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GLOBAL STABILITY OF A FRACTIONAL TWO-STRAIN SEIR
MODEL

MOHSINE AARIRY*, SANAA HARROUDI*?, KARAM ALLALI! and JAOUAD DANANE3

ABSTRACT. In this work, we study a fractional-order Susceptible-Exposed-
Infected-Recovered epidemic model with general incidence rates. The model
is formulated as a system of fractional differential equations. We determine
the equilibrium points and compute the basic reproduction numbers using the
next-generation matrix method. The global stability of equilibria is established
using Lyapunov functions and LaSalle’s invariance principle. Numerical simu-
lations are performed to illustrate the theoretical results. The analysis shows
that the stability of equilibria depends on the reproduction numbers, while the
fractional-order parameter affects the convergence rate.

Keywords. Caputo fractional-order derivative; two-strain epidemic model; gen-
eral incidence function; local and global stability; Lyapunov function method.

1. INTRODUCTION

The study of infectious disease dynamics is generally formulated through math-
ematical models, most often expressed as systems of differential equations [1].
During the 18th century, Daniel Bernoulli proposed a mathematical model de-
scribing smallpox transmission, marking one of the earliest foundational contribu-
tions to the field of mathematical epidemiology [2]. Mathematical modeling has
become an essential tool in epidemiology for analyzing the dynamics of infectious
diseases affecting human populations, including HIV [3, 1], coronavirus infections
[5], hepatitis B (HBV) and other pathogens [0, 7]. A common approach to mod-
eling infectious diseases is based on the classical SZR compartmental framework,
where the population is divided into susceptible (S), infected (Z), and recovered
(R) classes [3, 9]. This model is particularly appropriate for diseases that do not
involve a latent phase, meaning that newly infected individuals become immedi-
ately infectious. In many realistic situations, infectious diseases involve a latency
period during which infected individuals are not yet infectious. To account for
this feature, the SEZR compartmental model is introduced, incorporating an
additional exposed class £ that represents individuals who are infected but not
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yet capable of transmitting the disease, and who become infectious after an incu-
bation period [10, 11, 12] . The classical formulation of SEZR models relies on
systems of ordinary differential equations (ODEs) [13, 14, 15]. Nowadays, frac-
tional differential equations have emerged as an effective tool for modeling the
dynamics of infectious diseases, since the integer-order derivatives used in ODEs
can be generalized to fractional derivatives, allowing the incorporation of memory
effects. Consequently, many studies have employed systems of fractional differ-
ential equations (FDEs) to better describe biological systems [16, 17, 18]. For
example, Danane et al. [19] proposed a fractional-order model for the dynamics
of HBV infection that accounts for memory effects and consists of five fractional
differential equations describing the interactions between healthy phagocytes, in-
fected phagocytes, capsids, viruses and antibodies; the authors established the
positivity, boundedness of solutions and global stability of the equilibrium points.

The spread of infectious diseases caused by pathogens with multiple variants,
such as COVID-19 and HIV, is often modeled using multi-strain extensions of
the classical SIR or SEIR frameworks. In many studies, disease transmission
is represented through bilinear incidence functions of the form SSZ, where § de-
notes the transmission rate. A significant portion of the literature focuses on the
case of two interacting strains [20, 21], in which the infected population is divided
into two distinct classes, typically denoted by Z; and Z,, corresponding to indi-
viduals infected by each strain. Similarly, the exposed class is partitioned into &;
and &, representing individuals in the latent stage for each strain. These mod-
els typically involve two bilinear incidence rates of the form (5,587, and [5>587Z,.
Recent studies have explored the dynamics of two-strain epidemic models un-
der various assumptions. For instance, Baba et al. [22] developed a two-strain
model and conducted a qualitative analysis by proving the existence, positivity,
and boundedness of solutions, along with the global stability of the equilibria,
complemented by numerical simulations. In a related work, Yaagoub et al. [23]
proposed a two-strain epidemic model that incorporates a quarantine mechanism,
where the authors established similar analytical properties and investigated the
global stability of equilibria, supported by numerical experiments to highlight
the role of quarantine. More recent studies have investigated fractional epidemic
models with multiple strains and their stability properties [24, 25].

However, the previously proposed two-strain epidemic models use only ODEs
and the general incidence functions. This classical approach is well suited for
analyzing short-term epidemic dynamics and facilitates the computation of key
epidemiological quantities such as the basic reproduction number R, and the sta-
bility of equilibrium points; however, it does not account for memory effects or
long-term dependencies often observed in real epidemics. To overcome these limi-
tations, we extend this framework by incorporating Caputo fractional derivatives
and general incidence functions, where the fractional-order formulation captures
memory and hereditary effects, while the generalized incidence provides a more
flexible representation of non-linear transmission dynamics, leading to a richer
and more realistic description of disease propagation that better reproduces real-
world epidemic patterns.

