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BLOW-UP OF SOLUTIONS TO p(z)-LAPLACIAN PARABOLIC
EQUATIONS WITH GENERAL NONLINEAR SOURCE

RIDHA SAIDANE!2* ABDELLATIF LALMI® and ABDELOUAHAB SALMI*

ABSTRACT. In this paper, we study a p(z)-Laplacian parabolic equation with
a general nonlinear source term. We show that the solution may blow up in
finite time at positive initial energy. Moreover, under some suitable assump-
tions about the nonlinear source term, we prove that solutions blow up in finite
time at arbitrarily high initial energy.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we consider the following initial boundary value problem of the
p(z)-Laplacian parabolic equation:

u — div (|[Vulf®=2Vu) = f(u), 2€Q, ¢>0,
u =20, red), t>0, (1.1)
u(z,0) = ug(x) > 0, x €,
where Q@ C R™ (n > 1) is open bounded domain, with smooth boundary 0%, p(-)
is continous and bounded function on € such that

2 <p- <pz) < pi < +oo, (1.2)

where p_ = essinfyeqp (), ps = esssup,cp (z), ug € Wy (Q) N L=(Q) is
non-negative and non-trivial. The function f is locally Lipschitz continuous and
satisfies f(0) =0, f(s) > 0 for all s > 0. Considering the following assumption

(@) F(s) < sf(s) + Bs"™ 4+, (s> 0) (H1)
where
a_ = ess in(fla (x) < a(zr) < ay =esssupa (z), (1.3)
re x€eQ)
0<f< (o —p)h/p, (1.4
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and )\ is the first eigenvalue of the p(x)-Laplacian operator, which is given by

VulP@)d
e e oVl

> 0, (1.5)
wew @@y JolulPde

~v > 0, will be detemined later, and F' is defined by

P9 = [ fein

The functions p(-) and «(-) also satisfy the following assumption

np(x) .

. (H2)
+oo, if py >n.

In what follows, we denote by (-, -) the inner product of L*(2) and by ||-||,(x) the
norm of L"®(Q), (1 < r(z) < +o0).

The p(x)-Laplacian parabolic equation is frequently encountered in the theory
of nonlinear elasticity, electrorheological fluids, image processing, calculus of vari-
ations, and so on; see [1, 4, 17, 23, 24]. Consequently, model (1.1) when p(z) = p
(constant exponent) has been extensively investigated by numerous researchers
[3, 5, 8, 13, 18, 19, 25, 27], particularly it appears in the non-Newtonian fluid
theory see [9].

Recently, the problem (1.1) has been examined in numerous research papers,
considering the general source term, which can be expressed in various forms
see for instance, [8], when p(x) is constant (p(z) = p) and [2, 10], when p(x) is
variable.

H. Ding and J. Zhou in [3] studied the problem

uy — div (|[VulP2Vu) = f(u), z€Q, >0,
u =0, red, t>0,
u(z,0) = ug(x) >0, z € Q,

they showed that the solution may blow up in finite time at positive initial energy.

Moreover, under some suitable assumptions about the nonlinear source term, they

demonstrated the blow up solution in finite time at arbitrarily high initial energy
In [2] The authors investigated the problem

up — div (|[Vu"®72Vu) = [uf@2u+ f, 2€Qx(0,T),
u(x,t) =0, r e d) x[0,T),
u(x,0) =ug (), z € (.

They proved that when f = 0, any solution with a nontrivial initial datum blows
up in finite time.

A. Lalmi et al. [10] considered the problem (1.1) with the nonlinear logarithm
source term as follows:

up — div (|[VuP®)2Vu) = julf™@2uloglu|, z€Q, t>0,
u(z,t) =0, x €I, t>0,
u(x,0) = ug (), x €€,
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with 2 < p_ < p(z) < p; < +00. By applying the logarithmic Sobolev inequality
and the potential well method, the researchers obtained results regarding the
global existence and blow-up of weak solutions under certain conditions.

The main goal of this work is to analyse the aforementioned blow-up phenom-
enon of nonnegative solutions to equation (1.1) that occur in finite time when
the initial energy is positive. We also look at what happens to the non-negative
solutions (1.1) in the presence of arbitrarily high initial energy. Do they blow
up in finite time? Here, we will examine nonstandard growth evolution equa-
tions, specifically p(z)-Laplacian parabolic equations within spaces of variable
exponents, and we will develop proofs that are consistent with these spaces. We
mention that local existence is established in [I4, Theorem 2.4, Theorem 2.5].

