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ROTATION-COORDINATE DENSITY ESTIMATION ON
SPHERES
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ABSTRACT. We study a coordinate-based kernel density estimator for spheri-
cal directional data. The construction represents each point of the sphere by
a selected rotation and performs smoothing with a distance inherited from the
rotation group. The method is formulated as a section-based procedure, not
as a fully intrinsic rotation-invariant estimator. We derive local bias, variance,
mean squared error and consistency properties away from the polar coordinate
singularities. To address numerical instability near the poles, we add a locally
normalized pole-corrected version inspired by boundary correction techniques.
Simulations show that this correction substantially reduces polar errors.
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1. INTRODUCTION

Statistical analysis on manifolds is an important part of modern data analysis,
since many observations naturally take values on nonlinear spaces rather than
on Euclidean domains. Directional data, axial observations and orientation mea-
surements arise in geology, meteorology, astronomy, structural biology, computer
vision and shape analysis. Among the corresponding sample spaces, the two-
dimensional sphere S? is one of the most important examples; see, for instance,
[ ) [ ]

Nonparametric density estimation on manifolds has been studied from several
viewpoints. Spectral approaches based on the Laplace—Beltrami operator go back

to [7]. Kernel methods on Riemannian manifolds were developed, among others,
by [18], while tangent-space and exponential-map based approaches were further
investigated in [10]. These intrinsic constructions are geometrically natural, but

they may involve geometric quantities such as normal coordinates, exponential
maps, geodesic distances and volume-density corrections. Such quantities are ex-
plicit on standard spaces such as spheres and tori, but may be difficult to compute
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in more involved geometric settings. Recent contributions in kernel-based non-
parametric estimation also include adaptive recursive density estimation under
right censoring [15] and local linear estimation of conditional density and mode
under censoring and truncation [5]. Although these works address different statis-
tical settings, they reflect the continuing role of kernel smoothing and asymptotic
analysis in modern nonparametric estimation.

The present paper studies a different, more specific construction on S2. We use
a rotation-induced coordinate section of the quotient representation

S? ~ S0(3)/S0(2).

The idea is to associate each point of the sphere with a selected rotation in SO(3),
and then to smooth the data through the ambient distance inherited from the
rotation group. In the explicit calculations we use the section

s(0,0) = R:(¢)Rx(0),  (0,9) € [0, 7] x [0,2m),

which sends the north pole to the point F'(0,¢) = s(0, ¢)es. Its image is a two-
dimensional surface ¥ C SO(3).

It is important to state the scope of the method precisely. The estimator
studied here is not a fully intrinsic or rotation-invariant spherical kernel estimator.
It depends on the chosen section, or equivalently on the chosen system of rotation
coordinates. The north pole is used only as a convenient reference point for the
formulas; a different reference point would lead to a different section. Thus the
estimator should be understood as a rotation-coordinate estimator rather than
as a substitute for intrinsic rotation-invariant methods in directional statistics.

This section-based viewpoint also explains the main numerical difficulty. Away
from the poles, the spherical density can be lifted to a density on 3, estimated
there, and then brought back to the sphere by a Jacobian correction. This as-
ymptotic Jacobian correction contains a factor involving 1/sin @, which becomes
unstable near the two polar coordinate singularities. To address this issue, we in-
troduce a pole-corrected normalization inspired by boundary correction and end-
point correction methods for kernel density estimators [16, 19, 8, 14, 4, 3,20, 21].
The correction replaces the asymptotic Jacobian factor by the exact local kernel
mass computed with respect to the spherical surface measure.

The contributions of the paper are as follows:

e we formulate a rotation-coordinate estimator on S? using a section of the
quotient map SO(3) — SO(3)/S0O(2) ~ S?;

e we derive the induced metric on the surface of selected rotations and show
explicitly that, in the chosen coordinates, it is flat;

e we establish local asymptotic expansions for the bias, variance and mean
squared error away from the polar singularities;

e we introduce a pole-corrected normalization which avoids the explicit sin-
gular factor near the poles and is asymptotically equivalent to the original
rotation-coordinate estimator away from them;

e we provide simulations showing the practical effect of this correction in
global and polar-cap errors.
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The remainder of the paper is organized as follows. Section 2 presents the geo-
metric framework and the surface . Section 3 introduces the statistical model,
the original rotation-coordinate estimator and its pole-corrected version. Sec-
tion 4 gives the local asymptotic analysis. Section 5 reports the simulation study.
Section 6 concludes the paper.

