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COLLOCATION SCHEME FOR 2D-VIES WITH TWO
CONSTANT DELAYS

CHAFIKA SEKHANE!, HAFIDA LAIB?** and FOUZIA BIREM?

ABSTRACT. This paper presents a numerical approach for solving linear two-
dimensional Volterra integral equations (2D-VIEs) with two distinct time de-
lays using the Taylor collocation method. The method approximates the un-
known function by Taylor polynomials and enforces the integral equation at
selected collocation points, which can be efficiently solved. A convergence anal-
ysis is provided to establish the accuracy and stability of the proposed algo-
rithm. Several numerical examples are included to demonstrate the method’s
effectiveness in handling problems with multiple delays and smooth kernels.
The results show that the Taylor collocation technique achieves high precision
at minimal computational cost.
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1. INTRODUCTION AND PRELIMINARIES

Volterra integral equations with several distinct time delays present substantial
analytical difficulties and arise in numerous scientific and engineering contexts.
Such equations serve as effective models for processes in control theory, biology,
physics, and population dynamics [1, 4, 7, 10, 12, 13, 14, 15, 16, 17]. Their for-
mulation naturally incorporates memory effects and delayed responses, allowing
the description of systems whose present state depends essentially on their past
evolution.

In particular, two-dimensional Volterra integral equations with double delays
provide enhanced flexibility by coupling temporal and spatial variables. This
structure enables the modeling of complex mechanisms such as age-structured
populations, hereditary diffusion, and delayed feedback processes.

Applications of delay-type Volterra equations extend further to control sys-
tems [3], biological and ecological modeling [5, 7], diffusion and physical pro-
cesses [0, 13], and population dynamics [1, 11]. Correspondingly, a substantial
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body of work has addressed their analytical and numerical properties. Kha-
jehnasiri et al. [11] employed wavelet techniques for delay Volterra-Hammerstein
equations; Mansouri and Azimzadeh [13] developed spectral methods for frac-
tional delay integro-differential equations; Laib et al. [12] proposed a Taylor-
based collocation scheme for systems with delays; Efut et al. [9] developed a ro-
bust iterative method for nonlinear Volterra delay integro-differential equations.
Bouzeraieb et al. [3] studied one-dimensional double-delay integral equations via
the Taylor collocation method; and high-dimensional extensions have been con-
sidered through efficient collocation algorithms in [2]. Despite these contributions,
the numerical treatment of two-dimensional Volterra integral equations with mul-
tiple delays remains comparatively limited, which motivates the present work.

This study examines the two-dimensional Volterra integral equation character-
ized by two distinct delays, expressed as follows:

t—0,
wt) =gt + [ Kpulsnds, () € BT x 0.V (L)
t—02
subject to the initial condition

u(t,y) =9t y),  (Ly) €10,6;) < [0,Y], (1.2)

where 0 < #; < 6, are two constant delays. We assume that g and K are suffi-
ciently smooth to ensure the method’s applicability. An iterative computational
scheme is developed based on the Taylor collocation principle, and a rigorous
convergence analysis is provided to confirm the method’s reliability.

The structure of the paper is as follows. Section 2 describes the implementation
of the Taylor collocation method for the problem under consideration. Section 3
presents the convergence and error analyses. Section 4 reports several computa-
tional examples validating the precision and performance of the proposed method.
The final section recapitulates the principal outcomes and identifies potential av-
enues for further investigation.

2. FORMULATION OF THE TAYLOR COLLOCATION METHOD

We consider a linear two-dimensional Volterra integral equation with two con-
stant delays 6, 6 of the form:

) =gt + [ K ole.nds, (0) € 0uT)x0Y] (21

and u(t,y) = ¢(t,y) for (¢t,y) € [0,02[x[0,Y], where the functions g and K are
given (real-valued) continuous functions defined, respectively, on D = [0,T] X
0, Y]CR?and S = {(t,y,5): 0<s<t<T,0<y<Y}

According to the classical theory of Volterra integral equations, problem (2.1)
admits a unique solution u € C(D).

We suppose that T'= (r 4+ 1)6, , where r € {1,2,3...}.

