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EDGE-BASED FIRST ZAGREB INDEX FOR FUZZY GRAPHS

SK RABIUL ISLAM!, SHOVAN DOGRA?", QIN XIN3, SABNAM SWOMIN* and
MADHUMANGAL PAL?

ABSTRACT. Topological indices have gained much importance in fuzzy graph
(FQG) theory and provide valuable information regarding the structure of graphs.
This paper provides an innovative edge-based version of the first Zagreb index
(Z1) for FGs. The proposed ZI on FG is comprehensively studied in case of
different classes of FGs, such as fuzzy path, fuzzy cycle, and fuzzy star graph.
It is also discussed how this index’s behaves when the FG is isomorphic with
one of its fuzzy subgraphs. Moreover, some sharp bounds on the proposed
index for various operations on FGs are derived. It should be mentioned that
the presented results not only contribute to the general theory of FGs but are
also useful for various practical purposes, such as determining properties of
molecular graphs in molecular chemistry.
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1. INTRODUCTION

FGs have come a long way over the years and have proved to be very useful
in handling uncertainties in the context of classical graph theories. Because of
their nature, FGs have been employed in various fields like chemistry, computer
sciences, biology, and social networks. Many developments have been made in
FGs.

Recently, there has been substantial interest in TIs in FGs because of their sig-
nificance in modeling and decision-making processes. Classical indices including
Wiener and Zagreb indices were investigated in a fuzzy environment by Kalathian
et al. [13]. The concepts of Islam and Pal [7, 8,9, 10, 1 1] also extended these ideas.
Some other noteworthy contributions are those made in the field of cyclic con-
nectivity index [14], studies related to picture fuzzy graphs [1] and advancements
in the areas of cyber security [I, 2, 3] and biological /nanotechnology systems
[17, 18]. Demir et al. [5] investigated several degree-based TIs for a generalized
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graph family linked to number-theoretic realizations and derived explicit formu-
las along with asymptotic relationships. Hosamani and Krzywkowski (2016) [0]
studied the differences of Zagreb co-indices under various graph operations, pro-
viding insights into their structural behavior and transformations. Neutrosophic
planar graphs is proposed by Mahapatra et al. [16], together with the RSM index
used for link prediction [15].

However, despite all these advancements, little importance has been accorded
to the concept of the edge form of the first ZI under fuzzy conditions. Being in-
spired by this problem area, the current paper will introduce the idea of the first
Z1 in edge form for FGs, analyzing it in terms of its nature in basic graph classes
like fuzzy paths, fuzzy cycles, and fuzzy star graphs. This research is significant
because of its application in fields such as molecular chemistry, where FG indices
play a crucial role. This study not only makes a contribution to theory but also
to practice.

Some words have been used in abbreviated form throughout this research ar-
ticle. List of these words and their abbreviated forms are given in the Table
1.

Abbreviation Full Form
FS Fuzzy set
FG Fuzzy graph
FSG Fuzzy subgraph
CP Cartesian product
DP Direct product
MSV Membership value
MSF Membership function
SP Strong product
SSP Semi-strong product
71 Zagreb index
TI Topological index

TABLE 1. List of Abbreviations

2. PRELIMINARIES

It is Zadeh who established the groundwork of F'S theory back in 1965. After a
decade, Rosenfeld brought the idea to graph theory, giving birth to the concept of
FG in 1975. From the time of their invention, FGs have had many applications
in different areas due to their capability of modeling uncertain and imprecise
situations.

The definition of FG is as follows:

Definition 2.1. [12, 19] (FG) A FG is of the form G = (V(G),€,n), in which
case V' is the vertex set of FG with the vertex MSF ¢ : V(G) — [0,1] and the
edge MSF 7 : V(G) x V(G) — [0, 1] accompanied by the condition: n(x,y) <
{(x) NE(y), Vo, y € V(G).
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Definition 2.2. The degree of a vertex v in a FG G is denoted as dg(v) or
d(v) and computed by summing the MSVs of all edges that are adjacent to v i.e.

