Gulf Journal of Mathematics ISSN: 2309-4966
Vol 23, Issue 1 (2026) 1-24 https://doi.org/10.56947 /hm94w579

NORMALIZED B-SPLINE CONSTRUCTION FOR SMOOTH
SPLINES AND QUASI-INTERPOLATION

AFAF RAHOUTI'* and ABDELHAFID SERGHINI?

ABSTRACT. In this paper, we introduce a general framework for constructing
univariate spline spaces defined on refined non-uniform partitions with variable
knot insertion. The proposed approach is developed for spline spaces charac-
terized by a prescribed level of smoothness and a corresponding range of poly-
nomial degrees. Within this setting, we establish suitable continuity conditions
at the inserted knots and develop a fully local Hermite interpolation scheme.
We then construct a normalized B-spline-type basis consisting of non-negative,
compactly supported functions that form a partition of unity. By means of blos-
soming techniques, we derive adapted B-spline-type representations and design
quasi-interpolants exhibiting superconvergence properties. The proposed op-
erators provide high-order accuracy for approximation on non-uniform meshes,
as confirmed by theoretical analysis and numerical experiments.
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1. INTRODUCTION

Spline quasi-interpolants are widely used in approximation theory and scientific
computing because of their local character, simplicity, and low computational
cost. In contrast to classical interpolation techniques, their construction does
not require solving global linear systems, which makes them particularly suitable
for practical applications. Their performance, however, depends strongly on the
choice of the underlying basis functions. For stability and efficient local control,
these functions are generally required to be non-negative, compactly supported,
and to form a partition of unity. Classical B-splines satisfy these fundamental
properties and are therefore commonly adopted as normalized bases in spline
theory. Nevertheless, when higher smoothness is enforced or additional knots
are introduced, the induced refinements often lead to non-uniform partitions,
which may reduce the effectiveness of standard B-spline constructions in fully
local settings or in the design of accurate quasi-interpolants.
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To overcome these limitations, several approaches have been proposed. Schu-
maker [10] introduced a C' convex interpolation scheme based on quadratic
splines enriched by inserting an additional knot in each subinterval, illustrating
how knot insertion can be used to incorporate Hermite-type data. Other related
constructions have been investigated, although they do not always preserve key
properties such as non-negativity or the partition of unity. Hermite spline in-
terpolation has also been extensively studied within the classical framework of

B-splines and uniform partitions (see, e.g., [1, 11, (]), with particular attention
devoted to specific cases such as cubic Hermite splines [2, 3]. More recently, Bar-
rera et al. [1] proposed a geometric construction based on the Bernstein—Bézier

representation, inspired by Powell-Sabin and Clough—Tocher refinements. Their
method relies on inserting a single interior point in each subinterval, leading to
a uniform subdivision into two micro-intervals and allowing the construction of
normalized B-spline bases of degrees 2k and 2k + 1 with C* smoothness. How-
ever, this approach remains limited to a fixed refinement pattern and does not
naturally extend to general non-uniform partitions or to a broader range of spline
degrees.

In this paper, we develop a general framework for constructing normalized
spline bases over arbitrarily refined non-uniform partitions. More precisely, in
each interval [x;, x;41], we allow the insertion of L — 1 interior knots, where L > 2
may vary from one subinterval to another. This flexibility enables the definition
of spline spaces adapted to local approximation requirements and significantly
generalizes the classical uniform setting. Within this framework, we consider
spline functions of global smoothness C* and degree 2k +1 — 35 (j = 1,...,k),
thereby extending the classical case where only the degree 2k + 1 is usually con-
sidered. An intermediate smoothness CM, with k < M < 2k — j, is imposed at
the inserted knots, ensuring that the associated Hermite interpolation problem is
well-posed and admits a local formulation.

We then study the Hermite interpolation problem defined by prescribing func-
tion values and derivatives up to order k at the initial partition knots. A fully
local construction is proposed to obtain Hermite interpolants in spline spaces of
degree 2k + 1 — j, taking advantage of the refined non-uniform structure and the
imposed continuity conditions. This approach applies to the entire family of ad-
missible degrees and to general non-uniform refinements, thus extending classical
results that are restricted to uniform partitions and to the degree 2k + 1.

Building on our previous works [7, 8], where normalized B-spline bases were
constructed in specific cases (namely C! quadratic and C? cubic splines), we ex-
tend these results to the general family of degrees 2k +1 — 5 for £ > 1. The
proposed construction combines local Hermite-type arguments with Bernstein—
Bézier techniques, leading to B-spline-type representations for piecewise polyno-
mials with arbitrary C* smoothness. Moreover, an explicit Marsden identity is
derived in the context of refined non-uniform partitions.

Finally, we construct discrete quasi-interpolants exhibiting superconvergence
properties. For spline spaces of degree m > 2k + 1 — j, the proposed oper-
ators achieve an approximation order of m + 1 at the initial knots, while the
approximation of the r-th derivative, for 1 < r < k, is of order m — r 4+ 1. These
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results demonstrate the effectiveness of the proposed framework for high-accuracy
numerical approximation, particularly in applications involving differential and
integral equations.

The paper is organized as follows. Section 2 introduces the family of spline
spaces defined on refined partitions. Section 3 is devoted to the construction of
normalized B-spline bases. In Section 4, we derive a B-spline-type representa-
tion of the Hermite interpolant. Section 5 presents the construction of quasi-
interpolants, while Section 6 is dedicated to the corresponding error estimates.

2. A SET OF SMOOTH SPLINE SPACES DEFINED ACROSS THE PARTITION TL

2.1. Finite element of class C*. Let 7 denote a non-uniform partition of the
interval I := [a, b],
Ti=(a=x9 <11 <---<xp =0),

where h; = x;,1 — x; denotes the length of the subinterval [z;, z;,1]. We assume
that the values of a function f and of its derivatives up to order k are prescribed
at the knots x;, 1 =0,...,n.