Let us introduce the collection of temporal nodes

Hm:{téz(i+1)02+nh:0§n§m,()Sz'gr_l}7
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which provides a uniform discretization of the interval [fy, T]. The mesh width
satisfies

) , 0, 0,
h=ti  —t h=— =2
n+1 no ml m’
where 91; and D1 are positive integers. Similarly, we define the spatial partition
. 4 Y
Iy ={y; =Jjk:0<j <M}, k’:ﬁ>

which is a uniform subdivision of the interval [0, Y].
Taking the Cartesian product of these two grids yields a rectangular mesh over
the domain D,

Hyon = oy x Mo = { (¢4, 4m) :0<n <N, 0<i<r—1,0<m<M}.
The temporal and spatial subintervals are defined as
o, = [t triL+1>7 n=0,...,9-2, o1 = [tnt, tal;
Om = [Ymy Ym+1), m=0,... .0 —2, -1 = [yon—1, Yoml,
and each rectangular mesh cell takes the form
D} .. =0} X 6, 0<n<MN-1,0<i<r—1,0<m<M—1.

Let m,_; denote the set of all bivariate real polynomials in (¢,y) of total degree
at most p — 1. We then introduce the piecewise polynomial space

S;:?(Hm,m) = {U DUy =

(2.2)
Functions in this space are bivariate polynomial splines of degree at most p—1 in
both variables. The dimension of SI(,:P(Hm,sm) is 7 MM p?, which coincides with
the total number of coefficients of the local polynomials v , . These coefficients
are obtained by applying Taylor expansions within each reétangular cell.

2.1. Approximate solution in the rectangles Dg,m. First, to approximate u
by v, ,,, in the rectangles D)) . forn € {0,...,M—1} andm € {0,...,M—1}, the
function v must be successively approximated by U%m for all 0 < £ < n in each
subdomain D, .. For n = 0, we set vg,, = u. Accordingly, the approximation

takes the form

p—1 i-+j 70 0
1 000 () ym) , .
0 n,m\"n? 0\% 0
Ly) =) m t— 1)y —yn), (t,y)e D’ . (2.3

where 2727,” denotes the exact solution of the corresponding integral equation.

t—01
80 (ty) = glt.y) + / Ky, 5)o(s,y)ds, nef0,... .M —1}  (2.4)
t—05

Di, € Mp-1, 0 SN <M1, 0 <i <r—1, ogmggm_l},
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and
0> n—9N—1 €+1
0ty =gty)+ [ Kty s)o(s,y)ds + Z / K(t,y,s)v),,(s,y)ds
t_
t—601
+ K(t,y, $)vp_gym(s,y)ds, ne{My,...,N—1}
t%—@l

(2.5)
For each n € {0,...,91; — 1}, equation (2.4) is differentiated j times with respect
to y and i times with respect to ¢, yielding
5i+j{)g m(t7 y) A (i oiti t—01

P thnlt) _ o504y 4 2

ot oy’ ot' 0y’

For each n € {My,..., 91— 1}, equation (2.5) is differentiated j times with respect
to y and i times with respect to ¢, which yields

K(t,y,s)o(s,y) ds} . (2.6)

t—02

W — 099D g(t, ) + atii;;j { :0 K(t,y,s)o(s,y) ds]
e=0 =0 €
CEES () () At -] Sl
+g ;> /tt_: 00y VK t,y. 8)%2_953’,7(8’” ds. (2.7)

2.2. Approximate solution in the rectangles Di,m- Second, to approximate

u by vnm in the rectangles Dnm ,n e {0,.... M —1},m € {0,...,9% — 1},
dedl,. — 1}, u must be approximated by v . (0 < k < d) in each rectangle
Dy ... such that

p—1 i+ d
19 od (t ,ym) ; ,

i+j=0
where 0 is the exact solution of integral equation
tti 1
~d n+1
Onm(t:9) = 9(t,y) + K(t,y, 5)vn (s, y)ds
t—05

e=n—+1 €
t—01

+ K (t,y, $)05 g, 4nm(S:9)ds,  n€{0,..., 0 —1},
t,,dl—el

(2.9)
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and

t—0,
+/ K(t7y7 S)sz‘ﬁl,m(suy)d& nec {mlw'wm— 1}
t
(2.10)

