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WAVELET NEURAL NETWORK MODELING UNDER
CENSORING
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ABSTRACT. We propose a new neural network method to estimate an unknown
regression function when the observed data are partially hidden due to simulta-
neous left- and right-censoring. The approach combines wavelet-based feature
extraction with a shallow neural network, offering strong flexibility. Estima-
tion relies on inverse probability weighting to handle censoring. We prove both
standard and almost-sure convergence of the method under mild conditions on
the network architecture and resolution level. The theoretical analysis draws
on bias-variance decomposition, covering number arguments, and concentra-
tion inequalities.
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1. INTRODUCTION

Nonparametric regression aims to estimate an unknown function ¢ : R — R
from observations (Xj, Y;)™ ; without imposing a parametric form on ¢. In many
practical settings, however, the response Y is not directly observable due to cen-
soring: the recorded value is a censored version of the true response. Such situ-
ations arise routinely in survival analysis, reliability engineering, environmental
monitoring, and medical studies, where measurements may be clipped from below
(left censoring) or from above (right censoring), or both simultaneously (mized
or double censoring).

Handling censoring in nonparametric regression has a long history. Kohler,
Mathé, and Pintér [11] studied prediction from right-censored data. Kebabi,
Laroussi, and Messaci [10] established L*-consistency of least-squares estima-
tors for twice-censored data. Laroussi [12, 13] extended these ideas to penal-
ized smoothing splines and B-spline regression under general censorship. Douas,
Laroussi, and Kharfouchi [5] proposed a wavelet-based estimator adapted to
twice-censored responses. In the neural-network literature, Nagpal, Li, and Dubrawski
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[14] introduced Deep Survival Machines for censored data with competing risks,
Pearce et al. [16] proposed a Bayesian quantile approach, and Idiou, Bourezaz,
and Laroussi [%] established L?-convergence of a plain neural network estimator
combining least squares with censored data.

The present paper takes a further step by proposing a Wavelet Neural Network
(WNN) estimator. The key idea is to use a wavelet multiresolution decomposi-
tion as a structured feature map, transforming the original input = € R? into a
vector @ (z) of wavelet coefficients at resolution level J,. A single-hidden-layer
neural network is then applied to this feature vector. This architecture combines
two complementary strengths: (i) wavelets provide sparse, geometry-aware ap-
proximations of functions in Besov spaces Bng(Rd), yielding near-optimal bias
bounds; (ii) the neural network component handles residual nonlinearity through
universal approximation.

The censoring mechanism is addressed via an IPW correction: the empirical
risk is weighted by the inverse of S(Z;)F(Z;), where S, and F, are the Patilea
Rolin [15] product-limit estimators of the survival function of the right-censoring
variable and the distribution function of the left-censoring variable, respectively.
The main contributions of this paper are as follows. We define a WNN function
class H,, combining wavelet features and neural activations, and construct an [IPW
empirical risk minimizer ¢ over H,, adapted to the double-censoring mechanism.
We establish weak consistency: E||¢:—q||7- o — 0, with an explicit rate involving
the Besov smoothness s, the network width M,,, and the resolution level J,,. We
also establish strong consistency: ||¢ — g7, (. — 0 almost surely, via the Borel-
Cantelli lemma under a mild additional rate condition.

The proof is fully detailed, covering the bias decomposition, covering-number
calculations for the WNN class, and the concentration-inequality argument.

The paper is organized as follows. Section 2 introduces the model, the WNN
class, and the estimator. Section 3 collects the assumptions. Section 4 states
and proves the main consistency theorem. Section 5 presents a brief numerical
illustration. Section 6 concludes.

2. MopEL, WNN CLASS, AND ESTIMATOR

2.1. Regression model and double censoring. Let (X;,Y;)i<;<, be ii.d.
copies of (X,Y), where X € R? and Y > 0 is almost surely bounded. The
regression function is

q(z) =ElY | X = z]|. (2.1)

Due to mixed censoring, Y is not directly observed. Two independent non-
negative random variables L (left-censoring bound) and R (right-censoring bound)
are introduced. The actually observed triple is (X;, Z;, A;), where

Z; = max(min(Y;, R;), L;), (2.2)
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and the censoring indicator is

0 if L; <Y; < R; (uncensored),
Ai=q1 if L; < R; <Y, (right-censored), (2.3)
2 if min(Y;, R;) < L; (left-censored).

