.2),(3.3), (2.10) and
(2.11), we get

VUV - —(—VUV),
—p(VubV + TodV + TowV + HVpwV)

= —(WVyV +wVupV + BTV + CTobV + v TowV + wTiwV
+B%VUOJV + CHVUUJV)

Thus,
ViV € T(ker f.) © w(VydV + TowV) 4+ C(TowV + HVywV) = 0.
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For all X,Z € T((ker f,)*), using equations (2.1),(2.6), (3.2), (3.3), (2.12) and
(2.13), we have

VxZ = —(=VxZ),

—o(VWxBZ + AxBZ + AxCZ + HV xCZ),

= —(YVVxBZ +wVVxBZ+ BAxBZ +CAxBZ
+p AxCZ +wAxCZ + BHNV xCZ + CHV xCZ).

Hence VxZ € T'((ker f.)* < Y(VWxBZ+ AxCZ)+ B(AxBZ +HVxCZ). O

Theorem 3.12. Let (M, ¢,&,n,90) be a Cosymplectic manifold and (N, gy) a
Riemannian manifold. Let f : (M, ¢,&,m,90n) — (N, gn) be a semi-slant Rie-
mannian map. Then the fibers of f are locally Riemannian product manifolds of
the leaves of D1 and Ds if and only if

QN YV + BToV) = 0,0V bV + CTybV = 0,
P((VxY + TxwY) + B(TxyY + HVywY) =0,

wW(VxY + TxwY) + C(TxpY + HV xwY) =0,
for all U,V € I'(D;), and X, Y € I'(Dy).

Proof. For U,V € I'(Dy), using equations (2.1), (2.10), (3.2), (3.3) and (2.11), we
have

VoV = —o(VudV + ToyV)
= —(WVV +wVypV + BTV + CTpdbV).
Hence
VoV eT(D)) < QVyV + BTyoV) =0,
and

wVydV + CTroV = 0.
For X|Y € I'(D,), using equations (2.1),(3.2),(3.3),(2.11) and (2.12), we have

ViY = —(@VxhY +wVxY + BTxypY + CTxbY + ¢ TxwY
+wTxwY + BHV xwY + CHV xwY').

Thes VyY € I'(D,) & PV Y + ¢ TxwY + BTxY + BHV ywY) = 0 and

WV xVY + wTxwY + CTxpY + CHV xwY = 0.
Therefore, we get the result.
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4. SEMI-SLANT RIEMANNIAN MAPS ADMITTING HORIZONTAL STRUCTURE
VECTOR FIELD

In this section, we define semi-slant Riemannian maps from almost contact
metric manifold into Riemannian manifolds admitting horizontal structure vector
field. Integrability and harmonic conditions for such maps are found. We have
investi gated the conditions for semi-slant Riemannian to be totally geodesic and
proved decomposition theorems

Let f: (M,¢0,§,m,9m)) — (N,gn) be a semi-slant Riemannian map. Then
there is a distribution D; C (ker f.) such that

ker f, = Dy & Dy, ¢(D;) = Dy,

(ker f,)" = w(Ds) & u® < € >,¢(D1) = Dy,

and the angle § = 0(U) between ¢U and the space (Ds), is constant for non-zero
vector fields U € I'(Ds), and = € M, where Dy, Dy and £ are mutually orthogonal
distributions in ker f,.

We call the angle 6 a semi-slant angle of the semi-slant Riemannian map.

For U € I'(ker f,), we get

U=PU+QU, (4.1)

where PU € I'(D;) and QU € I'(Dy).

Also for U € I'(ker f,), we get

oU = U + wlU, (4.2)
where U € T'(ker f.) and wU € T'((ker f,)1).
For X € ['((ker f,)*), we write
6X = BX + OX, (4.3)

where BX € I'(ker f,) and CX € I'((ker f,)}). Then (ker f.)* = w(Dy) @ u® <
€ >, where p is the orthogonal complement of w(Dy) in (ker f,)* and is invariant
under ¢.

Remark 4.1. Lemma (3.2) we found same results in this section.

Let f: (M,¢,&,m,90m) — (N,gn) be a semi-slant Riemannian map with the
semi-slant angles §. Then given non-zero vector fields U € I'(Ds), we have

| YU |
cosl) = ———, 4.4
U | 44
and

gu (U, vU)
| oU || YU |

cosf =

By using equation (4.2), we have

gu (YU, YU)
g=22\r =)
BT TeU YU
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gM(U7 @DQU)
| oU || 9U |
From equations (2.1), (4.4) and (4.5), we get
YU = —cos*0.U, for U € T(Dy).

Theorem 4.2. Let (M, ¢,&,m,g0m) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map with the semi-slant angles . Then

Y*U = —cos® 0.U, for all U € T(Dy).