Our objective is to construct a C* spline of degree 2k +1 —j (1 < j < k)
over the partition 7 and to derive its local representation on each subinterval
[z;, x;11]. The local construction is based on the values of f and its derivatives at
the endpoints x; and x; 1. Since these data alone are not sufficient to uniquely
determine a polynomial of degree 2k + 1 — j on [x;, z;11], the local representation
must be defined in a piecewise polynomial setting.

To this end, the partition 7 is refined by inserting additional knots inside each
interval (x;, z;,1) and by imposing a higher smoothness C™, with k¥ < M <
2k — 7, at the inserted knots. The resulting refined partition is denoted by 7.

More precisely, we introduce (L — 1) interior knots z; in [z, z;44], for s =
1,...,L—1and L € N, and define

T = (0 <X < -0 < Tipoq < Tig)

as a subdivision of [z;, z;41] into L subintervals. Let S; denote a spline of degree
2k +1—j and class C* defined on [z;, z;11]. At each inserted knot z; s, the spline
S; is assumed to satisfy C™ continuity, so that

Si€VmC P§k+1fj([xiaxi+1]a7—i,L>‘

Since the local spline §; is required to be fully determined by the data prescribed
at the endpoints x; and z;,, it must be uniquely specified by 2k + 2 degrees of
freedom. Consequently, the dimension of the space V), must satisfy

dimVy =L2k+2—j)—(L—-1)(M+1) =2k+2,
with M # 2k + 1 — j. This condition leads to
2k+1-M
L= . 2.1
2k+1-M—3 (2.1)

Hence, there exists a direct relationship between the imposed smoothness M at
the inserted knots and the number of knots introduced in each interval [z;, z;1].
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2.2. Hermite interpolation problem. In this paper, we focus on spline space
PX(I,7r), of any desired level of smoothness k& > 1 and

d=2k+1-—j.
We denote it by P%(1,77). For i =0,...,n—1and s =1,..., L — 1 define

_d-=M

d
Lemma 2.1. The intervals [wi{', wi,] are nonempty.

wi,l = — Tis—1 + Li.sy wi,Z . Ii75 + _d' xi75+1.

Proof. The difference gives

v it _ PRI M o M2kl
w2 Tl %k+1-j5 ° %k+1—j5
IM — 2k — 1+
($i,s+1—$z‘,s)( %+ 1—j )

If 7 =1, we obtain L = 2 where we insert a single knot that means we have just

the interval [w; ;, w},]. Else for j > 1, we obtain

% +1—j <2k < 2M. (2.2)
Using (2.2) and @, < @;.11 t0 obtain wfy > wii', O

Corollary 2.2. The number of B-coefficients in the Bernstein-Bézier represen-
tation of S on [wii', wi,] is 2(M — k) +j for j =2,... k.

For a given data f")(z;),4=0,...,n, 7 =0,...,k, the Hermite interpolation
problem seeks to determine a piecewise polynomial function S with C* continuity
and degree d, such that

ST (i) = £ (). (2.3)

Remark 2.3. For clarity, let k& be a non-negative integer. For an interval [wy, ws],
we define the segments J¢(w;) and J&(w,) as the sets of k + 1 Bézier points
having w; and ws as endpoints, respectively. More precisely, for i € {1, 2},
d—t t
& = ——w; + — ws_y, t:(),...,k}.

jkd(wi) = {ét d d

The points & are referred to as Bézier points. A B-coefficient associated with a
segment J2(w;) is a Bézier coefficient whose corresponding Bézier point lies in
that segment.

In the subsequent theorem, we will address the Hermite interpolation problem
(2.3) based on the number of knot insertions

To enhance clarity and readability, we begin by establishing that the problem
is well-posed. Indeed, the existence and uniqueness of the spline solution are
guaranteed by a dimension-counting argument, since the number of interpolation
conditions coincides with the dimension of the spline space, as indicated by re-
lation (2.1). It therefore remains to construct an explicit method for computing
the B-coefficients.



NORMALIZED B-SPLINES 5

Theorem 2.4. For any given values f™)(x;), withr =0,...,k andi=0,...,n,
there exists a unique spline S € PX(I,71) satisfying (2.3).

Proof. We provide a clear construction of the spline S(z) € PX(I,7;) that sat-
isfies (2.3) using its Bernstein-Bézier representation. To achieve this, we focus
on each sub-interval [x;, z;+1]. Within each of these sub-intervals, the spline can
be represented as the polynomial of degree d using the Bernstein-Bézier formula-
tion. Figure 1 illustrates the Bernstein-Bézier representation of the spline S on
[SUz', xz’ﬂ]-

We now show that the B-coefficients in the Bernstein-Bézier representation on
[x;, x;11] are uniquely determined by the interpolation conditions (2.3) and the
smoothness conditions CM at knot z;;. Based on the Bernstein-Bézier theory
and the C* smoothness at knots z; and 1, we can conclude that the derivatives
(2.3) at these knots uniquely determine the B-coefficients that correspond to the
Bézier points in the segments J&(z;) and J&(z;11). These segments have x; and
Zit1 as their endpoints in the intervals [z;, z;;] and [x;1,z;41], respectively. In
Figure 1, these Bézier points are denoted by red bullets (e).

x For L =2 :

Due to the CM smoothness at knot x;1, we can consider the B-coefficients of
S in the segment J¢,(z;1), having ;1 as endpoint in [z;,7;1] and [z;1, z;41] as
the B-coefficients (after subdivision) associated with a single polynomial p; o4 of
degree M defined on the interval [w];, w},] (see Figure 1).