The rest of the paper is adjusted as follows: In Section 2, we present preliminary
results that are essential for the subsequent parts of the paper. Section 3 focuses
on auxiliary results that are necessary for proving the main findings. In Section 4,
we discuss the blow-up of weak solutions results, which are the primary objective
of this paper. The method used here is concavity in variable exponent spaces. For
a more profound understanding of the fundamental properties of these spaces, we
suggest that the reader refer to the relevant references [7, 15, 21], which highlight
the key features important for subsequent discussions.

Definition 1.1. A function u is said to be a weak solution of problem (1.1) on
Q2 x [0,T) if it satisfies the initial condition and

/ wpwdx + /|Vu|p(z)_2Vqudx = / f () wdzx.
Q Q Q
for all w € Wy (), and for almost every ¢ € (0, 7).

2. AUXILIARY RESULTS

Let us start this section by defining the following energy functional on the space
Wy P (Q):

u) = L u[P @ dy — u)dx
T = [ Ve~ | Fluyde+lal. (2.)

and elaborate certain auxiliary lemmas, which are needed later in the proof of
the main results.
A key for proving Theorem 3.1 below is the following lemma:

Lemma 2.1. Assume that the function [ satisfies the following condition
s @L< f(s) <y (so‘(x)*l +1), foralls>0, (2.2)

where 1y, n2 are two positive constants with nya_ > ng. Then there exists a positive
initial data function uy € Wol’p(x)(Q) N L>*(Q) such that

0< J(Uo) < M(U0)7 (23)
where

M (ug) = Ai oy —223 — Bp- <||u0||§ ~ (p- ;2)|Q\) L7 (04+O;1) |Q\’ (2.4)
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Proof. We first prove that for some positive ug € Wy (gc)(Q) N L*>(Q) such that
the norm ||ugl|2 is large enough, we have

(Mo —po) —2pﬁp—) (p- — 2)IQI /u gy a= =1 / W8y
- Q

_ Mo 2) B2 ol — (-——)/Nudp (2.5)

since p_ —2 > 0 by (1.2), Ay(ax —p_) — Bp— > 0 and nya_ — ny > 0.
Indeed, from (1.2) and (H2), we have 2 < p(z) < a(x) < p*(z) then by the
continuous embeddings Wy ™™ (Q) < LV'@(Q) — Lo@(Q) — L*(Q) < L'(Q)
[11, Theorem 1.11], [6, Theorem 6.29] and [7, Theorem 8.3.1], using [I |, Theorem
1.3] (see also [12]) for ug and Vug, with the assumptions that

IVullp)s Nulla@), lullpe > 1, (2.6)

due to the previous embeds, since the norm ||ug|2 is assumed large enough, we
obtain

(Mi(ay —p_) = Bp-) (p- —2)|Q [)\1(04+ —p_)— Bp_
2p_ 2

p_—2 [ ThO— —T)2 _—p_ QL 1 1
+ [[uoll (WHUOHQ - (p— - IZ) g) ] - 77202}- (2.7)

where (', Cy are the constants of the Lebesgue embeddings and S is the best
constant of the Sobolev embedding. That is (2.7) true by the choices

(p- — 2)|Q|)% ((m 1 ) a_ 0o )
U, >max< 1, | —— | - _ — :
H 0”2 { < p- p— o (771047 — 772) Sp—

< ||U0||2[||U0||2

and

¢, < ol (1 gpor- - e o)

T _CY 2 p_p+SP-
Aoy —po -
+ 1( + 2p ) Bp HUOHQ
T2
We get that (2 5) follows.
Now, from (1.2), (2.1), (2.2) we have
—/qu0|p(” — / cdr — ng/uodas + 79I < J(up)

< —/|vu0|z> dx——/ oz + |0,

choose 7 such that

)2 ozx)d 77_ d / p(x d 771 a(w)d
A + /s updx — p+|m |V <y < — a /, Uy dx

. O[__,_ ‘V’U,O|p(x)d$6—|— (AI(CY—F 2|§;|> ﬁp—) (Huong - %) 7 (28)
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then, we can find that
0< —/|Vu P@) dg; ut™ dy — nQ/uodx+’y]Q]
Q
< —/|Vu0|p dr — — ug @z + Q| < M (u).
Q

The given inequality (2.8) is also true from (2.5), and the proof is complete. [J
Remark 2.2. Since Lemma 2.1 shows that J (ug) < M (ug), that is to say
M(Uo) —J (Uo) > 0,

regardless of whether M (ug) is positive or negative. We can assume, without loss
of generality, that M (ug) > 0 throughout the paper.

