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ON SOME PROPERTIES OF DIRICHLET’S ETA FUNCTION
KWARA NANTOMAH

ABSTRACT. In this paper, we establish some inequalities and monotonicity
properties involving the Dirichlet’s eta function. Thus, we improve and com-
plement some previous results of Cerone and Dragomir and that of Alzer and
Kwong. We also provide some new results. The tools employed in proving our
results include some inequalities for the Nielsen’s beta function, the logarithmic
concavity property of the Dirichlet’s eta function, the Cauchy-Schwarz integral
inequality, and the classical mean value theorem.

Keywords. Dirichlet’s eta function; Riemann zeta function; Nielsen’s beta func-
tion; polygamma function; inequality

2020 Mathematics Subject Classification. Primary 11M41; Secondary 26D07,
39B62.

1. INTRODUCTION

The Dirichlet’s eta function (which is also referred to as the alternating zeta
function) is defined as

n(z) = Z %, z >0, (1.1)

k=1
1 o] uz—l
= B /O T 1du, z >0, (1.2)
=(1-2"%)(2), 2>0, z#1 (1.3)

where I'(2) is the Euler gamma function and ((z) is the Riemann zeta function
which are defined as

['(z) = /OO wleTUdu, z>0, (1.4)
0
(=Y ki Y (1.5)
k=1

In effect, the formula (1.3) extends the definition of {(2) to a larger domain. The
Dirichlet eta function plays a remarkable role in areas such as analytic number

Date: Received: May 1, 2026; Revised: May 27, 2026; Accepted: Jun 5, 2026.
* Corresponding author
(© The Author(s) 2026. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the license, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1


https://creativecommons.org/licenses/by-nc-nd/4.0/

2 K. NANTOMAH

theory, probability theory, mathematical physics and mathematical analysis. For
this reason, it has been studied by many researchers along different paths.

In 1975, van de Lune [, Theorem 3] showed that the function 7(z) is strictly
increasing, by using some lengthy procedure. In 2019, Qi [12] deduced the mono-
tonicity of 7(z) by using a straightforward argument. In 1998, Wang [15] estab-
lished that the function 7(z) is logarithmically concave on (0, 00).

In 2009, Cerone and Dragomir [5] deduced that

(1=2)(1-2) =+
-2 = PG+

Coz>1, (1.6)

and conjectured that

n(z)n(z +2)
D <1, z>1. (1.7)

In 2015, Alzer and Kwong [2] improved the logarithmic concavity property of
n(z) by proving that n(z) is actually strictly concave on (0,00). They further
established several interesting inequalities involving 7(z). Later in the same year,
Adell and Lekuona [1] also proved that the generalized function 7,(z) is strictly
concave on (0, 00), where n;(z) = n(z). Stojiljkovi¢ [13] also provided an integral
representation for a remainder sum of the Dirichlet’s eta function and further
studied some of its properties.

Motivated by the outstanding works [5] and [2], the goal of this paper is to
improve and complement the results (1.6) and (1.7) in addition to some other
new results.

In the mean time, we recall the following definitions which shall be required to
establish some of our results.

The classical Nielsen’s beta function is denoted by any of the following equiv-
alent forms. See [1], [0], [11, p.16].

B(z) = / R, (18)

1+et
-y =R (1.9)
o kT2
1 z+1 z
1 _u(Z 1.1
> w( . ) ¢(2)}, (1.10)
for > 0, where ¥(z) = £ InT(2) is the digamma function. Its derivatives are

%, 0, 10)

o] ts —zt

B(s)(z) _ (_l)s/o T e_tdt, s € Ny, (1.11)

respectively given as (see

= (—1)5812%, s € N, (1.12)

1 1
= 5ot {w(S) (Z . > . w(s) <§>}7 s €Ny, (1.13)
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where N = {1,2,3,...}, Ng = {0,1,2,3,... }, ¥(O(2) = 4(2) and BO(z) = B(2).
In specific,

oo _1\k
A1) = (=1)s! > ﬁ = (=1)*slyp(s +1), s €Ny, (1.14)

We are now well positioned to present our results. We shall do that in the next
section.