M —k +j B-coefficients M —k+ J B-coefficients
1 1
S — e e _W;
wm { szZ
x; T51 Tit1
2k +2 — J B-coefficients 2k + 2 — j B-coefficients

FIGURE 1. Representation of the B-coefficients of S(x) € P5(I,75)
on [z, Tit1).

We observe that the B-coefficients related to the Bézier points in Ji{ ., (w} )
and jﬁf,ﬁjfl(wh), having w;, and w;, as endpoints in the intervals [w] |, z;1]
and [x; 1, w,}g], respectively, are already determined by our construction. By con-
sidering only the Bézier points in the interval [w;1, w;,], we have 2(M — k + j)
independent constraints that completely specify the polynomial p; o4 of degree
M, whose number of degrees of freedom is M + 1. These constraints can be ver-
ified in Figure 1 by examining the intersection of the red bullets and the bullets
in these intervals. Indeed, from (2.1), we have

2Zk+1-M _,
2k+1-M—j5 7
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Then 2k +1— M =22k +1 — M — j), which gives
M —2k+2j—1=0. (2.4)

Therefore 2(M — k+j) = M + 1.
* For L =3:

By the CM smoothness at knot x;1 (resp. x;2), we can regard the B-coefficients of
S in the segment J¢(z; 1), with ;; as an endpoint in both intervals [z;, z;1] and
[2i1,2i0) (resp. T (wi2), with z; 5 as an endpoint in both intervals [x; 1, x; ] and
2, Ti+1]), as the B-coefficients (after subdivision) of a single polynomial p} \,
(resp. p;u) of degree M defined on the interval [w},,w;,] (vesp. [w},,w;,]),
considering only the Bézier points in these intervals.

M-—k+j (M —k)+ M—k+j

1 B-coefficients w2, B 1 B-coefficients 2
i,1 4,1 w; w;
1,2 4,2

ZT; Ti1 Tq,2 LTi+1

2k + 2 — j B-coefficients 2k + 2 — j B-coefficients

FIGURE 2. Representation of the B-coefficients of S(x) € P5(I, 73)
on [z, rii1].

We observe that the B-coefficients associated with the Bézier points within the

segments :

® Jitrrj1(w;y), having w;, as an endpoint in the interval [w;,, 1],

o Tty 1(w}y), having w?, as an endpoint in the interval [z; 2, w?,),
are already established by our construction. This can be confirmed in Figure
2 by examining the intersection between the red bullets and the bullets within
these intervals. This gives us 2(M — k + j) independent constraints. They fully
define polynomials p; \, and p; ,,, both of degree M, each with a number of

degrees of freedom equal to M + 1. Indeed, since L = 3 and from (2.1) we have
2k+1— M =3(2k+1— M — j), which gives

IM—2k+j=20k—7j+1), (2.5)

i.e., The number of B-coefficients in [w},,w},] (indicated in Figure 2 by the green
bullets ) is equal to the number of B-coefficients required. Then
QM —k+75)+2(k—j+1)=2(M+1).
x For L >4 :

By the C™ smoothness at knots ;,, s = 1,...,L — 1, we can regard the B-
coefficients of § in each Jﬁ/l(xi75), having z; ; as an endpoint in both intervals
[%is—1,%;s) and [z s, T; s+1], as the B-coeflicients associated with a single polyno-
mial p; \, each of degree M defined over the interval [w; |, w;,] (considering only
Bézier points in these intervals).
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M—k+j M—k+j
B-coefficients B-coefficients
w? 2 1 wkt wlo? I-1
i,1 Wi W o i,1 0,2 Wi o
x; i Ti2 Ti,L—2 Ti,L-1 Tit1
—— —— ————
2k4+2—3j

2%+2—j 2(M — k) +j

B-coefficients B-coefficients

FIGURE 3. Representation of the B-coefficients of S(x) € P5(1, 71)
on [z, ;1] with L > 4.

The coefficients used to define each polynomial p; ,, for s = 2,..., L — 2 are
taken from the two intervals [w} ;, w;'] and [wi1!, ws,] (indicated by green bullets
in Figure 3). They fully determine the polynomial p; ,,, with degree M and
a number of degrees of freedom equal to M + 1. Indeed, since L > 4 and from

(2.1), we have

2k+1—-M Sy
2k+1-M—-35 —
and because j < k, we obtain
3M —4k—-1425 > 0. (2.6)
Then 2(2M —2k+j) > M+1, i.e. the number of B-coefficients in [w},, w;;'] and

[wfjl, w;,] is greater than the number of degrees of freedom required to define

the polynomial p; .

They completely specify (L — 1) polynomials pj \,, s = 1,..., L — 1, which have
each one degree M with the number of degrees of freedom equal to (L—1)(M+1)
ie.

2QM—k+j)+2k—j+1)+(L—-3)M+1)=(L-1)(M+1).

Hence, we have shown that the B-coefficients for each subinterval of 7 can be
uniquely determined. Furthermore, due to the interpolation conditions (2.3) and
the C* smoothness at knots x; and z;,;, the C* smoothness conditions at the
shared knot of any neighboring subintervals of 7 are also satisfied. This completes
the proof. O

Based on the Bernstein-Bézier representation of S(z) provided above, we can
infer that the conditions (2.3) are both sufficient and necessary to uniquely de-
termine a spline S(x) on 7, for an integer L greater than or equal to two. Hence,
the dimension of the space PX(I,77) is (k+ 1)(n + 1).

For s=0,...,L —1, let

Si

- Si,su

[xi,sﬂ7i,s+l]
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denote the restrictions of the spline S; within each subinterval [z; 5, x; s11] With
Tip=x; and X, = Tis1. (2.7)

The polynomials S; s are expressed in the Bernstein basis as follows

d
xr — XI;
Si,s(x) = Z a9,5¢9,d(ts)7 ty = 1787

6=0 ’

where h; s = x; o411 — ;s and ¢y 4 are the Bernstein polynomials of degree d.

