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ON THE EXISTENCE OF SOLUTIONS OF SOME
FUNCTIONAL INTEGRAL EQUATIONS IN LP(R,)

MAHMOUD BOUSSELSAL*

ABSTRACT. In this paper, we study the existence of solutions for a functional
integral equations by using Darbo’s fixed point theorem and a measure of non-
compactness on the spaces LP(R ), 1 < p < 4o00. The obtained result general-
izes and extends several one obtained earlier in many papers and monographs.
An example which shows the applicability of our result is also included.

1. INTRODUCTION

Integral equation have a lot of applications in many branches of mathematical
physics, engineering, mechanics, biology and economics see [22] and references
therein. Several different techniques were proposed to study the existence of
solutions of the functional integral equations in appropriate function spaces. Al-
though all of these techniques have the same goal, they differ in the function
spaces and the fixed point theorems to be applied.

Many papers in the field of functional integral equations give different sets
of conditions for the existence of solutions of such equations, see for instance
[13, 10,2, 15, 17, 7] . A part from that, integral equations are often investigated
in research papers and monographs (cf. [12, 11, 16, 14, & 0]) and the references
cited therein.

Measures of noncompactness and Darbo’s fixed point theorem play an impor-
tant roles in fixed point theory and their applications. Measures of noncompact-
ness were introduced by Kuratowski [18]. In 1955, Darbo presented a fixed point
theorem [14], using this notion. This result was used to establish the existence
and behaviour of solutions in some functional spaces to many classes of integral
equations.

Agarwal and O’Regan [!] in 2004, proved the existence of the solutions for the
nonlinear integral equation

+o0
x(t) = /0 k(t,s)f(t,x(s))ds, t € Ry
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in ()]0, +00), where ([0, 4+00), denotes the space of bounded and continuous
functions on R, which have limit at infinity.

In [21], the author gave the existence of an integrable solutions of the following
functional integral equation

+o0o
z(t) = f(t,x(t)) +g¢ (t,/o k(t, s)f(t,m(s))ds) , teRy

In [19], the authors discussed the solvability the functional integral equation of
convolution type

2(t) = f(t2(t)) + / "kt — 8)(Qu)(s)ds

using a new construction of a measure of noncompactness in LP(R. ).
Next, the authors in [3] study the existence of solutions to the following general
functional integral equation

oft) = fte.ote) +a (1 [ - Q)(s)ds)

using the same new construction of a measure of noncompactness in LP(R, ).
Motivated by the work [19] and [3] in this paper, we will study the existence of
solutions for the following more general integral equation

+oo Foo
x(t) = fi(t, x(t))+ 12 (t,/ ki(t — 3)(Q1x)(s)ds,/ ko(t, s)(ng)(s)ds) ,te Ry
0 0
(1.1)
Throughout fi, f2, ko are Carathéodory functions, k; € L}*(R) and Q;,7 = 1,2
are operators which act continuously from the space LP(R, ) onto itself.

2. NOTATION, DEFINITIONS AND AUXILIARY FACTS

Assume that a function f(¢,z,y) = f : Ry x Rx R — R satisfies Carathéodory
conditions i.e. it is measurable in ¢ for any (z,y) € R x R and continuous in z,y
for almost all t € R,

Furthermore, we recall a few fact about the convolution operator (cf.[20])

Let k; € L'Y(R) be a given function. Then for any function z € LP(R,), the
integral (Kyx)(t) = [ k1(t — s)x(s)ds exits for almost ¢ € R,. Moreover, the
function (K;x)(t) belongs to the space LP(R;). Thus K; is a linear operator
which maps the space LP(R,) onto itself and K is also bounded since

]| < B gy 2 ey

for every x € LP(R, ), it will be continuous. Hence the norm || K] of the convo-
lution operator is majorized by [|Ki[ 1 -

Let K, be the linear Fredholm operator Ky : LP(R;) — LP(R.) defined
by (Kyx)(t) = 0+oo ka(t, s)x(s)ds. It is a continuous operator, and [|Kaz||, <
| Ks ]| [|z]|,- The norm of the operator is majorized by

[ K| = sup <||K2x||LP(R+) ; ||x||LP(]R+) < 1) and hence || K> || < oc.
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Now, we will collect some definitions and basic results which will be used further
on throughout the paper.
First, we denote by LP(R,) the space of Lebesgue integrable functions on R,
equipped with the standard norm, z € LP(R,), ||z = 0+°O |z (t)|” dt

Next, we recall some basic facts concerning measure of noncompactness. As-
sume that (F, ||.||) is a real Banach space with zero element . Let B (x,r) denote
the closed ball centered at x and with radius . The symbol B, stands for the
ball B (0,7). If X is a subset of E, then X and ConvX denote the closure and
convex closure of X, respectively. with the symbols AX and X +Y, we denote the
standard algebraic operations on sets. Moreover, we denote by Mg the familiy
of all nonempty and bounded subsets of £ and Ng its subfamily consisting of
all relatively compact subsets. The definition of the concept of a measure of
noncompactness presented bellow comes from [9].