2. RESULTS AND DISCUSSION
Theorem 2.1. Given that r € N, then the inequalities
n(r+1) < r+1n(r+2)

, 2.1
a0y S ) 2y
r+1n(r+2) < 77(7"—1—1)’ (2.2)
2r n(r+1) = n(r)

are satisfied.
Proof. In [7], [10] and [16], it has been established that for z > 0 and s € Ny, the
inequalities

B ()8 (2) > (B0 (2))? (2.3)
and

B (2)BH (2) < 2(801V(2)) (2.4)

hold. Considering the particular case where z = 1 in (2.3) and (2.4), and using
(1.14), we respectively obtain

5+ 2
n(s+1)n(s+3) > n*(s+2) (2.5)
s+1
and
5+ 2
n(s+ 1)n(s +3) < 2n*(s +2). (2.6)
s+1
Now, by replacing s with » — 1 in (2.5) and (2.6), we respectively obtain the
results (2.1) and (2.2). O

In the following theorem, we extend (2.1) to all positive real numbers.

Theorem 2.2. The inequality

n(z—|—1)<z—|—177(z—|—2)
nz) — oz ni+1)

, (2.7)

holds for z > 0.
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Proof. The Cauchy-Schwarz inequality for integrals is given as

(/abKl(t)KQ(t)dt)Q < /ab [Kl(t)]th/ab (K5 (1)) dt (2.8)

where K7 (t) and K5(t) are continuous functions on [a, b]. Let Ki(t) = ((h(t)[p(t)]*)

and Ky(t) = ((h(t)[p(t)]”)%, where h(t) and p(t) are non-negative and u and v
are real numbers. Then (2.8) becomes

(/abh(t) [p(H] dt) g/:h(t) [p(t)]“dt/abh(t) POl d (29)

By letting h(t) = 1/(e! + 1), p(t) =t,a=0,b=00,u=z+1landv=2—11in

(2.9), we obtain
2 _
o) tZ o) tz+l o0 tz 1
dt | < dt dt
(/0 et +1 ) _/0 et +1 /0 et +1

and as a result of (1.2), we obtain
Nz + DTz + D) <n(z 4+ 2)T(z + 2)n(2)0(2). (2.10)
Since I'(z + 1) = 2I'(2), inequality (2.10) then reduces to (2.7). O

D=

2

In the following theorem, we provide an improvement of (2.7) by utilizing the
logarithmic concavity of 7(z).

Theorem 2.3. The inequality

, 2.11
ICE TS 240
holds for z > 0.
Proof. Since n(z) is logarithmically concave on (0, 00), then
n'(z
(Inn(z))” = ( >
which implies that the function A(z) = /n(z) is strictly decreasing. Let
1
77(2)

for all z > 0. Then logarithmic differentiation gives

T'(z) _n'(z+1) 7'(2)
T(z) nlz+1)  n(z)
which implies that 7"(z) < 0. Thus T'(z) is strictly decreasing. Hence we have
T(z+4 1) < T(z) which gives (2.11). O

<0

Remark 2.4. Inequality (2.7) can be rearranged as

©_nEm(z+2)
z4+1 7 n?(z+1)

(2.12)



ON SOME PROPERTIES OF DIRICHLET’S ETA FUNCTION 5

for z > 0. Comparing the bound in (2.12) with the bound in (1.6), we observe

that . )
1—2"7*(1—-2""17*
o) = =2 ) -
(1 —27%) z+1
is negative if 0 < z < a and positive if 0 < z < a, where a ~ 2.48811974... is
the root of A(z). Thus, the bound in (2.12) is better than the bound in (1.6) if

0 < z < a. Also, the domain z > 1 in (1.6) has been extended to z > 0 in (2.12).

Remark 2.5. Inequality (2.11) can be rearranged as
n(z)n(z +2)
(2 +1)

for z > 0. This proves the conjecture (1.7). Additionally, the domain z > 1 in
(1.7) has been extended to z > 0 in the present results.

<1 (2.13)

Corollary 2.6. The inequality
n(z+1)

he n(z)

<2In2, (2.14)

holds for z > 0.
Proof. Since T'(z) = n(z+ 1)/n(2) is decreasing, then for 0 < z < oo, we have
1=1m7T(z) <T(z) <limT(z) =2In2
z—00 z—0
which gives (2.14). O

Theorem 2.7. The inequality

n(t) —n(s)

— <1(s) (2.15)

m(t) <
holds for 0 < s < t.