The following equation system will describe our model:
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t
“DyE(t) = fi(S, 11)11 (71 + ) &,
< CDE(t) = f2(S, L) In — (2 + 1) &, (L.1)
“DYT(t) =& — (o1 + ) T,
“DPIy(t) = 122 — (02 + ) I,
\CDfR(t) =011y + 09Ty — uR.

with initial conditions: Sy >0, E19 >0, E30 > 0,719 > 0, Iy > 0 and Ry > 0.

Here, S(t) denotes the susceptible population, & (¢) and & (t) the latent (ex-
posed) classes for strains 1 and 2, Z;(t) and Zy(t) the infectious classes and R(t)
the recovered class. The parameter A represents the recruitment rate, 4 the natu-
ral mortality, 7, and -9, the progression rates from exposed to infectious, o and
o9 the recovery rates. The general incidence functions f1(S,Z;) and f»(S,Zs)
describe the transmission dynamics of each strain and satisfy standard biological
conditions:

(Hl): fhf? € Cl(R?HR—&-): with fl(oazl) = f?(OaIQ) - 0; VIMIQ Z 0,

(Ho): %(S,L) >0, %(S,Ig) >0, VS>0,VI, I, > 0:;
(H) %w,zl) <0, 0f2 212(8,7,) <0, VS>0,1,,T, > 0.
T, 0T,

The three above properties (H;), (Hz) and (Hs), these conditions, for both
functions f; and f5, are satisfied by many classical biological incidence func-

tions, such as the bilinear incidence function a8 [26, 27], the saturated in-
aS aS

cidence functions or [28, 29], the Beddington-DeAngelis in-

1 + O'lg 1 + O'QI
a

cidence function [30, 31], the Crowley-Martin incidence func-
1 + 0'18 —I— O'QI

) asS - .

tion [32, 33] and the non-monotone incidence function

81 + 018 + 09L + 010,57
o
[34, 35]. Moreover, we analyze the qualitative proprieties of the the
1+ 072

proposed model, including positivity, boundeness, equilibrium states and their
stability. A schematic representation of the proposed two-strain epidemiological
model (1.1) is presented in Fig. 1.
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Ficure 1. Flow diagram of the two-strain SEIR model.

The remainder of this paper is organized as follows. Section 2 introduces the
basic definitions related to fractional derivatives. In Section 3, we investigate the
well-posedness of the model by establishing the positivity and boundedness of
solutions. Section 4 is devoted to the characterization of equilibrium points in
relation to the basic reproduction numbers of each strain. The global stability of
these equilibria is analyzed in Section 5 using appropriate Lyapunov functionals.
Numerical simulations are presented in Section 6 to support the theoretical re-
sults, and the paper concludes with a final section summarizing the main findings.

2. PRELIMINARY RESULTS

Definition 2.1. [30] Let ¢ : [0,00) — R be a differentiable function and 0 <
a < 1. The Caputo derivative of fractional order « is defined as

C P _ 1 ! P'(s) s
Dy(t) = )/O( ds, t>0.

[l —« t—s)
Definition 2.2. [37] The Mittag-Leffler function E, of the parameters o > 0
tk‘
defined by: E,(t) =Y 2 ——.
enne Yy ( ) 21—0 F(Oél+ 1)

Let g : R — R"™ where n > 0 and let the following fractional order system
“DYY(t) = g(Y), (2.1)
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With Y(0) = Yy, Yo € R" and 0 < a < 1. To establish the existence and
uniqueness of solutions to system (2.1), we present the following result

Proposition 2.3. [38] If the function g satisfies the two following conditions:

0
(1) g(Y) and a—}%(Y) are continuous on R™.
(2) llgW)|| < K1+ Ks||Y]] for all Y € R™, with Ky and Ky are two positive
constants. Then, the system (2.1) has a unique solution defined on R .

Lemma 2.4. ( [39] LaSalle’s invariance principale ) Let M be a compact set of
R™ . All solutions of the system (2.1), starting from M, remain in M for all t, if
there exists a class C' function L(z) defined on M and satisfying the following
condition:

DL < 0. (2.4)

Let E be the set of the points in M where D*V = 0, and D be the largest
invariant set in E. Then, every solution y(t) starting in M approaches D as
t — 00.

3. EXISTENCE, POSITIVITY AND BOUNDEDNESS OF SOLUTIONS

Here, we establish that the solutions of model (1.1) are strictly positive and
bounded. For biological consistency, we consider initial conditions such that, So,
E10, €20, L1, Lo and Ry, are all non-negative. The result is formulated in the
following proposition:

Proposition 3.1. For any positive initial conditions Sy, &1, €20 , L1, Lo and
Ro,the system (1.1) admits a unique positive and bounded solution defined on
[0, +00) for allt > 0..

