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EXISTENCE RESULT FOR SOME NONLINEAR L -ELLIPTIC
PROBLEMS.

ABDELKARIM DERHAM!, BADR EL HAJI', AYMANE EL JANATHI! and HASSANE
HIIAJ!

ABSTRACT. The present paper is dedicated to study the existence of renor-
malized solutions for the following elliptic problem

—div (a(z,u, Vu)) + H(z,u, Vu) = p — div (¢(x,u)) — div (P(w)) in Q,
u=20 on 092,
(0.1)
in the setting of Musielak-Orlicz Sobolev spaces, where the Carathéodory func-
tion ¢(x, u) satisfies certain growth conditions, H(z, s, ) satisfies the sign and
the growth condition and ® € C°(R,RY), the datum p = f — div(F) is a mea-
sure with f € L1(Q) and F € (Ez(Q))V.

Keywords. Musielak-Orlicz Sobolev spaces, nonlinear elliptic equations, renor-
malized solutions .
2020 Mathematics Subject Classification. 35J15, 35J60, 35J25.

1. INTRODUCTION

Let Q be an open bounded subset included in RY(N > 2), with a Lipschitz
boundary 0f2. In this manuscript we focus on proving the existence of renormal-
ized solutions for a class of nonlinear elliptic problems of the form

—div (a(z,u, Vu)) + H(z,u, Vu) = p — div (¢(x,u)) — div (P(u)) in Q,
u=20 on 0f),
(1.1)
here, the nonlinear term ¢(x,u) is a Carathéodory function that satisfying the
growth condition
|6z, 5)| < (z) + ¢ (Qx, ]s])) (1.2)
such that Q << ¢. H(z,s, ) is a Carathéodory functiony-that satisfying the
sign and the growth conditions, with ® € C°(R,RY), and yu = f — div(F) where
the datum f(z) belongs to L'(2) and F(z) € (E5(Q))".
Due to the fact that f(z) € L'(2), the equation of (1.1) does not belongs to the
dual space. To overcome this challenge, we adopt the concept of renormalized
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solutions. It is worth mentioning that Lions and DiPerna [21] introduced this
notion of solutions for the study of Boltzmann equations. Later, it was adapted
to nonlinear elliptic equations by Boccardo et al. in [17].

The nonlinear elliptic problem (1.1) has been widely studied, in the classical
Sobolev spaces. Boccardo and Orsina have proved in [16] the existence of T-
solutions for the problems (1.1) when ¢ = 0 by using L'-version of Minty’s
lemma. For a general measure data and when a(z, s,&) = a(x,§) the existence of
renormalized solutions for (1.1) was established in [20] by Dal-Maso et al. (see
also [32] for the weak solutions). In [I15], Boccardo has showed that there exists
at least one entropy solution for the problem (1.1) in the case of ¢(z, s) = ¢(s) €
C°(R) and F' = 0. In the case where the right-hand side belongs to W~1#(Q)
and H(x,s,§) = H(x,s) the authors have addressed in [I7] the existence of
renormalized solutions for the problem (1.1). For the variable exponent Sobolev
spaces, we refer the reader to ([8],[9],[10] and [I1]).

Concerning the framework of Musielak—Orlicz Sobolev spaces, Sabiki et al.
have studied in [22] the existence of solutions for the elliptic problem (1.1), such
that F' = 0 and ¢ satisfies the following condition

[¢(x,5)] < y(@)Pp " (Plx,s])). (1.3)

where v(-) € L*(Q2) and P << ¢.The problem (1.1) has been addressed in the
parabolic case by Azraibi et. al in [7], where the authors have investigated the
existence of entropy solutions. In framework of Orlicz-Sobolev spaces we refer
the reader to [29].

Moreover, numerous research works deal with the existence of solutions to ellip-
tic and parabolic problems under various hypotheses and in different frameworks
(see [23, 3] for further details).

The principal novelty of the present work lies in establishing the existence
of renormalized solutions without assuming the A,-condition on the Musielak—
Orlicz function ¢, we only assume that the conjugate function ¢ satisfies this
condition. This weaker assumption creates some difficulties in the analysis and
calculus. Indeed, in the case where the As-condition is not imposed on ¢, some
important properties of Musielak-Orlicz spaces are lost : the space L,(€2) is no
longer reflexive, and the equality E,(2) = L,(2) no longer holds. A further
difficulty comes from the lack of coercivity of the equation in (1.1). To face these
obstacles, we use an approximation method, then we show some a priori estimates
in order to pass to the limit.

This paper is structured as follows : Section 2 presents the main definitions and
properties of our functional spaces. Section 3 contains the fundamental lemmas
necessary for proving our main result. In Section 4, we introduce the essential
assumptions that ensure the existence of at least one renormalized solution for
elliptic problem (1.1). The existence theorem and its proof are provided in Section
5.
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2. PRELIMINARIES

Let Q be an open bounded subset of RY(N > 2), with a Lipschitz boundary
oN.
We consider the real-valued function ¢(z,t) : QX RT — Rt and ¢(x, t) is called
a Musielak-Orlicz function if the following conditions are verified :

(1) ¢(z,-) is an N-function, i.e. convex, continuous, strictly increasing, with
©(x,0) = 0 and ess ingf)gp(a:,t) > 0 for all ¢ > 0, and
TE

t t
lim sup Pl 1) =0 and lim inf o2, 1) = +400. (2.1)
=0 L0 t t—woozeQ ¢
(74) The function ¢(-,t) is measurable for any t > 0.

