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SEMI-SLANT RIEMANNIAN MAPS FROM COSYMPLECTIC
MANIFOLDS INTO RIEMANNIAN MANIFOLDS

RAJENDRA PRASAD1 AND SUSHIL KUMAR2∗

Abstract. In this paper we study semi-slant Riemannian maps from Cosym-
plectic manifolds into Riemannian manifolds. Several fundamental results on
integrability of distributions and geometry of foliations are proved for such
maps. Also we find the conditions for Riemannian maps to be totally geodesic
and investigate some decomposition theorems. Finally, we give some examples
of semi-slant Riemannian maps such that the characteristic vector field ξ is
either vertical or horizontal.

1. Introduction

Let (M, gM) and (N, gN) be Riemannian manifolds of dimensional m and n re-
spectively. A differentiable map f : (M, gM) → (N, gN) is called a Riemannian
submersion if (i) f has maximal rank (ii) The differential f∗ preserves the lengths
of horizontal vectors. Riemannian submersions between Riemannian manifolds
were studied by ONeill [10] and Gray [7], while Riemannian submersions between
Riemannian manifolds equipped with an additional structure of almost complex
type was initially studied by Watson in [15]. The concept of Riemannian maps
between Riemannian manifolds was introduced by A. Fischer [6] in 1992. It
generalizes and unifies the notion of an isometric immersion, a Riemannian sub-
mersion and an isometry. Let (M, gM) and (N, gN) be two Riemannian manifolds
such that dimM = m and dimN = n. A smooth map f : (M, gM) → (N, gN)
0 < rank f∗ < min(m,n) is called a Riemannian map if it satisfies the equation

gN(f∗X, f∗Y ) = gM(X, Y ), (1.1)

for all X, Y ∈ (kerf∗). Let f : (M, gM) → (N, gN) be a Riemannian map such
that 0 < rankf < min(m,n). Then we denote the kernel space of f∗ by kerf∗ and
consider the orthogonal complementary space (kerf∗)

⊥ of kerf∗ in TM . Then
the tangent bundle of M has the following decomposition:

TM = ker f∗ ⊕ (ker f∗)
⊥. (1.2)

In [2], isometric immersions and Riemannian submersions are particular cases
of Riemannian maps with ker f∗ = {0} and (rangef∗)

⊥ = {0} respectively.
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In, 2010 anti-invariant Riemannian submersions from almost Hermitian man-
ifolds onto Riemannian manifolds were introduced by B. Sahin [14]. Erken and
Murathan introduced the notion anti-invariant Riemannian submersions from
Sasakian manifolds onto Riemannian manifolds [5] and anti-invariant Riemann-
ian submersions from Cosymplectic manifolds onto Riemannian manifolds [9].
Further anti-invariant Riemannian submersions from Kenmotsu manifolds onto
Riemannian manifolds were studied by Beri et al. [2]. In 2013, B. Sahin intro-
duced and studied the notion of slant Riemannian maps from almost Hermitian
manifolds into Riemannian manifolds [13]. Further, in 2017, Prasad and Pandey
introduced the concept of slant Riemannian maps from almost contact metric
manifolds into Riemannian manifolds [16].

The paper is arranged as follows: In Section 2, we recall basic formulae and
definitions for Cosymplectic manifolds and semi-slant submersions, which are
needed in present paper. In section 3, we give the definition of a semi-slant
Riemannian map from an almost contact metric manifold into a Riemannian
manifold admitting vertical structure vector field and find some results. In section
4, we give the definition of a semi-slant Riemannian map from almost contact
metric manifold to Riemannian manifolds admitting horizontal structure vector
field and establish some results. Finally in section 5, we give examples of semi-
slant Riemannian maps in which the characteristic vector field ξ is either vertical
or horizontal.

2. Preliminaries

An odd dimensional smooth manifold M is said to have an almost contact
structure if there exist on M , a tensor field φ of type (1, 1), a vector field ξ and
1-form η such that

φ2 = −I + η ⊗ ξ, φξ = 0, η ◦ φ = 0, (2.1)

η(ξ) = 1. (2.2)

If there exists a Riemannian metric g on an almost contact manifold M satis-
fying the conditions:

g(φX, φY ) = g(X, Y )− η(X)η(Y ), (2.3)

g(X,φY ) = −g(φX, Y ),

g(X, ξ) = η(X), (2.4)

where X, Y are any vector fields on M . Then M is called almost contact metric
manifold with almost contact structure (φ, ξ, η, g). It is denoted by (M,φ, ξ, η, g).

An almost contact structure (φ, ξ, η) is said to be normal if the almost complex
structure J on the product manifold M ×R given by

J(X,F
d

dt
) = (φX − Fξ, η(X)

d

dt
) (2.5)

where J2 = −I and F is the differentiable function on M×R has no torsion i.e., J
is integrable. The form for normality in terms of φ, ξ and η is [φ, φ]+2dη

⊗
ξ = 0

on M , where [φ, φ] is the Nijenhuis tensor of φ . Lastly, the fundamental 2-form
Φ is defined by Φ(X, Y ) = g(X,φY ).
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An almost contact metric manifold M with almost contact structure (φ, ξ, η, g)
is said to be Cosymplectic manifold [8], if

(∇Xφ)Y = 0, (2.6)

for any vector fields X, Y on M , where ∇ denotes the Riemannian connection of
the metric g on M . For a Cosymplectic manifold ∇Xξ = 0, for any vector field
X on M

Example 2.1. ([17]) We consider R2k+1 with Cartesian coordinates (xi, yi, z)
(i = 1, 2.....k) and its usual contact form η = dz.