For n € {0,...,9% — 1}, we differentiate equation (2.9) j times with respect to y
and ¢ times with respect to t, we obtain

e = 010y g (b, )

ot 0y7
J i1 p . Y A1, d—1
J M o* i—1— i— 0 U'n,,m (t - 027 y)

a Z Z (l) ()\) DA [8} ' u)aéj Z)K(tvyat —0s) 000

1=0 p=0 A=0 Y

J : e Olvd—1(g
+ ‘;)/ " 3%1)3§J_Z)K(t,y, S)—ngg ’y)ds

1=0 t—05 y

tdfl

J . l,,d—1
J @) q(i-1) 8v€,m (s,9)
+ E E (l) /td_l 0,"” 05’ K(t’y’5>a—yzd5

e=n—+1 =0 €
e (] A A+l d—1 9
J\ (1) O [ (i—1—p) A(G—1) } 0 Um-m1+n,m(t LY)
0 0 VK(t,y,t—0

+ -~ “OAZ:; (Z) ()\) Oth—A 1 2 ( ' Yy 1) at/\ayl

J . t—601 . 8lvd‘1 (S )

J i) (i1 Mty +n,m (S5 Y

+ (l) /td 9 0V (t,y, s) a+yl ds. (2.11)

=0 n V1
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9i+ipd
Forn € {My,...,M—1}, to find W;Jm’ we differentiate equation (2.10) j times
0y
with respect to y and ¢ times with respect to t, we obtain
0 (1Y)
’ = 0,0 9(t.)

ooy

B lzi; MZAZ: <?) (i) 5;_1 [af"‘l—u)agj‘”f( (t,y,t — 6,) awggffgy_l )

' Z ‘ﬁ) / oYK 1y, s>—8l”g§y(zs’ Vs

: :;11 g (3) /f 00y VK (t,y, s) —alvg’gl;(ls—’ 2p

. i Z (5) / " oAy s>—alvg’§y(zs’ Das

: ZZ ;0 () () s o0 st = 0 8”[“52;%(;‘ )

+ i (?) /t:_: OOV VK (t,y, s)alvg“"gﬁ(s’y)ds. (2.12)
=0 n— Y1

3. THEORETICAL CONVERGENCE RESULTS

In order to establish the convergence of the proposed Taylor collocation scheme,
we recall several auxiliary inequalities.

Lemma 3.1 (Taylor’s theorem for two variables). Let g be m times continuously
differentiable on D = I x J and let (so,to) € D. Then for all (s,t) € D,

m—1

1 0°Tbg(sg,t u 1 0°tbg(sy,t a
9.0 = D asa(a?fb 2 (550 (-t + 2. ﬁ#“_s‘)) (t=to)".

a+b=0 a+b=m
for suitable (s1,t1) on the segment joining (so,to) and (s,t).

Lemma 3.2 (Discrete Gronwall inequality [1]). Let {€,} be a non-negative se-
quence such that

m—1
€m < Qo+zk5i€z‘, m > 1,
=0

with 09 > 0, k; > 0. Then

m—1
S 32 e
=0
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We consider the space L>°(D) with the norm
[l oo (py = inf {c € R: [¢p(t, s)] < ¢ for ae. (¢,5) € D} < oo.

We now state a useful lemma required to establish the convergence of the proposed
method.

Lemma 3.3. Assume that the functions g and K possess continuous derivatives
up to order p on their corresponding domains. Then there exists a constant vy(p) >
0 such that, for every 0 <n <N —1, 0 < m <M — 1, and for all integers i, j
satisfying 0 < i+ 7 < p, we have

where the initialization on the first layer is given by 07, (t,y) = u(t,y) for all
(t,y) € DG -

itjad
0 (g,

D60y <(p),

Loo(Dd

n,m)

Proof. Set
ool

it+jd _
oti0yJ

n,m

L>(Dg )

The argument is established in two steps.

