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INFINITE HORIZON OPTIMAL CONTROL OF
FORWARD-BACKWARD STOCHASTIC VOLTERRA
EQUATIONS WITH DELAY

IBTISSEM DJABER!, NAWEL HAFIANE? and SAMIA YAKHLEF!

ABSTRACT. This paper investigates an infinite-horizon optimal control prob-
lem for systems governed by coupled delayed forward-backward stochastic
Volterra integral equations driven by Brownian motion and jump processes.
Under partial information, we establish both necessary and sufficient stochastic
maximum principles by combining localization arguments with Hida—Malliavin
calculus techniques adapted to Volterra memory effects. We also study the
associated infinite-horizon backward stochastic Volterra equations and prove
existence and uniqueness in weighted spaces by means of a contraction map-
ping argument, introducing a free parameter ¥ (¢) which is an F.-measurable
stochastic process as in [6]. The obtained framework extends delayed stochas-
tic control systems with memory and provides a rigorous basis for long-term
optimization problems.

Keywords. Infinite horizon control, delayed FBSVIEs, stochastic Volterra sys-
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1. INTRODUCTION

Optimal control problems for forward-backward stochastic systems play a cen-
tral role in mathematical finance, stochastic economics, and engineering appli-
cations, particularly in recursive utility, long-term investment, and risk-sensitive
decision models. In contrast to finite-horizon settings, the infinite-horizon case
requires additional analytical care because terminal conditions are replaced by
suitable transversality constraints, and the long-time behavior of the coupled
system must be controlled in weighted spaces.

Although the theory of infinite-horizon forward—backward stochastic differen-
tial equations is well developed, most existing contributions focus on Markovian
systems without memory or delay effects. However, many realistic models in eco-
nomics, finance, engineering, and population dynamics depend not only on the
present state but also on the past trajectory of the system. This naturally leads
to delayed stochastic Volterra models, where hereditary effects, aftereffects, and
path dependence are explicitly represented through memory kernels.
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The main objective of this work is to develop an optimal control framework
for coupled delayed forward-backward stochastic Volterra integral equations on
an infinite horizon under partial information. The Volterra structure introduces
substantial technical challenges because both the state and adjoint equations in-
herit nonlocal dependence in time, while the delay component adds an additional
layer of path dependence.

The contributions of this paper can be summarized as follows:

(1) We formulate an infinite-horizon stochastic control problem for delayed
coupled forward-backward stochastic Volterra integral equations under
partial information, extending classical delayed FBSDE models to a gen-
uinely non-Markovian Volterra setting.

(2) By combining localization arguments with Hida—Malliavin calculus tech-
niques, we derive both sufficient and necessary stochastic maximum prin-
ciples. The resulting adjoint system captures simultaneously the memory
effect, delay dependence, and infinite-horizon transversality structure.

(3) We establish existence and uniqueness results for a class of associated
infinite-horizon backward stochastic Volterra integral equations with de-
lay in exponentially weighted spaces, incorporating a free parameter (t)
which is an F,-measurable stochastic process (see [0]). These solvabil-
ity results provide the analytical foundation required for the optimality
system.

The rest of the paper is organized as follows. Section 2 introduces the stochas-
tic control problem, admissible controls, and the required analytical framework.
Section 3 establishes a sufficient maximum principle under suitable concavity as-
sumptions. Section 4 derives the necessary maximum principle by means of spike
variation arguments. Section 5 is devoted to the well-posedness of the associated
infinite-horizon BSVIEs with delay and a free stochastic parameter 1(t), which
completes the mathematical basis of the control problem.

2. SETTING OF THE PROBLEM

Let (2, F,F = (F;)t>0,P) be a complete filtered probability space on which a
one-dimensional standard Brownian motion B(t¢) and an independent compen-
sated Poisson random measure N (dt,de) = N(dt,de) — v(de)dt are defined. We
assume that F is the natural filtration, made right continuous and complete,
generated by the processes B and N.