)= 3 nw)

veV (G
A, § denotes the maximum and minimum degree of GG, respectively.
Definition 2.3. For a graph (crisp) G = (V(G), E(G)), the first ZI is given by:

My (G) = e%%G)[d(v)]2 or equivalently, M;(G) = EZE:(G) [d(u) + d(v)].

The first ZI formulation in the context of FGs was presented by Islam and Pal
[7] in 2021.

Definition 2.4. For a FG G = (V(G),&,n), the first ZI of G is defined as:
ZI(G)= > [{v)d).

veV(G)

CP, composition, join, DP, SP, and SSP of two FGs are defined in [12, 19].

3. EDGE-BASED FIRST ZI FOR FGs

The section introduces the concept of edge-based first ZI and investigates some
bounds for this index in case of different types of FGs like fuzzy path,fuzzy cycle,
fuzzy star graph, partial FSG, complete FG and isomorphic FGs.

Let us start by defining our targeted index.

Definition 3.1. For a FG G, the edge-based first ZI, written as Z1;(G), is defined
as: ZI1(G) = 32 [§(u)d(u) + £(v)d(v)].

weE(G)
v1(0.5)
0.5 0.5
v2(0.7) v5(0.9)
0.5 0.3
v3(0.6) 0 v4(0.5)

FIGURE 1. A FG G where Z1,(G) # ZI;(G).

Example 3.2. Let us consider a FG G = (V(G),&,n) as depicted in Figure 1.
MSVs of vertex and edges are given in the figure. One can easily calculate that
Z1(G) =4.1101 and ZI{(G) = 11.92. Here, Z1,(G) # ZI{(G).
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Theorem 3.3. Suppose P represents a fuzzy path with n vertices, then ZI;(P) <
2(2n — 3).

Proof. Let us take P = (uy,us, ..., u,) as a fuzzy path.
Then the end vertices u; and u,, have degree < 1, rest vertices u; (for 2 <i <n—1)
are of degree < 2.
Now, we have,
n—1
ZI3(P) = &(ur)d(ua) + &(un)d(un) + 2 &(us)d(us).

1=2

< €)1+ €)1 2 Y6 -2

n—1
= ¢{(w) + &(un) +4 Zf(uz)

=2
Using the fact £(u;) € [0,1],Vi = 1(1)n, we obtain, ZI{(P) < 2(2n — 3). Thus,
we get Z17(P) < 2(2n — 3). O
Theorem 3.4. Suppose C represents a fuzzy cycle with n vertices, then Z17(C') <
4n.
Proof. Let us take C' = (uq,ug, ..., Up, Upny1 = u1) as a fuzzy cycle.

Then each vertex of C' is of degree < 2.
Since each vertex is adjacent to two edges, therefore we can write

ZE(C) = 23 €(u)d(w,).
Thus, ZI:(C) < 23 €(u;) -2 = 43" (us) < 4n. 0
=1 =1

Theorem 3.5. Suppose S represents a fuzzy star graph with (n+1) vertices, then
ZI7(S) <n(n+1).

Proof. Let ug be the central node and w; are the leaves for i = 1(1)n
Then d(ug) < n and d(u;) < 1 for i = 1(1)n.
Now, we have

ZI7(S) < Z [€(uo) - n + &(w;) - 1]
=n-§(uo) - n+ Zﬁ(uz‘)

= n*&(ug) + Z &(ui).

Using the fact 0 < £(u;) < 1fori = 0(1)n, we get Z1;(S) < n?+n=n(n+1). O
<

Theorem 3.6. Suppose H represents a FSG H of a FG G, then ZI;(H)
ZI:(G).
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Proof. As dy(v) < dg(v), then
ZEH) = ) [En(w)dn(u) + &u(v)dn(v)]

weE(H)

< Y Ke(wda(u) + &a(v)da(v)]

weE(G)
< ZI;(G).
0J

Theorem 3.7. Suppose G represents a n-vertex complete FG, then ZIf(G) <
n(n —1)2.

Proof. Clearly, degree of each vertex < (n — 1), then

ZI;(G)=(n-1) Zf(uz)d(ul) (as each vertex is incident to (n — 1) edges)
i=1
<n(n-—1)>2
0

Theorem 3.8. Suppose G and G represents two isomorphic FGs, then ZIf(G) =
Z17(Ga).

