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ABSTRACT. In this work, we investigate the equidistant dimension problem
of generalized edge corona product of graphs. We establish general bounds in
terms of the parameters of a graph G and the associated attached graphs, and
identify families of graphs for which these bounds are attained. Exact values
are obtained for several important classes, including paths, cycles, complete
graphs, and complete bipartite graphs.
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1. INTRODUCTION AND PRELIMINARIES

A graph G = (V(G), E(G)) is finite, simple, connected, and undirected unless
stated otherwise. The distance between two vertices u,v € V(G), denoted by
dg(u,v) (or d(u,v)), is the length of a shortest path between them, and the
diameter diam(G) is the maximum such distance over all pairs of vertices. For a
vertex y € V(G), the open neighborhood is N(y) = {z € V(G) : zy € E(G)}.

In a cycle C,,, two vertices u and v are said to be antipodal if d¢, (u, v) = |n/2].
Similarly, two edges e;,e; € E(C,,) are called antipodal edges if each endpoint of
e; is at distance [n/2] or |n/2] — 1 from some endpoint of e;.

Given z1,z9 € V(G), let R{zy1, 2} = {z € V(G) : d(z1,2) # d(xe,2)}. A
set W C V(QG) is a resolving set if W N R{xy, 22} # () for all distinct z1, 29 €
V(G). The minimum cardinality of such a set is the metric dimension dim(G).
Introduced by Slater [19] and independently by Harary and Melter [10], the metric

dimension problem has been extensively studied [1, 9, 11, 12, 14, 17], with NP-
hardness established in [6] and applications in chemical graph theory [1], robot
navigation [13], mastermind [5] and network design [, 2, 3].

The equidistant dimension, introduced by Gonzélez et al. [3], is a variant of the

metric dimension in which resolving sets are replaced by distance-equalizer sets:
a subset D C V(G) such that for every two distinct vertices z,y € V(G) \ D,
there exists w € D with d(z,w) = d(y,w). The minimum cardinality of such
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a set is denoted eqdim(G). The equidistant dimension problem has been the
subject of several recent studies. Gonzdlez et al. [3] introduced the concept,
established general bounds, and determined exact values for classical families such
as paths, cycles, complete graphs, and multipartite graphs. Gispert-Fernandez et
al. [7] proved that computing the equidistant dimension is NP-complete, analyzed
lexicographic product graphs, and introduced the pairwise domination number as
a tool for obtaining bounds and exact values. Further work has focused on highly
symmetric or geometric graphs: Savi¢ et al. [18] investigated graphs arising from
convex polytopes, while Kratica et al. [15] examined Johnson and Kneser graphs,
obtaining exact results and structural characterizations.

Most existing work focuses on standard families or a limited range of graph
operations. The behavior of eqdim(G) under more complex constructions, such
as the generalized edge corona product [10], remains largely unexplored. In this
product, G is a graph of order n and size m, and H;, 1 <1 < m, are m simple
graphs of orders at least two. The generalized edge corona product G[H;]" is
obtained by taking the graph G together with the H;’s by joining the two end
vertices of the i-th edge of GG to every vertex of H;. This operation generalizes the
standard edge corona and produces highly connected graphs with rich structure.

This paper investigates the equidistant dimension problem of generalized edge
corona product of graphs. We establish general bounds for eqdim(G[H;]{") in
terms of eqdim(G) and eqdim(H;), 1 < i < m, and derive exact values for
several important graph families for G such as paths, cycles, complete graphs
and complete bipartite graphs. These results extend the study of the equidistant
dimension to a broader class of graph products and unify earlier results obtained
for special cases.

2. MAIN RESULTS

The remainder of the paper is organized as follows. Section 2.1 presents our
main results on the equidistant dimension of the generalized edge corona product
of graphs. In Section 2.2, we study this parameter for some classes of graphs,
including paths, cycles, complete graphs, and complete bipartite graphs. Finally,
Section 3 provides concluding remarks and possible directions for future research.

2.1. Equidistant dimension of G[H;]}". In what follows, we adopt the follow-
ing terminology. Let P be a u — v path. If d(u,v) = [ is even, then P has an odd
number of vertices. The vertex w of P such that d(u,w) = d(v,w) = § will be
called a central vertex of P.