Definition 2.1. [9] A mapping p: Mp — Ry = [0, +o0[ is said to be a measure
of noncompactness in F if it satisfies following conditions
(1) The family ker p = {X € Mg : pu(X) = 0} is nonempty and ker u C Ng;
(2) X €V = u(X) < p(Y)
(3) u(X) = p(ConvX) = p(X)
(4) pAX + (1 =N)Y) < Au(X)+ (1= N)Y, for A € ]0,1]
(5) If {X,} is a sequence of nonempty, bounded, closed subsets of E such that
Xpt1 C Xp, (n=1,2,....) and h_)m p(X,) = 0, then the set Xoo = N5, X,
is nonempty. o
Observe that the intersection set X, belongs to ker u. Indeed, since
1(Xoo) < p(X,,) for any n, then we infer u(Xo) =0, so X € ker p. For
other facts concerning measures of noncompactness we refer to [9], [18].
In the following, we give a nonempty X C LP(R,) bounded, £ > 0, and
T > 0. For arbitrary function x € X, we let

w(z,e) = sup { (/000 lz(t+ h) —a:(t)|pdt); Rl < 5},

w(X,e) =sup{w(z,e): = € X}

and
wo(X) = limw(X, ¢)
e—0
Also, let
1
dr(X) = sup { </ |:C(t)]pdt>p , T € X}
0

and

d(X) = Jim dr(X)

Then, the function p : Mprmw,) — Ry given by u(X) = wo(X) + d(X) is
a measure of noncompactness on LP(R,) , see [19]

Darbo’s fixed point theorem is a very important generalization of Schauder’s
fixed point theorem and includes the existence part of Banach’s theorem
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Theorem 2.2. Schauder (see [5]) Let Q2 be a nonempty, bounded, closed, and
convex subset of a Banach space E, Then every compact continuous map T :
Q — Q has at least one fized point.

In the following, we state a fixed point theorem of Darbo type proved by Banas
and Goebel [9]

Theorem 2.3. (See [11], [9]) Let Q be a nonempty, bounded, closed, and convex
subset of a Banach space E, and let T : Q — Q be a continuous mapping such
that a constant k € [0, 1) exists with the property

W(TX) < k()
for any nonempty X of Q. Then T has a fixed point in the set ).
Now, we need to characterize the compact subsets of LP(R,).

Theorem 2.4. [19] Let F be a bounded set in LP(RY) with 1 < p < +oo. Then,
F has a compact closure in LP(RYN) if and only if }lbir% |7n.f = fll, = 0 uniformly
—

in f € F, where 1i,f(x) = f(x + h) for all v € RY. In addition, for e > 0, there
is a bounded and measurable subset 0 of RY such that 1l oy < € for all
fer.

Corollary 2.5. Let F be a bounded set in LP(RY) with 1 < p < +00. The closure
of F in LP(RY) is compact if and only if }lllir(l) (S 1f (@) = fl@+h) dx)% =0
uniformly in f € F. Also, for € > 0, there is a constant T > 0 such that
(o |f(x)|pdx)% <e forall f € F.

We shall study the existence of the solutions of Eq.(1.1) assuming some condi-
tions are satisfied

3. MAIN RESULTS
Theorem 3.1. Assume that the following conditions are satisfied.

(1) f1 : Ry x R — R satisfies the Carathéodory conditions, and a constant
A1 € [0,1) and a; € LP(R,) exist such that
[F(t,2) = fs,9)] < laa(t) = an(s)] + Ar [z =y (3.1)

for any x,y € R and almost all s,t € R,

(2) fi(,0) € LP(R,)

(3) ko : Ry x Ry — R satisfies the Carathéodory conditions, and g, g2 €
LP(Ry) and g € LY(R,) (217 + é = 1) exist such that |kx(¢,s)| < g1(t)g(s)
for all t,s € Ry and

|ka(tr, 8) — ka(ta, s)| < g(s) [g2(t1) — g2(t2)] (3:2)

(4) fo: Ry x RxR — R satisfies the Carathéodory conditions, and constants
A2, Ay > 0 and ay € LP(R,) exist such that
[f2(t,2,y) = fals, 2,8)] < as(t) — as(s)| + A2z — 2| + As |y — ] (3.3)
for any x,y, 2,t € R and almost all s,t € R,.
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(5) f2(‘7070) < LP(R+)