Corollary 4.3. Let (M, $,&,n,9r) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map with the semi-slant angles . Then

gM(dea wv> = cos” egM(U7 V)?

g (WU, wV) = sin? gy (U, V),
for all U,V € I'(Dy), where 6 € (0, 7).

cosf = —

(4.5)

We can locally choose an orthonormal frame {ey, e, ...., e, Vex, 1, sec Ol csc Owly,
..... s, sec Ol cscOwls, 1,01, ..., gi, Var, £} of TM such that {e1, ey, ...., ex, Yex }
is an orthonormal frame of Dy, {lj,secOuly ,,.....,l5,secOls} an orthonor-
mal frame of Dy {cscOwly, .....,cscOwls} an orthonormal frame of wDsy, and
{g1,%g1, ..., g1, g:} an orthonormal frame of pu.

Lemma 4.4. Let (M, ¢,&,m, ga) be a Cosymplectic manifold and (N, gn) a Rie-
mannian manifold. Let f : (M, ¢,&,n,9nm) — (N, gn) be a semi-slant Riemannian
map with the semi-slant angles 0. If tensor w is parallel, then

Tov U = —cos®> 0. TyU,  for all U € T(Dy). (4.6)
Proof. If the tensor w is parallel such that
(VUOJ)V =0. (47)

From equation (3.9), we have
TvpU = TyV.
Replace V' — 9U, in above equation and using Theorem (4.2), we have
To U = —cos®> 0.TyU,  for all U € T(Dy).

Similarly, from Theorem (3.6), we have proved the following Theorem.

Theorem 4.5. Let (M,¢,&,n,gn) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M,®,&,n,90m) — (N, gn) be a semi-slant Rie-
mannian map. Then the slant distribution Dy is integrable if and only if,

w(VyV —=VyU) =0, forall UV €T (D).
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Similarly, from Theorem (3.7) we have proved the following Theorem:

Theorem 4.6. Let (M, ¢,&,m,90m) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, ¢,&,m,90) — (N, gn) be a semi-slant Rie-
mannian map. Then the slant distribution D is integrable if and only if,

PW(VyV = VyU)) =0, for all U,V € T(Ds).

Theorem 4.7. Let (M, ¢,&,m,90m) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,m,90n) — (N, gn) be a semi-slant Rie-
mannian map such that Dy s integrable. Then f is harmonic if and only if
trace(Vf.) = 0 on Dy and H, where H denotes the mean curvature vector field

of rangef,.

Proof. Using Lemma (2.2), we get trace(V f,)|ker 1, € (range f.) and trace
(VI (er £.)* € (range f.)* so that

trace(Vf.) = 0 & trace(Vf)|ke s, =0, and trace(Vf.)|(rs.)" = 0.

Since Dj is invariant under ¢, we can choose locally orthonormal frame {e1, geq, .....
..... , €k, peg} of Dy. Using the integrbility of the Dy

(vf*)(¢e’u¢ez) = _f*(v¢ei¢ei)a
= f*(veiei)7
= —(Vf.)(ee), forl<i<k.

Thus,
trace(V f)|(kerf.) = 0 < trace(Vf.)|p, =0, and trace(Vf.)(£, &) = 0.
Moreover, it is easy to get that
trace(V f)|(wer )t = 1H, for all | = dim(iep,)*,

so that
trace(V£)|(kers,) - =0 H = 0.
Il

Theorem 4.8. Let (M, ¢,&,n,gn) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M,®,&,n,90m) — (N,gn) be a semi-slant Rie-
mannian map. Then f is a totally geodesic map if and only if

w(VupV + TowV) + C(TuV + HVywV) = 0,

w(VyBX + TyCX) + C(TyBX + HVyCX) =0,

@(V{/f*Z) =0,
for all U,V € I'(ker f,) and X,Y, Z € T'((ker f,)*4).
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Proof. 1t XY, Z € T'((ker f,)*, then by Lemma (2.2), we get

(VI)Y,Z) =0« QUVf)Y.2)) = Q(Vif.Z) = 0.

For U,V € I'(ker f,), using equations (2.1),(4.2), (4.3),(2.10) and (2.11), we
have

(VENU.V) = VeV + TV + TowV + HVpwV — n(VyV)e),
= L WVV + wVedV + BToV + CTodV + ¢TowV
+wTpwV + BHVywV + CHVpwV).
Hence
(VENU,V) =0 w(VuV + TowV) + C(TowV + HVywV) = 0.

If U € T'(ker f,) and X € I'((ker f,)*), since the tensor (Vf.) is symmetric.
Using equations (2.1), (4.2), (4.3),(2.10) and (2.11), we get

(VI)NU,X) = [ (6(VuBX +ToBX + ToCX +HVCX) — n(VyX)E),
= [f.(WVyBX +wVyBX + BTyBX + CTyBX + ¢ TyCX
+wTyCX + BHVyCX + CHVCX).
Thus,
(VF)(U, X) =0 < w(VyBX + TuCX) + C(TyBX + HVyCX) = 0.

Similarly, from Lemma (3.10) we have proved the following Lemma.