We study infinite horizon coupled forward-backward stochastic Volterra inte-
gral equations with delay under partial information. The information available
to the controller is given by a sub-filtration G = {G;}+>o such that G; C F; for
all £ > 0. The set U C R is assumed to be convex. The set of admissible controls
Ag consists of cadlag, U-valued and G-adapted processes.
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2.1. Forward Equation. The forward equation for the unknown process X (t)
is:

X(t)=§(t)+/0 b(t,s, X(s), X(s—0),u(s))ds
+/0 o(t,s,X(s), X(s—9),u(s))dB(s) (2.1)

t
+/ O(t,s,X(s), X(s—0),u(s),e) N(ds,de), t>0,
Ro
with initial condition X (t) = £(¢) for ¢t € [—4,0].

2.2. Backward Equation. The backward equation for the unknown processes
(Y(t), Z(t,s), K(t,s,-)) includes a free stochastic process 1(t):

Y (¢) zw(t)—i-/too (t,s,X(s),X(s—0),Y(s), Z(t,s),K(t,s,-),u(s))ds

—/ Z(t,s)dB(s / K(t,s,e)N(ds,de), 0<t< oco.
t Ro

(2.2)
The function ¢ : [0,00) x @ — R is a given (not necessarily adapted) Foo-
measurable stochastic process, called the free term, satisfying

B| [l

for some B > 0 (see [6]). The presence of ¥(-) is essential for the well-posedness
of the infinite-horizon problem; it acts as a free parameter that can be chosen to
satisfy, e.g., a transversality condition or a fixed-point requirement. In this work,
we consider the general case where v is an F,,-measurable stochastic process, as
in [0].

The quadruple (X, Y, Z, K) is said to be a solution of (2.1)—(2.2) if it satisfies
both equations.

Throughout this paper, the coefficient functions are defined as:

b(t,s,x,x1,u): [0,00)) x R* x U x Q — R,

o(t,s,r,zy,u): [0,00)  x R2x U x Q =R,

O(t,s,z,21,u,e) : [0,00)2 x R* x U x Ry x Q — R,
) :[0,00)? x R* x L*(v) x U x Q — R.

< 00

g(t,s,x,x1,y, 2, k,u

Let U = Ug be the family of admissible controls, required to be G-predictable.
We associate to the system the performance functional:

~E VOO F X (), X(E—06),Y (1), ult))dt + h(Y(0)|, weAg, (2.3)

where
ft,z,21,y,u) : [0,00) x R® x U x Q — R,

h:R — R (terminal cost function).
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2.3. Assumptions H1.

(1) The functions f and h are C' with respect to (x,z1,y,u) and Y (0) re-
spectively. The function f is F-adapted and C! in (z,y,u).

(2) b,0,0 and g are continuously differentiable in their first variables, and for
allt, x,x1,y, 2z, k, u, e, the processes s — b(t, s, z, x1,u), s — o(t,s,z,x1,u),
s+ 0(t, s, x,x1,u,e) are Fe-measurable for all s < t and s — ¢(t, s, z, x1,y, 2, k, u)
is Fe-measurable for ¢ < s.

Our optimal control problem is to find u* € Ug such that

sup J(u) = J(u"). (2.4)

ueU

2.4. Hamiltonian and Adjoint Equations. Define the Hamiltonian functional:

H(tax7x17y7za k7u7 AaPuQ)r) = HO(t)xax17y7z)k7u7pa q, A)
+Hl(tax>xlay7zakau>paQ7)‘7r)7 (25)

where
H()(taxaxlay?'za k7u7p7Q7)‘) = f(th?xlvyau) + b(t,t,.f,l’l,U)p(t)

ot b m, w)g(t) + / 0(t,t, 2,1, u, )7 (t, €)v(de)

Ro
—l—g(t,t,x,xl,y, Z, k,U))\(t), (26)

and

< 0b

Hi(t,x,z1,y, 2, k,u,p,q, \,r) := —(s,t,z,x1,u)p(s) ds

Js
do
—(s,t,x,x1,u)q(s,t) ds

Js
/ (s,t,x,z1,u,e)r(s,t,e)v(de)ds

A
P (s,t)\(s)ds

(s,t,x,z1,y, 2, k,u)—

K
Vieg(s, t,x,x,y, 2,k u), —(s,t,-))A(s) ds.