We denote ¢, (t) = ¢(z,t) and ¢, its reciprocal function with respect to ¢, it
means that

i (p(x,1) = @z, 0,1 () = t.

We say that ¢(x,t) satisfies the As—condition, if for some [ > 0 there exists a
nonnegative function M(-) € L'(Q) such that

o(x,2t) <lp(z,t) + M(z) ae z € and forall t > 0. (2.2)

In the case where (2.2) is satisfied for any ¢t > ¢, > 0, then ¢ is said verified
As—condition near infinity:.

Let ¢ and v be two Musielak-Orlicz functions, ¢ is said dominate  near infinity
(resp. globally) and we set v < ¢ if there exist two positive constants ¢ and ¢,
such that

Y(z,t) < @(z,ct) a.e x € Q and for all ¢ > ¢y (resp. t > 0).

The function y(z,t) grows essentially less rapidly than ¢(z,t) at 0 (resp. near
infinity) and we write v << ¢, if for every positive constant ¢ we have

lim sup V(1) =0 | resp. lim sup V(@,1) =0].
t—0 gp(x,ct) t—=00 2 90(377015)

If v << ¢, then for any ¢ > 0 there exists a positive function h € L'(2) such
that vy(z,t) < p(z,et) + h(z) for all £ > 0 and a.e. z € Q (see [21]).

For a Musielak-Orlicz function ¢(z,t), we define the convex modular

2,(0) = [ (o Ju(o)) do.
The Musielak-Orlicz Lebesgue’s space L, (€2) is defined as follows
L,(Q) = {u : 0 — R measurable : g, (u/\) < oo for some A > 0},

equipped with the Luxemburg norm

full, = inf{A > 0: g, (u/A) < 1.
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We denote by ¢(z,t) the Musielak-Orlicz function complementary to (or conju-
gate of) ¢(z,t) defined by

o(x,t) = sup{st — ¢o(x,s)} a.e. in 2, (2.3)
s>0

Musielak-Orlicz Lebesgue’s spaces share the same properties as Orlicz Lebesgue’s
spaces (Fenchel-Young’s inequality see (see [30])) and (generalized Holder’s in-
equality (see [30])).
The closure of bounded measurable functions with compact support is denoted
by E,(Q2); we have (E,(2))* = Lz(£2). For more properties of these spaces we
refer to [1, 13, 30].

We define the Musielak-Orlicz-Sobolev spaces WL, () and W'E,(Q) as fol-

lows
WL, (Q) = {u € L,(Q) with |Vu|€ L,(Q)},
and
W'E,(Q) ={u€ E,(Q) with |Vu|e E,(Q)}.
The Sobolev space WL, () is equipped with the following norm
[ulle = llulle + [Vl (2.4)

The space (WL, (), || - [l1,») is a Banach space (see [0]).

The spaces W'L,(Q) (resp. W'E,(2)) are identified to a subspace of the product
of N + 1 copies of L,(§2) (resp. E,(€2)), this product is denoted by IIL, ()
(resp. IIE,(€2)). Throughout this paper we use the following weak topology
o (1L, (Q), TIE,(Q)) and o (IIL,(Q), TL,()) .

The closure of the Schwartz space C§° (€2) with respect to the norm || - |14
in W'L,(2) is denoted by WyE,(Q), and we define WjL,(Q) as the weak
o (IIL,(Q), IIE;(S2)) closure of C§° (Q) in WL, ().

The dual spaces of Wy L,(2) (resp. WyE,(2)) are isomorphic to W~1Ls(Q)
(resp. W1E5(Q)).
We say that u,, — u modularly in W'L,() if there exists A > 0 such that

Uy — U Vu, — Vu
ooty 1 g, (VY g

3. SOME FUNDAMENTAL LEMMAS

This section recalls some standard and basic Lemmas in Musielak-Orlicz-Sobolev
spaces.

Lemma 3.1 (see [1]). If ¢ salisfies the log-Hélder continuity condition and
o(z,1) < ¢1 ace. in Q, then C(Q) is dense in L,(Q2) and in WiL,(Q) for

the modular convergence.

Lemma 3.2 (see [2],[1]). Let Q be a bounded Lipschitz domain of RN, and let
o(x,t) be a Musielak-Orlicz function that satisfies the assumptions of lemma 3. 1.
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Then, there exist two constants dy,dy > 0 and A > 0 depending only on ) and ¢
such that

/ oz, |ul)de < dy + dg/ ¢ (2, \[Vul)dz  for any u € Wy L,(Q).
0 Q

Moreover, there exists a constant C' > 0 depends only on €2 and p such that
lull, < ClIVull,  Yu € WyLy(Q).

Lemma 3.3 (see [13]). If Q has the segment property, then for every u €
Wi L, () there exists {(un)n} C C3°(Q) converging modularly to u in Wy L,().
If additionally u € L®(Q), then ||unlloo < (N + 1)]|0]]0o-

Lemma 3.4. ([31]) Let F' : R — R be an uniformly Lipschitz function, with
F(0) = 0. Ifu € WyLy(Q), then F(u) € WyL,(S). Moreover, if the set D of
discontinuity points of F'(-) is finite, then

aiF(u) _ F'(u)gz a.e m {r € Q:u(x) ¢ D}, (3.1)
¢ 0 a.e in {x € Q:u(x) € D}.
Lemma 3.5. Let k > 0, we define the truncation function Ti(-) : R — R by
s if sl <k,
Tels) = ST if |s| > k. (3:2)

Lemma 3.6. (see [11]) Let (hy,), be a sequence in L,(S2) that converges in mea-
sure to some measurable function h, and if h, remains uniformly bounded in

L,(Q), then h € L,(Q) and h,, = h weakly in L,(Q2) for U(L(‘D, E@).