Now, we suppose that the nonlinear term f possesses a concrete expression; we
use the fountain theorem (see [20]) for finding the finite time blow-up solution at
arbitrarily high initial energy (Theorem 3.3 below). Let

ﬁp($) Sp(a:)—l

_ a(z)—1
f(s) =7s + () = p(@) s >0, (2.9)
obviously, we have
_ T a@ B p(z)
F(s) = a(x)s + o) —p(m)s . (2.10)

The nonlinear term f in (2.9) obviously fulfils (H1). Additionally, if f take the
form (2.9), we can deduce from (2.1) and (2.10) that

1
J(u) = / —|Vu|p(x)d:x - 7/ u®@d ,8/ up(””)dx + 7|9
o p(z) o o(x)
(2.11)
Here are some auxiliary lemmas needed to prove Theorem 3.3 below.

Lemma 2.3. Let (H2) and (2.9) hold. There exist functions {&}re, C Wy (Q)
satisfying

(fk) /—|V§k|”(x dx — /QLK;CI”‘(‘”)dx

() a(z)
_6/ |§k|p d$+7|Q| — 00 as k — oo (2.12)
Proof. Tt suffices to demonstrate that J meets the assumptions of [26, Theorem

3.6, page 58]; this proves the Lemma. Given the separability of W,* (m)(Q) 7,

Theorem 8.1.13], one can select a base {e;}>~, of WP () and a base {1132,

of W=7 (*)(Q)) such that IVeill @y =1 and [l -1y = 1, with [j (e;) = 1if

i=jandl(e;) = 0if i # j, where W~ @)(Q) is the dual space of W, ™" ().
For j =1,2,---, we set

H; =span{e;} = {re; : k € R}.



6 R. SAIDANE, A. LALMI, A. SALMI

Thus H; L H, for i # j, ie., ; (ke;) = 0 and [; (ke;) = 0 for any x € R. In the
following sense, for k =1,2,---, we set

k 0o
We=EPH;, Vi=EPH;
j=1 Jj=k

then
Virt = Wi, W™ (Q) = Wi @D Vi

and W, C WP(Q) with dim W, < oo.

At First, we have J € C! <W01’p(x)(Q),]R>; this is clear from (2.10) and [16,

Proposition 2.10], and it is also clear that J is an even functional. Next, we follow
three steps:

Step 1. We will demonstrate that .J satisfies the statement (1) of [26, Theorem
3.6]. Indeed, let

or=_ sup  [&lla (2.13)
gevkal‘v£|lp(z):1

then it follows that 0 < g1 < gr. So, there is a p > 0 such that
o — 0 as k — oc.

For every k, there is & € Vj with ||V, = 1 and
0
€llar > & 0.
By the definition of V;, we arrive at
& — 0 weakly in Wy (Q) as k — oo.

The compact embedding Wo ™ (€) < L@ () since by [20, Proposition 3.3] in
view of (H2), leads to

&, — 0 strongly in L¥®(Q) as k — oo,

which means that

lim g = 0. (2.14)
k—o0
Now, by (1.5), (2.13), [11, Theorem 1.3], assuming that ||V]|,) > 1, and in

view of (2.14), for £ € Vi, we have

j(f) > i/|V§|p(%)d$ — l/|£‘°‘(x)dx — —B /|£,p(z)dm
P+ Ja oa_ Jq a_ —py Jg
1 p

o —a— T\ 7R L
> (o= ) Iele - 22-vely,

Choose

1

_ ()\1 (a- —p4) — ﬁp+> T

T = a .
A170y, (047 - p+)
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So, if £ € V;, and || VE||p@) = 7%, We get

Ty Alas —py) — Bpy <>\1 (- —py) — ﬂp+> e =
J(g) > a_pi )\1'792_ (a_ _p+>

and J satisfies [20, Theorem 3.6] (As).