If d(u,v) =l is odd, then P has an even number of vertices. In this case there
is an edge xy in P such that d(u,z) = d(v,y). This edge zy will be called a
central edge of P.

We now establish an upper bound for the equidistant dimension of the gener-
alized edge corona product of graphs, supported by the following lemmas.

Lemma 2.1. Let G be a connected graph and let e; = uv be a pendant edge of G
such that deg(v) = 1. Let H; be the graph corresponding to the edge e; = uv in the
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generalized edge corona product G[H;|T*. If D is a minimum distance-equalizer

set of G[H;|T", then v ¢ D.

Proof. Consider an edge e; = uw in G (where w # v), and let H; be the graph
corresponding graph to e;. Let a,b € V(H;). Then a and b are equalized by both
u and v.

Let a € V(H;) and b € V(H;). Then a and b are equalized only by w. This
means that a minimum distance-equalizer set does not contain v. O

Lemma 2.2. Let G be a connected graph and let uv be a pendant edge of G such
that deg(v) = 1. Let H; be the graph corresponding to the edge e; = uv in the
generalized edge corona product G[H;|7*. If D is a minimum distance-equalizer

set of G[H;]T*, then u must belong to D.

Proof. By the Lemma 2.1, v ¢ D. Now, consider two vertices a € V(H;) and
b € V(H;) (for some edge e; = uw, w # v). Vertex u is adjacent to all vertices in
both H; and H;. Clearly u equalizes a and b. As v ¢ D, and u is the only vertex
in GG that equalizes a and b, we must have u € D. O

Lemma 2.3. Let G be a connected graph with a vertex v of degree 2. Let D be a
minimum distance-equalizer set for G[H;|\". Then v € D.

Proof. Let the two edges incident with v in G be e¢; = uv and e;;; = vw. Let
H; and H;y; be the graphs associated with these edges in the generalized edge
corona product. Choose vertices a € V(H;) and b € V(H;1). In G[H]T, a
shortest path from any vertex k # v to a (or b) will pass through u(or w). Hence,
daim)r (K, a) # dapmym (k, b). However, since v is adjacent to all vertices of both H;
and Hq, it satisfies dgm,m (v, a) = dapm,rm (v, b) = 1. No other vertex in G[H;|7"
equalizes all such pairs, so v must be included in any minimum distance-equalizer
set. Hence, v € D. U

Lemma 2.4. Let G be a connected graph without any pendant edge. Let H; be
the graph corresponding to the edge e; of G. Then any distance-equalizer set for
G[H;]T* must contain at least one vertex from each H;.

Proof. Consider any two distinct edges e; and e; in G, with their corresponding
graphs H; and Hj, respectively. Let a € V(H;) and b € V(H;). We consider a
shortest path between a and b in G[H;]}".

Case 1: If the distance dgim,m(a,b) is even, then the shortest path from a to

b has an odd number of vertices. If v is the central vertex on this path then

dam,m (a,b)
dG[Hi]{” (a, U) = dG[Hi]{”(ba ’U) = %

Case 1.1: If deg(v) = 2 in G, then by Lemma 2.3, v must be included in the
distance-equalizer set as it equalizes a and b.

Case 1.2: If deg(v) > 2 in G, then there exists an edge e; = vt that is not part of
the path from a to b. Let H; be the graph corresponding to the edge e;,. A vertex
z € V(H;) adjacent to v satisfies dgm,m (a, 2) = dgpm,r (b, 2), so 2z equalizes a and
b.

Case 2: If dgig,;(a,b) is odd, then a shortest path contains an even number of
vertices. Let e, = vivgy1 be the central edge in the path. Then, the corresponding
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graph M}, contains a vertex z € V/(Hy) such that dgm,m(a, 2) = dapw,» (b, z), and
hence z equalizes a and b. This proves our claim. O

Theorem 2.5. Let G be a graph of order n > 2 and size m. Let Hy,Hs... H,,
be m simple graphs of orders at least two. Let D be a distance-equalizer set of
G[H;]T". Define the following sets:
(1) A={z € V(G) : zy € E(G) and deg(y) = 1}
(2) B={w € V(G) : deg(w) =2 and w ¢ A}
(3) C ={z€ V(H,): e; = ujus41 is a non-pendant edge of G}
Then the following statements hold:
i: DCAUBUC
ii: eqdim(G[H,|T") < |A| + |B| + |C].