Lemma 3.7. (see [11]) Let v,,v € L,(S2). Assuming that v,, converges modularly
to v then v, — v weakly in L,(2) for a(Lgp, L¢>.

Lemma 3.8. (see [28]) Assuming that (4.2) — (4.4) hold true, and let (u,)nen be
a sequence in Wy Ly(Q) such that u, — u in Wy Ly(Q2) for O’(H L, I1 Lq—,), and

let (a(x, un, Vuy,)), be an uniformly bounded sequence in (Lz(Q))N with

lim lim [ (a(z,u,, Vu,) — a(z,u, Vuxg,)))(Vu, — Vuxy,.)de =0, (3.3)

T—r00 N—r00 QO
with H, = {z € Q: |Vu| < 7}. Then, u, — u modularly in Wy L,(Q) and
a(x, up, V) - Vu, — a(z,u, Vu) - Vu  strongly in  L*(Q). (3.4)
4. ESSENTIAL ASSUMPTIONS

We recall our nonlinear elliptic problem

{— div (a(x,u, Vu)) + H(xz,u, Vu) = p — div (¢(z,u)) — div (®(u)) in Q,
u=>0 on 0.
(4.1)
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We consider the operator Au: D(A) C Wy L, (Q) — WTLs(2) given by
Au = —div (a(z,u, Vu)),

where a(z,s,£) : @ x R x RY +— RY is a Carathéodory function verifying the
conditions below

(@, 5,€)| < B(d(x) + ¢o ™ (P(x, kils]) + @a " ((x, k2le]))),  (4.2)
where (3, k1, ko > 0 and d(x) € E5(S2) such that P << ¢.

(CL(.T,S,&) _a($757C)) (€_C> > 0 for anyg#C7 (43)

a(z,s,8)& > ap(z, [€]) + o (z,]s]), (4.4)

with « is a positive real constant.
The Carathéodory function H :  x R x RY — R checks the conditions

H(z,s,§)s >0 forany se€R, (4.5)
and

[H (2, 5,)| < ho(x) 4 bls)e(, [€]), (4.6)

such that hy € L'(Q2) and b(-) is a continuous nonnegative increasing function
lying in L*°(Q).
The measure data can be decomposed as follows u = f — div F' with :

feLl' () and F e (E;(Q)"N. (4.7)
The nonlinear term ¢(z,s) : 2 x R+ RY is a Carathéodory function, verifying
|6z, )| < (x) + & (Qx, ]s])), (4.8)

and
d(s) € CO(R,RY). (4.9)

5. MAIN RESULT

This section is entirely devoted to state the existence result with its associated
proof.
First of all, we present the definition of renormalized solutions for the nonlinear
elliptic problem (4.1).

Definition 5.1. A renormalized solution of the nonlinear problem (4.1) is a
measurable function u defined on €2, satisfying :

Te(u) € WyLy(Q) forall k>0, and H(x,u,Vu)e L'(Q), (5.1)
and
1
lim — / a(x,u, Vu) - Vudr =0, (5.2)
h=oo b S ui<ny



SHORT EXISTENCE RESULT FOR SOME NONLINEAR... 7

such that u verifying

/ a(z,u, Vu) - (S'(u)vVu + VoS (u) dx+/H z,u, Vu)S(u)v dz

/ F@)Suw do + /Q F- (S (uw)oVu + VoS(u) d

/ o(z,u) (w)oVu + VoS(u)) de + / P(u) - (S (u)vVu+ VoS(u)) d,
0
(5.3)
for any v € C5°(Q) and for all functions S(-) € C}(R) with a compact support.

Theorem 5.1. Assuming that (4.2) — (4.8) hold true, then there exists at least one
renormalized solution for the nonlinear elliptic problem (4.1).

Proof of the Theorem 5.1.

Approximate problem :

Let f,,(z) be a sequence in L'(2) N L>(2) of smooth function such that f,(x) —
f(x) strongly in LY(Q) and | f,(z)| < |f(z)| (for example f,, = T,,(f)). Then, the
approximate problem can be formulated by

{— div (a(x, un, Vuy,)) + Hy (2, upn, Vu,) = fr, — div (F) — div (¢, (z,u,)) — div (Pp(u,))  in Q,

u=0 on 0f),
(5.4)
where :
H x) 87§
HTL(‘T7 875) — 1 ( ) )
~+ |H(z,s,8)|
and

Pn(,8) = To(p(x,5)) and  Pn(s) = To(P(s)).
Defining the operator L, : D(L,) C Wy L,(Q2) — W1L5(2), by

(Lyu,v) :/ a(z,u, Vu) - Vvdx—i—/H (x,u, Vu)v dz

/(bn x,u) Vvdx—/ ®,,(u) - Vo dx,
0
for any u,v € Wy L,(Q).

Thanks to (Theorem 1, [14]), the approximate problem (5.4) admits at least one
weak solution denoted w, belonging to Wi L, () i.e.

/a(m,un, Vu,) - Vo dr + / H,(z,u,, Vu,)v de = / fo(x)v dx
0 Q f (5.5)

+/F-Vv d:er/gbn(x,un)-Vv da:+/<1>n(un)-Vv dx.
0 Q Q

A priori estimates :
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By taking 7T} (u,,) as a test function in (5.5), we get
/a(x,un,Vun) - VT (uy) dx + / H,(z, Uy, Vup)Ti(uy,) de = / fo(2) Ty (uy) dx
Q Q Q

—i—/QF -VTi(uy) dx +/Q¢n(:v,un) -VTi(uy,) dr + / D, (up) - VT (uy) dx.