The determination of the unknown B-coefficients ay s relies on the interpo-
lation conditions at knots z; and z;1; (i.e., Sf}? (z:) = f(x), Si(,?_l(xiﬂ) =
fO(zi), r =0,...,k), as well as the C*™ smoothness conditions at knots z; ,
s=1,...,L—1.

The finite element S;, of class C* and degree d on [x;, 2;41], is defined through
its restrictions S; .. The corresponding spline space of degree d and class C* on
the interval I, associated with the partition 77, is given by

PA(I, 1) ={S € C*(I): Sis €Py(R), 0<i<n—1land0<s<L-—1},

where Py(R) is the polynomial space of degree d.

2.3. Comparison with classical B-spline constructions. Classical B-splines
provide a well-established framework for constructing spline functions with de-
sirable properties such as non-negativity, local support, and partition of unity.
In particular, they offer a numerically stable basis for spline spaces defined on
arbitrary knot sequences and are widely used in interpolation and approximation.

However, in the present setting, the spline spaces are defined on refined non-
uniform partitions with a variable number of inserted knots and prescribed inter-
mediate smoothness. In such a context, the direct use of classical B-spline bases
becomes less straightforward, especially when aiming at fully local constructions
driven only by endpoint interpolation data.

More precisely, classical B-spline representations typically rely on a global knot
sequence with prescribed multiplicities, which may lead to constructions that are
not explicitly local with respect to each subinterval. In contrast, the approach
proposed in this work is based on a local Bernstein—Bézier representation, allowing
the spline on each subinterval to be constructed independently from the others,
using only the Hermite data at the endpoints.

Another important distinction lies in the flexibility of the construction. While
classical B-splines are usually associated with fixed refinement patterns, the
present framework allows for a variable number of inserted knots within each
subinterval, together with a prescribed intermediate smoothness. This leads to a
broader class of spline spaces adapted to local approximation requirements.

Finally, the proposed construction naturally leads to quasi-interpolants with
superconvergence properties at the initial partition nodes. Such features are
not directly obtained within the classical B-spline framework without additional
modifications.
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Therefore, while classical B-splines remain a fundamental tool in spline theory,
the present approach provides an alternative framework that is particularly suited
for local Hermite interpolation on refined non-uniform partitions.

3. CONSTRUCTION OF NORMALIZED BASIS

Let ¢, for ¢ =0,...,n and s =0, ..., k, represent the unique solution func-
tions of the problem (2.3) within P%(1, 1), satisfying the following interpolation
conditions:

O (@) = Biebrs, Vr=0,....k, t=0,...,n, (3.1)
Here, d;; (or d,5) represents the Kronecker delta symbol.
The spline S, the solution to the problem (2.3), can be represented as

n k
S = Z Z f(s) ()i s.

i=0 s=0

= T
4 oozt

1 oot}

1 oo

-0.01

0.0 : ‘ ; | 002, ‘ ‘ ‘ . ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0

FIGURE 4. Hermite basis functions associated with the spline space P3([0, 1], 7).

The set of functions 1; s, where ¢ =0,...,n and s =0,...,k, constitutes the
Hermite basis for the space P%(1, 7;,). However, the numerical instability resulting
from the non-positivity of the basis elements renders it impractical for construct-
ing approximants.

We construct the normalized B-splines H; s as follows

k
H;  (z) = Zaz‘,s,e%,e(@, 1=0,...,n, s=0,...,k.
0=0
It follows that
Hz(?(l'z) =5, for r=0,...k. (3.2)
One can observe that the vectors I'; s = (@0, .- - ’O%M)T must be linearly in-

dependent for H; s, s = 0,...,k, to be linearly independent. Thus, H;, form a
basis of P%(1, 77) and have local support [z;_1, 7] (Ho,s have a support [xg, 1]
(resp. H, s have a support [T,_1,2,))).

We will demonstrate that for every x € I

n k
H;s(x) >0 and ZZHZS@) =1

=0 s=0
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The required conditions for the B-splines H;; to fulfill the partition of unity
are as follows

k
D aie=1, (3.3)
s=0

and
k
Y ey =0,¥r=1,.k (3.4)
s=0
We assume that the inserted knots x;9, 0 = 1,..., L — 1, possess the following
barycentric coordinates in relation to [x;9—1, Zig+1],
Tig = (Mg, 1 — Nig),  Aig €10, 1]. (3.5)
Lemma 3.1. The B-coefficients of the normalized B-splines H; 5, fori =0,...,n
and s =0,...,k, associated with Bézier points lying in the segments
° jkd(:vi_l), having x;—1 as an endpoint of the interval [x;—1,x;_1 1], for i =
1,....n,
o JH(xiy1), having x;11 as an endpoint of the interval [v; 1, %], fori=
0,...,n—1,

are equal to zero.

Proof. By construction, the B-coefficients of the Hermite basis elements (3.1)
corresponding to the Bézier points in the neighborhood of x;_; and z;,; are
equal to zero (refer to Figure 5).

0000000 0000000

Ti-1 Ti-1,1 T; TiL-1 Tit1

——— —
k+1 k+1

B-coefficients B-coefficients

FI1GURE 5. Representation of the zero B-coefficients in the
Bernstein—Bézier form.

O

The following theorem establishes conditions ensuring the non-negativity of the
normalized basis, based on the properties of the polar form.

Theorem 3.2. The normalized B-splines H; 5, i1 = 0,...,n, s = 0,...,k, are
non-negative if
(1) The B-coefficients corresponding to the Bézier points in the segment Ji (),
having x; as extremity in the intervals [x;—1 1,2, ¢ = 1,...,n, and
[z, 2;1], i =0,...,n — 1, are non-negative.
(2) The B-coefficients corresponding to the Bézier points in the segment J3 (wf,),
having wf,l as extremaity [wzl, wﬁQ], 0=1,...,L—1, are non-negative.
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(3) The B-coefficients corresponding to the Bézier points in the segment Ji}! (wf_m),
having w?_, , as extremity in [w? |, wl_,], 0 =1,...,L — 1, are non-
negative.