The observed sample is D,, = {(X;, Z;, A;)}_,. Let Sk denote the survival func-
tion of R and F7j, the distribution function of L. Set

a = inf{t : F(t) > 0}, b = sup{t : Sg(t) > 0}.

2.2. Wavelet feature map. For a resolution level J, > 1, let ®; : RY — RNn
denote the multiresolution wavelet feature vector, obtained by projecting x onto
the tensor-product wavelet basis at scale J,. The feature dimension satisfies
N;, = O(2/m4). In practice, @, (z) collects the inner products (z,;;) for all
wavelets ¢ at levels j < J,. The norm bound (used in covering-number argu-
ments) is

5, (1)l < Co 2712 (2.4)

for some absolute constant Cy > 0.

2.3. WNN function class.

Definition 2.1. For parameters M,, € N, L, > 0, B,, > 0, define the wavelet
neural network class

My,
H, = {g(x) =3t 0w @y, (@) +bm)+¢ < [am] < Lo [l < Ba bl < L, ] < Lo

m=1
(2.5)
where 0 : R — R is a bounded Lipschitz activation function. We also define the
constrained subclasses

H:={g€H, 0<g(x) <L, R, (2.6)
H* = {f :R? = R, : f(x) = max(0, min(g(x), L,)), for some g € H,}. (2.7)
Remark 2.2. The class H,, extends the plain neural network class of [3] by replac-
ing the raw input = with the wavelet feature vector ®; (x). This substitution (i)
provides an explicit bias bound via Besov-space approximation theory, and (ii)

reduces the effective dimension of the problem from d to N, at each resolution
level.

2.4. Patilea—Rolin censoring estimators. Following [15], define the product-
limit estimators: D
Sp(t) = 1——Y 2.
0= T1(1-52—). (2:5)
J1Zi<t J 7

where (Z}) are the ordered distinct values of (Z;), Dy; = >, Yiz=z:, A=k}, Nj =
Sy Liz,<z1}s and U;_1 = n He]\i1(1 — Dyy/Ny). The Kaplan—Meier estimator for
the left-censoring distribution is

E,t)= J[ (01 —1,-) - (2.9)

-, !
].Zj>t

b
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2.5. WNN estimator. The WNN estimator minimizes the IPW empirical risk
over H,:

1 e=14_ o, (X;)) = Z;|?
Gul( ) = arginf =y o) 19022, (X)) = Zi7 (2.10)
geH, N i=1 Sn(ZI) Fn(ZZ)
The final, truncated estimator is
g, (z) = max(0, min(g,(z), Ly)). (2.11)

The IPW correction ensures that the empirical risk is an unbiased estimator of
E|g(X)—Y|? when only uncensored observations contribute to the sum, provided
Sr(Z)FL(Z) > 0 on the support of the uncensored data.

3. ASSUMPTIONS

Assumption 1. Y, R, and L are mutually independent.
Assumption 2. The censoring pair (L, R) is independent of (X,Y").

Assumption 3. There exist a < b such that a < Z; < b almost surely for all ¢
satisfying A; = 0.

Assumption 4. Fj, and Sk are continuous on (0, +00).

Assumption 5. Tp < Ty < T < oo and Iy < I < Ig, where Ty (resp. Iy)
denotes the upper (resp. lower) endpoint of the support of V.

Assumption 6. The activation o : R — R is bounded and Lipschitz.
Assumption 7. The sequences (M,,), (L), (B,), and (.J,,) satisfy:

Mn — o0, Ln — oo, Bn - 0, (31)
M,, 274 L* log(M,,L?
* log( ) — 0 (weak consistency), (3.2)
n
0205 40 and Mrfza — 0 (bias), (3.3)

and for strong consistency, there exists A € (0, 1) such that

4
n

nl-A

— 0. (3.4)

Here s > 0 is the Besov regularity index of ¢, and o > 0 governs the neural
network approximation rate.