2. GEOMETRIC FRAMEWORK
Let the unit sphere S? in R3 be defined by
S* = {(x,y,2) € R® | 2® + 3> + 2> = 1}.
The rotation group is
SO3)={AcGLB,R)|ATA=1, det A=1}.

The group SO(3) acts transitively on S?. This action is not free: the stabilizer of
the north pole e3 = (0,0, 1) is the subgroup of rotations around the z-axis, which
is isomorphic to SO(2). Hence

S? ~ SO(3)/50(2).

In what follows, we use an explicit section of this quotient map in order to obtain
concrete rotation coordinates. For 6 € [0, 7] and ¢ € [0, 27), consider the rotation
matrices

1 0 0 cos¢ —sing 0
R,(0) =10 cos@ —sind |, R.(¢)=[sing cos¢p 0],
0 sinf cosé 0 0 1

and define the two-dimensional subset
Y ={R.(¢)R.(0) :0€[0,7], ¢ €[0,2m)} C SO(3).

This surface will serve as the geometric parameter space throughout the paper.
Its link with the sphere is described by the mapping

F:[0,7] x [0,2m) = 8%, F(0,¢) = R.(¢)R.(0)es,
where ez = (0,0, 1) is the north pole of the sphere. A direct computation yields

0
R.(0)es = | —sind |,
cos 6

and therefore
sin 6 sin ¢
F(0,¢) = | —sinf cos¢
cos

Hence F'is the usual spherical parametrization, up to a harmless sign convention
in the azimuthal variable, and its image is the whole sphere S%.. As usual in
spherical coordinates, the parameter ¢ is not identifiable at the poles § = 0 and
0 = mw. For this reason, the pointwise asymptotic considerations developed later
are understood away from these singular points.
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We now equip X with the geometry inherited from SO(3). Let so(3) denote
the Lie algebra of SO(3), and consider the standard basis

00 0 0 0 1 0 -1 0
A,={00 1), 4,=[0 00], A=[1 0 0
01 0 ~10 0 0 0 0

On s0(3), we consider the positive definite bilinear form
(X,Y) = —tr(XY), X,Y €s0(3),

which is a positive multiple of the negative Killing form and therefore induces a
bi-invariant Riemannian metric on SO(3). Through the parametrization

U(6,¢) = R.(¢) R (),

this metric induces a Riemannian structure on X.
Using left trivialization, we first observe that

U9y ¥ = Ry(—0)R.(—¢) R.(¢) D R.(0) = Ru(—0)0p R (0) = A,
Similarly,
U0y W = Ry(—0)R(—0) 0pR.(¢) Ra(0) = Ra(—0)A: Ra(0).
Since the metric is Ad-invariant, it follows that

Now,
0 0 0 -1 0 0
A2=10 -1 0], A=|0 -1 0],
0 0 -1 0 0 0
so that
(Ay, A = —tr(A%) =2, (A, A) = —tr(A?) = 2.
Moreover,

<AzaRz(_0)Asz(6)> = <Rﬂc(9)ArRm(_0>7Az> - <Ar7Az> - _tr<AzAz) =0.

Therefore, in the coordinates (6, ¢), the induced metric tensor on ¥ is diagonal
and takes the form

gy = (g g) , that is, gs = 2(d6* + do?).

Its determinant is equal to 4, and the associated area element is thus

dAs, = \/det(gs) df dp = 2 d6 do.