Step 2. we prove that J fulfils assertion (Ay) of [26, Theorem 3.6]. For any
pr > 0 large enough and & € W, with | VE]|,m) = 1, we have

7080 — [ L@y -~ [ L
T(pid) /Q S V(P /Q e

P& P dz + 410

€] de

1
Y
o o) — p(o)
1 ~ _ ~
< (o [vareas - Lo [ e
b-Jao ot Q

__ B [
— /Q|g| dx) 410, (2.15)

Moreover, given that dim W, < oo and ||Vg||p(x) = 1, we can refer to [1 |, Theorem
1.3] to state that for certain 1,19 > 0, we may write

Ve = Vel =1
Q
i < min {81 €157, ) < [ a0 < 5,

g < min (I8 020 } < [ @Pae < g,
which, along with (2.15), yields

~ 1 o P
J(pe€) < pit (— — ka_ Pr— B—l) + 7|9 = —o0 as pp — oo.
p- ot o4 — P-

Set £ = pkg, then
IVEllp@) = pellVEllp@) = pr and § € Wi.
Thus, for sufficiently large py > ry, we get that J satisfies [26, Theorem 3.6] (As).
Step 3. we prove that J satisfies [26, Theorem 3.6] (Ay). Let {fj};il C
WP () be a sequence satisfying, for any ¢ > 0,
J (&) — ¢ and ||J' (&) HW*LP'(I)(Q) —0 as j— o0.
Then there exists C; > ¢ and Cy > 0 independent of j such that
JE) <c and [T (&) |lypme <Co for j=1,2,-
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Formula (1.5), in view of [11, Theorem 1.3] and [16, Proposition 2.10] give
Cs »
Gt mas {196 7 196 1 |
G @)
>Ci+— [ [V§["da
Ot Jao

> 7 (&) - i<f’<sj> &)

> % /ww di - —/w i+ 0}
a4p- Jo
A _ _
a+p_A1 Q
A (ay —p-) — Bp- .
> +Oé+p,)\1 Cmax{”véj|p(z Hv5]|p(x }+7’Q’7 J :1727"' )
(2.16)
min{[IV& 117 IV 1) .
where C' = and (-,-) denotes the duality bracket between

max{ [V 170, IV I
W=7 (@)(Q) and I/VO1 #(@) (), then there exists a C3 > 0 independent of j such
that

IVEillpw) <C3 §=1,2,-+ (2.17)

Thus we can find £ € Wol ’P(x)(Q) and a subsequence of {5J}ji1 (still denoted by
{&};2, ) such that

& — & weakly in Wy"™(Q) as j — oc. (2.18)

So, from (2.17) and (2.18), using the weak lower semicontinuity of the norm (see
[7, Theorem 3.2.9 p. 77]) we obtain

IVEllp@) < Hmnf[[VE; ]y < Cs. (2.19)
For any ¢ € W™ (Q), it yields
T©.0= |V£|p<x>*2vw<d:c — el 2cas
—p / S secan, (2:20)

consequently, replacing ¢ by & — ¢, 1t holds
(T(6) = T(.6 =€) = | (V&I29g, = Ver-29¢) V(& — €)da

y /ﬂ (16,1726, — [¢]20-2¢) (¢, — €)da

_ _PE) e -2 (ep@)-2¢) (6. — E\da
8 [ s (62 = k) 6 (i)zdl)
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Looking to (2.18), the compact embeddings given in [20, Proposition 3.3], Wo ™ (Q) <
Lo@(Q) and Wy P®(Q) < LP#)(Q) give that {1}, is bounded in L*®)(Q) N
LP®)(Q), and

& — & strongly in L*@(Q)N LPD(Q) as j — oo. (2.22)

1

Thus (2.20) (with ¢ is replaced by &; — &), using the generalized Hélder inequality
(see [15, 21]), (2.18) and (2.22), becomes

(T(©.6 -] <| [ 1vsrevevie; - o

Ty /Q ll€]7-2¢ (¢, — £)| du
2 [ lepo (e - )] da
< ‘ [1verevevie; - gas
Q

Bp+ z)— )
P o 16— Ellyy = 0 85 7 = 00, (2:23)

+ME D @) 15 = Ellagey

On the other hand, it follows from (2.17) and (2.19) that
‘<<7/(5j)afj —-&)] < 2C3||j,(€j)HW,l,p,<z>(Q) =0 as j— o

which, when combined with (2.21) and (2.23), using the p(x)-Laplacian strong
monotonicity inequality (see [22]), since by (1.2), yields

Cul|VE; = Ve[

p(z)

< [ (& rer2ve ~ VP9 V(g - )

< (&) = T1(©),8 =€) +llg "% — le1"= %
+ LR pler-zg; — jepi2e

a’(:r)”£j o f||cy(:z:)

p,(x)”@ — ng(z) —0 as jJ —> @

Q. — P+
This shows that, .J satisfies [26, Theorem 3.6] (Ay).
Finally, based on the previous steps, we conclude that (2.12) is valid. O

Lemma 2.4. Assume that (H2) and (2.9) hold. Then for any constant k > 0,
there ezists a nonnegative function 1 € Wol’p(z)(Q) N L>(Q) such that J(¢) = K.