The characteristic vector field ξ is given by ∂
∂z

and its Riemannian metric g
and tensor field φ are given by

gR2k+1 =
k∑
i=1

((dxi)
2 + (dyi)

2) + (dz)2, φ =

 0 δij 0
−δij 0 0
0 0 0

 , i, j = 1, ..., k.

This gives a Cosymplectic structure R2k+1. The vector fields Ei = ∂
∂yi
, Ek+i =

∂
∂xi

, ξ = ∂
∂z

form a φ−basis for the Cosymplectic manifold. On the other hand,

it can be shown that (R2k+1, φ, ξ, η, g) is a Cosymplectic manifold.

Let f : (M, gM , J) → (N, gN) be a differentiable map, where (M, gM , J) be
a Hermitian manifold and (N, gN) a Riemannian manifold. A Riemannian map
f : (M, gM , J) → (N, gN) is called a semi-slant Riemannian map if there is a
distribution D1 ⊆ (kerf∗) such that

ker f∗ = D1 ⊕D2, J(D1) = D1,

and the angle θ = θ(X) between JX and the space (D2)q is constant for non-zero
vector field X ∈ (D2)q, q ∈M , where D2 is the orthogonal complement of D1 in
kerf∗ [12]. We call the angle θ a semi-slant angle.

Let f : (M, gM) → (N, gN) be a differentiable map. The second fundamental
form of f is given by

(∇f∗)(X, Y ) = ∇f
Xf∗Y − f∗(∇XY ), for all X, Y ∈ Γ(TM). (2.7)

where ∇f is the pullback connection and we denote conveniently by ∇ the Rie-
mannian connections of the metrics gM and gN . Memories that f is said to be
harmonic if we have the tensor field τ(f) = trace(∇f∗) = 0 and we call the map
f a totally geodesic map if (∇f∗)(X, Y ) = 0, for X, Y ∈ Γ(TM) [1]. Denote
the range of f∗q by rangef∗q at q ∈ M and consider the orthogonal complement
(rangef∗q)

⊥ of rangef∗q in the tangent space Tf (q)N of N . Since for proper Rie-
mannian maps 0 < rank < f∗ < min(m,n), we always have ((rangef∗)q)

⊥ 6= 0.
Thus the tangent space Tf (q)N of N has the following decomposition

f−1TN = rangef∗ ⊕ (range f∗)
⊥.

In 1966 [10], the fundamental tensors of a submersion were introduced by
ONeill. They have a similar role to that of the second fundamental form of an
immersion. More exactly, ONeills tensors T and A defined by

AEF = H∇HEVF + V∇HEHF, (2.8)
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TEF = H∇VEVF + V∇VEHF, (2.9)

for vector fields E,F ∈ Γ(TM), where V and H are the vertical and horizontal
projections, ∇ is the Riemannian connection of M. Let tensors T and A for
Riemannian map f are also defined by equations (2.8) and (2.9). On the other
hand, from equations (2.8) and (2.9), we have

∇UV = TUV + ∇̂UV, (2.10)

∇UX = H∇UX + TUX, (2.11)

∇XU = AXU + V∇XU, (2.12)

∇XY = H∇XY +AXY, (2.13)

for U, V ∈ Γ(ker f∗) and X, Y ∈ Γ((ker f∗)
⊥). Now, we discuss the harmonicity of

a map F . Let (M, gM) and (N, gN) be Riemannian manifolds with Riemannian
metrics gM and gN respectively and let f : (M, gM)→ (N, gN) be a differentiable
map between them. The energy density of f is the differentiable function e(f) :
M → [0,∞] given by

e(f)(x) =
1

2
| e(f∗)(x) |2, x ∈M,

where | (f∗)(x) | denotes the Hilbert-Schmidt norm of (f∗)(x) defined by

| (f∗)(x) |2=
k∑
i=1

g(f∗ei, f∗ei),

where ei is an orthonormal basis for (TxM) [1]. We call e(f) the energy density
of f and let L be a compact domain of M . The energy integral of f over L is the
integral of its energy density

E(f,K) =

∫
K

e(f)vgM =
1

2

∫
K

| (f∗) |2 vgM ,

where ωgM is the volume resume on M defined by the metric gM . A differentiable
map f : (M, gM) → (N, gN) is said to be harmonic if it is a critical point of the
energy functional E(f,K) : C∞(M,N) → R for any compact domain L ⊂ M
where C∞(M,N) denote the space of all differentiable maps from M to N . Thsese
results provided by J. Eells and J. Sampson [4], implies that the map f is harmonic
if and only if the tension field τ(f) = trace(∇f∗) = 0.

Next, we discuss for decomposition theorems by using the existence of semi-
slant Riemannian map. We have memories the following results from [17]. Con-
sider a distribution D on Riemannian manifold (M, gM). The distribution D
is called autoparallel (a totally geodesic foliation) if ∇XY ∈ Γ(D), for every
X, Y ∈ Γ(D). If D is autoparallel, then it is integrable and its leaves are totally
geodesic in M . The distribution D is said to be parallel if for V ∈ Γ(D) and
W ∈ Γ(TM) implies ∇WV ∈ Γ(D). If D is parallel then its orthogonal com-
plement distribution D is also parallel. In this case M is locally Riemannian
product manifold of the leaves of D and D⊥. It is also simple to prove that if
the distributions D and D⊥ are simultaneously autoparallel, then they are also
parallel
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Lemma 2.2. Let f : (M, gM) → (N, gN), a Riemannian map between two Rie-
mannian manifolds [6]. We have

(∇f∗)(X, Y ) ∈ Γ((rangef∗)
⊥), for all X, Y ∈ Γ((ker f∗)

⊥).