Step 1. Case i+ 7 =0, m=0,..., 91— 1. From (2.4), it follows that, for every
n:(),...,‘ﬂl—l,

apto? < ey,
For n = 9,...,9 — 1, relation (2.5) gives

n—‘ﬂl—l pfl

t0+1 p—1
0-40,0 T 9400
Uy < €1+ C2 E E /O ag " ds + co g
t

e=0 Y+0=0" "¢ Y+0=0

t—601 9
+o,0
/ A sty m AS.

0
n_el

Nowleti+j=1,....p—land m=0,..., 99— 1. From (2.6), we have for all
n:(),...,‘)’tl—l,

45,0
Ay < C1e
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The constants above are defined by

1= mas { 1080080+ s [ 500 51006,0) ) Hm}’

j\1 1 (1) (G -1) 9 L
CQZmaX{<l)@(Q_Z)[”81 62] K(t7y7 S)(S—t%) (y_ym)g ||L°°(D) ’

B AYAL 1 oA §li=1=m) gli=1) _ L el
o { () (8) sl e ol

where ¢y, o, c3 > 0 are independent of 91 and 9.

Combining the above estimates, for all i 4+ 35 =0,...,p—1, n =0,..., 91— 1,
m=20,...,9 — 1, we obtain

p n—1 p—1
Yooait <alp+ 1) +olp+1)phYy | Y alied (3.1)
i+5=0 €=0 9+0=0
Letting s, = >V . a0, we deduce

n—1
sn<c(p+1)*+calp+ 1)2phz Se.

By Lemma 3.2, this yields

n—1
sn < c1(p+1)%exp (Z c2(p+ 1)2ph> :

and hence o
CLZJ,FT{ZO <c(p+1)exp (02(]9 + 1)22992) =: 7(p).
Step 2. Leti+j=0,m=0,... M —1,andd=1,...,r—1. From (2.9), for all
n=20,...,97 — 1, we obtain
N-N1+n—1 p—1

Pl =0, te
O-H) d § : I+p0,d—1 § : E : 9+p0,d—1
nm <ca+e /dl an,m d$—|—62 /dl Gem ds
_ 1=

40=0" tnt1 e=n+1 ¥4+p=0

p—1 t—0,
Y+p,d—1
+ ¢y E /d ANy +n.m ds.
9+0=0 th—01

From (2.10), for all n =9y,..., 91— 1,

0+0d<c+622/ g e 1d3+022 Z/ g o1 g
d—1 d—1 &m

¥+0=0 |2 e=n+19+40=0
n—9M—-1 p—1 4, p—1
79+9,d 19+9,
w3 Y [Caae X[
e=0  9+0=0 940=0
Define
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Fd—max{a’ﬂd. 1+7=0,....,p, m=0,....,9M—1, nzO,...,‘ﬁ—l},d:O,...

Fori+j=1,....p—1,m=0,..., M -1, andd=1,...,r — 1, relation (2.11)
gives, for alln =0,...,91 — 1,
N-M; +n—1 p-1

1+]d<01+(03p +02phzrd 1 + caph Z Zrdl

I+0=0 e=n+1 9+p=0
<1+ (ep’0s + c3p’h + cop®h) Ty
For n =9,...,91 — 1, relation (2.12) yields

n—1 p—1
afj%’d <+ (02]9392 + csp°h + cop h Lg_1+ cgphZ Z a“@’ _
e=0 9+p=0
As in Step 1, define s, =>°7 ., abttd Then, for alln =0,...,91— 1,
n—1
Sy < cq+c5ly_1 + cgh Z Se, (3.2)
e=0

where
a=cap+1)?’ 5= (cp’+csp’h+ p’h) (p+ 1), g =cpp+1)°
Applying Lemma 3.2 to (3.2), we obtain

sn < (s + csPa_1) exp(ceba).

Therefore,
d—1

I'q < C7+CSZF67
e=0
where ¢; = ¢4 exp(cgls) and cg = c5 exp(cghs).
Applying Lemma 3.2 once more gives

apt?? < Ty < crexp(csd) =: 72(p).

Finally, by defining v(p) = max{v1(p),v2(p)}, the proof of Lemma 3.3 is con-
cluded.
0

The next theorem proves the convergence of the proposed method.