Proof. We can rewrite our model (1.1) in a compact form as
“DUt) = FU), (3.1)
where F(U) = (S,Sl,SQ,Il,IQ,R) and,

A= fi(S, )L — fo(S, To)T, — pS
[i(S, )T — ( + )&
Jo(S, 1)Ly — (2 + p)&s

1€ = (o1 + T
V2&2 — (02 4+ )1
o1Li + o091y — iR

For the fractional case, we can decompose:

FU) = Ay + AU + A,
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with,
A —1L 0 0 0 0 0
0 0 —(n+p) 0 0 0 0
o 0 0 —(ptn 0 0 0
Ar=tol A= o 0 —(o1 + p) 0 0 |’
0 0 0 Y2 0 —(0'2—|—M> 0
0 0 0 0 ozl Oy —I
0 00 _fl(Saz-l) _f2<87Z2) 0
00 0 f(ST) 0 0
A_]000 0 f2(S,T) 0
5710 00 0 0 0
000 0 0 0
000 0 0 0

Thus, we obtain

[IF@U@) < A+ (Al + [ A U@ = w + 0T @],
where w = ||A;]| and 0 = || Ay + As||. Hence, the conditions of proposition

(2.3) are satisfied, guaranteeing the uniqueness of the solution on R*. To ensure
positivity, we observe that

( °DpS|o_,=X2>0,

CDtagl‘Slzo = fi(S,Th)L, > 0,

CD?&“SFO = fa(S,Z2)Z, > 0,

“DeT,
‘D P 22}12:0

L CDta,R"R:O = 0111 + 0925 > 0.

Thus, all solutions remain non-negative.

Finally, for boundedness, let N =S +& + & + 1 + I, + R.

Summing all equations gives “ DAN(t) = A—uN (¢) and solving this fractional lin-
A tF

A -
ear equatjon ylelds N(t) < ;—l- <N(O)—;>Ea(_ﬂto‘)7 where Ea (t) = 22020 (Oék’ + ]_)

A
is the Mittag-Leffler function. Since, 0 < E,(—ut®) < 1, we get N'(t) < N (0)+—,
U

}L:O =né >0,

= ’)/252 > 0,

completing the proof of positivity and boundedness.
O

4. THE STEADY STATES

This section establishes the existence of three endemic equilibria along with a
disease-free equilibrium. Since the first five equations of system (1.1) are inde-
pendent of R and the sixth equation depends solely on the total population, it
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can be omitted. Thus, the system reduces to

(CD?S(t) =)\— fl(S Il)Il - f2(87IQ)I2 - /LS,
“DE(t) = fi(S, )T — (1 + p)ér,
“Dp&s(t) = f (3 L)L — (2 + )&, (4.1)
“DT(t) = — (o1 + )T,

(“DPTL(t) = 252 (02 + p)Zy,

Wlth, R:N—S—gl —52 _Il —IQ.

The basic reproduction number is defined as the average number of secondary
infections produced by a typical infected individual. The basic reproduction num-
ber is obtained via the next-generation matrix method, where Ry = p(FV 1)
denotes the spectral radius of the matrix FV~1. Here, p denotes the spectral
radius, F' represents the nonnegative matrix associated with new infections, and
V' corresponds to the transition matrix describing the transfer of individuals be-
tween infected compartments. In this model, the infectious classes are Z; and Z,.
Accordingly, the matrices ' and V' are given by:

A
00 fl(; 0) 0 yw+p 0 0 0
A 0 0 0
=00 o pCO0|, v- T
1% N 0 o1+ p 0
0 0 0 0 +
— g
0 0 V2 2 T M
So
A A
fi(=,0)m J1(=,0)
7 I
0 00
(71 + p) (o1 + ) \ (o1 +n) \
FV—! = Ja(=,0)72 f2(=,0)
7 7
0 0
(2 + p) (o2 + 1) (o1 +n)
0 0 0 0
0 0 0 0

The basic reproduction number is the spectral radius of the matrix £V 1. This
fact implies that Ry = max{Rj, R3} with,

Ré _ fl(ﬁ>0>71 Rg _ fz(%ﬂo)% .
(1 + (o + )’ (72 + w)(o2 + 1)
Wedenotea =~y +pu, b=7v+up c=o+p d=os+p.
Then R R
R(l) _ fl(;70)71, R(Q) _ fQ(IjaO)’YQ'

ac bd
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The strain 1 and strain 2 reproduction numbers are denoted by R} and R,
respectively.

Theorem 4.1. The system (4.1) has a unique disease-free equilibrium E; and
three endemic equilibria under the following conditions:

e If R} > 1, then the strain 1 endemic equilibrium Eg, exists.
o If R? > 1, then the strain 2 endemic equilibrium Es, exists.
o Ifmin{R}, R2} > 1, then the both strains endemic equilibrium Es, exists.

Proof. To determine the equilibrium points of system (4.1), we consider the fol-
lowing system of equations:

(0= )\ — f1(S, 7))L, — fo(S,15)T, — uS,
0= f1(S, Z1)Th — (n + p)ér,
0= fo(S,Z2)Zy — (2 + )&, (4.2)
0=m& — (o1 + p)h,

L0 = 12& — (09 + 1) Zs.