Proof. Let
v =[] € W™ (9),
where {fk}zil is the sequence given in Lemma 2.3. So, from this Lemma, we
have
J(vg) = 00 as k — +oo.

Thus, for any constant x > 0, there exists vy, satisfying J (vy) > 2k.

Now let {Cj}jil C C§°(§2) be a sequence of nonnegative functions, then, in

view of the log-Holder continuity condition for the function p(-) (see [7]) it can
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be seen that

1J(¢) = J (o) =0 as j—oo if ¢—u, in WeP™(Q) as j— o
Thus, there exists a function ¢; € C§°(€2) such that J (;) > «. Let

1 1
g(ﬂ) = J(ﬂCj) :/levmjlp(x)dx — ’}//Q _Oé(]?) ‘pCj’a(I)dZIf
_ 1 1p(@)
B/Q a(z) — p(2) |p<]| dz + |9

P . v oz
<P [ v P@dr — [ g1 @ da
b- Jao Ay Jo

+
_ BL/\C]-]”(“)CI:U +9Q, VYC>1
Oy —P-Jo
Obviously, the function g(p) is continuous and
Jlim g(p) = oo,

since from (H2). Let R(g(p)) denote the range of g(p), then we know R(g(p)) D
(—00,g(1)]. Owing to g(1) = J(¢;), we obtain from J (¢;) > ~ that there exists

p > 1 such that ¢ = p(; € C§°(£2) C Wol’p(x)(Q) N L>(Q) satisfies J(¢v) = k. O

3. BLOW-UP RESULTS

This section aims to prove that finite-time blow-up occurs for weak solutions

to problem (1.1), given that the initial data uo belongs to W™ (Q) N L®(Q).
The following present the blow-up results of the paper.

Theorem 3.1. Suppose that ug € Wo '™ (Q) N L=(Q) is a positive function. If
it hold (H1) and
J (up) < max {0, M (up)}, (3.1)
then any positive weak solution u to (1.1) blows up at the finite time T, < +00
in the sense of
lim ||ul)3 = +oo0. (3.2)
t—T,

Proof. Let u = u(t) for t € [0,T") be the positive weak solution to equation (1.1)
as presented in [5]. This solution is contingent on the initial data ug that satisfies
condition (3.1), where 7" represents the maximum existence time.

Consider the functional

t
F(t):/ /qu:cds+@, t >0, (3.3)
0 JO

where © is a constant that will be determined later, we have

I'(¢) :/uzdx
0
t

= /2uusdxds—l—/u(2)dx, (3.4)
0o Jo Q
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then, we get

1
—T"(t) :/uutd:c
2 Q

s [ st 55
Q Q

On the other hand we may write

/ / uldrds = — Uﬂww —/{21%|Vuo|p(x)dx}
+ [ /Q F(u)dx — /Q F(uo)daz]

1
< —/—|Vu|p(x)d$+/F(u)dx—'y|Q|
o p(x) Q
1
+/—|Vu0]p(x)d:1:—/F(uo)dx—l—’y|Q|
o p(x) Q

= —J(u) + J(up) (3.6)
Therefore, from (H1), (2.1) and (3.6) we obtain
1
2F” /|Vu]p dr + a+/ F (u)dx — B/ @ dy — ~|Q
Q Q

=—ayJ (u) + 2

\dr — B/QUP("”)dx + ey —1)[Q)

A —p_) — Bp_
> (o) + 2 ]f) op [ wds +(a, - Dl
— (9]

t
+04+/ /uid:vds (3.7)
0 Jo

We discuss two cases

Case 1. J (up) <0

Here we use the embedding LP®)(Q) «— L2(Q), [17, Proposition 2.4] since by
(1.2). Then [ 1, Theorem 1.3] in view of (2.6), (3.4), and (3.7) lead to

lF//(t) > )‘1(@4— ) 6]7— ||u||

2 - P p()
A1(Oz+ ) Bp- 2\ /2
_ >\1(04 ) Bp- p_/2 38
o wor (33)

where Cy () is the embedding constant. Integrating (3.8) over [0,t] we find

" 2-p- 2/(p——2)
HU(t)Hg > 5 p_clp(x) o]l |
pfcg,;(x) HUOHZ_IL - ()\1(Oé+ —pi) _ 5]97) (p, _ 2)t
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This shows the blow up of weak solution to (1.1) in the sense of (3.2) with finite
time