Proof. The proof follows from Lemmas 2.2, 2.3 and 2.4. O
2.2. Equidistant Dimension of G[H;|{" for Some Classes of Graphs.

Theorem 2.6. Let P, be a path of order n > 4 and sizen—1. Let Hy,Hy ... H, 4
be n — 1 simple graphs of orders at least two. Then eqdim(P,[H;]7™ ") = 2n — 5.

Proof. We prove the equality by establishing both upper and lower bounds. We
begin by obtaining an upper bound.

Let vy, vy ... v, be the vertices and e; = v;v;,11 for 1 <7 < n—1 be the edges of
P,. Let H; be the graph corresponding to the edge ¢;. Fix w) € V(H;), 2 <1i <
n—2. Let A={v e V(P,) :deg(v) =2} and B={w{ € V(H;):2<1i<n-—2}.
Let D = AU B. We claim that D is a distance-equalizer set for P,[H;]7 . Let
x,y € V(P,[H;]7") ~ D. Then we have the following cases.

Case 1: z,ye V(H;),1<i<n-—1
Since the set A contains the internal vertices of P,, either v; or v;;; (one of the
endpoints of the edge e;) will equalize = and y.

Case 2: v € V(H;) and y € V(H;), i # j.
Without loss of generality, assume ¢ < j.

Case 2.1: j =i+ 1.
Then x and y are equalized by v; 1 € A.

Case 2.2: j > i+ 2.
Let P be a shortest path between x and y in P,[H;]" .

Ifdp ! (x,y) is odd, then P contains an even number of vertices, and there
exists a central edge e; = v;v411 on P. In the corresponding copy Hy, there exists
a vertex z € V(H;) such that dp (yn1(x,2) = dp, jn-1(y, 2). Thus, z equalizes
x and y.

Ifdp O (z,y) is even, then P has an odd number of vertices, and there exists
4y a1 (@)

a central vertex v, such that dp (yn-1(2,0) = dp, 1 (y,v0) = 5

Hence v; equalizes x and y.
It follows that D is a distance-equalizer set and D C AU B. Further, |D| <
|A| + |B| = (n — 2) + (n — 3) = 2n — 5. Therefore, eqdim(P,[H;]7~!) < 2n — 5.
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On the other hand, we prove minimality of |D| by contradiction. Assume that
D is not minimal. Then there exists a vertex x € D such that D' = D\ {x} is also
a distance-equalizer set of P,[H,]?~!. We show that this leads to a contradiction
by considering all possible types of vertices in D = AU B.

Case 1: x € A.

Let z = v; for some i, 2 < i < n—1and D' = D~ {v;}. It is clear that v;
equalizes any u € V(H;_1) ~ D" and any v € V(H;) ~ D’. Since v; ¢ D', there is
no vertex in D’ that equalizes u and v.

Case 2: x € B.

Let z = w! for some i, 2 <i<n—1and D' =D~ {w!}. Then D'NV(H;) = 2.
Choose w € V(H;—1) \ D' and v € V(H;11) \ D'. Since D'NV(H;) = @, for
any w' € D', we have d(u,w’) # d(v,w’). This implies that v and v are not
equalized by any vertex in D’. This contradicts the assumption that D’ is a
distance-equalizer set. O

Corollary 2.7. eqdim(P3[H;]?) = 1.

Proof. Consider P; with vertices vy, vg, v3 and edges e; = v1vy and ey = vous. Let
H, and H,y be the graphs corresponding to the edges e; and e respectively. It
is easy to see that the vertex vy is adjacent to all vertices in H; and Hs. Hence,
eqdim(Ps[H;|?) =1 O

Theorem 2.8. Let K, be a complete graph of order n > 6 and size m. Let
H,Hy...H,, where m = (g) be simple graphs of orders at least two. Then
eqdim(K,[H;|T") =n — 1.