From the equilibrium system (4.2), we obtain the following results:

(1) Disease-free equilibrium: When Z; = 0 and Z, = 0, the system admits the
disease-free equilibrium

A
£ = <—,0,0,o,0>.
"

(2) Strain 1 endemic equilibrium: When Z; # 0 and Z, = 0, the strain 1

endemic equilibrium is given by: &, = (Sf , Afi‘ St 0, nusi) 0) , where,

A
S) e {0,—].
il

ac

A\ —
Define now a function ¥ on [0, +o0[ as follows: ¥(S) = f; (5, N — pS) ) B

ac

0v(S) _ 9fi(S,Ty)  Ofi(S.Th) (—pm
h _
Wehave =55 95 T ol ac )’
g

From the hypothesis (Hs) and (H3), we have 68‘(93) >0

Moreover, ¥(0) = f1 (0,Z7,,) — oy,

’ " g w  ac
1 A) — A - - = (R} —
Therefore, for Ry > 1, we have WU <u) fi <M,O> oy (R,

1) > 0.

Therefore, a unique strain 1 endemic equilibrium exists: £, = (Sik JEF

1,51
with St € ]o,g[, £, >0,T, >0and &, =T, =0.

1,51 2,51 2,81

PN A

2,519 71,817 72,81

)
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(3) Strain 2 endemic equilibrium: When Z; # 0 and Z; = 0, the strain 2 en-

ey . —uSE LSk A
demic equilibrium is &, = (S;, 0,2 ZLSQ ,0, VZ(Abd“SQ)» where S5 € |0, —

N\ —
Define also a function ® on [0, +00[ as follows: ®(S) = fo (S, %(b—dMS)) N
bd
72’

d 7 ) [ —
Then 0 8‘(98) = 8f2§f§’ 2) + 6f2(ai’ 2) ( : d%) . Using the hypothesis
0d(S
(H,) and (H3), we have (5) > 0.
oS
bd bd
Moreover, ®(0) = f2(0,Z5,,) — — = —— <0
A % %Qd bd
and for R3>1,¢)(—) = fo (—,O)—— —(R2—1) > 0.
1 1 Y
Hence, a unique strain 2 endemic equilibrium exists: &, = (83, &} 501655 L0 L5 32) :

>0,7Z;

2,582

> (0 and &'

1,s2

_I*

=0.
1,s2
(4) Both endemic equilibrium: When Z; # 0 and Z, # 0, the global endemic
equilibrium is & = (87, &7y, €5, Tiy Ih,) , where, &5, = —T7,, &, =

b b b b b /-yl b b

A A
fl(_ao) f2(_70)

Yo 2.t t L R(l) 1,t R%

2,582

S

*
Iz,t

fl(éao) f2(éa0)

7+ 1T
BTTR

With, A > 75, Ry>1and R > 1.

5. GLOBAL STABILITY OF EQUILIBRIA

5.1. Global stability analysis of disease-free equilibrium state.

Theorem 5.1. If Ry < 1, then the disease-free equilibrium &; is globally asymp-
totically stable.

Proof. In R, , we first consider the Lyapunov function as follows:

b
Po(S,E1,E9,T1, L) =S — S5 — " NS )dX+81+82+ —I + —1I,.
Sy f1(X,0) g Y2

Computing the time derivative yields
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fl( )CDaS+CDa51+CDa52+_CDaII+£CDaI2
h(S, 0) M 72

< (1-5) (- Faa) o o)

bd_ ([ [1(85,0) (8. L)y )
I2< 71(8,0) f2<85,0)R° :

bd_ ( f1(55,0) f2(S, Iz) -
" Iz(ms 0) (85,000 1)'

“DEPy(S, €1, 62,11, T)< DS —

We analyze the following two cases:

. f2(8712)
-IfS <S8, using (H e have: ——= <1,
= 5 vsing (o) we have: 6570
then,
S f1(S5,0)
“Dg T, <pSi(1- =) (1-220 ) 4 %7
PO e 2)—“30( s) - Fen )+ Smm-
fl(SE)k? ) 2
—I R;—1).
2(fl('s 0) "
f1(87 ) : fl( 5’0)
2 < <1 bt Z-1<0.
Since, Ro_fl(S()"(,O) _) , we obtain 71(8.0) R _0( |
: f1(5¢,0 S f1(S55,0
th 1—-=——--"2<0,th Sl1——=(1- <
Otherwise, £1(5.0) <0, thus puS; S5 5.0) <0
R f2(S, T J1(85,0
-If § > 8§, using (Hs) we have,%g’éi>l and ;1((80’0)) <1,
then,

“DOPY(S, E1,E, T, T) < uS; (1 — 5) (1 — ];}(é’ﬂ’(%)) + z—fIl(Rg —1)
bd__ ( f2(S,1») )
Iz (fz(sz;, 00t
L5)
0)

T —CR2-1<0.

