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ABSTRACT. In this article we establish the existence of weak solutions for a
p-Laplacian differential equation on the half-line under Dirichlet boundary con-
ditions. The proof is based on critical point theory.
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1. INTRODUCTION AND PRELIMINARIES

We consider the following p-Laplacian boundary value problem posed on the half-
line for p € [2,4+00),

{—(|u'<t>|p2uf<t>)’+|u<t>|“u<t> = Mtut) te0+00), )
u(0) = u(4+00) = 0,

where A > 0, and f: [0,400) x R — R is a Carathéodory function, i.e.

i) the function ¢ — f(¢,u) is measurable, for each u € R,
ii) the function u +— f(¢,u) is continuous, for a.e. ¢ € (0, +00).

The study of nonlinear differential equations driven by the p-Laplacian operator
has attracted increasing attention due to their mathematical richness and rel-
evance in modeling real-world phenomena. A central focus of current research
lies in understanding the existence and multiplicity of solutions. In this context,
variational methods and critical point theory have proven to be powerful tools,
enabling significant advances in recent years. see [1],[7],[2], [15].

This paper is motivated by the work of Galewski [10], in which the existence of
solutions was established for the following problem on the half-line:

{—u"(t) +u(t) = Aqg(t) f(t,u(t), t € (05+00),
u(0) = u(400) = 0.

Here, we generalize the differential operator to the p-Laplacian case and study
the existence of solutions for problem (1.1). Using a combination of the mountain
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pass theorem and a minimization principle, we obtain new existence results that
extend and refine those available in the literature.

Let us consider the space X defined by
X = {u € WhP(0, +00), u(0) = o},

which is equipped with the following norm

1

foll = ([ wtopars [ opar)’”

Note that if u € X, then u(+00) = 0 see [3].
And we consider the following spaces :

Cs[0, +00) ={u € C([0,4+00),R) : lim s(t)u(t) exists }

t—+4o0
endowed with the norm
|ullo = sup s(t)|u(t)],
t€[0,4-00)

where s: [0, +00) — (0, +00) be continuous and bounded, with s € W14(0, +00),
and
K = max(|s]| s, [|5]| o),

1,1 _
such that 5+5—1.

Definition 1.1. Let X be a Banach space. A functional J: Q@ — R is called
coercive if for every sequence (x,)nen C X,

|zn]| = +oo0 = J(z,) = +00.

Definition 1.2. Let X be a Banach space. A functional J: X — (—o0, +00] is
said to be sequentially weakly lower semi-continuous (swlisc for short) if

< T
J(z) < I%Iilii&f J(z,)
as r, — x in X, n — oo.

Lemma 1.3. [1] Let X be a reflexive Banach space and let J : X — RU {+o0}
be a functional satisfying:

(1) Coercivity: lim J(z) = +o0.

[|z]|]—+o0
(2) Sequential weak lower semicontinuity: For every sequence (x,) C X con-
verging weakly to x € X, we have J(x) < liminf, . J(z,).

Then J is bounded from below and attains its infimum.

Lemma 1.4. [3] Let X be a Banach space, B C X a nonempty, weakly compact
set, and J : B — R a weakly lower semicontinuous functional. Then J attains
its minimum on B; i.e., there exists xqg € B such that

J(z9) = rmr.leig J(z).
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Definition 1.5. Let X be a real Banach space and let J : X — R be a C'-
functional. A sequence {x,} C X is called a Palais-Smale sequence for J if:

(1) (J(xy)) is bounded,

(2) 11 (n)]

x+— 0 asn— +oo.

Definition 1.6. The C*-functional J is said to satisfy the Palais-Smale condition
if every Palais-Smale sequence for J possesses a convergent subsequence in the
norm topology of X ( (PS) condition for brevity).