(6) ki € L}(R)
Notice that, under this hypothesis, the linear operator Kj : LP(R,) —
LP(R,) is given by (Kyz)(t) = [;" ki(t — s)z(s)ds and it is a continuous
operator and || Kyzll, < 1K 1o 1ol

(7) The operators @; , i = 1,2 act continuously from LP(R,) into itself and
constants b; € R, ., 2 = 1,2 exist such that

/\1 + /\le ||K1||L1(R) + /\3b2 ||K2|| <1

and

[oX = A (3.4)

for any x € LP(Ry) and T € R,.
Therefore, the nonlinear integral equation (1.1) have at least one solution
in the space LP(Ry).

T,+00)

Proof. First, we define the operator F': LP(R,) — LP(R,) by

(Fa)(t) = fi (t,2()) +
fo (b Jy7 at = $)Qu(@)()ds, ;7™ kalt, 5)Qa() (5)ds )

By considering the Carathéodory conditions, we infer that F'x is measurable for
any x € LP(Ry). Now, we prove that F'x € LP(R;) for any € LP(R, ). By using
conditions (1), —, (7), for a.e. t € Ry, then, we have the following inequality

[(Fz)(O)] < [fi(t,z) — f1 (&, 0)] + [ fi (£,0)]
fo (t, I k(= )Qu () (s)ds, [; kol S)Qg(l’)(s)ds) — £ (8,0, 0)‘

+ /2 (£0,0)] < Auflzfl, + [1f1 (O, + 1f2 (-, 0,0) ],
FA2by ([ K| 11y 21, + Asbz | K] 2],

_|_

Therefore, we obtain

[Fzll, < [Ifi (0)l, +[1f2 (-, 0,0)], }
(3.5)

(M4 Ao 1K sy + Asba 12 )

Hence, F(z) € LP(Ry) and F is well defined and also from (3.5), we have
F(B,,) C B,,, where 1y is

B [f1 (5 0)[], + [1f2 (-, 0,0)]],,
.
1= (M Aabr 1K 1y + A 1)

Also, F' is continuous in LP(R,) because fi (t,.), fa(t,.,.), K1, Ks(t,.) and Q;,
1 = 1,2 are continuous for a.e. t € R,. Further, we will show that

wo(FX) < (M + Aabi 1501 gy + Nabo [ Kl ) wo(X)
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for any nonempty set X C B,,. For this, we fix an arbitrary ¢ > 0 .
choose x € X and t, h € Ry with |h| <e. we have

[(F)(t) = (Fa)(t + h)| < [fo (6, x(t)) — fu(t + b, z(t))]
+ 1A @+ h2t) = fr(t+ h,x(t+ h))]

| o (87 Rt = $)(@i)(s)ds, J Ralt, ) Qo) (5)ds)
—h(v+hf“”mt—stmx> o Rall)(Qa)(s)ds )|
o (£ o Jy (= $)(@Qu)(s)ds, J™ kalt, ) Qo) (5)dls )
— (t Fh 52k (t+ h— $)(Qur)(s)ds, [;7 kalt, s)(ngc)(s)ds> ]
‘ fa (t Fhy 5k (E+ h— 8)(Qur)(s)ds, [;7° ka(t, s>(Q2x>(s)ds)
(s)ds

— f (t+h JE2 ket + h — $)(Qyx)(s)ds 0+°° ko (t + I, 5)(Qaz)(s)d )
<ai(t) —ar(t + h)| 4+ A |z(t) —x(t+h)| + las(t) — as(t + )]
+)\2’ (- 5) — kl(t+h—s)(Q1x)(s)ds‘

+A3‘ ke (t5) — ka(t + h, s)(an:)(s)ds‘

Therefore
(I 1@@@+MVﬁﬁ 1
= U?wﬂw—m@+mwww+AmL\x ) = at+ )P dt)?
+ (J57 laz(t) — as(t + h) [P dt)? )
s (B =) = k(e + b= )] (Que)(s)as| dt)”
- X (Joo 1o TRalt ) — /?2(75 + h, 5)] (Qax)(s)ds|" dt)” 1
< (5 lar(t) = arlt + w7 de) 7 + M (J5° [o(t) = (e + B db)”
+ (J5< laz(t) — as(t + h)[P dt)
+ Mo [|Quzll, (J k() — Ku(t + h)| dt) ;
+ @l (o (™ ealts ) — k(e + b, s)] % ds) )"
Wt <Fxxt+fowdw% a
(J; e —mu+mwﬁ)+AmL|x —a{t+ B dt)?