N

. fQ(S()k?O) . ( )
Since, R2 < ==~ < 1, we obtain:

O (S, Th) f2(S5,

<0.

Also, uS§ 11— — | (1 —

8 ( s)( 11(S.0)

The discussion above shows that, if RZ < 1and R} < 1. Then,  D¥Py(S, &1, &2, Ty, T,) <
0.
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Let Vo = {(8,51,&,L,%)/CD?PO(S,&,SQ,II,IQ) = 0} ,then the largest pos-
itively invariant subset of V{ reduces to the singleton &;. Consequently, by
Lemma (2.4), the disease-free equilibrium is globally asymptotically stable..

OJ

5.2. Global stability analysis of the strain-1 endemic state. We assume
that the function f; satisfies the following condition for the global stability &;,:

(1 — fﬁésﬁ))) (f}fg@l)) 1{1 ) <0, VS8, T, >0. (5.1)

1,81 1,51

Theorem 5.2. If R2 < 1 < R}, then The strain 1 endemic equilibrium &, is
globally asymptotically stable

Proof. First, let us define the Lyapunov function P; by:

fl(‘gik? 131>
sp X I

—1In
+5“1<5£‘51 ( )*52

. (D T, b
,S1 ,S1

Computing the time derivative ylelds

Pi(S, 61,86, T1,T,) =S - SF — dX

S*, *31
“DYPL(S, E1,E9, T, )< (A — £1(S, 1)Ly — £o(S, T2) T, — pS) (1 - M)

fl(S Iiksl)

g*
+ (f1(S,T)T, — a&) (1 _ %)
1

+ (f2(S,Z2)Zy — bEs)

a Iy,
— — ) (1 - =2
% (7151 & 1)( 7, )

b
+ —<’}/252 — dIQ)
V2

We have
(X = uS; + £1(Sh, Tt

1,51

)Zi

1,517
CLC

* T T _ _ *
f1(ST, 181> 1,81 — 151 aglsla
*
glsl &

Iik ,81 a1

Therefore,
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fl(Sika ik ) fl(Sik7 ik )
“DiPIS, 1,8, T, ) <pS | 1 - o | —uS| 1 - =22
t 1( 1 2 1 2)—1““ 1( fl(S Iiksl) /’[’ fl(S Ifsl)

fl( 15 )
* * I* _ * * I* 1
_'_fl(Sl? 151) 151 f1(517 181) f(S Iiksl)

SF I E
ﬂiﬁﬁﬁ@Lﬂ—m&mll“

fi(8. L7 ,) &
tagr, — %7 oz 8y S
3591 1 7111 1 »S1
f1<Sik7 fs) bd
p IROU T S T, — o
f1( I, f2(S, 1)1, - 2
Then,
Er H(S. )T I, & fl(S 1)
CDEPI(S, &1, £, Ty, To) <a} i S G 1 =
"PUS & Ea Ty Do) Sk, ASI) T, af L&,  A(SI)
S, I*
Ll fi( 181)+ fi(S, {1) {1 {1 1
f1<871-1> f1<8 1-151) 1,51 Ilsl
bd fl(SikJ iks)
—Ty + ——— (S, T,) T
W RE T, O
Er ASTNT Ii.& [i(SIT,)
CDa T T < * a 1,s1 o 1 s +1 1,81 i 1,51
SP1(S, E1,E, T, T0)< aé’lsl( h(S T, Tr., & 115151 (S, Th)
fi(S T4 ) f1(5 ) T, I 1
181 fl 8 Il (S Iiksl) fsl Iiksl
%I I(Sik7 iksl) fZ(S IQ)R 1
Y2 S (S lel) f2(30>0)
Using (Hs) and (Hj), we have, f2(8;I) < 1, then
fZ(SOa )
Er ASTHT 11,6 ASIT
CDOPL(S, £y En. T1. Ty) < afl it S G 1 1
t 1( 1,¢2,+1 2) 1,51 fl(S Iik81) f& @51 Ilglsl fl(Sa:Z’-l)

-1

fl(S Ifs1) fl(s Zl) Il Il
+SM<M&m+ﬁ@ﬁJ* I

131
bd fl(Sik7 Ts) 2
+—I| —— R;—1].
w%ﬁ@%ﬂo

1,51

From (5.1), we have

)

)
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fi(S, Ifsl>+ H(ST) T T I [(8,Th) fi(S ) T
(ST ASI) T, I fi(S,T5 ) A(ST) I

1,51 1,51 1,51 1,51

Making use of the inequality relating the arithmetic and geometric means yields:

4 — agikﬂ _ f1(87[1> 15151 fl(S Iiksl) <0
f (S Iiks1) fsl &61 115151 fl(Sazl) o

We consider two cases:

. fl( 19 13) . <f1(8f7 iks) )
~IfS; < S, using (Hs), we have: ———"+ < 1, since —*1R2 <
! ( 2) f (S Ilsl> fl(S Ilsl>
0,
we obtain, for R2 < 1, the following ¢ D&P; < 0.
fl( 1> 181)

-1t S <85, using (H,), it follows that: ” >1,
b vsin (L) h(S.T,)

H(S I ,,) . N(STIE)

< < 1, we obtain »
f1<8ik7 ik31> fl(S Z151>

“DePy <O0.