Q
(5.6)
For the first term on the left-hand side of (5.6), according to (4.4), we get

/Q 0(, tn, Vi) - VT () dz > / oz, [V Te(un)|) dz + /Q o, | Te(uy)) da.

0
(5.7)
Taking into account the condition (4.5) we have
/ H,(z,un, Vu,) Ty (u,) dz > 0. (5.8)
Q
For the first term on the right-hand side of (5.6), we find
| [ 1@Titun) da] < bl @) v, (5.9
Moreover, Thanks to Young’s inequality we get
o? 2(a+2)
Ti(wn) de| = F(2)||VTk(un)| d
| [ F@)- 9T de| = 5 [ 2@V de
a? 2(a+2)
S | ele, —=—I|F d Ty (uy)|) de.
< sy | e 22w ars o [ o 9T da
(5 10)

Having in mind (4.8), it yields

| [ ontaua) V() de| < [ @IV Tl do + [ 67 QG Tulun) DIV Ti(u)| do.

(5.11)
For the first term on the right-hand side of (5.11), similarly as in (5.10) we get

[ @t o < s [ o 22 @) dot 32 [ el 9T de

2(a+2 a?
(5.12)
Concerning the last term on the right-hand side of (5.11). Thanks to - jé_ . <1
and the convexity of the function ¢(z,-) we find
[ &7 (@ i) 9T )| do
a+1 _ _ @
- [, |Tk<un>|>)—|wk<un>| dr
QO (0% o+
o, oa+1
< [ oo, e @ ITtn) de+ = [ ol [9T(w)]) de
Q

(5.13)
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a—+1

In the light of ¢ satisfies Ay-condition then for ¢ > 0 such that < 27 we

obtain that
A@@a+1%1(QHEWJM)M
_2;34¢@ﬂw;%Q@uwmm»dx
< lq/Q AT (uy)|) do + (1971 + -+l+1)/QM(:1:)d:c}

. + 1 (5.14)

<a/mmnwmm+@

Q

Moreover, due to d << ¢ we have for any € > 0, we have
Q(, | Ty (un)]) < o, € Ti(un)]) + h(x)

1
Now, select € such that 0 < ¢ < ———— < 1, then it follows that
2(C1+1)

C’l/QQ(x, [Tk (un)|) de < (Cy + 1)/Qcp(x,e|Tk(un)|) dx + Cl/Qh(:v) dx

1
< 5/@(9(;,\Tk(un)|) dv + Cs.
Q

Since u,, = 0 on 0f). We set

(5.15)

it follows that ¥, (0) = 0 and ¥, (-) is C*(RY). In view of the Green formula we
obtain

/Q By () - VT (1) d — / div (T (Te(n))) d

Q

:/L_D(Tk Up)) nda—Z/ Ui, n(Ty(uy,)) - mi do = 0.

(5.16)
From the estimations (5.6) and (5.7) — (5.16), we obtain

o [ el 9T do+ 5 [ ol Tt da

a? o 2(a+2) o? o 2(a+2)
§C’0k3+02+m/ﬂga(x,a—|F|) d:}c—f-m/ﬂw(m,Th(x)D dx

07 o
o+ 2 + o+ 1) /ng(x, |VT’“(u”)|) dz + Cj.

+(
(5.17)
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Since F € (E5(Q))Y and v € E5(Q2) it can be deduced that

2

Q@ o
— — Ty (uy,)|) d Nk (uy)]) doe < Cok + Cy.
(0= g~ 77) [ e 9T do+ [ el Tiu,)) do < Cok+ G
(5.18)
2
with a — a _ > (0 and the constants Cy, Cy are positives and in-

(a4+2) a+1
dependent on k and n. Therefore, (7} (uy)), is a uniformly bounded sequence
in W§L,(€2), then there exists a subsequence still denoted (7% (uy)),cy and a
measurable function pj, € Wy L,(£2) such that

{ Ty (un) — pr weakly in Wi L,(9),

Ty (uy,) = pg strongly in E,(£2) and a.ein €. (5.19)

Now, we shall show that (Tj(u,)), is a Cauchy sequence in measure in 2. Indeed,
in the light of (5.18), we have

g (@) meas( (> < [ el @

< Cs5k forany k>1,

it follows that

k
meas ({|u,| > k}) < Hlfxefm — 0 as k— o0 (5.21)

For any 6 > 0, it’s clear that

meas {|u, — up| > 0} < meas {|u,| > k} + meas {|u,,| > k} + meas {|T (un) — Tk (um)| > 0} .
(5.22)

Using the same argument as in [6], we conclude that (u,), is a Cauchy sequence

in measure, then u, — w a.e in €, for a subsequence. Consequently, we have

{ Tk (un) — Ty (u) weakly in Wy L, (),

Ty (un) — Ty (u) strongly in E,(Q) and a.ein €. (5.23)

Some regularity results :
This section aims to establish the following convergence

1
limsup lim — a(x, u,, Vuy,) - Vu, de = 0. (5.24)

n—oo "= N Jijy, |<h}

Th (Un)
h

By choosing as a test function for the approximate problem (5.5), we get

1

1
—/ a(x, u,, Vuy,) - Vu, de+ — / H,(z,u,, Vu,)Th(uy,) dx
h i <ny hJa

1 1
= —/fn(:c)Th(un) dx+—/ F-VTy(uy) do
I Ja {unl<h}

1

1
sr [ ) VG ety [ @) Vi) dr
b J{unl <n} B J ) <)
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Having in mind of (4.5), it yields