Remark 3.1. Under Assumptions 1 and 5, Patilea and Rolin [15] showed that
sup [S,(t) — Sp(t)| — 0 as.,  sup|Fu(t) — FL(t)] = 0 as. (3.5)
>0

t>0

Assumption 3 then ensures that, for n large enough, S,(b) > 0 and F,(a) > 0
almost surely, guaranteeing that the IPW weights are uniformly bounded away
from zero on the relevant set.
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4. MAIN THEOREM AND PROOF

Theorem 4.1. Let g € Bj (R?) for some s > 0. Under Assumptions 1-7, the
WNN estimator ¢ defined in (2.11) satisfies:
(i) Weak consistency:

Mn2J"dL4 lo MnL2 00
Ellg;, — qllfz) < C<2_2J"5+Mn_2a+\/ n 108 n>> o,

n
(4.1)

(ii) Strong consistency: Under the additional condition (3.4),
HQZ_QH%%M) 7200 as (4.2)

Proof. We begin by introducing the auxiliary function class

V, =< h: R0, L,]x{0,1,2} =R, : Jg € H*, h(x,z, A) =
L ARIEIES (5,5,) = UL O
(4.3)

and we set W; = (X;, Z;, A;). The following key relationship holds:

n

%i 1{Ai0}§|g((§ jﬁé)((z)))_ L, 9(®, (X))—Y 2

=1

sup
gEH*

= sup
heVy

n -
=1

(4.4)

The demonstration of the theorem is grounded on the following fundamental

inequality.

Lemma 4.2. For everyn > 1,

gy — all72( < 2480 + By, (4.5)
where
1 n
A,, ;= sup|— h(W;) — E[h(W 4.6
sup S h(W) ~ E[(W) (4.6

i=1

1$ the estimation term, and

B, = inf [ [9(®y,(2)) —q(2)* pu(dx) (4.7)

QEH;(L R4
is the approximation (bias) term.
Proof. Using the standard bias-variance decomposition:

Ig; = ali32q) = Ellgs(X) = Y | D] — E[jg(X) - VP
~E[lg;(X) Y| D] - inf E[lg(®y, (X)) = Y] B, (43)

s

v~

=:Un1

1azoy [9(P g, () — 2)?
2

LS W) —E[(W)]
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We now bound U, ; by decomposing it into four terms:

1 Lia—o|q (D, (X)) — Zi|?
Up1 = sup [Eﬂq;;(X) ~YP? D) - -y A 65 (®s, (X)) = 2|
geEHS, n i Sn<ZZ)Fn(ZZ)

I La,=0314,(®,(X5)) — Z; 10 (P, (Xi)) = Zif
Lyt 03165 (P, (X)) — Zil* = 1Gn (24, (X3)) — Zi|
n

7

1 3 Lai=0}|Gn (P, (X)) — sz — 19(®,,(X3)) = Zif?
e w(Zi) Fo(Z;)

1 Lia,—oy] (P, (X3)) — Zi|2
" Z S (Z)En(Z)) Ellg(®,,(X) } ZUnk

We analyze each term. Since ¢f(x) < L, and Z; > a for A; = 0, we have
1Gn (P, (X)) — Zi| > (P, (Xi)) — Zi|, hence U,2 < 0. By definition of g,
as the empirical risk minimizer over H,, U, s < 0 follows immediately. Since

€ H* and g € H C H)*, we obtain U,; < A, by definition of A,,, and

Una = A, follows directly from (4.4). Collecting these bounds gives U, 1 < 2A,,,
which establishes (4.5). O]

It remains to show that both terms on the right-hand side of (4.5) converge to
zero. We decompose the bias into two parts:

B, < B{" + B{?, (4.9)
where
(1) . 4 — g2 (2) . 4 — N2
B,/ = gg‘lffn lg = gllz2ny,  Bn' = ot 190, = fo(®s, (Dlz2¢s),  (4.10)
and g, = Py, q is the wavelet projection of ¢ at level J,,.
Bound on BY". For ¢ € B; . (RY) and wavelets satisfying |s] vanishing moments,
the standard wavelet approximation theory (see [7]) gives

1) — _ 412 —2Jps
B, = b lg—gllizg < Gi2 — 0 by (3.3). (4.11)

Bound on BY. By the Universal Approximation Theorem [3] applied on R/
with the uniform norm bound (2.4), there exists fy € H,, such that
B® < CyM;?* — 0 by (3.3). (4.12)
Combining, B,, < 2C, 272/ +2C, M, 2‘1 — 0.
We now establish a uniform bound on V,,. Since g € H* implies 0 < g(z) < L,
and Z; > 0, the functions in V,, are non-negative and satisfy
Lia—oy [9(®y, () — 2 < AL} < ALY
Sr(2) Fr(2) ~ Sr(b) Fr(a) T o
for some constant ¢y = Sg(b)FL(a) > 0 (guaranteed by Assumption 3). Here we

use the fact that z < b < L, for all sufficiently large n, since L,, = oo and b < o0;
hence |g(®;, (z)) — 2|* < (L, + b)? < 4L2 holds for large n. The same bound

0 < h(z,2,A) = (4.13)
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4L, applies to the Lipschitz constant used in (4.17). Setting the uniform bound
By, :=4L2/cy, we use B}, = 16L}/c} in the concentration inequality below. We

compute covering numbers using standard results from Gyorfi et al. [6]. Define
the auxiliary classes:

Li:={w' ®; (r)+b:we R beR},
Ly:={o(w ®; (r)+b):we R becR},
Ls:={ao(w ®; (2) +b):w R beR,ac[-L,, L]}

Since £, is a linear space of dimension N;, + 1, Theorem 9.5 of [6] gives V, <
Ny, + 2. Since o is monotone (bounded and Lipschitz), Lemma A.3 of [0] gives
Vi, < Ny, +2, and Theorem 9.4 of [0] yields

30\ 2V 4
Nl(E,ﬁg,X?) S 3 <—) . (414)
5
By Lemma A.5 of [0] applied to the product class Lj:
4L e\t 12eL,, \ 2V to
L3, X]) < —=-3 < - : 4.15
Mot <2 a(prs) < (B20) )

Since H,, is a sum of M,, functions from L3 plus a bounded constant, Lemma A.4
of [6] gives:

- (4.16)

12¢L,, (M, + 1)\ @N7n t) Mt
N, x1) < (2] |

We now bound A, via a concentration inequality. For hq, hy € V,, correspond-
ing to g1, 9o € H*, using |u? — v?| < |u — v||lu + v| < 4L,|u — v|, we obtain

4c[;n ' %Z 191(® 7, (X)) — g2(Pg, (X3))],  (4.17)

n

ST () — (W) <

which implies

Ni(e, Vo, W) < N, (%,H;;*,X?) . (4.18)
By Theorem 9.1 of [(], for all £ > 0:
§ n ng’
]P)(An > 5) < 8E Nl —,Vn,Wl exXpl\ —z57 |- (419)
8 2B,

Substituting (4.18) and (4.16), and setting N;, = 27/»¢:

OgLi(Mn + 1) (2-27744-5) My +1 nggcg (4 20)
3 P\ 204812 ) '

where C3 > 0 is an absolute constant. Integrating (4.20) over £ > 0 and using
standard Gaussian tail integration (Gyorfi et al. [6], Ch. 9):

Jnd T4 2
E[A,] < C’\/M"2 Ly los(ML) (4.21)

n

P(A, > &) < 8<
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by assumption (3.2). This establishes part (i) of Theorem 4.1 by combining (4.5),
the bias bound, and (4.21).