P-Capwlluolla™
(Mo —p-) = Bp-) (p- —2)°

Case 2. 0 < J (ug) < M(up)
In this case (3.7) may be derived using the generalised Holder inequality and
Young’s inequality

ST 2 o (ug) + MO B 2P /Q
+ay /Ot/gzuidxds (Mo —po) —QPB_]?—) e 2)|Q|’ (3.9)

we add and subtract the term [(A\(ay —p_) — Bp_) /2] ||luo||> on the right-hand
side of (3.9),in view of (3.4), resulting in the following

T, =

u'dr + 7 (ar — 1)]Q

%F”(t) oy (M(UO) —J (Uo)) + CY+/0 /Quzd$d3

_ _ t
L Mlay =) ’Bp‘/ /2uusdxds. (3.10)
2 0 Ja

Moreover, using Hélder’s inequality, we can conclude from (3.4) that

t 2
0~ 2] = ([ [ 2udeas)
0 Q
t t
<t [ ulias [l ds (3.11)
0 0

Combining (3.3), (3.10) and (3.11) we get

D(OL"(t) = 20 (M(uo) = J (uo)) + 5 [I'(8) = uo 3]

+ My —po) = Bp) [T'(t) — [luol?]

— 20 (M1(un) = J (w0 + 5 |) = ol + 22 =0

B <)\1(04+—P) —Bp)z’ (3.12)

oy

choose |lugll, = /(M(ay —p-) — Bp_)/ay and ay to be sufficiently large; we
find

2

OT(0) — 5 (U0 2 20 (M (uo) — T (u) - (HEZLIZI) g
+

This inevitably leads to the blow up in finite time 7, (see [10, Lemma 4.2]) of

the weak solutions to (1.1) in the sense of (3.2). The proof of the theorem is
achieved. O
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Remark 3.2. The blow-up result in case 2, (0 < J (ug) < M(up)), may be obtained
in another way as given in [3, Proof of Theorem 1], by assuming that the solution
u exists globally and then we get a contradiction. Indeed, (3.9) can be written

1 " o 1 2 '
510 = (5l - o)

1
> (s = p) = ) (5 Il - ©). (3.13)
where
(Ao —p-) = Bp-) (p- = 2)[Q = 2p_v(ay — 1) + 2p_aJ (uo)
2p- (Ml = p-) = Bp-)
An integration of (3.13) on [0, ] yields
[ull3 > (|luoll3 — 20) ePrles—P=)=Fr-)t | 2@, (3.14)

and (3.14) shows that ||u||? > 0 since by (A(ay —p_) — Bp_) > 0 and Remark
2.2. Using [8, (18)] we arrive at

@:

2
(Iluoll3 — 20) ePr(es P10t 190 < (( (o)) /2 + [Jugl2) ¢ > 0.

(3.15)
But (3.15) cannot hold true when ¢ is large enough, leading to a contradiction.
Consequently, this conclusion achieves the result.

Theorem 3.3. Let ug € Wy P™(Q) N L¥(Q), suppose that (H1) holds. If (H2)
and (2.9) hold, then for any constant B > 0, there exists an initial positive
function ug € WP (Q) N L®(Q) that satisfies (3.1) with J (ug) = B, and the
positive weak solution u to (1.1) with ug blows up in finite time in the sense of
(3.2).

Proof. Assume Q; and €2, are two arbitrary disjoint open subsets of 2. Let
ve (W@ (@) N L=(2)) \{0}
be an arbitrary nonnegative function satisfying
supp(v) = {z € Q :v(z) # 0} C Q.
Then for any constant B > 0, one can choose € > 0 large enough such that

J(ev) <0, (3.16)

and

)‘l(a-‘r _p—) B 6p— <H€UH§ o (p— - 2)|Q|) + Y (a"r — 1) |Q| > B.
2004 p a4

From Lemma 2.4, one can select a nonnegative function

p € WyP(Q) N L=(Q)

(3.17)

such that
supp(p) C Qo and  J(p) =7|Q + B — J(ev).
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Then by the choice ug = ev + ¢, we infer from (3.16) and (3.17) that

J(ug) = J(ev) + J(p) —7[Q] = B,

and

M(ay —po) = Bp- <|IUBII§ (p- - 2)IQI) L (e =10

20é+ _ a4
o Mlay —po) = Bp- lev]2 — (- =210\ | 7(or = DO
- 204+ 2 _ o
> B = J(UB)

Taking up as the initial value, the blow-up result follows from Theorem 3.1. [

10.

11.

12.
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