Proof. Clearly, dg,(v) = dg,(¥(v)), where 9 is the isomorphic map. Thus,
ZI;(Gy) = ZI;(G). O
4. BOUNDS ON EDGE-BASED FIRST ZAGREB FOR FG DURING OPERATIONS

This section discusses the bounds on the edge-based first Zagreb index of FGs
obtained by various graph operations.

Theorem 4.1. Suppose G; = (V(G1),&1,m) and Gy = (V(G2), &2, m2) Tepresent
two FGs and let Gy x Go = G = (V(QG), &, n) represent their CP, then ZI{(G) <
n[ZI;(Gy) + ZI;(Ga)] + 2[n(n — 1)]2.

Proof. From Theorem 4.1 ([9]), we have
dg(U, U) < dGl (u> + dG2 (U)

Now,
ZI(G) = Z [5(“17 v1)d(uy, v1) + &(ua, v2)d(us, Uz)]
(u1,v1)(u2,v2)€E(G)
:Kl + K27
where
Ky = Z € (u, v1)d(u, v1) + E(u, v2)d(u, v)],
ueV(G1), viva€E(G2)
Ky = Z [f(ul, v)d(uy,v) + &(ug, v)d(us, v)}

veV(G2), uru2€E(G1)
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Based on the above inequalities, we get

Ko< Y [26()de () + €ev)da, (1) + Ealv)da, (v2)

ueV (G1), viv2€E(G2)

< 2m2 Z 51 dG1 + an[ (Gz)

ueVy
g 27’le2A1 + anIf(Gg),

where A; represents the maximum degree of Gj.
In the same way

Ky < noZ17(Gh) + 2namy As.
Hence, ZI7(G) < ny Z17(G1) + anI*(GQ) + 2(nymoAy + namiAs).
With the use of inequalities m; < "l("l Vand A; < n;—1 (fori = 1,2), we get
nime\q + n2m1A2 < [n(n—1)]%
As ny,ng < n, we get ZI7(G) < n[ZI;(Gh) + ZI;(G2)] + 2[n(n — 1)]% O

Theorem 4.2. Suppose G; = (V(G1),&,m) and Gy = (V(Ga), &, m9) repre-
sent two FGs and G1[Go] = G = (V(G),&,n) represent their composition, then
ZI}(G) <n3ZI; (Gy) + nZI; (Gs) + 2n(n — 1)2.

Proof. From Theorem 4.3 (][9])) in case of composition of two FGs G; and Gs,
de(u,v) < nadg, () + dg, (v).

Now,ZI}(G) = > [§(ur, v1)da(ur, v1) + §(uz, v2)da(us, v:)]
(u1,v1)(u2,v2)EE(G)
:Kl + K27
where Kl = Z [§<u7 Ul)dG(U, Ul) + 5(“‘7 UQ)dG(U’7 U?)]
uweV (G1),v1v2€E(G2)
< > 2n261(u)de, (v) + &(v1)da, (v1) + &2(v2)da, (v2)]

ueV (G1),v1v2€E(G2)
S 2n1n2m2A1 + 77,1Z[ik(G2)

and K2 = Z [f(ul,vl)dG(u1,U1) —|—€(’U,2,U2)dG(U2,U2)]
uiu2€E(G1),v1,02€V (G2)

< ny Z {&1(u1)de, (ur) + & (ug)dg, (uz) }

uiu2€E(G1),01,02€V (G2)

+ > {&2(v1)da, (v1) + &2(v2)dg, (v2) }

uluzeE(G1),v1,v2€V(G2)
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In this way,
ZI7(G) =K, + K,

< RQZ[*(Gl) + anIf(Gg) + 2n1n2m2A1 + 2ngm1A2
< nPZI(GY) +nZI (Go) + 2n*(n — 1)%

OJ

Theorem 4.3. Suppose G; = (V(G1),&1,m) and Gy = (V(Ga), &2, 1m2) represent
two FGs and Gy + Gy = G = (V(G),&,n) represent their join, then ZIf(G) <
ZI(GY) + ZI3(Ga) + 2n? ( n—2).