1
E/ H,(x, up, Vu,)Th(uy,) de > / |Hy (2, uy, Vuy,)| dz > 0. (5.25)
0 {n

<|un|}

Th (U,n>

Thanks to the fact that f,, — f strongly in L'(Q), and since — 0 weak—x

in L>(Q2) as n, h tend to infinity, then
1
E/ fo(@)Th(uy,) de — 0 as n,h — 0. (5.26)
Q

On the other hand, in view of Young’s inequality, we have

1 a? 2o+ 2)
h b VI d‘<————— o(zr, 22 |F|) d
‘h/{IunKh} Vinlin) dr) < Qh(a+2)/ggo(x | ) da

2

o
+ — x, |VTh(u,)|) dz,
Ho T oy # TT)
(5.27)
Moreover, by utilizing (4.8) we can derive
1
‘—/ On(z,uy) - VT (uy) d:v‘
he Jtunl<ny
1 1 _
<o | h@IVT)lde g [ Qe ) VT )] e
he S tuni<ny he St <ny
(5.28)
then, it follows that
1 / a? ., 2(a+2)
— v(2)||VTh(uy, dxg—/gox,—’ya} dx
P DI < s | o 2 @)
ey [ el VT a
4+ x, Uy,)|) dx.
2h(a+2) Jyjuaieny "
(5.29)
Recall that v(-) € E5(2) and F' € (E5(Q))", we obtain
a? 2(a+2)
— [ plx, ———=|F|) d h 5.30
2h(a—|—2)/ﬂgp(x’ = | |) r— 0 as — 00, ( )
and
a? ., 2(a+2)
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Similarly as in (5.13) and (5.15) we can show that

1 _

1 o+l a /
< h ¥ ’ " d Ty 1) Y T n d
- h/{|un<h}¢(x’ o P Qe lual)) de - 2ems {un|<h}(p(aj VTilua)l) do

C C
< Qa, [T (un)]) do + = M(z) dz

{lun|<h} {lun|<h}
[0

+—/ olx, [VTh(u,)|) dx

o+ 1) Jouien (2, [VTh(un)|)
C
2P J{jun|<hy h Q

* h(a+ 1) /{|un§h} ol VI ()} do-
(5.32)

Thanks to the fact that M(-),h(-) € L'(Q), by applying Lebesgue’s dominated
convergence theorem we obtain

C

f h(x) dz +—/M )dr — 0 as h — 0. (5.33)
Q

Using the same argument as in (5.16), we obtain

1
—/ O, (uy,) - VI (uy,) dx = 0. (5.34)
B Jun) <

By combining (5.28) and (5.26) — (5.34), we establish that

h—oo nosco

1
lim lim sup — / a(x, un, Vuy,) - Vu, dz = 0. (5.35)
{lun|<h}

and in view of (4.4) one has

1 1
—/ o(z, VT (un)]) do + —/ o(z, |Th(uy)]) de — 0 as n,h — oo.
" Sl <ny M Siunl<ny

(5.36)

Furthermore, in view of (5.25) one has

/ |H, (2, Uy, Vuy,)| de — 0 as n,h — oo. (5.37)
{h<funl}
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On the other hand, in view of the growth condition (4.8) and Young’s inequality
we have

1
‘%/ On(T,up) - VTi(uy) d:c‘
{lun|<h}

1 1 o
<1 / (@) [V T ()| e+ - / 2o (o, [unl)) [V T ()]
he S uni<ny N J flunl<hy

2

e o 2(a+2) 1
= h(a+2) /QSD(% ——5— (@) dz+ +C(a) /{wgh} oz, VT (uy)|) da

1 a+l
{lun|<h} «

(5.38)
Combining (5.31) and (5.32) — (5.36), we concluded that
- 1
lim lim sup —/ Gn(, Un) - VI (uy) dz = 0. (5.39)
P00 nosoo I M {jun)<h)

Almost everywhere convergence of gradients :

Lemma 5.2. Let (u,), be a sequence of weak solutions for the approzimate prob-
lems (5.5), under the hypothesis (4.2)—(4.4), the sequence (a(x, T (un), VIi(un)))
is uniformly bounded in (Lz(S2))™.

The proof of Lemma 5.2 follows the same argument used in [12].

Now, let h > 7 > k > 0, we define the following functions

[ Ton(r) = Th(r)|

Rh(T‘) = 1 — h

and O(r) =re®” for any reR.

/ 1
with ag = @, we point out that © (r) — ag|O(r)| > 5 for all r € R.
o

In view of Lemma 3.1, there exists a sequence v, in D(2) such that
Ti(Vm) — Ti(u) modularly in = Wy L,(2) as m — oo. (5.40)

we set 2, = (Ti(r) — Ti(vy,)) for any reR.
For 7 > 0, we denote ¢;(n) (respectively &;(n, h), €;(n,m,h) and &;(n,m, h,7))
some real functions go to zero as n — oc.
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By selecting ©(zy, ) Ri(u,) as a test function in (5.5), we obtain
| a0, F0) - (VTi0) = 9Ti05,)8) o) i)
— /Qa(ac, Up, V) - Vunsign(un)R;L(un)@(zn,m) dx
+ / H, (2, U, Vun)O(2nm) Ry (uy,) dx
/fn (2n,m) Bn(un) d$+/F -V (O(znm)Rr(uy)) da

+ /Q O (2, ) - V(O (20,m) Ri(uy)) da + / P (un) - V(O (2m) Ri(un)) da.