By the above discussion, we deduce that if R2 < 1, we will have ©D2P; < 0.

since R2 < R%? — 1 < 0, which implies,

Let V; = {(8,81,SQ,II,IQ)/CDfpl(S,Sl,52,11,12) = O} , then the largest pos-
itively invariant subset of Vi reduces to the singleton &;. Consequently, by

Lemma (2.4), the strain-1 endemic equilibrium & is globally asymptotically sta-
ble..
Il

5.3. Global stability analysis of the strain-2 endemic state. We assume
that the function fs satisfies the following condition for the global stability &,:

(-5 (-2

2,82
Theorem 5.3. If Ry < 1 < RZ, then The strain 2 endemic equilibrium &, is
globally asymptotically stable

) <0, VS, 7, >0 (5.2)

Proof. We first consider the following Lyapunov function P, as follows:

ST i g (e () )
S3 fQ(X I;SQ) 252 5552 5552

b, 7, 1,
+ &1+ 12 (I* —In (I* )—1)+a1L.

282 252

P2(8751752)Ila12) - 8 - S; -

Computing the time derivative yields
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S3.T;,
CDIP(S, 1,60, T, To) (A — fi1(S, )T — fo(S, To)Ts — iS) (1 N %)
) 2,89
+ (fo(S,To)Ty — bEy) (1 _ %>
2

+ (fl(Sazl)Il - a51)

b 7.,
(’}/282 dIQ) <1 — %—’)
2

A

a
_(7151 - CIl)
§a!

We have
(A= uS5 + f2(S5, 15,5
bd
f2(8§7 582) 582 = 282 = b55527
&y  d
1.2,32 Y2 .
Therefore,

CDOPy(S, &1, E, Ty, Tr) <puS; (1 - %) —hS (1 a %)
+ PS5 T )T, — (S5 T)T %%%ﬁ%

% f2(S, )Ty — fo(S, Ty) 2522

b, — Zil vI;., ? y

P

*

f2<857 252) . ac
fQ(S 1582) f1($7II>II ’}/11-1.

Then,

f2<8 I;SQ

ST )L, W o L&,

b&; T &
CD?PQ(Sa817827II7IQ)<65552( f( - f2($7 2) 282 :

e (PST  KET) T T
2 f?(SaIZ) fQ(S ‘,Z’-;sg) 552 1532

f(83,.15,,)
MS—I;SQ)fl(S,:Z:I)II

f2 (87 I?)

)
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bE; f(S.T)I, I5,,6 [(S.I,,)
CDa z- I <b * 4 _ 2,82 _ 2 ) =2 o ,82 _ ,52
t PQ(S, 517 527 1 2)_ 52,52 ( f (S, 15782) 15752 b€2 1265752 f2 (S, 1'2)

—|—b€* f2(S’I;,52)+ f2<871-2) Z-2 . Z-2 _1
2 f2(871-2) f2(87I§,52>I§,52 Z;

2,89

Loy <f2(55715,32) AT o 1>.

4! ! f2(8715,82) fl(ngo)
[i(S8,Th)
From (H5) and (H3), we have, ———= < 1,
() and (1) £1(85,0)
then,
bE; ST, I;,& f(S1;,,)
CDO‘P 878 75 7I 71_ < bg* 4— 2,52 — 2 ! — 152 — )52
PS8 BB D) S\ T T bE; L5, foS.T0)

RS RS, L

2,52
p o (PR )
,-)/1 f2(8712782)

S, 15
+b5§<f2( L) | pSDL) L L _1>

From (5.2), we have

(f2(3715,52)+ H(S L) I, I _1> _ (4 f2(S, 1) L(S817,,) I <0
f(8, 1) oS T,,) T, I f2(8,15,) L(ST) I, )~

2,52 2,82
Making use of the inequality relating the arithmetic and geometric means yields:

4 _ _
( f2 (87 I;,SQ) I;,SQ b 82 I2 55,32 f2 (87 1-2)

We discuss two cases:

bgg,sz fQ(S,IQ)IQ 15,52 52 f2(S7I;,82)) < 0

f2(85,15,,) (f2(35715 ) )
-If Sy < S, from (Hy) we will have: —————=2% < 1 since | ——=—2" Rl — 1) <
: (#2) 7:(8.33.,) 8.3,

0 ,we obtain , from R} <1, We will have “D2P, < 0.

f(85, 13 ,,)

f2 (87:[;,82) <
f2 (87 I;,Sg)

-1t S <8, from (Hy), we will have: R
— %2 ( 2) f2(82>1.2782)

> 1, from R} <
1, we will get
h(83.15.,)

f2 (87 I;,Sg)
According to the discussion above, if R(l) < 1, we will have CD?PQ <0.