Lemma 2.3. For any X, Y vertical and V,W horizontal vector fields, the tensor
fields T and A satisfy [12]:

TXY = TYX,

AVW = −AWV =
1

2
V [V,W ].

Lemma 2.4. For a Riemannian map f : (M, gM) → (N, gN) between two Rie-
mannian manifolds, we have

2e(f) =‖ f∗ ‖2= rankf.

Here ‖ f∗ ‖2 is a continuous function on M and rank f is integer-valued so that
rank f is locally constant. Hence, if M is connected, then rank f is a constant
function.

3. Semi-slant Riemannian maps admitting vertical structure
vector field

In this section we define semi-slant Riemannian maps from almost contact
metric manifolds to Riemannian manifolds. We have investigated integrability of
distributions and harmonicity conditions for semi-slant Riemannian map. Fur-
ther, we have found the conditions for semi-slant Riemannian map to be totally
geodesic and proved decomposition theorems. Throughout this section we have
taken semi-slant Riemannian maps admitting vertical structure vector field

Definition 3.1. Let (M,φ, ξ, η, gM) be a almost contact metric manifold and
(N, gN) be a Riemannian manifold. A Riemannian map f : (M,φ, ξ, η, gM) →
(N, gN) is called a semi-slant Riemannian map if there is a distibution D1 ⊂
(kerf∗) such that

ker f∗ = D1 ⊕D2⊕ < ξ >, φ(D1) = D1,

and the angle θ = θ(U) between φU and the space (D2)x is constant for non-zero
vector fields U ∈ (D2)x and x ∈M , where D1, D2 and ξ are mutually orthogonal
distributions in kerf∗. We call the angle θ a semi-slant angle of the semi-slant
Riemannian map.

Let f : (M,φ, ξ, η, gM)) → (N, gN) be a semi-slant Riemannian map. Then
there is a distribution D1 ⊂ (kerf∗) such that

ker f∗ = D1 ⊕D2⊕ < ξ >, φ(D1) = D1,
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and the angle θ = θ(U) between φU and the space (D2)x is constant for non
zero vector fields (D2)x and x ∈M where D1, D2 and ξ are mutually orthogonal
distributions in kerf∗. For U ∈ Γ(ker f∗), we get

U = PU +QU + η(U)ξ, (3.1)

where PU ∈ Γ(D1) and QU ∈ Γ(D2).
Also, for U ∈ Γ(ker f∗), we get

φU = ψU + ωU, (3.2)

where ψU ∈ Γ(ker f∗) and ωU ∈ Γ((ker f∗)
⊥).

For X ∈ Γ((ker f∗)
⊥), we write

φX = BX + CX, (3.3)

where BX ∈ Γ(ker f∗) and CX ∈ Γ((ker f∗)
⊥).

For W∈ Γ(TM), we obtain

W = VW +HW, (3.4)

where VW ∈ Γ(ker f∗) and HW ∈ Γ((ker f∗)
⊥).

For Z ∈ Γ(f−1TN), we have

Z = PZ +QZ, (3.5)

where PZ ∈ Γ(range f∗) and QZ ∈ Γ(range f∗)
⊥.

Then (ker f∗)
⊥ = ωD2 ⊕ µ, where µ is the orthogonal complement of ωD2 in

(ker f∗)
⊥ and is invariant under φ.

Further more,

ψD1 = D1, ωD1 = 0.

For U, V ∈ Γ(ker f∗), define

∇̂UV = V∇UV,

(∇Uψ)V = ∇̂UψV − ψ∇̂UV, (3.6)

(∇Uω)V = H∇UωV − ω∇̂UV. (3.7)

Lemma 3.2. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Riemannian
maps, where (M,φ, ξ, η, gM) is a Cosymplectic manifold and (N, gN) be a Rie-
mannian manifold. Then we have following results

(1)
(∇Uψ)V = BTUV − TUωV, (3.8)

(∇Uω)V = CTUV − TUψV, (3.9)

for all U, V ∈ Γ(ker f∗).
(2)

V∇XBY +AXCY = ψAXY +BH∇XY, (3.10)

AXBY +H∇XCY = ωAXY + CH∇XY, (3.11)

for all X, Y ∈ Γ((ker f∗)
⊥).
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(3)

∇̂UBX + TUCX = ψTUX +BH∇UX, (3.12)

TUBX +H∇UCX = CH∇UX + ωTUX, (3.13)

V∇XψU +AXωU = ψV∇XU +BAXU, (3.14)

AXψU +H∇XωU = ωV∇XU + CAXU, (3.15)

for all U ∈ Γ(ker f∗) and X ∈ Γ((ker f∗)
⊥).

Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Riemannian map with the
semi-slant angles θ. Then given non-zero vector field U ∈ Γ(D2), we have

cos θ =
| ψU |
| φU |

, (3.16)

and

cos θ =
gM(φU, ψU)

| φU || ψU |
.

By using equation (3.2), we have

cos θ =
gM(ψU, ψU)

| φU || ψU |
,

cos θ = −gM(U, ψ2U)

| φU || ψU |
. (3.17)

From equations (2.1), (3.16) and (3.17), we get

ψ2U = − cos2 θ.U, for all U ∈ Γ(D2).

Theorem 3.3. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map with the semi-slant angles θ. Then

ψ2U = − cos2 θ.U, for all U ∈ Γ(D2).

The following corollary can be easily obtained by above theorem.