Proof. From the properties of Bernstein-Bézier polynomials and from the CM
smoothness of the normalized B-splines H, g, at x;9, 0 = 1,...,L — 1, the B-
coefficients of these B-splines corresponding to Bézier points in [wﬁ 15 wz »] can be
considered as the B-coefficients (after subdivision) of a polynomial pg  of degree
M. Let ajgs for0 =1,...,L—1and t =0,..., M be the B-coefficients of these
polynomials in Bernstein-Bézier representation on [w}, w,].

We first consider the case where 6 equals 1, which corresponds to the first polyno-
mial pl{ - From the assumption of non-negativity, we know that the B-coefficients
a;14, t=0,..., M, are non-negative.

Fort=0,..., M, let b; 1, be the B-coeflicients of the polynomial p}’th;l’xi,ﬂ in
Bernstein-Bézier representation on the interval [w] , z;1].

Let 0;; = (g;l, Q?yl), [ = 1,2, be the barycentric coordinates of the points wil and
;1 with respect to the interval [w/, w},], where

0i1 = (1,0), 0i2= (A1, 1= Ain).
Then, the B-coefficients b; 1, for t =0, ..., M, can be written as
bt = ji‘{M(\Qi,l, 00015 0025 - - 0i2) -

t times (M—t)times

Since any Bernstein basis polynomial is non-negative on its interval, and its polar
form is non-negative whenever the barycentric coordinates are non-negative, then
the B-coefficients b; 14, t =0, ..., M, are non-negative.

By a similar argument, it can be shown that the B-coefficients of the polynomial
Piwm 1) in its Bernstein-Bézier representation on the interval [z; 1, w;,] are
also non-negative.

Using a similar argument, we can prove the non-negativity of the B-coefficients
of the polynomials pf’M, 0=2,...,.L—1.

By adding the assumption of non-negativity of the B-coefficients in [z;, w},] and
supplementing with zero B-coefficients (see Lemma 3.1), we have shown that all
B-coefficients in [x;, x;11], 1 = 0,...,n — 1, are non-negative.

To show the non-negativity of the remaining B-coefficients in [z; 1,;], i =
1,...,n, we use the same technique applied previously. Thus, we have verified
that all the B-coefficients on the support of H; s are non-negative. Therefore, the
normalized B-splines H; s, ¢ = 0,...,n, s = 0,...,k are non-negative when all
their B-coefficients are non-negative. 0

[24,1,w

Example 3.3. Let us define the partition X X with knots (X;) as given by
Xpi = xipand Xpips i =a,sfors=1,... ) k—landi =0,...,nwithaz_,; = 2o
and z, ¢ = x,, which are the inserted knots mentioned in section 2.1. The classical
B-splines B;, of degree k, j = —k, ..., kn of the space Pi_l(l, Tre1\T) associated
with the subdivision (X;), j = —k,...,kn+k+1with X , =... = X_; = X,
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and Xpp11 = Xkpso = ... = Xpnqrt1. Each B-spline has support supp(B;x) =
[Xja Xj+k+1]~
kE+1 ,
ai,s,r = m l(m')—s,k<x’i)7 r = O, e ,k, S = O, Cey k (36)
By this specific choice of «;s,, the normalized B-splines H, 5, i = 0,...,n, s =
0,...,k provide the classical B-splines of the space P}, (1, 741).

Figure 6 illustrates the C? cubic B-spline basis corresponding to the following
choice.

3
! 1
Qis0 = Baimsp(wi), i1 = 5By 5(ti) and i = 3By _5(2:), 5=0,1,2.
1.0 =
[l Hoo H 2]
08 =
[ H ]
I lmH o Hol]
0.6 - ﬂ -
04] {\ H o H> /\ B
[ H g H o ,
\ / ]
O‘Ol \ L L L L L L L L L L L L L L L L L } ]
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 6. C? cubic normalized B-spline basis corresponding to
the refined partition 7.

4. REPRESENTATION OF C* HERMITE INTERPOLANT IN THE NORMALIZED
BASIS

4.1. Marsden’s Identity. We denote by xzm the knot x; with multiplicity r, i.e.,
repeated r times. We assume that the vectors (a;s1,...,;5%)7, for s =0,...,k,
are given in such a way that the associated splines H; ; are non-negative and form
a linearly independent set.

Let e; denote the monomial of degree [, with [ € N. For [ =1,..., k, we denote
by 3; the [-th elementary symmetric polynomial in k variables, defined by

DXy LX) = Y X X,
1<iy <--<ij<k
Throughout the remainder of the paper, we assume that m > d.

Theorem 4.1. For any monomial e; of degree | < m, there exist k points y; s,
t=1,...,k such that

n k

He(x) = €l (?Jz‘,s,h . ,yi,s,k,%(m_k)> H;(z), Vrel.
=0 s=0



NORMALIZED B-SPLINES 13

Proof. By the uniqueness of the Hermite interpolant in P%(7,7), it suffices to
determine y; .4+, t = 1,..., k, such that

k
6l(T)<xZ) = Zé\l(yi,s,h AR Jyl S k? ’Sm_ ))O{i’s’r, l — O, “ e ,m. <4.1)
s=0
[ =0 is self-evident. For [ =1,...,k we have

k

k ,
Zzl(yi,&la'"ayi,s,kz)ai,s,o = (l>x§, it r =0, (4.2)
s=0

k r
k _
E 21(3/2;571, s 7yi,s,k)ai,s,r = ( 7a> xi—r | | (m -0 + 1)7 if 1 < r < ka

s=0 L—r 0=1
(4.3)
The case k+1 <[ < m is derived from the previous cases [ = 1,..., k. Certainly,
utilizing Proposition 5 in [3], we obtain
k
e <yi,s,1; o Yis ks Igm_k)> H(m —0+1)
=1
k—1
= al H(m —1-0)
0=0
k—1 t—1 k—t—1
+ Z xé_t H(l - 9) H (m -1 - Q)Zt(yz',s,h e 7yi,s,k)
t=1 6=0 0=0
k— k
ziF H(l — Q)" H Yis.0-
=0 =1
Then, if Relations (4.2) and (4.3) hold, we have (4.1) for k +1 <1 <m.
Now for [ =1,...,k, we put
Si(Uiss s Yisk) = Qisl- (4.4)