R(l) — 1 <0, which implies, CD?PQ <0.
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Let Vo = {(S E1,E,T1,Ty) /C D¥Py(S, €1, 0, Ty, To) = } then the largest posi-
tively invariant subset of V5 reduces to the singleton &. Therefore, by Lemma (2.4),

the strain-2 endemic equilibrium &, is globally asymptotically stable..
OJ

5.4. Global stability of the both strains endemic state. To ensure the
global stability of &,, we assume that the functions f; and f; satisfy the following
condition:

(1 _N(SHTE) fo(S To) ) (fz(&?‘? L) (fl(S’Iit)) I,
fl(SaIik,t) fZ(St*a-,Z;,t) f2('5712) fl(S*?Iik,t) 13

2,89

) <0, VS,Il,IQ>O
(5.3)

Theorem 5.4. If R} > 1 and R% > 1, then the endemic equilibrium &, is globally
asymptotically stable.

Proof. The Lyapunov function Ps, which is defined by:

§ fl(St*vz.ik,t)
Sy fl(Xal—it)

(& m(2) )
& &
v (eflt In (5) _1)
B (7w (2) )
sz (Zom(F) )

P3(S, 1,8, T, o) =S — S — dxX

Computing the time derivative yields

@ fl 8*71-* ) @
“DyP3(S, €1, 6,11, T5)< < f1 St Iikl: )CDtS
(S
+(1- )CDagl

3 ( ) ‘DT,
i ( ) Do,
'y
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We have
(N = uS; + [(SETL)T + (S T30 T
(S5 T5,)L5, = 0E5,,  [i(SE L)LY, = a&ly,
Esy d &l c
(T, 2 T, om
As a result,
“DPy(S, €1, &5, Th, I) <afy, (4 -7 (S?%Z)Iit A (SC; ?L B géi B J;l((i,zzlf)))

AST) T AS I I
CASETL) RSD)T,  Lé bE; J1(S, T) )

b, (ﬁ(s,zit) AT L T _1)

f1(S.T7y) bEs L&, (S D) N(S T )T,
+l)(‘/,z;.}z(f1<$,:f;it> RSHT) | H(SHT) BST) T T _1>

+ €3, (4

fl(St*,Iit) f2(S>I2> fl (Shzik,t) f2(8;71.5,t) I; Ig,t

o _HSETIN (S
*H (1 f1<8,1it>) (1 8:)‘

The following inequalities are used:

o fl (Sfa Iik,t)
fl (Sv Iik,t)

1— fl(sgka:z’—ik,t)
fl(Sazik,t)

AT (1 s
Then, (1-50259) (1- £) <o

Making use of the inequality relating the arithmetic and geometric means yields:

>0, forS>S/,

<0, forS<S;.

4 aEit B f(S, )T - If,tgl B fl(S,If’t) <0
fi1(8,T7,) Iy, a&y L&, [(ST) )T
B f1<87§671-it) . f2(3,12)1-2 . Iﬁk,t‘% . bg;,tfl(sazit) <0
fl (871—{,1&) 652 1.255,15 f2(871—2)f1 (St*azit)zék,t N

From (5.1) we have:
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MST), AST) T T |\ _ [, AT\ (AT T
AST)  HS TN, T AST) )\ HET) T, ) -

Also, from (5.3) we have

fl(‘S;?If,t) f2(8722) f1(87zf,t) fZ(Sf>I§k,t) 1-5 Ig,t

FUSEHIT) fo(S, To)
H(S, 11, (S5T5,)
We conclude that if R} > 1 and R2 > 1, then “DaP; <0
Let V3 = {(8,51,SQ,II,IQ)/CDng(S,51,52,11,12) = 0} ,then the largest in-
variant positive subset of V5 is the singleton & . Therefore from Lemma (2.4), we

conclude that the strain-2 endemic equilibrium point &, is globally asymptotically
stable.

e 13,

<f1<8,zit> RSB H(SHT) fA(S.T) T T _1> _-e) (1 12) <0

with, © =

O

6. NUMERICAL SIMULATIONS

In this section, we present numerical simulations to support the theoretical
results established in the previous section. For this purpose, we employ the
numerical scheme proposed by Odibat et al. [10]. Based on the formulation given
n (3.1), the model (1.1) can be rewritten in the following form:

CDYUt) = FU(L)),
Z/{(O) =Uy, Uy GR?_

Whel"e, Z/{O = (80, 517[), 82’0, I1,07 1270, Ro), is the initial condition.
So the problem (6.1) can be resolved by applying the numerical technique that
follows:

(6.1)

Ut;) = ﬁ ((j ST (o - 1) FUlte) + Ulto)
Farg 2 (U= i+ 0 =2 =i 4 =i 1) FU )
h* h*
+ m?(b{(tﬂ)) + m?(b{(tﬂ)).
Where t; = t(j—1)+h, for j = 0,1, ....... ,N—1and Uy = (10, 5, 4.5, 3, 2.8, 2).