Proof. We begin by providing an upper bound for eqdim (K, [H;|7*). Let vy, vy ... v,
be the vertices of K,,. Let D = {vy,v2...v,—1}. We show that D is a distance-
equalizer set for K,[H;|7". Let z,y € V(K,[H;|T") \ D.

Case 1: ©z =v, € V(K,) and y € V(H;) for some 1.

Without loss of generality, assume that H; corresponds to the edge e; = v;v;11.
Since every vertex of H; is adjacent to v; and v;,1, yv; and yv;,1 are edges in
K,u[H;]T". Further xv; and zvs,, are edges of K,,. Consequently, dy., (m,m (7, v;) =
di, (1, (y,v;) =1or dKn[HiH”(ma Vip1) = di, (1, (y,vir1) = 1. Hence, either v; or
v;41 serves as an equalizer for the pair (x,y).

Case 2: z,y € V(H;) for some i.

Let e; = v;v;11. Since |D| =n — 1 at least one of v; or v;44 is in D. Without loss
of generality, let v; € D. Since v; is adjacent to every vertex of H;, x and y are
equalized by v;.

Case 3: x € V(H;) and y € V(H;) with i # j.
Suppose H; and H; correspond to the edges e; = v;v;41 and e; = v;vj41 of K,
respectively.

If e; and e; share a common endpoint, say v;, then every vertex of H,; and
Hj is adjacent to v;. Thus d, (gm (7, v;) = dk,(m,);m(y,v;) = 1, so x and y are
equalized by v;.
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If e; and e; do not share a common endpoint, then, since K, is complete, there
exists a vertex v; € V(K,) that is adjacent to both e; and e;. In this case,
di,(myr (T, v) = dg,(m,)m (Y, v:) = 2, and hence x and y are equalized by v;.

It follows that D is a distance-equalizer set and therefore, eqdim (K, [H;]T") <
n— 1.

On the other hand, suppose that eqdim(K,[H;]]*) < n—2. Then there exists a
distance-equalizer set D’ with |D'| < n—2. Let vy, vy € V(K,,)\ D'. Consider the
edge e = vjvg and x € V(H,). Then for any w € D'NV(K,), dg, ) (vi, w) = 1
(since K, is complete) and dg., 7, (7, w) = d, m)m (v, v1) + dg, m,)m (v1, w) = 2.
Hence dg, ) (v1,w) # d, [z (2, w), contradicting D' is a distance-equalizer
set. Therefore, a minimal distance-equalizer set has cardinality exactly n—1. [

Theorem 2.9. Let C,, be a cycle of order n > 3 and sizen. Let Hy,Hs ... H, be

n

n simple graphs of orders at least two. Then eqdim(C,[H;]}) = n.

Proof. Let vy, vs...v, be the vertices of C,, and let e; = v;v;11, where v, 11 = v;.
Let D = V/(C,,). We claim that D is a distance-equalizer set for C,,[H;]T.

Case 1: n is odd.
Let z,y € V(C,[H;]}) ~ D. Then we have the following cases.

Case 1.1: =,y € V(H;)
Since the set D contains all vertices of C,,, either v; or v; 41 (one of the endpoints
of the edge ¢;) will equalize x and y.

Case 1.2: z € V(H;) and y € V(H,), i # j.
Without loss of generality, assume ¢ < j.

Case 1.2.1: j =1+ 1.
It is clear that  and y are equalized by v;11 € D.

Case 1.2.2: j > 1+ 2.
Let P be a shortest path between = and y in C,,[H;]}.

If de,(myn (2, y) is even, then P has an odd number of vertices, and there exists
dem,)p (2,y)

a central vertex v; € D such that dg,m,n (v, v:) = do,mr(y,ve) = 5

Hence v; equalizes x and y.
If de, w7 (7, y) is odd, then consider another path P¢ between x and y in
Cy,[H;]T. This is possible because C,, is a cycle. Clearly, the length of the alter-

native path P¢ is even and it has an odd number of vertices. Then there exists

-
a central vertex v, such that de, a2 (7, vs) = de, ()0 (Y, vs) = Lonit @Y ence

2
v, equalizes x and y.
It follows that D is a distance-equalizer set. Therefore, eqdim(C,,[H;]7™!) < n.