Then

k r
E Qis Qs = x»ﬂ"”m—ﬁ—l—l, —0,...,k'.
—~ 77l 193 (l ,r) K3 J 1( ) r

Therefore we have

M, (Qi,s,l)ogsgk = <(Ilc_:) zl H(m -0+ 1)) ) (4.5)
0<r<k

0=1

where M, ; = (041-78,74)0 re<ht The constructed B-splines must be linearly indepen-
dent; consequently, the matrix M;; is nonsingular. Hence, systems (4.5) uniquely

determine the unknowns @); ;.
Let

k
P HX yzs] Xk Z stlel
7j=1
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Since y; s+, t = 1,..., k, are the roots of P, they satisfy

yzst+z QZSlyzst_O

and solving this system yields the values of y; s, for t =1,... k.
OJ

Proposition 4.2. For any p € P,,(R), the Hermite interpolant Hp of p in
PX(I,71) is expressed as

n

ﬁ(yi,s,la cooy Yis ks flfgmik)) Hi,s(x), Ve e 1. (46)

Il
o
vl
Il =
o

Proof. We recall that p(z Z aje;(x) where a;, L =0, ..., m, are real numbers.

In accordance with Theorem 4 1 and the linearity of the blossom operator (For
example, refer to [7]), we obtain

n k
Hp(x) = Z A(?/i,s,la <o Yis ks mgm_k)> Hiﬂ;(l‘)
=0 s=0
n k. m
- ZZZG’ (y’bsla"‘7yi,s,kax§m_k)> Hi,s(l’)

0 s=0 [=0

a;Hey(x)
(z).

7

Il I
SI[]sL

Corollary 4.3. We can establish Marsden’s Identity for p € Py(R), then

n k
ZP(%H,...,yzsk, Ed k))Hls(x), Vo e 1.

=0 s=

4.2. Hermite interpolation in P%(I, ;).

Theorem 4.4. For any f € C*(I), the Hermite interpolant H.f of f in the space
PX(I,7r) is given by

n

k
Hf(x) = ZT (yzs Lo Yisiks xz(»m_k)> H; (z), Vzel, (4.7)

Y
where T;(z) := Z Mf(t)(:vi) and m > d.
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Proof. For s =0...,k, we have

—~ m— c€EPy 6=1
1; (yi,s,la e Yis ks IBE k)> = f(x:) + Z - f(t)(iUi)-
=1 H(m 0+
0=1
Define
n k
r - m—k r
X( )(x) = Z,—Tz (yi,s 15- yzslm E )> Hz(,s)< )
i=0 s=0

k k
Ky) = Z<f<xi>+2"€7’”’:1 f<t)<xi>)H£f;’<xj>

e For =0, we use (3.3) and (4.2) to get

o = i A (S5 (1)) ()

Since

it holds that
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e For r=1,...,k, we use (3.4) to obtain

"Nxj) = 03 —f(t)(xj) t —x;)"" ol is, Ly -+ Yios k) O s e
Since (4.3) we have
ﬁ(m—9+1) t
W (ay) = tZk;xsz“)(xj)@lﬁl(TanZ;(l)”(ff) <]f__> (4.10)
When t = r, we have -
g(—l)r—l(l::§> (’;::) _ ;U—(;)l'zl_ir)' ~ 1, (4.11)
and when t # 7, we have
s ()60 = G ()
_ (—1()};t_(/<;;r)'§(_1)l<i)(§> (4.12)
- ()
substitute I = j + 7, then
»v(in) = S ()
- Ee(7)
t—r .
_ <—1>rj:0<—1>j(t )
= 0.
Thus t
;(—1)“@:;) (’;::) = . (4.13)
By using (4.10) and (4.13) we obtain
X)) = f(xy), Vr=1,...,k,
concluding the proof. 0
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Theorem 4.5. For any polynomial P with degree m >d and C* continuity across
the refinement 7, we obtain

n k
ZPZ <yzsl7 vy Yisk, L Em k)> Hi,s('r>’ Vo el (414)
=0 s=0

where P; denotes the restriction of P to the intervals [x;—1 -1, 2] or [x;, x;1].

Proof. Consider P, a polynomial of degree m with m > d, belonging to the class
C*, defined on the interval I and equipped with the refinement 7. According to
Theorem 4.4, the Hermite interpolant of P within P%(7,77) can be expressed as
follows

k & Z H(yi,s,U(O) -
HP@) =) (Pm) +Y T Pl m)) H, ().