f
o
/ (s,t,x,x1,y, 2, k,u)\(s) ds
-5
[

Js
(2.7)
The associated adjoint processes A(t), (p(t),q(t),r(t,-)) satisfy:
OH 0OH dViH , . -
— B N >
dA(t) = o —(t)dt + 5 (t)dB(t) +/Ro 7 (t) N(dt,de), t>0, 2.8)

A(0) = W' (Y(0)),
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and

dp(t) = E[<(t) | F) dt — ( / h %(t, ) dB(s)) dt

<//R (1,5, ¢) N(ds de))dt (2.9)
+q(t,t)d (t)—i—/R r(t,t,e) N(dt,de), t>0,

where

lt) = =50+ St +0).

Assumption H2 We suppose that t — ¢(t,s) and t — r(t,s,-) are C! for all
s,e,w and that for all T' < oo,

E /OT/OT (%>2dsdt+/;/:/ﬂ% <W>2y(de)dsdt

Remark 2.1. Assumption H2 is verified in a class of linear BSVIE with jumps.
For more details, we refer to [7].

< Q.

2.5. Function Spaces. Throughout this work, we will use the following spaces:

e §? is the set of R-valued F-adapted cadlag processes (X (t))ejo,00) Such
that

IX13 = |suplX(0)| < oc
>0
e L% is the set of R-valued F-adapted processes (Q(Z, $))t.s)e0,00)2 Such that

HWMFEUQ/ tsmm4«m

e 1.2 is the set of Borel functions R : Ry := R\ {0} — R such that

rW@:EU‘/ Rt 5.0 v(de) ds dt
0 t Ro

e M2 is the set of F-adapted predictable processes R : [0,00)* x Rg x Q — R
such that

|R|. :=E [/ / |R(t,s,e)|*v(de) ds dt} < 0.
Y 0 t Ro

< 00.

We equip H? with this norm.

2.6. Elements of Malliavin Calculus. To handle the anticipating nature of
Volterra equations, we employ the Hida-Malliavin calculus for Lévy processes
as developed in [2]. Let D, denote the Malliavin derivative with respect to the
Brownian motion B, and let F} . denote the Malliavin derivative with respect to
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the compensated Poisson random measure N. For a sufficiently regular random
variable F', the following duality relations hold:

E[F /0 " o(s) aB(s)] = E /0 " (DF)o(s) ds].

E[F/OOO Row(s,e)N(ds,de)} :E[/OOO /RO(FS’EF)QMS,@) y(de)ds],

where ¢ and v are predictable processes satisfying appropriate integrability con-
ditions. These identities allow us to transform certain stochastic integrals into
deterministic ones, a key tool in deriving the adjoint equations for Volterra sys-
tems. For a comprehensive treatment, we refer the reader to [2] and the references
therein.

3. SUFFICIENT MAXIMUM PRINCIPLE

We formulate the optimal control problem for coupled forward-backward sto-
chastic Volterra integral equations (SVIEs) with delay on an infinite horizon with
partial information, generalizing the framework of [1] to the Volterra case.

From equations (2.1)—(2.2) we obtain the differential forms (see e.g. [2] or
[5] for a rigorous derivation using Hida-Malliavin calculus). Note that the free
stochastic process 1(t) does not affect the differential of Y except for the term
di(t), which is a stochastic differential; however, because 1) is not necessarily
adapted, the rigorous derivation requires anticipating calculus. For the purpose
of the maximum principle, the crucial point is that ¢ does not depend on the
control, so its variation vanishes when considering differences. The formal differ-
ential dY (t) includes di(t) instead of ¢'(t)dt; we write the latter only when
is absolutely continuous. In the general case, the term di(t) does not affect the
adjoint equations.

dX (t) = &' (t)dt + b(t,t, X (t), X1(t), u(t))dt
+ </0 %(t,s,X(s),Xl(s),u(s))ds) dt
Vot t, X (1), X (1), ut))dB(t)
+ (/0 g_‘;(t,S,X(s>,xl(s),u(s))d3<s)) dat (3.1)

+ [ 6(t,t, X(t), X1(t), u(t), e)N(dt, de)

L (/Ot A %(t,s,X(s),Xﬂt);u(s)ve)

(ds, de)) dt,
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aln

() d(t) — g(t, £, X (1), X, (1), Y (1), Z(t, 1), K (£, ), u(t))dt

+ ( "9 7 (1,5, X(5), Xl(s),Y(s),Z(t,s),K(t,s,-),u(s))ds) dt
n (/OO 2 )%—f(t,s)ds) dt
+ ( OO <ng ) %—[E(t, s, -)> ds) dt (3.2)

+ Z(4,0)dB(t) — < t %Z (t, $)dB(s )) dt

/ (1., e)N(dt, de) (/t Roatse) (dsde))dt.