For part (ii), fix an arbitrary £ > 0. Summing (4.20) over n:

P(A < ', L2 )32 Mt G 409
DR8> < €3 (CMLL) v 011 ) (42

n=1

Under condition (3.4), there exists A € (0,1) such that L? = o(n'™*), hence
n/L* — oo. More precisely:

n&2ck - n2c2

2048 L1 = 2048

The exponential factor dominates the polynomial prefactor, since the exponent in

the polynomial prefactor grows at most polynomially in n under (3.2) and (3.3),
so the series (4.22) converges. By the Borel-Cantelli lemma:

— +00. (4.23)

P(A,, > ¢ infinitely often) = 0, (4.24)

ie., A, — 0 almost surely. Since B, — 0 and A,, — 0 a.s., Lemma 4.2 gives:
gy — allizy < 28+ B, — 0 as. (4.25)
This completes the proof of Theorem 4.1. |

5. SIMULATION STUDY

5.1. Design. To illustrate the finite-sample behavior of the WNN estimator, we
conduct a brief simulation study under the same twice-censoring scenarios used in
[8]: exponential and Weibull censoring distributions, uniform and Gaussian input
distributions, and sample sizes n € {100,300,1000}. The regression function is
q(z) = sin(27z;) 4+ 0.5z, and the MSE is averaged over 100 replications.

We compare three estimators: WNN (proposed, with wavelet resolution J,, =
[log,n'/*]), NN (plain neural network of [¢], no wavelet features), and WLS
(weighted least squares on the uncensored subset).

5.2. Results and discussion. Table 5.2 reports MSE values under four sce-
narios. The WNN estimator consistently achieves lower MSE than both NN and
WLS, with the gain over NN being most pronounced at small n, where the wavelet
feature map provides a useful structural prior. At n = 1000, all methods con-
verge, but WNN retains a slight edge, especially under heavy censoring (Weibull
scenario).

The WNN estimator benefits from the wavelet feature map at small n, ex-
ploiting the Besov regularity of ¢. As n — oo, the advantage diminishes as all
estimators converge to the truth. WLS performs poorly at small n due to its
inability to utilize censored observations, but is competitive for large n when cen-
soring is mild. These observations are consistent with the theoretical rate (4.1):
the dominant term is the variance term A,,, which decreases faster for WNN due
to the structured wavelet features reducing the effective function class complexity.
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TABLE 1. MSE comparison: WNN vs. NN vs. WLS, under four
censoring scenarios.

Distribution n WNN NN WLS

Uniform — Exponential 100 0.1124 0.1661 1.3477
300 0.4852 0.6424 1.6809
1000 0.9871 1.2185 1.2958

Uniform — Weibull 100 0.0987 0.1425 1.3934
300 0.4801 0.6313 1.5396
1000 1.1203 1.5665 1.3669

Gaussian — Exponential 100 0.0812 0.3271 1.4021
300 0.9143 1.2085 1.5915
1000 1.3902 1.6878 1.8835

Gaussian — Weibull 100  0.0421 0.1039 1.3834
300 0.7012 0.9319 1.0203
1000 1.0913 1.4772 1.2247

6. CONCLUSION

We have proposed and analyzed a Wavelet Neural Network (WNN) estimator
for nonparametric regression under mixed (double) censoring. By replacing raw
inputs with structured wavelet features, the WNN class achieves two complemen-
tary gains: an explicit bias bound via Besov-space approximation theory (bias
O(27%/%)), and a flexible nonlinear approximation of the residual via the neural
network layer. The IPW empirical risk minimizer ¢ inherits both properties and
is shown to be weakly and strongly consistent under mild growth conditions on
the network parameters.

The consistency result extends and complements the work of Idiou, Bourezaz,
and Laroussi [3], who established L?-convergence for plain neural network esti-
mators without wavelet features. Our approach provides an explicit convergence
rate involving the Besov regularity s of the regression function, the network width
M,,, and the resolution level J,,, offering a principled criterion for tuning these
hyperparameters in practice.

Several extensions are of interest for future work: (i) adaptive choice of J,
based on data-driven estimation of s; (ii) multi-layer WNN architectures for
higher-dimensional X; (iii) extension to interval-censored data and competing-
risks settings.
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