Consequently,
™ 27
Area(X) = / / 2d¢ df = 47>,
0o Jo
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For the statistical construction developed below, we also need a distance on
2. Let dgos) be the geodesic distance on SO(3) associated with the above bi-
invariant metric. Since the norm of the infinitesimal generator of a rotation with
angular speed 1 is v/2, one has, for any Ry, Ry € SO(3),

dso@)(Ri, R2) = V2 a(R{ Ry),
where «(Q) € [0, 7] denotes the rotation angle of Q). Equivalently,

t i -1
dsos) (R, Re) = V2 (%) |

We then define a distance on X by restriction,
ds,(R1, Ry) = dSO(3)(Rl, Ry), Ry, Ry € X,

Remark 2.1. Since dgo(s) is a metric on SO(3), its restriction immediately defines
a metric on X. It is worth stressing, however, that this distance is not the intrinsic
geodesic distance on the sphere S?. Rather, it is the ambient geodesic distance
inherited from SO(3) and restricted to the parameter surface ¥. This extrinsic
viewpoint is the coordinate choice on which the kernel construction below is
based; it should not be confused with an intrinsic rotation-invariant estimator on
the sphere.

For materials on Riemannian geometry, Lie groups and Lie algebras, we refer
to [2, 11,9, 6].
3. STATISTICAL MODEL AND ESTIMATOR

Let Xi,...,X, be independent and identically distributed random variables
taking values on S?, with density f with respect to the spherical surface measure

do(0,¢) = sinf df de.
Using the section introduced in the previous section, we write
Xi = F(6‘17¢Z)7 Rz = RZ(d)l)Rx(el) € 27 L= 17 sy N

The distribution of R; is absolutely continuous with respect to the induced area
element dAy, = 2d6f d¢. Its density ¢ is given by

0, ¢)sin 6
0.~ 10000
Indeed,
0.0y = T 46— 10, 0)do (6. 0).
Thus, away from the polar coordinate singularities,
_29(0,9)
f(07 ¢) — sin@ 5 9 c (0,71’)

Let K : [0,00) — R be a bounded radial kernel and define

mol)i= [ Kl () = [ K (el
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= [ Kl

0 < my(K) < oo, mo(K) < o0, R(K) < 0.

and

We assume

For R € X, the kernel estimator of the lifted density g is

() = s S () )

nh?mg(K

The corresponding original rotation-coordinate estimator of the spherical density
18

o 2
£, 0,0) = g gh(Rz(¢)Rx(9)), 6 € (0,m). (3.2)

This estimator is coordinate-based. It depends on the chosen section (6, ¢)
R.(¢)R.(0) and is therefore not invariant under arbitrary rotations of the sphere.
This dependence is a structural limitation of the present construction.

Pole-corrected normalization. The factor 2/sin# in (3.2) is the asymptotic
Jacobian correction associated with the chosen rotation coordinates. It is appro-
priate away from the poles, but becomes unstable near # = 0 and # = 7. These
points are not boundaries of S?, but they play the role of boundary points for the
chosen coordinate section. Following the spirit of boundary corrections for kernel
density estimation [3, 3, 4, 20, 21], we replace the asymptotic normalization by
the exact local kernel mass on the sphere.
For (0, ¢) € [0, 7] x [0,27), define

// ( )Rx(t})L,Rz(Cb)Rx(H)))Sintcwdt .

The pole-corrected estimator is then

%iK(dz(Ri,szgcb)Rz(e)))

Bh(07 ¢)

This definition avoids the explicit singular division by sinf. It keeps the same
distance dys; and the same rotation-coordinate smoothing, but normalizes by the
actual kernel mass available on the sphere.

fP€(0, ) =

(3.4)

Proposition 3.1. Fiz e > 0. Uniformly for 0 € [e, 7 — €],

2
Br(0,¢) = %mO(K) sind + o(h?), h — 0.

Consequently, away from the poles, hPC 15 asymptotically equivalent to the orig-

inal rotation-coordinate estimator fh .
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Proof. The proof follows from the same local change of variables used in the bias
calculation. For 6 € [e,m — ], the local expansion of dx, gives

h h
t =0+ —=u, = ¢+ —=ua,
V2 v=¢ V2
so that dt dip = (h?/2)du. Since sint = sin 6 + o(1) uniformly on compact subsets

away from the poles, (3.3) yields
2

Bu0.0) = " sing [ K(Jul)du+ o),
R2

which proves the result. O

The asymptotic resu/l\ts in the next section are stated for the original rotation-
coordinate estimator f,C. By Proposition 3.1, they also describe the leading
behaviour of the pole-corrected estimator on compact subsets away from the
poles. Near the poles, the corrected estimator should be used in numerical work
because it avoids the unstable factor 1/sin 6.