=1 (m—0+1)
1

0=

P; denotes the restriction of P to the intervals [z;_q 1, ;] or [z;, z;1], we have

. . Z H(yi,s,a(é’) — ;)
- Z ( )+ Y T Py m)) Hio(2).
- JIm-6+1)

0=1

~

From Taylor expansion we have

" .I‘—I
S planae )

t=0

Fort=k+1,...,m, we put

x—ux;, if 1<5<¢t
lo,; () = . .
! 1, if t+1<j<m.
Utilizing Proposition 5 from [3], we derive (m > d)
Z H Cog (Yirsp) H Cy(z;)
=1 0=1 L
~ m— j=1,..., k YFaj, Jj=1,...,
P (yi,s,l, . 7%,5,14;,%( k)) = ! _—
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where p(z) = Hfaj (). Thus
j=1
¢
& Z H(yi,s,U(O) — ;)
,]/)\i (yi,s,l, cey Yis ks l'gmik)) = Pz(l'z) + Z Uepkf:l ’Pl(t) (%’l)
= IIm-0+1)
=1
Therefore
n k
HP(;E) = ﬁl (yi,&l, e 7yi,s,k; $Z(m_k)> HLS(LC).
i=0 s=0

5. SUPERCONVERGENT DISCRETE QUASI-INTERPOLANTS

Our emphasis is on quasi-interpolants in the following format

n k
me - ZZMi,S(f)Hi,sa (51)

=0 s=0
Here, p; s represents linear functionals constructed using values of the function f
near the supports of the B-splines H; ;. With these values, we construct a local
linear polynomial operator Z;  in the vicinity of supp H; s to reproduce the space
of polynomials with degrees at most m. It’s worth mentioning that m is an integer
greater than or equal to d.

Theorem 5.1. Consider a function f defined on the interval I, with values
available at discrete points in the vicinity of the support of H;s, 1 = 0,...,n,
s =0,....k. If we represent L, ;(f) as pis, subsequently, the quasi-interpolant
defined in (5.1) :

,ui,s(f) = Z/j\i,s <yi,s,1> <o Yios ks l’gmik)> (52)
with
Qnmp="Hp, Vp€EP,.

Proof. Given f € P,,, we determine that p; s = Z; ;(f). This result, derived from
(5.1) and Theorem 4.2, leads us to

n k
Onf = Z Z :u'i,S(f>Hi,s

i=0 s=0

n k
~ —k
= Z Zpi,s (yi,s,la - Yis ks xl(m )> Hi,s

=0 s=0
n k

=~ —k
f (yi,s,la e Yis ks wEm )> H; .
0

Il
o

7 s
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Hence,
O
To create a superconvergent discrete quasi-interpolant, you only need to select
m + 1 distinct interpolation points near the support of H; . Let z 5;, where

t ranges from 0 to m, represent these points. Given that p; s is the Lagrange
interpolant, meaning

m
= Z f(zist)Lis s (5.3)
t=0
here, L; ;; represents the Lagrange basis functions of IP,,,. Consequently,

Consider n;, € R for r = 2,..., k. This entails

Yisr = M Yisa + (1 =i Jyisp for r=2... k-1
and
Ty = 7758%,5,1 + (1 - nss)yi,s,k-
In the following Theorem, we give an explicit formula of the coefficients p; s(f)
in terms of the data values f(z; ) for t =0,...,m.

Theorem 5.2. Define z; 54 as 251 = €istYisg + (1 — €ist)Visk for 0 <t < m,
constituting (m + 1) distinct points in the vicinity of the support of H;s. The
quasi-interpolant with

,uz,s(f) = Z Qi,s,tf(zi,s,t) (54)
t=0

satisfies
Qmp="Hp, VpePy,
if and only iof

¢ m m

Z (gi,S,Oél - 1)51',5,042 H (77@275 - €i,s,'y)
a;=0,7=1,2 v=0
aj#t Y#EL
5 — , for k=2
H(m_9+1 ngst 62504
6=1 a=0
e
Gist = m k—1 m
> Eisan — V][0 —€ina)Eina [] (s — cisn)
a;=0,5=1,...k r=2 v=0
o #t Y#L
- for k>3,
H m — 9 + 1 H(gi,s,t - Ei,s,a)
0=1
\ a;ét
(5.5)

where the «;’s are different from each other.
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Proof. Let £o4(x) = & — 2j 5. Then

m

H la(2)
a=0
aFt

= m
H ga,t(zi,s,t)
a=0

a; t

Li,sﬂf(x)

We set
= —k
Gist = List(Yists--sYisks xgm )), Vt=0,...,m.

Then the quasi-interpolant Q,, satisfies Q,,p = Hp, for p € P,,. To calculate

the value of ¢; 54 for t =0, ..., m,, we apply Proposition 5 in [3], and as a result,
we derive
m k m
Z Hgar,t<yi,s,7") H g’y,t (:Ez)
o;=0,j=1,....,k |\ r=1 v=0
T (m—Fk) oy #t VELa
Li,s,t (yi,s,ly vy Yisk, Ly > = & m )
[Tm =0+ D] larzisn)
o= s

where the «;’s are different from each other. Since,

gal,t(yi,&l) = (1 - 5i7s,a1)(yi,s,1 - yi7s,k)7 and Eak,t(yi,s,k) = —&is,a; (yi,s,l - yi,ch)-
Forr=2,...,k—1 (k> 3), we obtain

éar,t(yi,s,r) = (7’]23 - 5i,s,a7~)(yi,s,1 - %,s,k)-
Moreover,
Cyi(x;) = (nﬁs—ffi,s,w)(yi,s,l—yz‘,s,k), and  lot(%ist) = (€ist—Eirs0) Yirs 1 —Yis k)-
Hence (6.4). O

Remark 5.3. The construction of discrete quasi-interpolants in the space P3(I, 72)
(i.e., k = j = 1) was previously addressed in [7]. However, since the underlying
basis in that work is built according to a different construction, it does not readily
extend to the general framework developed in the present study.

6. ERROR ESTIMATE

Assume that f € C*1=7(I). Since the operators Q,, for m > d reproduce the
polynomial space P,,, as established in Theorem 5.2, there exist positive constants
Cy,r=0,...,k, independent of m, such that the following estimate holds.

| QW f — fO |0 s< Coh = || f4 1 | oy 7 =0, k,

where h = max  max h;s and || . ||e,s denotes the infinity norm.
i=0,...,n—1 s=0,....L—1 ’
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Lemma 6.1. If p represents a polynomaial of real coefficients with a degree of d,
then

max | p™(z) |< | p() |,

max
a<z<b ~ (b—a)" a<z<b
where K is a constant depending only on d.