Now suppose that D is not minimal. Then there exists a vertex x € D such
that D' = D\ {x} is also a distance-equalizer set of C,[H;|}. Without loss of
generality, assume that x = v; and D’ = D ~ {v;}. Now consider the edges
e;—1 = v;_1v; and e; = v;v;41, together with the attached graphs H; ; and H;.
Choose vertices u € V(H;_1) and v € V(H;). For any vertex w € D' = D\
{vi}, the distances satisfy dc, 7,12 (w, u) = min{dc, (w,v;-1), dc, (w,v;)} + 1, and
de, ) (w,v) = min{dc, (w, v;), de, (w, vi11) }+1. Since n is odd, a shortest path
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from w to v; is unique, so exactly one of v;_; and v;;; lies on that path. Without
loss of generality, assume that v;_; lies on this path. Thus, dc,(m»(w,u) =
de, e (w,vio1) + 1 and de, e (w,v) = de,mp (w,v;) + 1. Hence, no vertex
in D' equalizes u and v. This contradicts the assumption that D’ is a distance-
equalizer set. Hence D is minimal.

Case 2: n is even.

Let A = {v;,vy...on} C V(C,) and B = {w) € V(H;) : 1 < i < 5} be the
set of all fixed vertices from each H;. Let D = AU B. We claim that D is a
distance-equalizer set for C,,[H;|}T. Let x,y € V(C,,[H;]7) ~ D. Then we have the
following cases.

Case 2.1: z,y € V(H,).
Without loss of generality, assume that H; corresponds to the edge e; = v;v;11.
For 1 < < %, either v; or v;41 (one of the endpoints of the edge e;) will equalize
x and y.

For 5 +1 < 7 < n, consider the antipodal edge e; of ¢; in C,. Let Hy
be the graph corresponding to the edge e;. Clearly x and y are equalized by
w?, eDn V(HZ/)

Case 2.2: z € V(H;) and y € V(H;),i # j.

Without loss of generality, assume ¢ < j.

Case 2.2.1: j =1+ 1.
For 2 < j < 7, the vertices x and y are equalized by v; € AN D.

For § +1 < j < n, consider the antipodal vertex vy of v; in C,,. Since v; ¢ D,
its corresponding antipodal vertex vy € D. Hence x and y are equalized by v;.

Case 2.2.2: j > i+ 2.
Let P be a shortest path between = and y in C,[H];".
If de,(my,m (7, y) is even, then P has odd number of vertices and there exists

a central vertex vy € D such that de, g, (x,v) = dey(mm (Y, v¢) = w

Hence z and y are equalized by v;. If v; ¢ D, then consider the antipodal vertex
vy of vy Since v, € D, its corresponding antipodal vertex vy € D. Thus, z and
y are equalized by vy .

If de,my,m (2, y) is odd, then P has an even number of vertices and there exists
a central edge e; such that w) € DNV (H;) equalizes z and y. If w) ¢ DNV (H,),
then consider the antipodal edge ey of e; such that wg, € DNV(H,) equalizes =
and y.

Case 2.3: z € V(C,)\ Aand y € V(H;) \ B.
The proof is similar to that of case 2.2.2.

It follows that D is a distance-equalizer set and D C AU B. Further, |D| <
|A| + | B| = n. Therefore, eqdim(C,[H,]?™") < n.

Now suppose that D is not minimal. Then there exists a vertex x € D such
that D" = D\ {z} is a distance-equalizer of C,,[H];"™. If z = v;,2 <i < §—1, then
consider the edges e; 1 = v;_1v; and e; = v;v;,1. Let H; 1 and H; be the graphs
corresponding to the edges e; 1 and e; respectively. Choose vertices a € V(H;_1)
and b € V(H;). Let vy be the antipodal vertex of v;. Since both v;, vy ¢ D', a and
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b are not equalized by D'. If z = w) € V(H;) for some 7, then consider the edge e;
and its antipodal edge ey. Then, for any a,b € V(Hy), no vertex of D" equalizes
a and b. This contradicts the assumption that D’ is the distance-equalizer set.
Hence D is minimal. 0

Theorem 2.10. Let K,,, be a complete bipartite graph of order m,n > 3 and
size mn. Let Hy,Hs ... H,,, be mn simple graphs of orders at least two. Then
eqdim(K,, ,[H; 1) = min{m,n}.