Theorem 3.1 (Sufficient Maximum Principle). Let @ € U with corresponding
solutions X(t)7 (Y(t)7 Z(ta )7 K(tv " )); (ﬁ(t)7 qA(ta )7 f(t7 R )) and )‘(t) Of equations
(2.1), (2.2), (2.8) and (2.9) respectively. Suppose that:

Concavity: The function y — h(y) (terminal cost) and the Hamiltonian

('rua;lvyuzv k()?“) = H<t7x7x17y727k7u7 S\(t)vﬁ(t)7qA<t7 )77:(757 ) ))

are concave for all t > 0.
Conditional Maximum Principle:

~ ~

max E [H(t,X(t),Xl(t), Y(t), Z(t,-), K(t,-,-), v, \(t)

veU

=
—~
(o
N—
>
—~
~
SN—
>
e
~
SN—
SN—
o~
| I

Transversality Conditions:

lim ENT)(Y(T) =Y (T))] >0 and lim E[p(T)(X(T)— X(T))] <O0.

T—o0 T—o0

Then, U is an optimal control for our problem.

Proof. The proof follows the same steps as in the classical case; the presence of
the free process 9 (t) does not affect the concavity or the conditional maximum
principle because it does not depend on the control or the state. The term di(t)
cancels when considering differences (Y (£)—Y (t)) (since t(t) is the same for both
trajectories). Thus the proof remains valid; we refer to [2] and [5] for the detailed
algebra. 0

Remark 3.2. The transversality conditions are essential in infinite horizon prob-
lems. Sufficient conditions for them to hold are, for example, that the processes
X, Y and the adjoint processes have at most polynomial growth and that the
coefficients satisfy suitable integrability conditions; see [3] for a discussion.
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4. NECESSARY MAXIMUM PRINCIPLE

A drawback of the previous section is that the concavity condition is not always
satisfied in applications. In view of this, it is of interest to obtain conditions for
the existence of an optimal control with partial information where concavity is
not needed.

We assume the following:

(A1): For all & € U and all bounded 5 € U,
u+ef el,

for all such 3, and all nonzero e sufficiently small.
(A2): For all ¢, > 0, h > 0 and all bounded G, -measurable random vari-
ables «, the control process 3(t) defined by

B(t) = adyg ot (t)

belongs to U.

For a bounded G;-adapted variation 3, we define the derivative processes as:

X0 = pXE)

Vi) = Y|

Hes) = 7 ﬂ
K(t,s,-) = iKU+Eﬁ(t’S’ )10.

4.1. Linearized Equations. The variational processes satisfy the following lin-
earized equations (see [2] or [5] for a detailed derivation using Hida—Malliavin
calculus). The free process 1(t) does not appear because it is independent of the
control.

Lemma 4.1 (Linearized forward equation). The process X satisfies

X(t)_/o [%(t,s))&( )+aa—;1(t )X (s) + SZ@,s)ﬁ(s)} ds
# [ 5ot X0+ 5709500 + 52,950 dB)

v f t [ TS X+ (5 )+ 5 1,5,)5(5)| N, de)
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Lemma 4.2 (Linearized backward equation). The processes (Y, Z, K) satisfy

Y(t) = /t [%(t, s)X(s) + 8_a:1(t’ s)X1(s) + a—y(t, s)Y(s)

(t,5)Z(t,s) + (Vag(t, s), K(t,s,-)) + @(t, s)B(s) |ds

+8
ou

99
0z
— / Z(t,s)dB(s) — / K(t,s,e)N(ds, de).
t t Ro
The differential forms of these equations (obtained by differentiating with re-

spect to t) involve second-order derivatives of the coefficients; they are omitted
here for brevity (see [2] for the complete derivation).