Proof. According to Markov inequality [5] for any polynomial p of degree at most
d we give
2

max | p'(z) [< max | p(z) | .

a<z<b b—a a<z<b
By a similar argument, we obtain

/i 2(d - 1)2 /
argggb!p ()| < T a ;gggb\p(x) |
Ad?(d — 1)?

= (b . G)Q algﬂ?%(b | p(x) | :

We can conclude that

K
(r) <
ey, | P < Gy e, [#(0) |

where K = 2"d*(d — 1)*...(d — r)>. O
Theorem 6.2. For any function f belonging to C™ (1), the following holds

| QW f(x:) — f (@) [= O(R™17),
fori=0,....nandr=20,...,k

Proof. Consider f € C™"!(I). The Taylor expansion of f around each z;, where
1 ranges from 0 to n, is expressed as

SO (g t m+1
f@) =3 0 0wy o - aym).

t

Let’s define R,, as the polynomial component of the Taylor expansion. In this
case, for every point x within the support of H, ,, the following holds

f(x) = Rpn(2) + O((x — 2)™*1).
According to Theorem 5.1, we obtain Q,,R,, = HR,,. Utilizing the fact that
HR,.(x;) = Ry (x;), we can then conclude

By referencing (6.3) and considering the bounded nature of ¢; s, which is limited
by a constant C, we derive

pis(f — Bin)| = | Z it (f(2ist) = Bn(zis0)) | < CZ |f(zis0) = Rin(zis0)|-
t=0 k=0

Then
|is(f = Rin)| = O((2i50 — 2:)™")
and therefore

1Qm(f — R)(xi)| = O((Zi,S,t - xi)m+1)‘
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Then
| Qunf(x:) = f(z) |= O™ ). (6.1)
Using Relation (3.2) and Lemma 6.1, we have
s = [HD ()] < ﬁmm, r=1,.. .k

where C' is a constant that solely depends on d.
Since 0 < h < b — a then

C
’ai,s,r‘ < F’ai,s,OL r= 17"'7k' (62)

In a similar way used to prove (6.1) using (6.2), we obtain
| Qg)f(‘rz) - f(r)(xl> |: O(hm—i—l_r)? fOT' r= 17 SRR ku
which completes the proof. Il

EXAMPLES OF SPLINE QUASI-INTERPOLANTS ILLUSTRATING THE PROPOSED
CONSTRUCTION

We provide discrete quasi-interpolation operators for £ = 2 et j = 2 . The
linear functionals are defined by

,ui,s(f) = Z Qi,s,kf(ti,s,k) (63)

k=0

where

ti,s,k = gi,s,kyi(::)l + (1 - Ei,s,k)yz(::é

and
m m
g (5i,s,a - 1>€i,s,0 H (T’LS - 6i1577)
1 a,0=0,0£k, a0 ¥=0, y#a,0,k
m

H <€i,s,k - 8i,s,oz)

a=0, a#k

Qisk = (6.4)

m(m — 1)

We present numerical experiments corresponding to the choice of B-splines
defined by (3.6) in Section 4. We consider the following test function by

f(z) = exp(—3z) sin(g:v)

We define the local error between a function f and the quasi-interpolant Q,, f at
the knots of 7 by the following relation:
and the numerical convergence order by NCO!).

The observed convergence orders match the theoretical predictions, thus con-
firming the superconvergence properties established in the analysis.
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n EQNH  Neoy) BN Neol?  ED(f) Neol?
16 3.2526 x 1077 - 2.9322 x 1079 - 7.7024 x 10710 -
32 2.2001 x 1078 3.88593 8.4598 x 10~'1 5.11523 1.2296 x 10~''  5.96897
64 1.4290 x 1079 3.94444 2.5408 x 10712 5.05726 1.9301 x 10713 5.99342
128 9.1028 x 10~ 3.97262 7.7883 x 10~ 5.02783 3.0199 x 10715  5.99804
Theoretical value - 04 05 - 06
n ESN()  NCOS  ERN(H  Neol?  ERN() NeolP
16 1.3792 x 107° - 3.5624 x 10~7 - 1.0091 x 10~8 -
32 1.7416 x 1076 2.98529  2.2456 x 108  3.98765 1.7790 x 10~10 5.82586
64 2.1881 x 1077 2.99266 1.4094 x 1079  3.99395 4.1873 x 10712 5.40892
128 2.7421 x 1078 2.99633 8.8271 x 10~ 3.99701 1.2997 x 10~  5.00969
Theoretical value - 03 - 04 — 05
n EPN(f)  Neo®  EDN)  NeoP  ED() Neol
16 5.8810 x 1073 - 1.7911 x 107° - 1.1748 x 1075 -
32 1.4715 x 1073 1.99877 1.5738 x 107%  3.50853 6.8845 x 10~7  4.09301
64 3.6801 x 1074 1.99948 1.5714 x 107 3.32409 4.1129 x 108 4.67034
128 9.2018 x 107°  1.99976 2.1328 x 10~%  2.88130 2.5033 x 1079  4.03825
Theoretical value - 02 03 - 04
TABLE 1. Approximation of function and first- and second-order
derivatives.
CONCLUSION

We have presented a general framework for constructing univariate spline spaces
on refined non-uniform partitions, together with a normalized basis and a fully
local formulation of the Hermite interpolant leading to a B-spline-type represen-
tation. The resulting quasi-interpolants exhibit superconvergence properties, as
confirmed by numerical experiments, which demonstrates the effectiveness of the
proposed approach for high-accuracy approximation on non-uniform meshes.
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