Theorem 3.4. Suppose that the functions g and K have continuous derivatives
up to order p on their corresponding domains. Then, the discrete problem gener-
ated by (2.3) and (2.8) has a unique solution

v E S 1 (Hm gm)
Moreover, if the error is defined by e(t,y) = u(t,y) — v(t,y), then
lell oy < O+ Y,
where C' > 0 s independent of the mesh sizes h and k.
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Proof. Define the local error on each subdomain fo’m by
eim(t, y) = u(t,y)—vim(t,y), n=0,.... M1, m=0,... M-1,d=0,...,r
The proof is divided into two steps. Step 1. We show that there exists a constant
C: > 0, independent of h and k, such that

e mllzee g,y < Ci(h+ k)P.

Let (t,y) € D°,  withn =0,....,.9 —1and m = 0,..., 91 — 1. Using

Lemma 3.1, we obtain
1 ai+j,[)0
0 %
e < E — h'k?,
t+)=p
where ¢, = u and, for n # 0,

t—601
80 (ty) = glt.y) + / K(ty. s) 6(s, ) ds.
t—05

By Lemma 3.3, it follows that

ME A

€0l < 4p) S B _ 2D, e, (3.3)
o2, ! p!
C

For n = 91,...,9 — 1, relation (2.5) yields
n—1—1

ult,y) — o5 Z /EHKHJ; u(s,y) = v (s,y)) ds

t91

+ 0 K(t>yv )( (S?y) _Ug—‘ﬁl,m(svy>) ds.
-6,
Hence,
n—1
u(t,y) = 00, (L) < 20K Y el llpemo,.),
e=0

where K = || K ||p(p). Therefore,

[ = vl < M= 05 |+ 10— v

n—1
- p
< QhKZ ||68,m||L°0(D27m) + %(h —+ k)p
e=0 ’

Applying Lemma 3.2, we obtain

n—1
||62L,m||L°°(D9L’m)§ ()(h-i—k exp(ZQhK)

|
p: e=0

% exp(20.K)(h + k).

(&

-~

Cy
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Step 2. We now prove that there exists a constant Cy > 0, independent of h and
k, such that

e llzoe(p ) < Colh + k)P, d=1,...,r—1.
Let
led|| = maX{Hei’mHLoo(D;iL’m) :n=0,...,M1, m=0,..., M1}, d=0,...,r—1,
and fix (t,y) € D¢ ..
For n=0,...,9% — 1, using (2.9) we have

td—l

- _ [k a1 d
u(tvy> Un,m(tay) - (t7y73) (U(S,y) Un,m<87y)) S
t—0o
N—MN1+n—1 ted-;ll
+ ) K(t,y,s)(u(s,y) — v} (s,y)) ds
td_l
e=n+1 €
t—01
+ ) K(t,y,s) (u(s, y) — v§11511+n7m(s, y)) ds,
tn—91
which yields o
u(t,y) — o, ()] < 30, K [le?]]. (3.4)
For n.=9,...,97M — 1, relation (2.10) gives
¥ byt i
u(tv y) ~ Unm (tv y) = K(tv Y, S) (U(S, y) ~ Unm (57 y)) ds
t—05
nl ted-ﬁl
_d-1
+ 6;1 /t;“ K(t,y,s) (u(s, Y) Ve m (s, y)) ds

+ Z / K(t,y,s)(u(s,y) — vim(s,y)) ds

e=0 tg
t—01
+ ) K(t,y, s)(u(s,y) — vff_mhm(s, y)) ds,
tn‘791
implying
n—1
u(t,y) — 0L, (L) 202K [le® ] + hE > [led, |l (3.5)
e=0

Combining (3.4) and (3.5), for alln =0,...,9 -1,
om

||U - Ug,mH S ||U - ?}Z,mH + ||@g,m - Un,m

n—1
< BT+ T Y e+ 2E by
e=0 ’
Applying Lemma 3.2, we obtain

o= vl < (26K 1+ T 00+ ) expl6ar),
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which implies

d—1
el < M2 D [lel| + Ao(h+ k),
e=0
where
A= ZKGXP(QQF% Ap = M eXp(QQX).

p!
Applying Lemma 3.2 once again yields
led]] < Ag(h + k)P exp(MT),
and consequently,
e llopa ) < Aaexp(MT)(h+ k)P,
’ —_———
Ca

for all n, m,d. This completes Step 2 and thus the proof of the theorem. O

4. COMPUTATIONAL EXPERIMENTS

In this section, we present two test problems to illustrate the performance of
the proposed Taylor collocation method.