Q
(5.41)
Concerning the first term on the right-hand side of (5.41), we have f,,(z) — f(x)
strongly in L*(Q2) and since © (2, ) R (u,) — 0 weak—x* in L>(Q) as n, m — oo,
then

/fn (Znm)Rp(uy) dr — 0 as n,m — oo. (5.42)

For the second term on the right-hand side of (5.41), we have

/Q F - V(O(znm) Raluy)) d = /Q F o (VTk(w) — VT )© (nm) Bn(tn) da

— / F- Vunsign(un)R;l(un)@(zn,m) dx.
Q

(5.43)
Thanks to (5.23) we have (VT (un) — VTk(vy)) — 0 weakly in (L,(2))" when
n,m — co. On the one hand, one has FO'(z,,,) Ry (u,) — FO'(2) Ry (u) strongly
in (E5(2))", then it follows that

/ F - (VTi(tn) = VT (m)O (znm) R (tn) dz — 0 as n,m —s oo, (5.44)

In view of |F| € E5(2) and (5.36), then by applying Young’s inequality we can
show that

‘/F -Vt sign () Ry, (1,)O(2pm) do
Q

<22 IV Ton ()]
b Jih<iuni<2ny
o(2k) o(2k)

IN

. / ( ]F|) dr + T/ gp(x, ]VTQh(un)]) dx
(h<|un|<2h) {h<|un|<2h}

—» 0 as n,h — oo.
(5.45)
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Regarding the third term on the right-hand side of (5.41), one has
/ G t1) - V(62 Ri () d
Q
= / O (T, 1n) - (VTk(tn) — VTe(Vm)) © (2nm) Ri(uy) dz (5.46)
Q

Q

For the first term on the right-hand side of (5.46), we have ¢, (z, t,) Ry, (un)0 (2p.m) =
On (2, Ton (1)) R (1,)O (20.m) is bounded in (E4(Q2))", thus by using Lebesgue’s
convergence theorem it yields that

Sn (2, Ton () Ri ()0 (z0,m) — &(, Ton (1)) R (w)©' (2) strongly in (E5(2))",

having in mind that V (T (u,) — Tk (vim)) — 0 weakly in (L,(2))", therefore

/ngn(x, ) - (VTi(tn) = VTi(Vn)) © (2pm) R (un) dz — 0 as n,m — oo.

(5.47)
Moreover, by using the result (5.39) we get

‘ / On(T,up) - Vunsz'gn(un)R;l(un)@(zmm) dx
Q

B (5.48)
2
< M/ |on(x, Ton(un))||Vu,| de — 0 as n, h — oco.

h Jin<iun|<ony

Concerning the fourth term on the right-hand side of (5.41), one has

/Q B, (1) - V(O (20m) Ra(un)) de

N /{ |<2h} () - (VT(un) = VTk(Vm))@/(Zn,m)Rh<un) dz (5.49)

1
— —/ D, (uy) - Vuysign(u,)O(znm) dz.
I S h<tun|<2ny

In view of (VT (un) — VT (vy)) — 0 weakly in (L,(£2))Y and due to @, (Ton(uy))
Ry (1,)0 (2n.m) converges to ®(Th,(u))Ry(u)O'(2) strongly in (E4(2))Y, we ob-
tain

/ D, (un) - (VTi(tn) — VT (1)) (2pm) Ry (un) dz — 0 as n,m — oc.
{lun|<2h}

(5.50)
Similarly, we have ®,(u,) - VX {2<u,<2ny € L'(Q) and using the fact that
O(zn.m) — 0 weak—x in L>°(Q), it can be deduced that

1

—/ Dy (un) - Vupsign(un,)O(2pm) dv — 0 as n,m,h — oo.  (5.51)
I S h<tunl<ony
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Now, we turn to the first term on the left-hand side of (5.41), we have Ry, (u,) =1
on the subset {|u,| < k} then

/Qa(x, U, Vi) - (VT () — V()0 (2 ) R (1) daz

’

= [ oo ). 9T (0) - (Vi) = VI (04,)0 (201 (5.52)
_ /{k<| . a(x, Top(uy), VIop(uy)) - VTk(Vm)@/(Zn,m)Rh(un) dz.

For the second term on the right-hand side of (5.52, thanks to Lemma (5.2) there
exists a measurable function va, € (Ls(2))Y such that a(x, Ton(uy), Vo (un))

converges to g, for a((LQ(Q))N, (E@(Q))N). Moreover, by using Lebesgue’s

convergence theorem we have

ka(Vm)G),(zn,m)Rh(un)X{k<|un\§2h} — VTk(Vm>@/(Zm)Rh(u)X{k<|u|§2h}
strongly in (E,(Q))", it yields that
/ a(z, Ton (), VTon () - VT () O (2 ) Ri () da
— / Wap, - VTk(Vm)@l(zm)Rh(u) dz,
{k<[ul<2h}

and since Ty (v)O (2m) Ri(u) — Ti(w)O' (2) Ry (u) weakly in Wi L,(Q) we get

/ Yon - VTi(Vm)© (2m) R (u) da
{k<|u|<2h}

(5.54)
— Yop - VT(w)O (2)Ry(u) dz =0 as  m — oco.
{k<|u|<2h}
Regarding the second term on the left-hand side of (5.41), we have
/ a(x, uy, Vuy,) - VunR/h(un)@(znm) dx
“ (5.55)