Corollary 3.4. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map with the semi-slant angles θ. Then

gM(ψU, ψV ) = cos2 θgM(U, V ),

gM(ωU, ωV ) = sin2 θgM(U, V ),

for all U, V ∈ Γ(D2), where θ ∈ (0, π
2
)

We can locally choose an orthonormal frame {e1, ψe1, ...., ek, ψek, l1, sec θψl1, csc θωl1,
....., ls, sec θψls, csc θωls, ξ, g1, ψg1, ...., gt, ψgt} of TM such that {e1, ψe1, ...., ek, ψek}
is an orthonormal frame of D1, {l1, sec θψl1 , , ....., ls, sec θψls} an orthonormal
frame of D2, < ξ > an orthogonal D1 and D2, {csc θωl1, ....., csc θωls} an or-
thonormal frame of ωD2, and {g1, ψg1, ...., gt, ψgt} an orthonormal frame of µ.

Lemma 3.5. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a Rie-
mannian manifold. Let f : (M,φ, ξ, η, gM)→ (N, gN) be a semi-slant Riemannian
map with the semi-slant angles θ. If tensor ω is parallel, then
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TψUψU = − cos2 θ.TUU, for all U ∈ Γ(D2). (3.18)

Proof. If the tensor ω is parallel such that

(∇Uω)V = 0. (3.19)

From equation (3.9), we have

TV ψU = TUψV.

Replace V → ψU, we have

TψUψU = − cos2 θ.TUU, for all U ∈ Γ(D2).

�

Theorem 3.6. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the slant distribution D1 is integrable if and only if,

ω(∇̂UV − ∇̂VU) = 0, for all U, V ∈ Γ(D1).

Proof. It is known that for all X, Y ∈ Γ(kerf∗) ⇒ [X, Y ] ∈ Γ((ker f∗). For all
U, V ∈ Γ(D1) and Z ∈ (kerf∗)

⊥ ⇒ [U, V ] ∈ Γ((ker f∗). We know that

gM(V, ξ) = 0,

∇U(gM(V, ξ)) = 0,

gM(∇UV, ξ) = −gM(V,∇Uξ),

gM(∇UV, ξ) = 0.

Since ∇Uξ = 0, for Cosymplectic manifolds. Now, consider

gM([U, V ], ξ) = gM(∇UV, ξ)− gM(∇VU, ξ),

gM([U, V ], ξ) = 0.

Consider

gM(φ[U, V ], Z) = gM(φ(∇UV −∇VU), Z),

Using equation (3.2), (3.3) and (2.10), we get

gM(φ([U, V ]), Z) = gM(BTUV + CTUV + ψ∇̂UV + ω∇̂UV

−BTVU − CTVU − ψ∇̂VU − ω∇̂VU,Z).

Hence, D1 is integrable ⇔ P (ψ(∇̂UV − ∇̂VU)) = 0, for all U, V ∈ Γ(D1). �

Theorem 3.7. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the slant distribution D2 is integrable if and only if,

P (ψ(∇̂UV − ∇̂VU)) = 0, for all U, V ∈ Γ(D2).
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Proof. For all U, V ∈ Γ(D2) and X ∈ Γ(D1), since [U, V ] ∈ Γ((ker f∗). Similar
way as in theorem (3.6) we have

gM([U, V ], ξ) = 0.

Now, consider

gM(φ[U, V ], X) = gM(φ(∇UV −∇VU), X),

Using equation (3.2), (3.3) and (2.10), we get

gM(φ([U, V ]), X) = gM(BTUV + CTUV + ψ∇̂UV + ω∇̂UV

−BTVU − CTVU − ψ∇̂VU − ω∇̂VU,X).

Hence, D2 is integrable ⇔ P (ψ(∇̂UV − ∇̂VU)) = 0, for all U, V ∈ Γ(D2). �

Theorem 3.8. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map such that D1 is integrable. Then f is harmonic if and only if
trace(∇f∗) = 0 on D2 and H, where H denotes the mean curvature vector field
of rangef∗.

Proof. Using Lemma (2.2), we get trace(∇f∗)|ker f∗ ∈ (range f∗) and trace
(∇f∗)|(ker f∗)⊥ ∈ (range f∗)

⊥ so that

trace(∇f∗) = 0⇔ trace(∇f∗)|ker f∗ = 0,

and

trace(∇f∗)|(ker f∗)⊥ = 0.

SinceD1 is invariant under φ, we can choose locally orthonormal frame {e1, φe1, .....
....., ek, φek} of D1. Using the integrbility of the D1

(∇f∗)(φei, φei) = −f∗(∇φeiφei),

= f∗(∇eiei),

= −(∇f∗)(ei, ei), for 1 ≤ i ≤ k.

Thus,

trace(∇f∗)|(ker f∗) = 0⇔ trace(∇f∗)|D2 = 0, and trace(∇f∗)(ξ, ξ) = 0.

Moreover, it is easy to get that

trace(∇f∗)|(ker f∗)⊥ = lH, for l = dim(ker f∗)⊥,

so that

trace(∇f∗)|(ker f∗)⊥ = 0⇔ H = 0.

�

Theorem 3.9. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then f is a totally geodesic map if and only if
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ω(∇̂UψV + TUωV ) + C(TUψV +H∇UωV ) = 0,

ω(∇̂UBX + TUCX) + C(TUBX +H∇UCX) = 0,

Q(∇f
Y f∗Z) = 0,

for all U, V ∈ Γ(ker f∗) and X, Y, Z ∈ Γ((ker f∗)
⊥).

Proof. If X, Y, Z ∈ Γ(ker f∗)
⊥, from Lemma (2.2), we get

(∇f∗)(Y, Z) = 0⇔ Q((∇f∗)(Y, Z)) = Q(∇f
Y f∗Z) = 0.