Numerical simulations will be performed in this section in order to check nu-
merically the stability of all the equilibria and to confirm our theoretical results.
To this end, different incidence functions will be taken into consideration to have
a wide view on the infection dynamics. More precisely, numerical simulations will
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__BiS

be performed for two non-monotonic incidence rates fi(S,Z;) = 5 an

DS
f2(S,IZ) a 1 + 777/2:2:22

sections, we use the parameter values listed in table (1).

d

To assert the theoretical results obtained in the previous

Parameters | Figure 2 | Figure 3 | Figure 4 | Figure 5
A 1 1 1 1
b1 0.18 0.51 0.2 0.6
B2 0.16 0.13 0.4 0.06
m 2.55 2 2 0.14
Mo 3.5 1.5 1.5 0.14
logl 0.66 0.4 1 0.15
o2 0.76 0.76 0.5 0.15
o0 0.4 0.4 0.4 0.5
Yo 0.5 0.31 0.3 0.5
I 0.21 0.2 0.2 0.2

TABLE 1. Table of parameters

Parameters | &; & & Est
R} 0.6 |2.7778 | 0.5556 | 6.1224
R? 0.5263 | 0.3789 | 1.7143 | 6.1224

TABLE 2. Values of reproduction numbers

Figure (2) shows the dynamics of the model components for different values
of the fractional-order parameter . The results indicate that all solution tra-
jectories approach the disease-free equilibrium £ = (5,0,0,0,0,0), regardless of
the value of . The basic reproduction numbers are reported in column 1 of
Table (2); These values meet the conditions ensuring the global stability of this
equilibrium point, as established in Theorem (5.1).

Figure (3) illustrates the infection dynamics for various values of the fractional-
order parameter . It is observed that all solution trajectories converge to the
equilibrium point &, = (1.812,1.207,0,0.270,0, 1.410). This behavior indicates
the persistence of strain 1, while the components associated with strain 2 tend
to zero. The corresponding reproduction numbers and inhibition parameters,
reported in column 2 of Table (2), satisfy the conditions ensuring the global
stability of this equilibrium, as established in Theorem (5.2).

A similar behavior is observed in Figure (4), where all trajectories converge to
the equilibrium point &, = (2.476,0,0.857,0,0.367,1.212). In this case, strain
2 persists while strain 1 dies out. The reproduction numbers and inhibition
parameters reported in column 3 of Table (2) fulfill the conditions guaranteeing
the global stability of this equilibrium, as established in Theorem (5.3).

Finally, Figure (5) shows that all trajectories converge to the coexistence equi-
librium point £, = (0.875,0.295,0.179,1.492,1.114,1.601). Here, both strains
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persist. Furthermore, both basic reproduction numbers exceed unity, whereas the
corresponding inhibitory reproduction numbers remain below one (see column 4
of Table (2)). These results are in agreement with the theoretical conclusions
established in Theorem (5.4).

Overall, these numerical results are consistent with the theoretical analysis,
confirming the global stability of the equilibrium points. With regard to the
influence of the fractional-order parameter, it is observed that smaller values of «
lead to a faster convergence of the model variables toward equilibrium, whereas
larger values result in a slower convergence rate, highlighting the memory effect
inherent to fractional-order systems. More specifically, while this parameter does
not alter the global stability of model (1.1), it has a significant impact on the
speed at which solutions approach equilibrium.
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Fi1GURE 2. Stability of the free equilibrium point with different
value of a.
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o

Time Time Time

Time Time

F1GURE 3. Stability of the strain-1 endemic equilibrium point with
different value of «.
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FIGURE 4. Stability of the strain-2 endemic equilibrium point with
different value of a.
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FiGURE 5. Stability of the total endemic endemic equilibrium
point with different value of a.

7. CONCLUSION

In this work, we analyze the global stability of an epidemic model involv-
ing two general incidence functions. The proposed framework consists of six
epidemiological compartments: susceptible individuals, two exposed classes, two
infectious classes, and recovered individuals, forming an extended SEZR struc-
ture. We establish the existence, positivity and boundedness of solutions, ensur-
ing the well-posedness of the model. The following formula is used to determine
the disease-free equilibrium, the strain-1 endemic equilibrium, the strain-2 en-
demic equilibrium, and the both endemic equilibrium involving both strains. We
determine the global stability of the equilibria based on the value of the funda-
mental reproduction number Ry by constructing an appropriate Lyapunov func-
tional.Numerical simulations are carried out to validate the theoretical results
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and to examine the influence of the fractional-order parameter a on the sys-
tem dynamics. The results show that, for all considered incidence functions, the
value of a does not affect the stability of the equilibrium points, but significantly
influences the convergence rate of the solutions toward steady states. In partic-
ular, larger values of «, corresponding to stronger memory effects, lead to slower
convergence, whereas smaller values result in a faster approach to equilibrium.
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