Example 4.1. The problem under consideration is a linear 2D Volterra integral
equation of the form

u(t,y) = g(t,y) +/

t—0.5

t—0.1
(s +yt*) u(s, y) ds,

for (t,y) € [,3] x [0,1]. The function g is chosen such that the exact solution
is given by u(t,y) = ysin(¢), while on the initial interval [0,1] x [0,1] we set
u(t,y) = ®(t,y). We apply the Taylor collocation method to this equation.
Table 1 reports the absolute errors at selected points for polynomial degrees
p = 3 and p = 6, using the mesh parameters 91 = 9 = 10. The corresponding

absolute error surfaces are depicted in Figure 1.

TABLE 1. Absolute errors for (9, 9M) = (10, 10) of Example 4.1

(t.y) p=3 p=6

(0.5, 0.0) 0 0

(0.6, 0.2) | 3.65 x 10711 | 4.38 x 1071
(0.7,0.4) | 1.13 x 1077 | 6.44 x 10713
(0.8, 0.6) | 4.24 x 1077 | 1.87 x 1071
(0.9,0.8) | 1.18 x 107 | 3.40 x 1071°
(1.1,0.2) | 3.84 x 1077 | 1.34 x 10710
(1.2,0.4) | 1.36 x 1076 | 1.54 x 10710
(1.3, 0.6) | 4.00 x 1076 | 2.23 x 10710
(1.4,0.8) | 1.16 x 107 | 2.62 x 107°
(1.5, 1.0) | 5.10 x 107* | 2.19 x 107°
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1y 1075

i
0.00075 75% 10-™

0.00050 5% 10-™

0000257 2.5% 1077

o
1.5

in

(a) Error surface for p =3 (b) Error surface for p =6

FiGURE 1. Absolute error plots for Example 4.1

Example 4.2. Let us consider the following linear 2D VIE.

t—0.1

ulty) = glt,y) + / (85 + ¥ + 5) uls, y) ds,
t—0.25

for (¢,y) € [3,1] x [0,1]. The function g is selected such that the exact solution
is u(t,y) = e"*¥. On the initial interval [0, 7] x [0, 1], the solution is prescribed
by u(t,y) = B(t,y).

We apply the Taylor collocation method to this equation. Table 2 lists the
absolute errors at selected points for polynomial degrees p = 3 and p = 6 on a
uniform mesh with 91 = 9t = 10. The corresponding error surfaces are displayed
in Figure 2.

TABLE 2. Absolute errors for (91, 91) = (10, 10) of Example 4.2

( ) 2.87 x 10710 [ 1.38 x 10719
( )| 5.80 x 10711 | 4.68 x 1010
( )1 9.93 x 10710 | 2.69 x 10710
( )| 1.84 x 1077 | 6.50 x 10710
(0.60, 0.4) | 4.88 x 107 | 2.04 x 1010
( )
( )
( )
( )
( )

1.40 x 1079 | 5.60 x 107
3.74 x 1077 | 6.85 x 10710
6.01 x 1077 | 4.74 x 10719
1.62 x 1076 | 7.53 x 1071
2.73 x 1075 | 8.64 x 10710
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00000 1007

00000050

00000025+

(a) Error surface for p =3 (b) Error surface for p =6

F1GURE 2. Absolute error plots for Example 4.2

5. CONCLUSION

In this work, the Taylor collocation method was successfully extended to the
numerical solution of linear 2D VIEs with two distinct delays. The method con-
structs local polynomial approximations of the unknown function on each sub-
domain and enforces the integral equation at collocation points, which leads to
a solvable algebraic system. Theoretical analysis confirms the convergence and
stability of the scheme under natural smoothness conditions on the data. Numer-
ical experiments demonstrate that the method is accurate and efficient. Owing
to its simplicity, the approach can be adapted to more complex delayed models,
including nonlinear or higher-dimensional cases.
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