4.2. First Variation of the Cost Functional.
Lemma 4.3 (First variation formula). Under assumptions (A1)-(A2) and the

differentiability conditions on the coefficients, we have

d * 0H

—J(u =E —(t)p(t)dt| .

P —e| [T Sl

Proof. The proof is identical to the case without ¢ (t) because 1(t) does not
depend on the control; its contribution to the variation of Y cancels when con-
sidering differences. We refer to [2] or [5] for the detailed calculations. O

Theorem 4.4 (Necessary Maximum Principle). Let i € U be an optimal control
with corresponding solutions X (t), (Y (t),Z(t,-), K(t,-,-)), p(t), q4(t,-), 7(t,-,-)
and A(t) of the state and adjoint equations respectively. Suppose the following
transversality conditions hold:
Tm EHT)X(T) =0 and Iim ENT)Y(T)] = 0.
—00

T—o0

Then,
0H

Qt} =0 forae t>0.
Proof. By Lemma 4.3, optimality implies
*~ 0H
E —()B(t)dt] =0
[ oo
for all bounded G;-adapted (. In particular, for any t5 > 0 and h > 0, choose
B(t) = aly, io+n)(t) with a bounded Gy -measurable. Then

oth of

0

Dividing by h and letting h | 0, Lebesgue’s differentiation theorem yields

ou

Since « is arbitrary, we conclude E[%2 (t,)|G;,] = 0 for almost every t. O

B afn ()] =0 aeto
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5. EXISTENCE AND UNIQUENESS FOR INFINITE-HORIZON BSVIES WITH A
FREE PARAMETER

5.1. Problem formulation. We consider the infinite-horizon backward stochas-
tic Volterra integral equation with jumps and a free stochastic process v (t):

Y(t):@/)(t)+/oo (t,s,Y(s),Z(t,s),K(t,s,"))ds
o (5.1)
—/ Z(t,s)dB(s / K(t,s,e) N(ds,de), t > 0.

The function ¢ : [0,00) X © — R is a given (not necessarily adapted) Fo-
measurable stochastic process satisfying

B| [Tl <o

for some B > 0 (see [0]). The presence of 1(-) is essential for the well-posedness
of the infinite-horizon problem; it acts as a free parameter that can be chosen to
satisfy, e.g., a transversality condition or a fixed-point requirement.

Following the approach in [1], we transform the problem into a family of stan-
dard BSDEs and use a fixed-point argument. Our analysis extends the techniques
of [6] to incorporate jumps.

5.2. Functional framework. For any 5 > 0, let A, := {(¢,s) € [0,00)? : t <
s} and define Hzﬁ [0,00) as the space of all processes (Y, Z, K) such that:

e Y :[0,00) x 2 — R is F-adapted,
o 7 : Ay X Q2 — R with s — Z(t,s) being F-adapted on [t, 00),
o K: Ay xRyxQ— R with s +— K(t,s,-) being F-adapted on [t, 00),

equipped with the norm

1Y, Z, ) 2000 o) ::E/O [eﬁtIY(t)I“r/ | Z(t,5)Pds
t

+/ / eﬁs|K(t,s,e)|21/(de)ds} dt.
t Ro

5.3. Assumptions (A). We make the following assumptions:
(1) The function g : [0,00)? x R3 x L?(v) x Q — R satisfies:
a) E [fooo ([ e g(t, 5,0,0,0)|d5)2dt} < oo for some 3 > 0,
(b) There exists a constant L > 0 such that for all ¢, s € [0, 00),

|g(t,8,y,z, k) - g(ta S,y,,Z/, k/)| S L (ly - y/| + |Z - Z,| + ”k - k/HLQ(V)) .

(2) The free process ¢ satisfies E [ [ e*|¢(s)|*ds] < oc.
(3) The parameter 3 is chosen sufficiently large (specifically, 8 > 6L? as will
be shown in the proof).
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Theorem 5.1. Under assumptions (A), there exists a unique solution (Y, Z, K) €
H%P[0,00) to the infinite-horizon BSVIE (5.1) with the free stochastic parameter
.