Proof. Let X = {aj,as...a,}and Y = {by,by...b,} be the partite sets of K, .
Without loss of generality, assume m < n. Let H;; be the graph corresponding
to the edge €;; = a;b;, 1 < i < m, 1 < j < n. Weclaim that D = X is a
distance-equalizer set for K, ,[H;|T"". Let x,y € V(K ,[H;|"") ~ D. Then we
have the following cases.

Case 1: z,y €Y.
For any ap € X, dx,, gy (v,ar) = dg,, (e (y,ax) = 1, since K, is a
complete bipartite graph. Thus, a serves as an equalizer for the pair (z,y).

Case 2: z,y € V(H;;) for some ¢, j.
Since a; € X, de,n[HiH”"(xv ai) = de,n[HiHrm (y, ai) = 1.

Case 3: x € Y and y € V(H,;).
Since a; € X, dg,, gy (T, a;) = dg,, e (y,a;) = 1. Clearly z and y are
equalized by a;.

Case 4: v € V(H;;) and y € V(Hyjr).

Case 4.1: i =i (same a;).
Since a; € A, dx,, ,im,m (7, ;) = d,, (7 (y, ;) = 1. Hence a; equalizes x and
Y.

Case 4.2: j = j' (same b;).

Choose a, with k # ¢ and k # i'. Then dg,, ,(gjm (2, ar) = dx,, ,(mym (2, b;) +

i (e (bgy a) = 2 and dic,, (e (Y, k) = dicy o w1y (Y5 07) im0, an) =
2. Hence a; equalizes x and y. Note that the existence of a; is guaranteed be-
cause |X| > 3. If & = i, a; does not equalize z and y as d(a;,z) = 1 and
d(a;,y) = d(a;,b;) + d(bj,y) = 2. A similar argument holds if k = 7'.

Case 4.3: i #i' and j # j'.
Choose a, with k # 4 and k # i'. Then dg,, (g jm (2, ar) = dx,, ,myme (2, b5) +
Ak (i pn (bjs @) = 2 and di,,, (11770 (Y ak) = dic,, (w7 (Y, 05) iy gy (b5, ar) =
2. Hence x and y are equalized by ay.

In all cases, there exists w € D with dg,, (g (2, w) = dg,, .m0 (Y, w).
Thus, D = X is a distance-equalizer set of cardinality m.

On the other hand, suppose that D’ is a distance-equalizer set with |D'| < m <
n. Then there exists a; € X ~ D’. Consider the pair a; and b;. Both are not in
D'. For any w € D', we have the following.

If we X, then de’n[HiHm (ai,w) = de,n[Hz'H"" (ai, b]) + de,n[Hi]{nn(bj,w) =2
and de,n[Hi]Tn (bj,w) = 1.
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If weY, then dg,, gy (a;, w) = 1 and dg,, (g, (bj, w) = 2 (if w # b;) or
de,n[HiHnn(bj7 w) = 0 (lf w = bj, but bj ¢ D/)

If w € V(H;) for some i, then dg,, (g, (a5, w) = 1 and dk,, ,,(mg)me (ar, w) =
Ak o) (ks 05) + dic,, a1 (b, w) = 2, for i # k.

In all subcases, dg,, (g, (ai, w) # dg,, (e (b, w) for any w € D', con-

tradicting that D’ is a minimum distance-equalizer set for K, ,[H;|7"". Hence,
eqdim(K,, ,[H;]7"") > m. This completes the proof of the lower bound. O]

3. CONCLUSION

Summing up, the results establish the behavior of distance-equalizer sets in gen-
eralized edge corona products, with bounds and exact values identified for several
important graph families. This study enhances the understanding of resolvability
parameters in complex graph constructions. As a future direction, ongoing work
focuses on extending these techniques to generalized corona products, which are
expected to reveal further structural insights into equidistant dimension.
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