Lemma 1.7. [12], [14] Let X be a Banach space, and let J € C'(X,R) satisfy
J(0) = 0. Assume that J satisfies (PS) condition and there exist positive numbers
p and « such that

(1) J(x) = a if [lz]| = p,
(2) there exists xy € X such that ||zol| > p and J(x) < a.
Then there exists a critical point. It is characterized by

!/ o o
J(z) =0, J(z)=inf mnax J(v(1)),

where
F={yeC(0,1],X) : v(0) =0, v(1) = xo}.
We need also the following Corduneanu compactness criterion.

Lemma 1.8. [5] Let D be a bounded set in C,.[0, +00). We say that D is relatively
compact if the following conditions true:
(a) D is equicontinuous on any compact sub-interval I in [0, +00), i.e.

VI C [0,400) compact,¥Ve > 0,35 >0, Vit €1 :
[ty — ta] <6 = |r(t1)u(ty) — r(ta)u(ty)| <e,Yu € D,

(b) D is equiconvergent at +o0 i.e.,

Ve > 0,37 (e) > 0 such that ¥Vt : t > T(e) = |r(t)u(t) — (ru)(+o0)| < e, Vu € D,

2. MAIN RESULTS

2.1. Some embedding results.

Lemma 2.1. X is continuously embedded in C[0,400).
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Proof. For u € X, by using Holder’s inequality, we have

[s@ul)] = |s(+oo)u(+o0) = s(t)u(t)]
(su)'(6)do

IN

IN

IN

ININA

then ||uleo < K||u]|.

t

“+00

0
“+o00

/ $1(0)do

0
“+o00

/t m s'(@)u(@)dé" +

/ $(6)df 7@(9)\%9

/t o s(Q)u'(&)d@‘

Q=
D=

3=

q [+
[ ey
0

1
+oo q

[suas) i+ | [ 00|l

0
max(||s'| za, [|s| o) [ull.
Klfull,

The following compact embedding is a fundamental result.

Lemma 2.2. X embeds compactly into Cs[0, +00).

Proof. Let D be a bounded set in X, then by using Lemma 2.1, D is bounded in
Cs]0, +00), such that for all u € D, [Ju|| < R, (R > 0). We will apply Lemma 1.8.
(a) D is equicontinuous on every compact interval I in [0, +00).

Let w € D and t1,t5 € I. For u € X, and t, > t; > 0, from Hoélder’s inequality,

we have

r(t2)ulte) — rty)u(ty)]

IN

IN

t1

to

[/
(

t1

/ ® () (r)dr

/ tQ
t1

[ roar 5 / () Pdr

H(ryu(r)dr| + ' / () dr

1
q

par || fumpar 21
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Ir(t2)u(ts) — r(t)ulty)] < / W / r(@)dr | ull

/ r / ()i ||l

to

Q=

IN

t1

< Rmax /r ; /Tq(T)dT — 0,

to

Q=

(2.2)
as [t; — ta] go to 0.
(b) D is equiconvergent at +o0.
For t € [0,400) and u € D, using that (ru)(+o00) = 0, (ru’)(+o00) = 0 (note
that u(oco) = 0,u/(c0) = 0 and r is bounded) and by using the Cauchy-Schwarz
inequality, we get
+o00

(ru)(#) — (ru)(+o0)| = ‘ | euren
/t+°° r'(T)u(r)dr + /+°° o' (7)r(7)dr

IA
=
o
”
—
ﬂ\
—
Ny
U
\]
—
<
—
\]
~—
8
\]
=

Q=

as t — 400, O

Lemma 2.3. [3] [Sobolev embedding]
The space X is continuously embedded into L*>°(0,+o0c). More precisely, there
exists a constant L > 0 such that for every u € X,

[l (0, 400) < L[]

2.2. Variational Framework. Let v € X, and multiply the equation in problem
(1.1) by v and integrate over (0,400), so we get

/0 ) [_(‘u’(tﬂpﬁul(t))’ + \u(t)|P*2u(t)] v(t)dt = /o h Af(t,u(t))v(t)de,
we have

“+oo

/0 h [/ ()P~ ()0 () + [u@) [P u(t)o(t)] dt = A ft,u(t))v(t)dt.