For U, V ∈ Γ(ker f∗), using equations (2.1), (3.2), (3.3), (2.10) and (2.11), we
have

(∇f∗)(U, V ) = −f∗(∇UV ),

= f∗(φ(∇̂UψV + TUψV + TUωV +H∇UωV ),

= f∗(ψ∇̂UψV + ω∇̂UψV +BTUψV + CTUψV + ψTUωV
+ωTUωV +BH∇UωV + CH∇UωV ).

Hence

(∇f∗)(U, V ) = 0⇔ ω(∇̂UψV + TUωV ) + C(TUωV +H∇UωV ) = 0.

If U ∈ Γ(ker f∗) and X ∈ Γ(ker f∗)
⊥, since the tensor (∇f∗) is symmetric.

Using equations (2.1), (3.2), (3.3), (2.10) and (2.11), we get

(∇f∗)(U,X) = −f∗(∇UX),

= f∗(φ(∇̂UBX + TUBX + TUCX +H∇UCX)),

= f∗(ψ∇̂UBX + ω∇̂UBX +BTUBX + CTUBX + ψTUCX
+ωTUCX +BH∇UCX + CH∇UCX).

Thus,

(∇f∗)(U,X) = 0⇔ ω(∇̂UBX + TUCX) + C(TUBX +H∇UCX) = 0.

�

Let f : (M, gM) → (N, gN) be a Riemannian map. The map f is called a
Riemannian map with totally umbilical fibres if

TUV = gM(U, V )H, for all U, V ∈ Γ(kerf∗),

where H is mean curvature vector field of the fibre.

Lemma 3.10. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a Rie-
mannian manifold. Let f : (M,φ, ξ, η, gM)→ (N, gN) be a semi-slant Riemannian
map. Then

H ∈ Γ(ωD2)
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Proof. For all U, V ∈ Γ(D2) and Z ∈ Γ(µ), from equations (3.2), (3.3) and (2.10)
we get

φ∇UV = φ∇̂UV + φTUV,
∇UφV = ψ∇̂UV + ω∇̂UV + ψTUV + ωTUV.

We have

gM(TUφV, Z) = gM(CTUV, Z).

By using result

TUφV = gM(U, V )H,

φTUφV = gM(U, φV )H,

gM(U, φV )gM(H,Z) = −gM(TUV, φZ).

gM(U, φV )gM(H,Z) = −gM(U, V )gM(H,φZ). (3.20)

Interchanging the role of U and V , we get

gM(V, φU)gM(H,Z) = −gM(V, U)gM(H,φZ). (3.21)

So that comparing the equations (3.20) and (3.21), we have

gM(V, U)gM(H,φZ) = 0.

which means H ∈ Γ(ωD2) �

Theorem 3.11. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then (M,φ, ξ, η, gM) is locally a Riemannian product manifold of
the leaves of Γ(ker f∗) and Γ(ker f∗)

⊥ if and only if

ω(∇̂UψV + TUωV ) + C(TUψV +H∇UωV ) = 0,

ψ(V∇XBZ +AXCZ) +B(AXBZ +H∇XCZ) = 0,

for all U, V ∈ Γ(ker f∗) and X,Z ∈ Γ((ker f∗)
⊥).

Proof. For U, V ∈ Γ(ker f∗), using equation (2.1), (2.6), (3.2), (3.3), (2.10) and
(2.11), we get

∇UV = −(−∇UV ),

= −φ(∇̂UψV + TUψV + TUωV +H∇UωV )

= −(ψ∇̂UψV + ω∇̂UψV +BTUψV + CTUψV + ψTUωV + ωTUωV
+BH∇UωV + CH∇UωV ).

Thus,

∇UV ∈ Γ(ker f∗)⇔ ω(∇̂UψV + TUωV ) + C(TUωV +H∇UωV ) = 0.
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For all X,Z ∈ Γ((ker f∗)
⊥), using equations (2.1), (2.6), (3.2), (3.3), (2.12) and

(2.13), we have

∇XZ = −(−∇XZ),

= −φ(V∇XBZ +AXBZ +AXCZ +H∇XCZ),

= −(ψV∇XBZ + ωV∇XBZ +BAXBZ + CAXBZ
+ψAXCZ + ωAXCZ +BH∇XCZ + CH∇XCZ).

Hence ∇XZ ∈ Γ((ker f∗)
⊥ ⇔ ψ(V∇XBZ+AXCZ) +B(AXBZ+H∇XCZ). �

Theorem 3.12. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the fibers of f are locally Riemannian product manifolds of
the leaves of D1 and D2 if and only if

Q(ψ∇̂UψV +BTUψV ) = 0, ω∇̂UψV + CTUψV = 0,

P (ψ(∇̂XψY + TXωY ) +B(TXψY +H∇XωY ) = 0,

ω(∇̂XψY + TXωY ) + C(TXψY +H∇XωY ) = 0,

for all U, V ∈ Γ(D1), and X, Y ∈ Γ(D2).

Proof. For U, V ∈ Γ(D1), using equations (2.1), (2.10), (3.2), (3.3) and (2.11), we
have

∇UV = −φ(∇̂UψV + TUψV )

= −(ψ∇̂UψV + ω∇̂UψV +BTUψV + CTUψV ).

Hence

∇UV ∈ Γ(D1)⇔ Q(ψ∇̂UφV +BTUφV ) = 0,

and

ω∇̂UφV + CTUφV = 0.

For X, Y ∈ Γ(D2), using equations (2.1), (3.2), (3.3), (2.11) and (2.12), we have

∇XY = −(ψ∇̂XψY + ω∇̂XψY +BTXψY + CTXψY + ψTXωY
+ωTXωY +BH∇XωY + CH∇XωY ).