Proof. From Theorem 4.5 ([9] )) in case of join of two FGs G and G,

(u) + n9,u € V(Gy)
(u) + ni,u € V(Gy)

Now,ZI;(G) = Y [£(u)da(u) + £(v)da(v)]

uweE(G)

:Kl + KQ + K?)a

where, Ky = Y [£(u)dg(u) + £(v)da(v)]

uweFE(G1)

< Y [a{de(u) +no} + & (0){de, (v) +n2}]

weFE(G1)
S Z]T<G1) + (Tll + n2)m1

Ky= Y [E(wda(u) +£)da(v)]

uweE(Ga)
In the same way, Ko < ZI7(G2) + (n1 + ng)meo,
and K3 < ning(ny +ng + Ay + As).
Thus,

Z]T(G) S Z]f(Gl) + Z]f(Gg) + (n1 + ng)(ml + mo + TLlTLQ) + nlng(Al + Ag)
With the use of the inequalities
(i) ny,no <n
(ii) my, mg <
we finally get ZI;(G) < ZI;(G1) + ZI; (Gs) + 2n?(3n — 2). O]

n(n—1)
2

Theorem 4.4. Suppose G; = (V(G1),&1,m) and Gy = (V(Ga), &2, m2) represent

two FGs and Gy + Gy = G = (V(G),&,n) represent their join, then ZI7 (G +
Gy) > ZIH(Gh) + ZIH(Ga).
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Proof. As G is join of G and G, then, we have (Theorem 4.5 ([9] )),

dGl(u),u € V(Gl)
dG(U) = {dG2<u),U - V(Gg)

Hence, ZI7(G) = Y [E(w)da(u) + &(v)da(v)]

weER(Q)
=K + Ky + K3,
where, K1 = ) [€(w)dg(u) + £(v)da(v)] > ZI(Gh),
weE(Gy)
Ky = ) [E(uw)de(u) +&(v)da(v)] = 21 (Gy),
uwweE(Ga)
Also, K3 = Z [£(u)dg(u) + &(v)da(v)] > 0.

uweV (G1),veV(G2)

S ZTHG) > ZIHGY) + ZIH(Ga).
0

Theorem 4.5. Suppose G1 = (V(G1),&1,m) and Gy = (V(G3), &, 12) Tepresent
two FGs and G1I1Gy = G = (V(G),&,n) represent their DP, then ZI1,(G) <

%nQ(n —1)3.

Proof. As G is DP of G and Go, then §(u, v) = & (u)A&(v) and n((uy, v1) (uz, v2)) =
M (uguz) A n2(vivs). Hence,

do(uv) = Y nl(u,0)(ur,v0))

(u1,01)EV(G)

= Z 771<u7u1) /\772(1),1)1)

(u1,01)EV(G)
< dGl (U) VAN dG2 (/U) < maX{Al, AQ}

Therefore,

ZIG) = ) [E(ur,vi)de(ur,vr) + §(uz, v2)de (uz, vs)]

(u1,v1)(u2,v2)EE(G)

1
< 2mymg max{Aq, Ag} < §n2(n —1)3
0

Theorem 4.6. Suppose G; = (V(G1),&1,m) and Gy = (V(G2), &2, m2) Tepresent
two FGs and G, @ Gy = G = (V(G),&,n) represent their SSP, then ZI{(G) <
n(n —1)ZI;(G1) + n(n+ 1) ZI; (Gs) + [n(n — 1)]%.
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Proof. As G is SSP of G and Gy, then &(u,v) = & (u) A &(v) and

n((uy, v1)(ug,v9)) = {
Hence,

do(u,0) < ) mluw)+ Y mo)+ Y p(vnr) < da, (u) + 26, (v).

uu1 €E(G1) w1 EE(G2) w1 EE(G2)

N (urug) A ne(vivg), if uyus € E(G1) and vivy € E(Gs)
&1 (u) A ma(v1vg), if up = ug = u € V(G1) and vy € E(Gy).