O(2k)
B

< / a(x, up, Vuy,) - Vu, dv — 0 as n, h — oo.
{h<|un|<2R}

For the third integral on the left-hand side of (5.41), since u,, and O(z,,,,) have
the same sign on {|u,| > k}, thus we use (4.5) one has

/ H,(z, Uy, V)0 (2nm) Ry (uy,) de > / H,(z,un, Vu,)O(2hm) Ry (uy,) dx.
Q {lun|<k}
(5.56)
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In view of (4.4) and (4.6) it follows that

17

/{I |<k} Hp (2, Ty (un), VT3 (un))O(2n,m) Bn(un) dz

3/ (ho(z) + b(Ti(un)) (2, |V Tk (un)])) O (2nm)| dez (5.57)
{lun|<k}
<e&i(n,m) + @/ a(z, Te(tn), VIk(tn)) - V(1|0 (20| dit.
{lun|<k}
By combining (5.41) and (5.42) — (5.57), we conclude that

/Qa(a:, Ti(un), VI (uy,)) - (VT (uyn) — VTk(ym))G),(zmm) dx

b(k
- _(a) / a(@, Te(un), VTi(un)) - V()| O(znm)| d < 1(n,m, h),
{lun|<k}
(5.58)
Putting H, = {zr € Q

VT (u)] < 7}, then for the first term on the left-hand
side of (5.58) can be written as

/Qa(x,Tk(un), VTi(un)) - (VTk(tn) = V()0 (2nm) d:

= /Q (a(x, Tk(un): VTk:(un)) - a(:p, Tkz(u)v VTk(U)XHT)) -V (Tk(un) - Tk(u)XHT) @/(me) dx
+ /Qa(x, Ti(un), VIi(u,)) - (VT (w)xm, — VTe(Vm)) @/(zn,m) dx

n / (e, T, VT (w)xr,) - (VTk(t) — VTe(w)xs) © (2 .

(5.59)
Concerning the second term on the right-hand side of (5.59), one has (Ty(u)xu, — Tk(Vim))

belongs to (E,(Q))", and in view of Lemma 5.2, there exists a measurable func-

tion pr € (Ls(Q))Y such that a(x, Ty(uy), VI (uy,)) converges to p, weakly in
(Ls(2))", that gives

/Qa(x, Tio(tn), VTi(up)) - V (Ti(w)xar, — Te(11) © (2pm) da

—6'20) [ lalo. i), VTV (i), ~ o)) [ do - (550)
—0/(2k) / eIV (T, — To()) | de

By using convergence (5.40), we have

/Q!pkHV(Tk(u)m — Ti(w)) | da —>/Qypk\|V(Tk(u)XHT —Ty(w)) | dz as m — oo.

(5.61)
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Taking into account to Lebesgue’s dominated convergence theorem, we deduce
that

/Q okl IV (T (w)xm, — Te(w)) | de — 0 as 7 — oc. (5.62)

Regarding the last term on the right-hand side of (5.59), one has a(x, Ty (u,), VT (u) X #. )
is uniformly bounded in (E;(2)). Moreover, we use (4.2) and Lebesgue’s con-
vergence dominated theorem we conclude that

a(z, Ty(un), VT (u)xn,) = a(z, Ti(u), VTi(u)xa,) strongly in (Eg(2))"

On the other hand, thanks to (5.23) we obtain

‘ /Q(I(ZL‘,T;C(UH), VTk(U)XHT) ) <VTk(Un> - VTI@(U)XHT) @,(zn,m) dx
— O'(2k) /Q la(z, T (uw), V(W) x e )|V (Tk(u) — Tk (u)xm,) | dr as n— oo

— 0 (2) / la(, T(w), 0)| |V T (w)vens, | da = 0.
Q

(5.63)
We can set the second integral on the left-hand side of (5.58) as follows

@ / a(x, T (un), VTi(uy)) - VTk(un)|@<Zn7m)| dr
O S{Jun|<k}

- /Q (a(a, Te(un). VT (un)) — alz, Ti(w), VIe(w)xr,) - ¥ (Telutn) = Tiu)xar,) |0z m)| d
+ @ / a(@, T(un), VTx(un)) - VTi(w) X1, |0(Z0m)| d
{lun|<k}
+ @ / a(@, Ty(un), VTi(w)xa,) - (VTi(tn) = VT(w)x,)|©(znm)| de.
{lun|<k}

(5.64)
Concerning the first integral on the right-hand side of (5.64), we have a(z, Ty (u,,), V) (uy,))-
VTi(u)xm, converges strongly to Ty (u)xm, pr in L'(Q2) and since |O(z,,)] — 0
weak—x in L>(Q2) as n,m tend to infinity, therefore we establish that

b(k)

/ a(z, Ty(un), VIi(un)) - V(W) xw, |O(2nm)| de = e3(n, m).
@ S{Junl<k}

(5.65)
Similarly as in (5.63), we show that

b(k)

o /{l . a(z, Tp(u,), VT (w)xw,) - (VTe(un) — V(W) X#,) O (2nm)| dx = e4(n, m, 7).

(5.66)
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We combine (5.59) and (5.60)-(5.66), we establish

5 [ (06, Tulun), VTin))  afe Tafw). VIl )) - ¥ (i) = Tu(w)x,) d
Q

< /Q (a(z, Ti(un), VTi(un)) — a(z, Te(w), VIi(u)xm,)) - V (Ti(un) — Ti(uw)xa, )

X (@/(me) — @@(Z'nmﬂ) dx

—0 as n,7 — o0.