Proof. We prove the theorem using a fixed-point argument in the Banach space
H276

A [07 OO)

Step 1: Setup of the fixed-point mapping. For a given triple (y, z, k) €
H Zﬁ [0, 00), consider the family of infinite-horizon BSDEs parameterized by ¢ > 0:

V) = 00+ [ gt (5)20.9). Kt ) ds
o - (5.2)
—/ Zt(s)dB(s)—/ A K'(s,e)N(ds,de), r>t.

For each fixed ¢, this is a standard infinite-horizon BSDE with jumps and a
source term ¢ (r) (which is F-measurable but not necessarily adapted; however,
because the equation is interpreted in the forward sense and the filtration is
generated by the noise, the existence and uniqueness still hold under the weighted
square-integrability condition — see [(]). Under our assumptions, it admits a

unique adapted solution (Y*(-), Z!(-), K'(-,-)) satisfying the estimate:

E{Supeﬁ’"|}~/t(r)|2+/ 658|Zt(s)|2ds+/ /658|I?t(s,e)|21/(de)ds}
t t Ro

r>t
2
< CE

(/too 2 g(t,s,y(s), 2(t, s), k(t, s, -))|ds)

+ CE/ |y (s)|*ds,
¢

for some constant C' > 0 independent of ¢.
Now define:

Y()=Y't), Z(ts)=2s), K(ts,-)=Ks,), for(ts)e Ay

Then (Y, Z, K) satisfies (5.1) for the given (y, z, k).

Step 2: A priori estimate. Applying Ito’s formula to efBSDN/t(s) and using
Young’s inequality 2ab < gaQ + %62, we obtain after taking expectations and
letting the upper limit go to infinity:

’ 2

E

v P+ | T (AT 2P + IR s ->||iQ(V))ds]
2 [T oo NYE
< 5E/t e”®lg(t, s,y(s), z(t, s), k(t, s, )| ds

+ QJE/ 5|y (s)|*ds.
¢

Using the Lipschitz condition and the inequality (a + 0)? < 2(a? + b?), we have:

lg(t, 5.y, 2, k)" < 2lg(t,5,0,0,0)]" + 2L7(|y[* + [2]* + ||k ]| Z2(,)) -
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Substituting this bound into the previous inequality and integrating over ¢ from
0 to oo (using Fubini’s theorem) yields:

E / MY (t)2dt + E / / (LI ()P + 1 Z4(s) > + K (5, ) 22 ) dsdt
0 0 t

4 R 412 >
<ZE [ [ ol s, 00,0 st + 202 R0 + 28 [ eFluo)Pas
B Jo S B o 0

In particular, this shows that
2 4 OO > Bs 2 4L2 2 > Bs 2
(Y, Z, K)||H2ﬁ < EE e”g(t, s,0,0,0)| dsdt—l——ﬁ (Y, 2, k)| 5,26 2 E e*|(s)|ds,
0 Jt & 0

so the mapping ¢ : (y, z, k) — (Y, Z, K) is well defined on Hiﬁ[o, 00).

Step 3: Contraction property. For two triples (v;, 2z, ki), i = 1,2, set Ay =
Y1 — Y2, etc. The difference of the corresponding images satisfies an analogous
estimate with

Ag(ta 8) - g<t7 S, Y1, 21, kl) - g(ta 8, Y2, 22, k2>
By the Lipschitz condition, |[Ag| < L(|Ay| 4+ |Az| + [|Ak||12)). Repeating the
same computation as in Step 2 for the differences (note that ¢ (s) cancels because
it is the same for both) gives

612
|A(Y, Z, K)“fqiﬁ < FHA(Q,% k)HiIZB-

Step 4: Existence and uniqueness via Banach fixed-point theorem.
Choosing 3 > 6L? makes ® a contraction on the Banach space HX”B [0,00). By the

Banach fixed-point theorem, ® has a unique fixed point (Y, Z, K) € Hiﬁ [0, 00).
This fixed point satisfies (5.1) by construction, proving existence. Uniqueness
follows from the contraction property. [ OJ
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