Therefore,

(u1,v1)(uz2,v2)€EE(G)
=K + KQ,

where K| = Z (€ (ur, v1)de(ur, v1) + E(ug, v2)da(ug, v2)]

u1u2€E(G1),v1v2€E(G2)

< D {8 w)do, (m) + 266, (v1)da (01))

uiu2€E(G1),v1v2€E(G2)

+ {gGl (u2>dG1 (u2) + 2502 (UZ)dGz (U2>}
S ngIf(Gl) —|— 2m1ZIf(G2),

and KZ = [g(uavl)dG(u7/U1) +€<U7U2)dG(u77}2)]
uGV(Gl),vvaGE(GQ)

< > {&c (w)de, (u) + 286, (v1)da, (01)}
u€V (G1),v1v2€ E(G2)
+ {86 (W)dg, (u) + 260, (v2)dgy (1)}

S 2n1m2A1 + 2anIf(G2)

L (n = DZI(G) + n(n + 1) ZIH(G) + [n(n — ]2,

< Z
-2

O

Theorem 4.7. Suppose G1 = (V(G1),&1,m1) and Gy = (V(G2), &, 1m2) represent
two FGs and G1 ® Gy = G = (V(G),&,n) represent their SP, then ZI7(G) <
n(n+1)[ZI;(G1) + ZI;(Gs)] + 4[n(n — 1)]2.

Proof. As G is SP of G and G, then &(u,v) = & (u) A & (v) and

771(U1U2) A 772(1}1?]2), if U1U2 € E(G1> and V1V9 € E(GQ)
n((u1,v1)(ug,v2)) = ¢ & (u) Ana(vive), if up =uy =u € V(Gy) and v1vy € E(Gs)
62(’[]) VAN 771(U1U2), if UrUy € E(Gl) and V1 =V =0V € V(Gz)

Hence, dg(u,v) < 2[dg, (u) + dg,(v)].
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Therefore,
ZI1(G) = Z [§ (ur, v1)de(ur, v1) + §(uz, v2)de (uz, v2)]
(u1,v1)(u2,v2)EE(G)
=K + Ky + K3a
where, K = Z [§(ur, v1)de(ur, v1) + §(uz, v2)de(uz, v2)]

uiu2€E(G1),v1v2€E(G2)
< 2moZI5(Gh) + 2my Z15 (Gs).

KQ - Z [§<u7v1)dG(u7U1> +£(u702)dG(u7v2)]

ueV (G1),v1v2€E(G2)
< dnymelAq + 20 Z 17 (Gy),

and K3 = Z [5(U1,U>d@<ul,’0) +€(U2,’U)d@(ﬂ2,’0)]
uluQEE(Gl),vGV(Gg)

S 4n2m1A2 + QHQZ]T(Gl)

Hence,
ZIT(G) 2(712 + mg)ZIf (Gl) + 2(n1 + ml)Z[i" (GQ) + 4(n1m2A1 + ngmlAg)

n(n+ 1)[Z1(Gy) + ZI;(Gy)] + 4[n(n — 1)]%

IA A

5. APPLICATION

In order to assess the usefulness of the TI, it is important to find its relation-
ship with at least one of the physicochemical properties of a chemical compound.
Benzenoid hydrocarbons, which are are very diverse in nature, can be effectively
used for this investigation. In this connection, FGs are drawn for these chemical
compounds, where each carbon atom acts as a vertex, while the edge is repre-
sented by the bond between two carbon atoms. Formulae for calculating MSVs
of the vertices and edges are given by:

£(v)

Atomic energy for the vertex v

- V{Atomic energy of all vertices of G}

Bond energy for the edge uv
n(uv) = A{ ,€(u),€(v)}.
V{(w), £(v)}

In our study, 22 benzenoid hydrocarbons are analyzed. The following six physic-
ochemical properties are considered for these hydrocarbons:
(i) Boiling point (BP), (ii) Entropy (E), (iii) Acentric factor (AF), (iv) Octanol-
water partition coefficient (OWPC), (v) Kovats retention index (KRI) and (vi)
Enthalpy of formation (EF).

The values of these physico-chemical properties for benzenoid hydrocarbons
and edge based first ZI are listed in Table 2. From the data of Table 2, the linear
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TABLE 2. The values of some physico-chemical properties and
edge based first ZI for benzenoid hydrocarbons.