4. ASYMPTOTIC PROPERTIES

Throughout this section, we work under the following assumptions:

(A1) The density f is of class C* on S?. Consequently, g is of class C* on every
compact subset of (0,7) x [0, 27).

(A2) The kernel K is bounded, radial and integrable, with finite second mo-
ment.

(A3) The bandwidth satisfies
h=h, —0, nh? — oo.

4.1. Bias. The first step consists in describing the local behavior of the distance
dy, in the coordinates (6, ¢). This provides the Euclidean approximation needed
for the kernel expansion.

Proposition 4.1. Fiz (6y, ¢o) € (0,7) x [0,27) and set

RO == Rz((bO)Rx(eO)
Then, as (0, ¢) — (6o, ¢o),

ds (R.(¢)R.(0), R0)2 =2 [(9 —00)* + (¢ — ¢0)2} +O(|[(0 = b0, ¢ — d0)||*) -
Proof. Put R(0,¢) = R.(¢)R.(0), A = 6 — 0y and Ap = ¢ — ¢p. A direct

computation gives
tr(Ry R(6, ) = cos(A¢) + cos(Af) + cos b cos(0p + A) (1 — cos(Ag)).
Expanding the trigonometric terms at the origin yields
tr(Rg R(6,6)) = 3 — (267 + A¢?) + O(||(20, Ag) ).

Since

ds(R(6,¢), Ry) = V2 aurccos(tr(RO R(s’ %)) = 1)
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and arccos(1 —u) = v/2u+O(u®?), the asserted expansion follows after squaring.
0J

Proposition 4.1 shows that, locally, the ambient distance ds is equivalent to
the Euclidean norm in the coordinates (6, ¢), up to the scaling factor V2. This
is the key ingredient in the bias expansion.

Theorem 4.2. Fiz (6y, o) € (e,m —¢) x [0,27) and let
RO - Rz(¢0>Rz(90)
Under assumptions (A1)—(A3),

h2m2(K)

Bl Fo)] = oo d0) + 20 1)

Proof. Using dAyx, = 2d0d¢, the expectation is

m / / y (@(Rz(qﬁ)fx(e),z%o)) o6, ) 24845,

The kernel localizes the integral near (6, ¢). With 8 = 6y + hu, /v/2 and ¢ =
¢o + huy/v/2, Proposition 4.1 gives ds/h = |lu|| + o(1) and 2df0dé = h%du. A
second-order Taylor expansion of g gives

(Ba0g + Ds09) (00, ¢0) + o(h?).

2

h h h h
Oy + —=uy1, g + —=us | = go + —=Vgo - u + —u' Hyu + o(h?||u]|?).
o0+ Tsund0+ T ) =+ S5V ut ST Hyu o2l

4
The odd terms vanish by radial symmetry of K, while [w? K (||ul))du = [u3K (|jul])du =
mo(K) and [ K(||ul])du = mo(K). This gives the stated expansion. O

The preceding result can now be transferred to the original density f on the
sphere.

Theorem 4.3. Under the assumptions of Theorem /.2,
thQ(K)

Wﬁf(eoa o) + o(h?),

E[ﬁo(eoﬁo)} = f(6o, o) +
where
Lf=0pf+ 8¢¢f +2cot@oyf — f.
Proof. Recall that

00.0) = L[0.0)sin0,  [0.0)= =

sin 6

/g\h(ea ¢>
Thus,

(7060, 00)] = g E[5i (60, 00)].

Applying Theorem 4.2, we obtain

homa(K) (960 + 9o)o + o(h?) | .

R 2
ELL7 B0 00)] = 550 190+ on ()
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Since 2go/sinfy = f(0y, ¢o), it remains to compute

2 (g0 + 9o0)
sin @ 966 T 9o

From 1
g = §f sin 6,
we derive ]
go = §(fgsin0 + fcosG),
hence 1
Joo = 5(f998iﬂ9 +2fpcosf — fsinb).
Also,

1 .
g¢¢ = §f¢¢ S1n 0.