Proof. Since n(z) is continuous on [s,t] and differentiable on (s,t), then by the
mean value theorem, there exist at least A € (s,t) such that

ﬁ(t) — 77(8) /
M=) _ ().
s n'(A)
Since 1/(z) is strictly decreasing, then for A € (s,t), we have 1/(t) < n'(A) < 1/(s)
which gives (2.15). O

Remark 2.8. If s =z and t = z + 1, then (2.15) reduces to
n(z+1)<niz+1)—n(z) <7n(z) (2.16)
for z > 0.

Theorem 2.9. For s > 0, t > 0 such that s # t, the inequality
n) —n(s) 1 <W)
— < -In|= 2.1
0< e <35 (2.17)
holds.
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Proof. Since 1/(z) is strictly decreasing on (0, 00), then we have
1 T
T / / . / _ = "
O—Zlggon(2)<n(Z)<£lggn(2)—2111(2), (2.18)

for all z > 0. With no loss of generality, let s < ¢t (t < s will have the same
effect). Then by the mean value theorem, there exist at least k € (s,t) such that

n(t) —nis
% — (k). (2.19)
—S
Now, combining (2.18) and (2.19) gives the desired result (2.17). O
Remark 2.10. If s = z and t = 2 + 1, then (2.17) reduces to
1
0<nz+1)—n(z) < 5 In (g) (2.20)

for z > 0.

Remark 2.11. We note that inequality (2.17) was earlier obtained in [2] by a
different procedure. Since n/(t) > 0 forall¢ > 0 and 7/(s) < 1 In(7/2) for all s > 0,
then the bounds in (2.15) are better than the bounds in (2.17). Consequently,
the bounds in (2.16) are also better than those in (2.20).

Theorem 2.12. The inequality

W) ) —lan(s) _ n'(s)
nt) S t—s (s

(2.21)

holds for 0 < s < t.

Proof. Since Inn(z) is continuous on [s, t] and differentiable on (s, t), then by the
mean value theorem, there exist at least § € (s,t) such that

Iny(t) —Inn(s) _ 1'(5)

t—s ~n(8)”
Since 7/(2)/n(z) is strictly decreasing, then for 6 € (s,t), we have

W) o) i(s)
o = ) nls)

which gives (2.21). O
Remark 2.13. If s = z and t = z+ 1, then (2.21) reduces to the elegant inequality
/ 1 1 /
n(z+1) n(2) n(2)

for z > 0.

Theorem 2.14. For s > 0, t > 0 such that s # t, the inequality

0< lm](ti — ans) < (g) (2.23)

holds.
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Proof. Since 1/(z)/n(z) is strictly decreasing on (0, 00), then we have

/ / /

0= tim 1) TG 1)y (W) , (2.24)
=00 n(z) o on(z) =0 (2)

for all z > 0. With no loss of generality, let s < t. Then by the mean value

theorem, there exist at least ¢ € (s,t) such that

Inn(t) —Inn(s) _ n'(c)

2

= 2.25
t—s n(c) (2:25)
Now, combining (2.24) and (2.25) gives the desired result (2.23). O
Remark 2.15. If s = z and t = z + 1, then (2.23) reduces to
1
PR ChE (2.26)
n(z) 2

for z > 0.

Remark 2.16. Since n/'(t)/n(t) > 0 for all ¢ > 0 and 7'(s)/n(s) — In(7/2) < 0 for
all s > 0, then the bounds in (2.21) are better than those in (2.23). Also the
upper bound of (2.14) is better than the upper bound of (2.26).

Theorem 2.17. For z > 0, the function

o(2) = =~ (2.27)
18 strictly decreasing and consequently, the inequality
/
1
) 1 (2.28)
n(z) =z

holds.

Proof. It has been established in [2, Theorem 4.9] that for all s > 0, ¢ > 0 and
s # t, the inequality

1t — t
2 t—s
holds. By letting t = z, s = 2 4+ ¢ where ¢ > 0 in (2.29), we obtain
c

—c<zn(z+c)—(z+n(z) < —3

This implies that

e+ ) _ e+ =+ ()
ozt e) - o) = LD T L HELEE RO <,

Hence ¢(z) is strictly decreasing. By differentiating ¢(2), inequality (2.28) is
easily obtained. O

Remark 2.18. The decreasing property of ¢(z) implies the subadditivity property
of n(z) which has been established in [2].
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Remark 2.19. Inequality (2.28) implies that

' (@)nly) —n(@)n'y) _y—= (2.30)

n(x)n(y) Ty

forany z > 0,y > 0, x # y.