Name BP AF OWPC |KRI EF Edge first ZI
Maphthalene 218 79.38 0.302 3.3 200 150.6 21.28
Phenanthrene 338 93.79 0.394 4.46 300 209.1 3z
Anthracene 340.05 92.43 0.402 4.45 301.69 218.3 32
Chrysene 431 106.83 0.46 2.81 400 207.7 42,72
Tetraphene 425 108.22 0.46 5.76 398.5 276.9 42,72
Triphenylene 429 104.66 0.46 5.49 400 258.5 42,72
Maphthacene 440 105.47 0.46 5.76 408.3 286.1 4272
Benzo[a]pyrene 496 111.85 6.13| 45344 279.9 49.92
Benzo[e]pyrene 493 110.46 6.44 450.73 289.1 49,92
Perylene 497 109.1 0.49 6.25 456.22 279.9 49.92
Anthanthrene 247 114.1 7.04 203.89 310.5 57.12
Benzo[ghi]perylene 542 114.1 6.63| 501.32 301.3 57.12
Dibenz[a,h]anthracene 536 119.87 6.75 495.45 335.5 53.44
Dibenz[a,jlanthracene 531 119.87 6.54 489.3 335.5 53.44
Picene 519 119.87 0.54 711 500 326.3 53.44
Coronene 590 116.36 0.54 7.64 549.67 322.7 64.32
Benzo[c]phenanthrene 413 113.61 5.7 391.12 280.5 42,72
Pyrene 404 96.06 0.41 4.88 351.22 230.5 39.2
Dibenzo[a,e]pyrene 592 124.89 7.28 551.53 338.5 60.64
Dibenzola,h]pyrene 596 123.5 7.28 559.9 347.7 60.64
Dibenzala,i]lpyrene 594 123.5 7.28 556.47 347.7 60.64
Dibenzo[a,l]pyrene 595 131.69 7.71 553 351.2 60.32

regression lines are determined for different parameters and also the corresponding
correlation coefficients (R). All these linear regression lines are written below:

BP = 8.8307(Edge first ZI) + 52.792, R = 0.993365,

E = 1.0266(Edge first ZI) + 61.007, R = 0.926841,
AF = 0.0057(Edge first ZI) + 0.2065, R = 0.96111,
OWPC = 0.1013(Edge first ZI) + 1.2446, R = 0.983751,
KRI = 8.6031(Edge first ZI) + 26.177, R = 0.993488,

EF = 4.4007(Edge first ZI) + 74.536, R = 0.944626.

Since the correlation coefficients are greater than 0.9, the edge based first ZI could
be used to predict the physico-chemical properties of benzenoid hydrocarbons ef-
fectively. These findings have demonstrated the effectiveness of this index. Linear
regressions between this index and these physico-chemical properties of benzenoid
hydrocarbons have been illustrated in Figure 2. In Figure 2, the regression line
has been plotted as the blue line. This figure clearly represents the strength of
the relationship between this index and these physico-chemical properties of ben-
zenoid hydrocarbons. From Figure 2 and seeing the values of R, it is clear that
the data points between the Kovats retention index and this index are closer to
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FIGURE 2. Linear fitting of Edge based first ZI with some physico-
chemical properties of benzenoid hydrocarbons.

the regression line compared to other data points. Therefore, the linear regression
model between this index and the Kovats retention index is more precise than
the other models. The value of correlation coefficients signifies that this index is
strongly associated with boiling point, OWPC, and moderately associated with
acentric factor, entropy, and enthalpy of formation.

6. CONCLUSION

In this study, we have proposed the edge-based formulation of the first ZI
tailored for FGs and derived analytical bounds for this index. The proposed
Z1 on FG has been comprehensively studied in case of different classes of FGs,
such as fuzzy path, fuzzy cycle, and fuzzy star graph. Furthermore, we have
established bounds for the index under various operations on FGs. To highlight
its practical relevance, we have applied this index to a dataset comprising 22
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benzenoid hydrocarbons. The analysis has demonstrated a strong correlation
between the proposed index and multiple physicochemical properties, including
BP, KRI, and OWPC. Additional noteworthy associations have been observed
with parameters like AF, E, and EF, confirming the potential utility of this index
in molecular chemistry.
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