Adding these two expressions,

I
9oo + 9o = = sinb (fog + fop — f) + focosb.

2
Therefore,
2
@@99 + 9ss) = foo + fop — [ +2cot O fy.
Substituting this identity in the preceding expansion proves the result. O

Remark 4.4. The differential operator

Lf = foo+ fop +2cotl fo—f

is not the Laplace-Beltrami operator on S%. This again reflects the fact that the
estimator is built from the ambient geometry of SO(3) restricted to X, rather
than from the intrinsic spherical metric.

4.2. Variance, MSE and related consequences. We next turn to the sto-
chastic fluctuations of the estimator. The first result concerns the variance of the
lifted estimator on .

Theorem 4.5. Under assumptions (A1)—(A3),

A2

Var (/g\h(Ro)) =

Proof. Let

n

1 dg(Ri,Ro) ~ —1
Y; = K , Ry) = § Y;.
(" o) =2

Then Var(g,(Ry)) = n~! Var(Y;). The term (EY7)? is of order one and is negligible
compared with A=2. Using the same local change of variables as in the bias
calculation,

2 _ 1 o ((d=(R, Ro) _ 9(6o, P0) o(h2
Em—ﬁﬁﬁﬁéK(—j—ﬁwMMﬂm 2 0L () o),

Multiplication by 1/n proves the result. O
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Passing back to the sphere immediately yields the corresponding variance ex-
pansion for f,°.

Theorem 4.6. Under the assumptions of Theorem 4.5,

" 21 (6, do) R(K 1
Var(fho(ﬁo,(bo)) - nJ;L(Q ;)in¢50> moiK;Q * (W) ’

Proof. Since
2

sin 90

£ (00, ¢0) = 9n(0o, d0),

we have

-~ 4
Var(fho(eo,ébo)) = sin® 0,

Apply Theorem 4.5 and use

9(6o, po) = %f(eo, ¢o) sin bp.

Var(?h(Qm ¢0))-

This gives
Var(ﬁlo(eo,%)) :L ! 1f((90,¢0)sin90 R(K) —|—0< ! )1,

SiH2 90 W§ mo(K)2 W

which simplifies to the announced formula. O

Combining the bias and variance expansions yields the usual pointwise mean
squared error behavior.

Corollary 4.7. For each fized (6o, ¢o) € (e,m —€) x [0, 27),
~ 1
MSE(f,° (6o, ¢0)) = O(h*) + O (W) :
Proof. The mean squared error decomposes as
MSE(f,0) = Bias(f;C)? + Var(f,2).
Theorem 4.3 gives a bias of order O(h?), while Theorem 4.6 gives a variance of
order O((nh?)~1). The result follows immediately. O

We also obtain pointwise consistency.

Theorem 4.8. Let (0y,po) € (e,m —¢) x [0,27) be fized. Under assumptions
(A1)~(A3),
£ (00, $0) = £ (00, 60).

Proof. By Theorem 4.3, the bias tends to zero because h — 0. By Theorem
4.6, the variance tends to zero because nh? — oo. Therefore, for every n > 0,
Chebyshev’s inequality yields

> e .70 )
P(| £, (60, ¢0) — f (60, d0)| > 1) < Var(fhn(fo,%)) N Blas(fhn(fo,ﬁbo)) 7

and both terms tend to zero. O




ROTATION-COORDINATE ESTIMATION 11

Finally, balancing the leading terms h* and (nh?)~! in the mean squared error
yields the usual two-dimensional optimal bandwidth order

- o—1/6
h/opt/\n /,

with corresponding pointwise optimal rate

MSE = n~2/3,

5. SIMULATION STUDY

The simulation study illustrates the behaviour of the rotation-coordinate esti-
mator and the effect of the pole correction introduced in (3.4). We compare three
estimators: the original rotation-coordinate estimator fAhO, the pole-corrected es-
timator ﬁLP ¢, and a classical spherical kernel estimator ﬁfl based on the geodesic
angle on the sphere.