Lemma 4.9. Let (M, ¢,&,m, gr) be a Cosymplectic manifold and (N, gn) a Rie-
mannian manifold. Let f: (M, ¢,&,n,9nm) — (N, gn) be a semi-slant Riemannian
map. Then

H e T(wD,)

Theorem 4.10. Let (M, ¢,&,m,gu) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M, $,&,n,90m) — (N, gn) be a semi-slant Rie-

mannian map. Then (M, $,&,n, gar) is locally a Riemannian product manifold of
the leaves of T'(ker f.) and T'(ker f,)* if and only if

w(VyV + TowV) 4+ C(TobV + HVywV) = 0,

WV xBZ + AxCZ) + B(AxBZ + HV xCZ) = 0,
for all U,V € T'(ker f,) and X, Z € T'(ker f,)*.

Proof. For U,V € I'(ker f.), using equation (2.1),(2.6), (4.2), (4.3), (2.10) and
(2.11), we get

VoV = —¢(VudbV + ToV + TowV + HVywV) + n(VyV)E

= —(WVuyV +wVyV 4+ BTpV + CToyV + ¢ TowV + wTpwV
+BHVywV + OHVUWV)
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Thus,
ViV € T(ker f.) & w(VydV + TowV) 4+ C(TowV + HVywV) = 0.

For all X,Z € T((ker f.)}), using equations (2.1),(2.6), (4.2), (4.3), (2.10) and
(2.11), we have

VxZ = —9o(VVxBZ+ AxBZ + AxCZ +HVxCZ),
= —(YVVxBZ+wVVxBZ+ BAxBZ +CAxBZ
+ Y AxCZ + wAxCZ + BHV xCZ + CHV xCZ).
Hence VxZ € I'((ker f.)* & v (VVxBZ+AxCZ)+ B(AxBZ +HVxCZ). O

Theorem 4.11. Let (M, ¢,&,m,gnm) be a Cosymplectic manifold and (N, gn) a
Riemannian manifold. Let f : (M,®,&,n,90m) — (N,gn) be a semi-slant Rie-
mannian map. Then the fibers of f are locally Riemannian product manifolds of
the leaves of Dy and Dy if and only if

QN ypV + BTpV) =0, and wVydV + CTyV =0, for all U,V € T(Dy),

P((VxvY + TxwY) + B(TxY + HVywY)) =0,

A~

w(VxyY + TxwY) + C(TxYY + HVxwY) =0,
for all X, Y € I'(Dy).

5. EXAMPLE

Note that given an Euclidean space R*"*! with coordinates (z1, z3, ...... . Ton—1,%2n, Ton+1),
we can canonically choose an almost contact structure (¢, &, 7, gani1) on B2t as
follows:

J(ali + agi + o + Aon—1 0 + agni + A2n+1 9 )
014 0z 0T on—1 0T, O0Zon41
0 0
= —aza—xl + ala_{EQ F o QAo ax2n ) + a2n_1a$2n,
where £ = ﬁiﬂ, 1N = dTo,11, gony1 i usual inner product and aq, as, ............. , U2ni1

are C*° functions defined in R?"*!. In example 2 and 3 of this section, we will
use this notation.

Example 5.1. Let R (R**! n = 5) has almost contact structure (¢, &,n, g11).
Define a map f : R — R’ by

x5 + 3z V3zr +
P00 nrn) = (B0 g ITLEE )
which is a semi-slant Riemannian map such that
o 0
<fE> = < > Dy =< —, —
5 83311 ! 8551 391:2

1 0 0.1 0 0 o 0
and D2 - < 5(\/561'3 B 8ZE5)7§(8ZE7 B \/gal‘g)’ 61’4’ 8$10 =
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with the semi-slant angle § = %.
Example 5.2. Let R (R?*"*! n = 5) has almost contact structure (¢,&,n, g11).
Define a map f: R — R® by

T3 —T5 T4 — Tg T7 — Ty

f(xlax% """"" 71:11) - (xlax% \/5 ) \/§ s Yy \/§ 7I107x11)7

which is a semi-slant Riemannian map such that

1,0 o0, 1, 0 0

< 5om o) 5\on T e
0 1 0 0
and D2 N <(8x8’ﬁ(0$7+8$9

with the semi-slant angle 6 = 7.

D1 = )>

>

Example 5.3. Let R” has got a Cosympletic structure as in Example (2.1).
Define a map f : R” — R3 by
T3 + Y2
x1,T2,T3, y ) y %) = —,071'
f(x1, 2,23, 91,92, Y3, 2) (\/5 2)

which is a semi-slant Riemannian map such that
D, = < El, Ey >

1
and Dy = <E6’E(E3_E5) > <E>=< E; >

with the semi-slant angle 6 = 7.

Example 5.4. Let R° has got a Cosympletic structure as in Example (2.1).
Define a map f : R — RS by

T2 — Y
f(x1, 22, 23, T4, Y1, Y2, Y3, Ya, 2) = (%7333,073?4,3/472)

which is a semi-slant Riemannian map such that
D = < El, E5 >

1
and Dy = <—(E2+E7),E6 >,

V2

with the semi-slant angle ¢ = 7.
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