Thes ∇XY ∈ Γ(D2)⇔ P (ψ∇̂XψY +ψTXωY +BTXψY +BH∇XωY ) = 0 and

ω∇̂XψY + ωTXωY + CTXψY + CH∇XωY = 0.
Therefore, we get the result.

�
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4. Semi-slant Riemannian maps admitting horizontal structure
vector field

In this section, we define semi-slant Riemannian maps from almost contact
metric manifold into Riemannian manifolds admitting horizontal structure vector
field. Integrability and harmonic conditions for such maps are found. We have
investi gated the conditions for semi-slant Riemannian to be totally geodesic and
proved decomposition theorems

Let f : (M,φ, ξ, η, gM)) → (N, gN) be a semi-slant Riemannian map. Then
there is a distribution D1 ⊂ (kerf∗) such that

ker f∗ = D1 ⊕D2, φ(D1) = D1,

(ker f∗)
⊥ = ω(D2)⊕ µ⊕ < ξ >, φ(D1) = D1,

and the angle θ = θ(U) between φU and the space (D2)x is constant for non-zero
vector fields U ∈ Γ(D2)x and x ∈M , where D1, D2 and ξ are mutually orthogonal
distributions in kerf∗.

We call the angle θ a semi-slant angle of the semi-slant Riemannian map.
For U ∈ Γ(ker f∗), we get

U = PU +QU, (4.1)

where PU ∈ Γ(D1) and QU ∈ Γ(D2).
Also for U ∈ Γ(ker f∗), we get

φU = ψU + ωU, (4.2)

where ψU ∈ Γ(ker f∗) and ωU ∈ Γ((ker f∗)
⊥).

For X ∈ Γ((ker f∗)
⊥), we write

φX = BX + CX, (4.3)

where BX ∈ Γ(ker f∗) and CX ∈ Γ((ker f∗)
⊥). Then (ker f∗)

⊥ = ω(D2) ⊕ µ⊕ <
ξ >, where µ is the orthogonal complement of ω(D2) in (ker f∗)

⊥ and is invariant
under φ.

Remark 4.1. Lemma (3.2) we found same results in this section.

Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Riemannian map with the
semi-slant angles θ. Then given non-zero vector fields U ∈ Γ(D2), we have

cos θ =
| ψU |
| φU |

, (4.4)

and

cos θ =
gM(φU, ψU)

| φU || ψU |
.

By using equation (4.2), we have

cos θ =
gM(ψU, ψU)

| φU || ψU |
,
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cos θ = −gM(U, ψ2U)

| φU || ψU |
. (4.5)

From equations (2.1), (4.4) and (4.5), we get

ψ2U = − cos2 θ.U, for U ∈ Γ(D2).

Theorem 4.2. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map with the semi-slant angles θ. Then

ψ2U = − cos2 θ.U, for all U ∈ Γ(D2).

Corollary 4.3. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map with the semi-slant angles θ. Then

gM(ψU, ψV ) = cos2 θgM(U, V ),

gM(ωU, ωV ) = sin2 θgM(U, V ),

for all U, V ∈ Γ(D2), where θ ∈ (0, π
2
).

We can locally choose an orthonormal frame {e1, ψe1, ...., ek, ψek, l1, sec θψl1, csc θωl1,
....., ls, sec θψls, csc θωls, g1, ψg1, ...., gt, ψgt, ξ} of TM such that {e1, ψe1, ...., ek, ψek}
is an orthonormal frame of D1, {l1, sec θψl1 , , ....., ls, sec θψls} an orthonor-
mal frame of D2 {csc θωl1, ....., csc θωls} an orthonormal frame of ωD2, and
{g1, ψg1, ...., gt, ψgt} an orthonormal frame of µ.

Lemma 4.4. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a Rie-
mannian manifold. Let f : (M,φ, ξ, η, gM)→ (N, gN) be a semi-slant Riemannian
map with the semi-slant angles θ. If tensor ω is parallel, then

TψUψU = − cos2 θ.TUU, for all U ∈ Γ(D2). (4.6)

Proof. If the tensor ω is parallel such that

(∇Uω)V = 0. (4.7)

From equation (3.9), we have

TV ψU = TUψV.
Replace V → ψU, in above equation and using Theorem (4.2), we have

TψUψU = − cos2 θ.TUU, for all U ∈ Γ(D2).

�

Similarly, from Theorem (3.6), we have proved the following Theorem.

Theorem 4.5. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the slant distribution D1 is integrable if and only if,

ω(∇̂UV − ∇̂VU) = 0, for all U, V ∈ Γ(D1).
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Similarly, from Theorem (3.7) we have proved the following Theorem:

Theorem 4.6. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the slant distribution D2 is integrable if and only if,

P (ψ(∇̂UV − ∇̂VU)) = 0, for all U, V ∈ Γ(D2).

Theorem 4.7. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map such that D1 is integrable. Then f is harmonic if and only if
trace(∇f∗) = 0 on D2 and H, where H denotes the mean curvature vector field
of rangef∗.

Proof. Using Lemma (2.2), we get trace(∇f∗)|ker f∗ ∈ (range f∗) and trace
(∇f∗)|(ker f∗)⊥ ∈ (range f∗)

⊥ so that

trace(∇f∗) = 0⇔ trace(∇f∗)|ker f∗ = 0, and trace(∇f∗)|(ker f∗)⊥ = 0.

SinceD1 is invariant under φ, we can choose locally orthonormal frame {e1, φe1, .....
....., ek, φek} of D1. Using the integrbility of the D1

(∇f∗)(φei, φei) = −f∗(∇φeiφei),

= f∗(∇eiei),

= −(∇f∗)(ei, ei), for 1 ≤ i ≤ k.