0
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Definition 2.4. We say that a function u € X is a weak solution of problem
(1.1) if
+0o0

/0 h [/ ()P~ ()0 () + [u@) [P u(t)o(t)] dt = A f(t,u(t))v(t)dt.

0
for all v € X.

To study problem (1.1), we introduce the functional J defined as follows

J: X — R
+oo
u — J(u) = %Hqu — )\/ F(t,u(t))dt,
0

where .
Pt = [ fiy

If the functional J is Fréchet differentiable at the point u € X then
“+oo

(J'(u),v) = /0OO[\U’(t)l”‘2u/(t)v’(t)+IU(t)!”‘QU(t)v(t)] dt—A/O St u(t))o(t)dt.
(2.4)

Remark 2.5. If you find a function v € X such that J'(u) = 0, then u is a weak
solution of problem (1.1).

2.3. The sublinear case.

Theorem 2.6. Suppose that the following conditions hold:
(Hy) there exist positive functions a,b : [0, +00) — (0, +00) with
a,b € LY0,+00) N L71(0,400) and o > 0 such that
|ft,u)| <a(t)|u]” +0b(t), fora.e te€0,+00) and allu € R,

(Hy) there exist functions cy, ¢y : [0,+00) — (0,4+00) with ¢, ¢a € LY(0, +00),
and j > p such that
(a) F(t,u) > ci(t)|ul* — ea(t), for a.e. t >0 and all u € R,
(b) puF(t,u) < uf(t,u), for a.e. t >0 and all u € R\{0},

(H3) lim, o ‘J;(ItTﬂ = 0 uniformly for a.e. t € [0,400),

(Hy) the function u— F(t,u) is convex on R for a.e. t € [0, +00),

(Hs) for any constant & > 0 there exists a nonnegative function he for which

The € L0, 400) such that
sup

lyl< / <t’ %)

Then problem (1.1) has at least one weak solution nontrivial.

Proof.
Step 1. The functional J is well defined.
Let w € X. Under assumptions (H;), we have that

< he(t)  for a.e. t €[0,+00).

B i) < Lol 4 o)
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Hence
—+o00 1 “+oo a(t) +oo b(t)
F(t,u(t))dt| < Hu(t)|H dt = Zls(t)u(t)|dt
[ re] < S [ S sauorac [T S swu
o+1 400 +o0
ol [ wwdeww/ b(t)
o1 Jy (D) o s(0)
< KUJrl o+1 K b
< =l gl K el s
Then
o+1 1 b
|J(u)] < —\|UI|7”+A +1||U||" | (,+1||L1+AK|Iu||Hg||L1

<OO

step 2 J satisfies the Palais—Smale condition.

Consider a sequence (u,) C X such that (J(u,)) is bounded and J'(u,) — 0, as
n — oo. We will prove that (u,) admits a convergent subsequence.

Since J'(u,) — 0, for any given € > 0 there exists ny such that ||J'(u,)|| < € for
all n > ng. Then, we have

(T (un), wnd] < elluall, ¥n = no.

Moreover, a straightforward calculation yields
+oo

(J (un), up) = /0 h lul (£)|P dt + /O N |un ()P dt — X f(t, un(t))un(t)dt.

0
Now we estimate by (Hs)(b) that

—/\/O+OO Pt un (1))t > —2 ( Om f(t,un(t))un(t)dt)

7]
1, | N 1 [t p
:;<J(un),un)—;/0 (u, (1)) dt—;/g (un(t))" dt
1

> = fun ]| = —flun -

The boundedness of (J(u,)) yields a constant C' with |J(u,,)| < C for alln € N,

Thus we obtain . )
—€
C— 5llunllp > —|lun |l = =[[uall?

fL=p €
¢z ( ) [unll” = = [lunl]-
pi p

Since p > p, (u,) is bounded in X i.e., there is some M, > 0 such that
|un|| < M,, for n € N.

which results in

Next, we prove that (u,) converges strongly to some u € X. Since (u,) is
bounded in X, we can extract a subsequence, still denoted by (u,,), that converges
weakly to some u € X with ||ul| < M,. As already noted, by Lemma 2.2.