(5.67)
In view of the Lemma 3.8, we conclude that
Tk (un) = Ti(u) modularly in WL, () (5.68)
Vu, - Vu aein . ‘

and
a(z, Ty(un), VTi(u,)) = a(x, Tp(u), VIi(u)) weakly in  (Lg(Q)YN.  (5.69)
Furthermore, we have

a(x, T (un), VTi(un))-VTi(un) — alx, Ti(u), VTp(u))-VTi(u) strongly in  L'(€).

(5.70)
The equi-integrability of (H,(z,u,, Vu,)), and passage to the limit :
Firstly, we focus on proving the following convergence

H,(x,u,, Vu,) — H(x,u,Vu) strongly in L'(€). (5.71)
In the light of (5.68), we have
H,(z,u,,Vu,) — H(z,u,Vu) a.ein . (5.72)

Thus, according to Vitali’s theorem it remains to establish that (H, (z, u,, Vu,))s
is a uniformly equi-integrability sequence. Which has been proved in [5]. Then,
we deduce the convergence (5.71).

Now, let v € C§°(€2) and S(-) be a function in C!(R) with a compact support,
such that supp(S) C [-M, M| for some M > 0. By taking S(u,)v as a test
function for the approximate problem (5.5), we obtain

/ a(z, un, V) - (Vu,S (up)v + VoS(uy,)) do + / H,(z, up, Vu,)S(uy)v d
/ Jn(x)S(uy)v de + / F - (Vu,S (uy)v + VoS (uy,)) dz
0

+ /Q Oz, uy) - (VunS (up)v + VoS(uy,)) de + /Q D, (up) - (Vu,S' (uy)v + VoS (u,)) dz.
(5.73)
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Thanks to the fact that supp(S) C [—M, M], we have
/ a(z, uy, Vuy,) - (Vu,S (uy)v + VoS (uy,)) dx
Q
- / a(, Tar (1), Vot () - VTar () S (Tas () o de - (5.74)
0

+ / a(x, Ta(un), VI (uy)) - VoS (T (uy,)) de.
Q

and
/Q%(I, Un) + (VugS (up)v + VoS(uy,)) dx
= /Q%(%TM(%)) - VT (ug) S (Th (un))v da (5.75)
+ /Q On(x, Thr(uy)) - VoS(Th(uy) du.
and

/Q (1) - (Vtn S (u)v + VoS(up)) de

= / O, (Tar(un)) - Vg (un)S (Tas(un))v dz + / D, (Tar(up)) - VuS(Th(uy,) de.
Q Q
(5.76)
Having in mind (5.70), and since S’(u,)v — S’(u)v weak—sx in (L°°(2))". More-
over, in view of (5.69) and since VuS(Ty(u,)) — VoS(Ty(u)) strongly in
(E ()", then we derive that

Tim. a(z, U, V) - (Vun,S (up)v + VoS (uy,)) dx
- / a(x, Tyr(u), VT (w)) - VT (u)S (T (w))v da

0 (5.77)
+ /Q a(x, Ty (u), VI (u)) - VoS(Ta(u)) dz

= /Qa(x, u, Vu) - (VuS' (u)v + VoS(u)) dz.

In view of (V(S(u,)v) is bounded in (L,(£2))", then by (5.23) (VTM(un)S’(TM(un))
VuS(Ty(un))) = (VT (w)S (T (w))v + VoS(Ta(u))) weakly in (L, ().

the other hand, by using Lebesgue’s dominated theorem ¢, (x, T (un)) — o(x, TM( )
strongly in (Ez(2))Y, we obtain

lim = /ngS(m,TM(un)) (VT (un)S" (Tor (un))v + VoS (T (uy,)) do

n—o0

(5.78)
= /Qqﬁ(x,u) - (VuS (u)v + VoS(u)) da.
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Using the same argument as in (5.78), it yields that

lm [ D(Th(un)) - (VT (un)S" (T (un))v + VoS (Th(uy)) do

n—oo 0]

_ /Q B(u) - (VuS'(u)o + VoS(u)) de.

Moreover, one has F belongs to (E;(2))", and since (VT (u,)S" (Ths(un))v +
VoS (Ta(uy))) = (VT (u)S" (Tar(u))v + VoS (Th(u))) weakly in (Ly(Q))V it
follows that

(5.79)

lim [ F - (VT (un)S (Tar(un))v 4+ VoS(Ta(uy))) dx

n—o0 0

(5.80)
— / F - (VuS' (u)v + VoS (u)) dz.

Thanks to (5.71), we have H,(z,u,, Vu,) converges to H(x,u, Vu) strongly in
L) and due to S(u,)v — S(u)v weak-+ in L°°(Q), it follows that

lim | H,(z,un, Vu,)S(u,)v de = / H(z,u, Vu)S(u)v dz. (5.81)
Q

n—oo 0

Similarly, one has f, — f strongly in L'(Q2) and since S(u,)v — S(u)v weak-x
in L>°(2) thus it yields
lim fn( S(up)vde = / f(z)S(u)v de. (5.82)
n—oo

Finally, by relation (5. 73) and (5.74)-(5.82) we conclude that

/ a(z,u, Vu) - (VuS'(u)v + VoS (u) dm—l—/H z,u, Vu)S(u)v d

/ f(x)S(u)v do + / F - (VuS'(up)v + VoS(u)) dx
Q
+ / d(x,u) - (VuS (u)v + VoS(u)) de + / P (u) - (VuS'(u)v + VoS(u)) dr,
Q 0
(5.83)
which conclude the proof of the Theorem 5.1. O
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