Thus,

trace(∇f∗)|(ker f∗) = 0⇔ trace(∇f∗)|D2 = 0, and trace(∇f∗)(ξ, ξ) = 0.

Moreover, it is easy to get that

trace(∇f∗)|(ker f∗)⊥ = lH, for all l = dim(ker f∗)⊥,

so that

trace(∇f∗)|(ker f∗)⊥ = 0⇔ H = 0.

�

Theorem 4.8. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then f is a totally geodesic map if and only if

ω(∇̂UψV + TUωV ) + C(TUψV +H∇UωV ) = 0,

ω(∇̂UBX + TUCX) + C(TUBX +H∇UCX) = 0,

Q(∇f
Y f∗Z) = 0,

for all U, V ∈ Γ(ker f∗) and X, Y, Z ∈ Γ((ker f∗)
⊥).
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Proof. If X, Y, Z ∈ Γ((ker f∗)
⊥, then by Lemma (2.2), we get

(∇f∗)(Y, Z) = 0⇔ Q((∇f∗)(Y, Z)) = Q(∇f
Y f∗Z) = 0.

For U, V ∈ Γ(ker f∗), using equations (2.1), (4.2), (4.3), (2.10) and (2.11), we
have

(∇f∗)(U, V ) = f∗(φ(∇̂UψV + TUψV + TUωV +H∇UωV − η(∇UV )ξ),

= f∗(ψ∇̂UψV + ω∇̂UψV +BTUψV + CTUψV + ψTUωV
+ωTUωV +BH∇UωV + CH∇UωV ).

Hence

(∇f∗)(U, V ) = 0⇔ ω(∇̂UψV + TUωV ) + C(TUωV +H∇UωV ) = 0.

If U ∈ Γ(ker f∗) and X ∈ Γ((ker f∗)
⊥), since the tensor (∇f∗) is symmetric.

Using equations (2.1), (4.2), (4.3), (2.10) and (2.11), we get

(∇f∗)(U,X) = f∗(φ(∇̂UBX + TUBX + TUCX +H∇UCX)− η(∇UX)ξ),

= f∗(ψ∇̂UBX + ω∇̂UBX +BTUBX + CTUBX + ψTUCX
+ωTUCX +BH∇UCX + CH∇UCX).

Thus,

(∇f∗)(U,X) = 0⇔ ω(∇̂UBX + TUCX) + C(TUBX +H∇UCX) = 0.

�

Similarly, from Lemma (3.10) we have proved the following Lemma.

Lemma 4.9. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a Rie-
mannian manifold. Let f : (M,φ, ξ, η, gM)→ (N, gN) be a semi-slant Riemannian
map. Then

H ∈ Γ(ωD2)

Theorem 4.10. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then (M,φ, ξ, η, gM) is locally a Riemannian product manifold of
the leaves of Γ(ker f∗) and Γ(ker f∗)

⊥ if and only if

ω(∇̂UψV + TUωV ) + C(TUψV +H∇UωV ) = 0,

ψ(V∇XBZ +AXCZ) +B(AXBZ +H∇XCZ) = 0,

for all U, V ∈ Γ(ker f∗) and X,Z ∈ Γ(ker f∗)
⊥.

Proof. For U, V ∈ Γ(ker f∗), using equation (2.1), (2.6), (4.2), (4.3), (2.10) and
(2.11), we get

∇UV = −φ(∇̂UψV + TUψV + TUωV +H∇UωV ) + η(∇UV )ξ

= −(ψ∇̂UψV + ω∇̂UψV +BTUψV + CTUψV + ψTUωV + ωTUωV
+BH∇UωV + CH∇UωV ).
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Thus,

∇UV ∈ Γ(ker f∗)⇔ ω(∇̂UψV + TUωV ) + C(TUωV +H∇UωV ) = 0.

For all X,Z ∈ Γ((ker f∗)
⊥), using equations (2.1), (2.6), (4.2), (4.3), (2.10) and

(2.11), we have

∇XZ = −φ(V∇XBZ +AXBZ +AXCZ +H∇XCZ),

= −(ψV∇XBZ + ωV∇XBZ +BAXBZ + CAXBZ
+ψAXCZ + ωAXCZ +BH∇XCZ + CH∇XCZ).

Hence ∇XZ ∈ Γ((ker f∗)
⊥ ⇔ ψ(V∇XBZ+AXCZ) +B(AXBZ+H∇XCZ). �

Theorem 4.11. Let (M,φ, ξ, η, gM) be a Cosymplectic manifold and (N, gN) a
Riemannian manifold. Let f : (M,φ, ξ, η, gM) → (N, gN) be a semi-slant Rie-
mannian map. Then the fibers of f are locally Riemannian product manifolds of
the leaves of D1 and D2 if and only if

Q(ψ∇̂UψV +BTUψV ) = 0, and ω∇̂UψV + CTUψV = 0, for all U, V ∈ Γ(D1),

P (ψ(∇̂XψY + TXωY ) +B(TXψY +H∇XωY )) = 0,

ω(∇̂XψY + TXωY ) + C(TXψY +H∇XωY ) = 0,

for all X, Y ∈ Γ(D2).

5. Example

Note that given an Euclidean spaceR2n+1 with coordinates (x1, x2, ......, x2n−1,x2n, x2n+1),
we can canonically choose an almost contact structure (φ, ξ, η, g2n+1) on R2n+1 as
follows:

J(a1
∂

∂x1
+ a2

∂

∂x2
+ ...........+ a2n−1

∂

∂x2n−1
+ a2n

∂

∂x2n
+ a2n+1

∂

∂x2n+1

)

= −a2
∂

∂x1
+ a1

∂

∂x2
+ .............− a2n

∂

∂x2n−1
+ a2n−1

∂

∂x2n
,

where ξ = ∂
∂x2n+1

, η = dx2n+1, g2n+1 is usual inner product and a1, a2, ............., a2n+1

are C∞ functions defined in R2n+1. In example 2 and 3 of this section, we will
use this notation.