The following results are motivated by the paper [3], where the authors studied
the monotonicity properties of the function f(y) = ¥(1 + by)? /¢ (1 + ay)® and its
associated inequalities.

Theorem 2.20. For z >0, r >0, a >0, b > 0 the function

b a
P(z) = W+—’2) (2.31)
n(r + az)?
18 strictly increasing if a > b and strictly decreasing if a < b. Consequently,
a—b 77(7" + bz)a
< —" <1 2.32
n(r) n(r + az)® ’ (2.32)

if a>b. If a < b then the inequality (2.32) is reversed.

Proof. Let a > b. Then logarithmic differentiation yields
P'(z) n'(r+b2) n'(r+az)

P(z) “ n(r+bz) n(r-+az) ’

since the function 7/(s)/n(s) is decreasing. Hence P’(z) > 0 which implies that
P(z) is strictly increasing. The monotonicity of P(z) then implies that

n(r)*~ =1lim P(z) < P(z) < lim P(z) =1
z—0 Z—+00

which gives (2.32). The proof for the case where a < b follows the same procedure.

O
Remark 2.21. When r =1 in (2.32), we obtain
_ 14 b2)*
n2)r < M0y 2.33
(In2) n(1+az)® (2:33)
Remark 2.22. The monotonicity of P(z) further implies that
n(r + by)® < n(r +bz)" (2.34)

n(r +ay)® = n(r +az)®
fora>band 0 <y <z Ifr=0and b=11n (2.34), then we obtain the elegant

inequality
(n(y)) < May) (2.35)
n(z) n(az)
fora > 1 and 0 < y < z. If a < b, then inequality (2.34) is reversed. Also, if
0 < a < 1, then inequality (2.35) is reversed.

Theorem 2.23. For z > 0, the inequality

L= p<n(pz) — pn(z) < 2 (2.36)

holds if p > 1. If 0 < p < 1, then the inequality is reversed.
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Proof. Let p > 1 and 6(z) be defined as 0(z) = n(pz) — pn(z). Then

oy pz)  '(2)
ekyﬂ{n@@ M@]<Q

which means that 6(z) is decreasing. Therefore,

: : l—p
l-p< zlggoe(z) <0(z) < llg(l)@(z) =5 < 0
which gives (2.36). The proof for the case 0 < p < 1 follows the same procedure.
O
Conjecture 2.24. We conjecture that, for z > 0, the function
2
F(z) = n(z)n(z +2) (2.37)
n*(z+1)
is increasing. This will lead to the following double inequality with constant
bounds.
L rm N2 n(z)n(z+2)
— ) < —FF——F—= <1 2.38
24 <1n2> n*(z+1) (2.38)

3. CONCLUSION

In the present work, we have established some inequalities and monotonicity
properties involving the Dirichlet’s eta function. In doing that, we have provided
improvements and complements of some previous results, We have also estab-
lished some new results which could pave the way for further research on the
function. The advantage of the present work is that, the methods of proof are
relatively simple and easy to follow. We also give a conjecture which is expected
to be of utmost interest to researchers working on analytical properties of the
Dirichlet’s eta function.

REFERENCES

1. Adell, J. A. & Lekuona, A. (2015). Dirichlet’s eta and beta functions: Concavity and fast
computation of their derivatives, J. Number Theory, 157, 215-222. https://doi.org/10.
1016/ .jnt.2015.05.006

2. Alzer, H. & Kwong, M. N. (2015). On the concavity of Dirichlet’s eta function and related
functional inequalities, J. Number Theory, 151, 172-196. https://doi.org/10.1016/j.
jnt.2014.12.009

3. Bhayo, B. A., Xie, L. & Yildiz Yar, S. (2025). On Functional Inequalities for the Psi
Function, Probl. Anal. Issues Anal., 14(32), 53-65. https://doi.org/10.15393/j3.art.
2025.17250

4. Boyadzhiev, K. N., Medina, L. A. & Moll, V. H. (2009). The integrals in Gradshteyn and
Ryzhik. Part 11: The incomplete beta function, SCIENTIA Series A: Mathematical Sci-
ences, 18, 61-75. https://revistas.usm.cl/scientia/article/view/131/SCIENTIA_
VOL18_2009_6