‘CI/Q — ag(t + h)’p dt)
+>\2||Q1$||(] ki (t — s) — k1(t+h—s)|dt>

palluel, (4 (4 MA)—m@+MVMQV%fdQ;

Vs
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So, we have
1
(= 1(P2) (1) — (Fa) (1 + WP di)F < 1
(J5% lar(t) — ai(t + h)|p dt) + A1 (57 |2(t) - x(t+ h)["dt)?

+(fo laz(t) — ax(t + )" dt) >
+&Hmep<;mqh@)—kﬂt+h”d0

X [1Qaal, gl (o™ gat) = ga(t + 1))

Then, from the above inequalities, we get

w(FX,e) <w(ay,e) + Mw(X,e) + w(ag,e)
+Aobi7o || k1 — Thk’lHLl + Azbarg HgHLQ(R+ w(ga, €)

=

Since {ai},{a2},{g2} are compacts set in LP(R;) and {k;} is a compact set
in L'(R), we have w(ai,e) — 0,w(as,e) — 0, [|k1 — 7wkl 1my — 0 and
w(ga,€) —> 0 as € — 0. Then, we obtain

wo(FX,e) < Mwo(X,e) < }

3.6
(M dab sy + Aaba [l ) (X (36)

In the following, we fix an arbitrart number 7" > 0. Then, for an arbitrary
function z € X, we have

U IF @)@ dr)»
< (J7 1At 2) = [ 0)Fde) + (f77 1A V’dt) 1
(f;o !fz( kl(t—s)(le )ds, fooo kol(t, s)(Cbe)( ) ) 5(t,0,0 ‘pdt)g
(fT ’f2 t 0 O)|p);
<M (J7 la(t) )p+(H|ﬁt®Vﬁ)
< Xl | K| gy (J7 [z (@) dE) 7 + Asbs H9||Lq &) 1911l o1 400y 1211,
(fT |f2 t 0 O)lp) J

Since {f1(¢,0)} and {f2(¢,0,0)} are compacts in LP(R,), then, as T goes to

0, we obtain ([, ]/f1(t,0)[" dt)?goes to 0, ([, |f2(t,0,0)")?goes also to 0 and
1911/ 1o (7, +.00) 8O€S to zero. Therefore, we obtain

3=

AFX) < (M + b 1K sy ) d(X) (3.7)
So, from (3.6) and (3.7), it follows,
HFX) < (A Dabu |l ey + Az (1]l ) () (38)

By (3.8) and Theorem 2.3, we deduce that the operator F' has a fixed point z in
B,, and consequently, Eq.(1.1) has at least one solution in LP(R,). O
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4. EXAMPLE
Consider the functional integral equation

x(t) = %:10(275)+% /Ooo(t—s) exp[—(t—s)]l_i_d—ss)]Q+/Ooo o m(zsl 126 g

Eq. (4.1) is a special case of Eq.(1.1) with
fﬁ@—ﬁ;mmw—$+%@@@—qﬁp}

kl(t) = t€7t> kZ(ta S) = mv (QQZE‘)(S) = ei‘x S)|$(S)

In this example, hypothesis 1, holds with a(t) = =5 and \ = %, indeed, we have

t+2
|f1(t,$) - f1(87y)| = . (ﬁflgm - C:J;g }
< lmz— sl +ale—yl

I addition, |i(1,0)] = &y € LX(R,), indeed, | f1(t,0)[e,) = (™ 5y) =

t+2 (1+xz)?
1

zﬁ’ for all p > 1. Thus, we have ||f1(t,0)||Lp(R+) - <ﬁ> ”. Next,

1
[f2(t,2,y) = fa(s, z,w)] < S lo— 2] + |y — vl

Hence, a(t) = 0, and Ay = 3 and A3 = 1., f»(¢,0,0) = 0 € L’(R;). In our
example, the function ki(t) = te™, by [3] satisfies || K[| 1) < \1/—5
1 1
ka(t, 5) & TP X
91(1) = ey
g(s) =g(s) = o
1 1 1
‘kQ (tla 8) - kQ (tla 3)‘ < e(t1+3)2 - e(ta+3)2 | | (s+2)2

@1 and @), satisfy assumptions of theorem 3.1, with by = b; = 1. By using the-

orem 3.4 in [1], we have || K| < I, therefore Ay + Aoby K gy + Asbz [ Kol <
% + 3\1/5 + % < 1. Now, by theorem 3.1, our functional integral equation (4.1) has
a solution belonging to LP(R,).
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