Example 5.1. Let R11 (R2n+1, n = 5) has almost contact structure (φ, ξ, η, g11).
Define a map f : R11 → R5 by

f(x1, x2, ........., x11) = (
x3 +

√
3x5

2
, 0, x6,

√
3x7 + x9

2
, x8),

which is a semi-slant Riemannian map such that

< ξ > = <
∂

∂x11
>,D1 =<

∂

∂x1
,
∂

∂x2
>

and D2 = <
1

2
(
√

3
∂

∂x3
− ∂

∂x5
),

1

2
(
∂

∂x7
−
√

3
∂

∂x9
),

∂

∂x4
,
∂

∂x10
>,
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with the semi-slant angle θ = π
6
.

Example 5.2. Let R11 (R2n+1, n = 5) has almost contact structure (φ, ξ, η, g11).
Define a map f : R11 → R8 by

f(x1, x2, ........., x11) = (x1, x2,
x3 − x5√

2
,
x4 − x6√

2
, 0,

x7 − x9√
2

, x10, x11),

which is a semi-slant Riemannian map such that

D1 = <
1√
2

(
∂

∂x3
+

∂

∂x5
),

1√
2

(
∂

∂x4
+

∂

∂x6
) >

and D2 = < (
∂

∂x8
,

1√
2

(
∂

∂x7
+

∂

∂x9
) >

with the semi-slant angle θ = π
4
.

Example 5.3. Let R7 has got a Cosympletic structure as in Example (2.1).
Define a map f : R7 → R3 by

f(x1, x2, x3, y1, y2, y3, z) = (
x3 + y2√

2
, 0, x2)

which is a semi-slant Riemannian map such that

D1 = < E1, E4 >

and D2 = < E6,
1√
2

(E3 − E5) >,< ξ >=< E7 >

with the semi-slant angle θ = π
4
.

Example 5.4. Let R9 has got a Cosympletic structure as in Example (2.1).
Define a map f : R9 → R6 by

f(x1, x2, x3, x4, y1, y2, y3, y4, z) = (
x2 − y3√

2
, x3, 0, x4, y4, z)

which is a semi-slant Riemannian map such that

D1 = < E1, E5 >

and D2 = <
1√
2

(E2 + E7), E6 >,

with the semi-slant angle θ = π
4
.

Acknowledgement. Sushil Kumar is thankful to UGC, New Dehli (India)
for providing financial support.

References

1. P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds, Oxford
science publications, (2003).

2. A. Beri, I. K. Irken and C. Murathan, Anti-invariant Riemannian submersions from Ken-
motsu manifolds onto Riemannian manifolds, Turk J. Math. 201 (2015); 1504-47.

3. B. Y. Chen, Geometry of slant submaniflods, Katholieke Universiteit Leuven, Leuven,
(1990).

4. J. Eells and J. M. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math.
86 (1964) 109-160



80 RAJENDRA PRASAD AND SUSHIL KUMAR

5. I. K. Erken and C. Murathan, anti-invariant Riemannian submersions from Sasakian man-
ifolds onto Riemannian manifolds, arXiv:1302.4906v1 [math.DG] 20 Feb 2013.

6. A. E. Fischer, Riemannian maps between Riemannian manifolds, Contemporary Math.,
132 (1992) 331-366

7. A. Gray, Pseudo-Riemannian almost product manifolds and submersions, J. Math. Mech.,
16 (1967) 715-737.

8. G. D. Ludden, Submanifolds of cosymplectic manifolds, J. Dierential Geom., 4 (1970),
237-244.

9. C. Murathan and I. K. Erken, Anti-Invariant Riemannian Submersions from Cosymplectic
Manifolds onto Riemannian Manifolds, Filomat 29, 7 (2015) 1429-1444.

10. B. ONeill, The fundamental equations of a submersion, Mich. Math. J., 13 (1966) 458-469.
11. K. S. Park and R. Prasad, Semi-slant submersions, Bull. Korean Math. Soc., 50 (2013), no.

3, 951-962.
12. K. S. Park, Semi-slant Riemannian maps, Quastiones Mathematicae, (2017), 1-14.
13. B. Sahin, Slant Riemannian maps from almost Hermitian manifolds, Quaestions Mathe-

maticae 36 (2013), 449-461.
14. B. Sahin, Anti-invariant Riemannian submersions from almost Hermitian manifolds, Cent.

Eur. J. Math. 8(3), (2010), 437-447.
15. B. Watson, Almost Hermitian submersions, J. Dierential Geom., 11 (1976), no. 1, 147-165.
16. R. Prasad and S. Pandey, Slant Riemannian Maps from an Almost Contact Manifold,

Filomat, 31 (13) (2017), 3999-4007.
17. R. Ponge and H. Reckziegel , Twisted products in pseudo-Riemannian geometry, Geom.

Dedicata, 48 (1), (1993) 15-25.

1 Department of Mathematics and Astronomy University of Lucknow, Lucknow-
India

Email address: rp.manpur@rediffmail.com

2 Department of Mathematics and Astronomy University of Lucknow, Lucknow-
India

Email address: sushilmath20@gmail.com


	1. Introduction
	2. Preliminaries
	3. Semi-slant Riemannian maps admitting vertical structure vector field
	4. Semi-slant Riemannian maps admitting horizontal structure vector field
	5. Example
	References