If (u,,) converges to u in C5[0, +00) and s(t) > 0 for all ¢ € [0, +00), then it follows
that u,(t) — u(t) for every t € [0,+00). Since f is a Carathéodory function, we
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have f(t,u,(t)) — f(t,u(t)) as n — +oo for almost every t € [0, +00). Then,
using (H;), we obtain

|f(tua(®)] < alt)un(t)|” + b(t)
< a(t)||lunl|7 +0(t) < L7a(t)|[un[|” + b(t) (2.5)
< M7L7a(t) + b(t),

and since a € L'(0, +o0), b€ L'(0,+00), we see also that
MZL7a+b € L}(0, +00).

By the Lebesgue dominated convergence theorem we now have

lim /0 () dt = /0 " u(t))dt.

n——+oo

it follows that
+00

lim (f(t,un(t)) = [t u(t))) (un(t) — u(t)) dt = 0. (2.6)

n—-+0o0o 0

According to (2.4), we get
(J'(un) = J'(w), up —u) = /O oo(|uiz(t)|p_2%(t) = [ ()0 () (u, () — /() dt
+/0 " Jun (OF 2 () = [ult) P 2()) (un (8) — u(®))dt

—A/O Oo(f(t,un(t)) — [t u(t))) (un(t) —u(t)) dt.
(2.7)
if p > 2 there exists 6, > 0 ( see [13]) such that,
(le[P~22 = [yIP2y) (x — y) > Oylz — yIP, (x,y) € R.
Therefore, we get
(J'(un) = J"(u), un —u) = Opllun :ooqu
A n0) = £ ule) () = ute) .

(2.8)
Since lim,, o0 J' (u) = 0 and (2.6) , (2.8), we see that lim, o [|u, — u|| = 0.
step 3 J satisfies the first geometric condition of Lemma 1.7.
Let us fix A > 0 and let

1
< —.
0<e_>\

From (Hj3) there exists § > 0 such that |f(¢,z)| < €|z|P~! whenever |z| < 4.

/0 |F(t,u(t))|dt§]3/0 lu(t)[Pdt

€
< —lul?
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Let 0 < p < £ . Then for |lul| = p, we have
1 too
Iw) = Sl [ P

p 0
1

> —(1—eA)||ul]?

> )l

>,

such that a = %(1 — e\)pP, therefore condition (1) in lemma 1.7 is verified.
step 4 J satisfies the second geometric condition of Lemma 1.7.
By (Hz)(a), for some vy € X, and £ € R we have

+oo
Tew) = HePlwlr A [ Pt v

+o00 +oo
< Lol - Ml / er (1) volt)Fdlt + / (1)t
0 0

Now, since p > p, for uy = £vy we have J(ug) < 0 for sufficiently large & (i.e., as
¢ — 400). Then, by Lemma 1.7, J admits a critical point, which is a nontrivial
weak solution of problem (1.1). O

Remark 2.7. Assume that (H;) holds. The functional J is well-defined and C!
on X . see [10]

Example 2.8.

—(lw @) P2/ (2)) + [u()P~2u(t) = M (1) (
u(0) = u(+o0) = 0.

5lu(t)] + Tlu(t)| In(2fu(t)| + 9)
(2[u(®)] +5)?

) (|cos(3t)| +7)

(2.9)
It can be easily checked that all conditions of Theorem 2.6 are satisfied with

Ft,u) =" (t) (5|u(t)| +(;||Z((i))|| 1—1;(;)’7;(75” + 9)) (|cos(38)| + 7).

Therefore problem (2.9) has at least one nontrivial solution for any A > 0.