5. Cerone, P. & Dragomir, S. S. (2009). Some convexity properties of Dirichlet series with pos-
itive terms, Math. Nachr., 282(7), 964-975. https://doi.org/10.1002/mana.200610783

6. Gradshteyn, I. S. & Ryzhik, I. M. (2007). Table of Integrals, Series, and Products. Edited
by A. Jeffrey and D. Zwillinger, Academic Press, New York, 7th edition.


https://doi.org/10.1016/j.jnt.2015.05.006
https://doi.org/10.1016/j.jnt.2015.05.006
https://doi.org/10.1016/j.jnt.2014.12.009
https://doi.org/10.1016/j.jnt.2014.12.009
https://doi.org/10.15393/j3.art.2025.17250
https://doi.org/10.15393/j3.art.2025.17250
https://revistas.usm.cl/scientia/article/view/131/SCIENTIA_VOL18_2009_6
https://revistas.usm.cl/scientia/article/view/131/SCIENTIA_VOL18_2009_6
https://doi.org/10.1002/mana.200610783

10 K. NANTOMAH

7. Jyothi, K., Ravi, B. & Lakshmi, A. V. (2026). Some Remarks on Open Problems for
Nielsen’s Beta Function, J. Classical Anal., 27(1), 119-127. https://files.ele-math.
com/articles/jca-27-09.pdf

8. Nantomah, K. (2017). Monotonicity and Convexity Properties of the Nielsen’s 5-Function,
Probl. Anal. Issues Anal., 6(24)(2), 81-93. https://doi.org/10.15393/j3.art.2017.
3950

9. Nantomah, K. (2019). Certain Properties of the Nielsen’s g-Function, Bull. Int. Math.
Virtual Inst., 9(2), 263-269. https://doi.org/10.7251/BIMVI1902263N

10. Nantomah, K. (2025). Some analytical properties of the Nielsen’s beta function, Gulf J.
Math., 20(1), 151-160. https://doi.org/10.56947/gjom.v20i.2892

11. Nielsen, N. (1906). Handbuch der Theorie der Gammafunktion, First Edition, Leipzig : B.
G. Teubner. https://doi.org/10.1007/b£01694204

12. Qi, F. (2019). A double inequality for the ratio of two non-zero neighbouring Bernoulli
numbers, J. Comput. Appl. Math., 351, 1-5. https://doi.org/10.1016/j.cam.2018.10.
049

13. Stojiljkovié, V. (2023). Series involving Dirichlet Eta function, Gulf J. Math., 15(1), 67-83.
https://doi.org/10.56947/gjom.v15i1.1135

14. van de Lune, J. (1975). Some inequalities involving Riemann’s zeta-function, Stichting
Mathematisch Centrum, 15 pp. https://ir.cwi.nl/pub/6895/6895D.pdf

15. Wang, K. C. (1998). The logarithmic concavity of (1 — 21=")((r), J. Changsha Comm.
Univ., 14(2), 1-5, (Chinese).

16. Yang, Z-H. (2025). A complete monotonicity theorem related to Fink’s inequality with
applications, J. Math. Anal. Appl., 551(1), 129600. https://doi.org/10.1016/j.jmaa.
2025.129600

DEPARTMENT OF MATHEMATICS, SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF
TECHNOLOGY AND APPLIED SCIENCES, P. O. Box 24, NAVRONGO, UPPER-EAST REGION,
GHANA.

Email address: knantomahQutas.edu.gh


https://files.ele-math.com/articles/jca-27-09.pdf
https://files.ele-math.com/articles/jca-27-09.pdf
https://doi.org/10.15393/j3.art.2017.3950
https://doi.org/10.15393/j3.art.2017.3950
https://doi.org/10.7251/BIMVI1902263N
https://doi.org/10.56947/gjom.v20i.2892
https://doi.org/10.1007/bf01694204
https://doi.org/10.1016/j.cam.2018.10.049
https://doi.org/10.1016/j.cam.2018.10.049
https://doi.org/10.56947/gjom.v15i1.1135
https://ir.cwi.nl/pub/6895/6895D.pdf
https://doi.org/10.1016/j.jmaa.2025.129600
https://doi.org/10.1016/j.jmaa.2025.129600

	1. Introduction
	2. Results and Discussion
	3. Conclusion
	References