2.4. A critical point exists on a closed ball. Let E be a real reflexive Banach
space, and let ®, H : E — R be two convex functionals that are continuously
Fréchet differentiable, with derivatives o, h : E — E* respectively; i.e., & = ¢
and H' = h. Consider the problem

o(u) = h(u), ue€E. (2.10)

Define the functional J : £ — R associated with (2.10) by J(u) = ®(u) — H(u),
(see [9]).

Theorem 2.9. [9] Let E be an infinite-dimensional reflexive Banach space.
(i) Let A C E and suppose there exist ug,v € A such that p(v) = h(ug) and

J(up) = ilelg J(u).

Then ug is a critical point of J, and consequently solves (2.10).
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We have the following result

Theorem 2.10. Suppose that (H;),(H,) and (Hs) hold. Under the assumption
that f(t,0) # 0 on some subset of [0,+00), there exists a constant \* > 0 such
that for all X € (0,\*), problem (1.1) possesses at least one nontrivial solution.

Proof. Set B :={u € X : ||u]| < r}, the closed ball of radius r centered at 0. By
(2.5) and Lemma 2.3, we obtain the following estimate for any u € B

|f(t, u,(6)] < r7L%a(t) + b(t), for a.e.t € [0,+00).
Define d := L"r"||a||Lp% + ||bHLP%, then we see that for any v € X by the
Holder’s inequality

+o0o +oo

+oo
/ |ft,u(t)v(t)|dt < L"ra/ a(t)v(t)dt+/ b(t)v(t)dt
0 0.0 it (2.11)
< (Lorllall ey + W0l 20 ) Toller
< d([[olle + [[v'[IZe)* = dllvll,

we put \* = % and fix A € (0, \*).

Since the zero function is not a solution to the problem under consideration, any
solution we obtain is necessarily nontrivial.

We put

5 (W) 1/+°°|'<t>|pdt+1/+°°|<t>|pdt Ll
u) = — u - u = — ||u|?,
! P Jo P Jo P

and
T (1) = /0 F(t,u(t))dt,

then J = J; — AJs. Observe that J; is weakly lower semicontinuous and J5 is
weakly continuous. Hence J is weakly lower semicontinuous. Moreover, B is
weakly compact, so by Lemma 1.4, for every A > 0 there exists a minimizer
ug € B of J.
We shall apply Theorem 2.9. Define &, H : X — R by the formulas

+o0 1

400 400
D(u) = / P + / %!u(tﬂp, H(u) = A / F(t,u(t))dt,

and observe that these are convex C! functionals. Now consider the auxiliary
Dirichlet problem

—(l @) P2 () + [u@) P 2ult) = Af(tuo(t)), t € (0+ oo),
{ U(O) = U(+OO) = 0. (2.12)

Problem (2.12) admits a unique solution for some v € X. This follows by con-
sidering the following associated functional,

1 [t oo
By = [ @ + P de = [ st wo)uo
0 0
and proving that it is coercive, C', weakly lower semicontinuous, and strictly
convex. Then the direct method in the calculus of variations (see [11]) yields

exactly one solution to (2.12).
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We shall prove that v € B. To do so, take equation (2.12) with v = v, multiply
it by v, and integrate by parts. This yields

/0 TP+ /0 Tlrdi=x [ Ftuo(t))o(t)dt.

0
Using (2.11) we have

[of[P < Ad]v]

<
< xedjol, (219)
then X
vl[|P7 < N*d
|| H 2 Tp—l (214)

From the above we obtain ||v|| < 7, which implies v € B. Hence Theorem 2.11
applies. O

Example 2.11.
| + 7|w(t)|In(2]u(t)| + 9)
(2lu(t)] +5)?

) (|cos(3t)| + 7)

(2.15)
It can be easily verified that for the function,

Slu(t)| + 7u(t)] In(2]u(t)| + 9)
tou) =u'(t
all conditions of Theorem 2.10 are satisfied. Consequently, there exists A* > 0

such that for every A € (0,\*) problem (2.15) admits at least one nontrivial
solution.

) (| cos(3t)| + 7) + (] sin(2t)| + 2),
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