All experiments use von Mises—Fisher densities and samples of size n = 300.
Four models are considered. The first two are unimodal densities centered at the
north and south poles, both with concentration parameter 12. These models di-
rectly test the behaviour at the two singularities of the chosen coordinate section.
The third model is a symmetric bimodal mixture with equal weights and con-
centration parameter 14, centered at (0,0,1) and (0,1,0). The fourth model is
an asymmetric three-component mixture with weights 0.5, 0.3, 0.2, concentrations
16,10, 20, and centers (0,0, 1), (1,0,0), and (0, 1,0), respectively.

The same radial Gaussian kernel is used for the three estimators. The distance
dy; is evaluated through the trace formula

T —1
ds(Ry1, Ry) = V2 arccos(w) .

2

The denominator B(6, ¢) in (3.3) is computed by numerical quadrature on the
spherical grid. All estimated densities are finally normalized numerically so that
their integral over the sphere is equal to one. In addition to the global integrated
squared error, we compute local integrated squared errors on polar caps of angular
radius 15°. These local errors measure the improvement near the coordinate
singularities.

Model h  Original Pole-corrected Classical

North-pole unimodal 0.22 1.114650 0.059753 0.085423
South-pole unimodal 0.22 1.205559 0.042756 0.071408
Bimodal 0.20 1.213900 0.046471 0.057949
Asymmetric mixture 0.22 1.104897 0.033193 0.049858

TABLE 1. Global integrated squared errors for the original
rotation-coordinate, pole-corrected and classical estimators.

The global errors reported in Table 1 show a substantial improvement after the
pole correction. The original rotation-coordinate estimator is strongly affected by
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the factor 1/sin 6, especially in models with mass near one of the poles. Replac-
ing this factor by the exact local kernel mass stabilizes the procedure and yields
considerably smaller errors in all four experiments. The classical spherical esti-
mator remains the intrinsic rotation-invariant benchmark, but in these selected

simulations the pole-corrected version gives smaller integrated errors.

Model Cap

Original

Pole-corrected Classical

North-pole unimodal North
South-pole unimodal South
Bimodal North
Asymmetric mixture North

1.075904
1.168263
1.085834
1.039015

0.034389 0.057110
0.026029 0.050834
0.009126 0.015399
0.012308 0.022964

TABLE 2. Polar-cap integrated squared errors near the relevant
coordinate singularities. The cap radius is 15°.

Table 2 focuses on the regions where the original asymptotic normalization is
most unstable. The correction sharply reduces the polar-cap error. For example,
in the north-pole unimodal model, the polar-cap error decreases from 1.075904
to 0.034389. Similarly, in the south-pole model, the error near the south pole

decreases from 1.168263 to 0.026029. These results support the role of Bj as a

pole-stabilizing normalization.

North-pole unimodal model (n=300, h=0.22)

FiGURE 1. North-pole unimodal model: true density, original
rotation-coordinate estimator, pole-corrected estimator and clas-
sical spherical estimator.

Asymmetric mixture model (n=300, h=0.22)

8
6
a
2
0

FIGURE 2. Asymmetric mixture model: true density, original
rotation-coordinate estimator, pole-corrected estimator and clas-

sical spherical estimator.
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Figures 1 and 2 show the same phenomenon visually. The original estimator
exhibits artificial inflation near the polar coordinate singularities, while the pole-
corrected estimator preserves the rotation-coordinate construction and removes
the most visible instability. These simulations should not be interpreted as a
general dominance result over intrinsic spherical estimators. Rather, they show
that the proposed correction directly addresses the numerical weakness of the
original section-based estimator.

6. CONCLUSION

We have studied a coordinate-based kernel density estimator on the sphere
obtained from a rotation-induced section of the quotient representation S? ~
SO(3)/S0O(2). The construction lifts the density estimation problem to a two-
dimensional surface of selected rotations, performs smoothing with the ambient
distance inherited from the rotation group, and then returns to the spherical
density.

The revised presentation clarifies the exact nature of the method. The in-
duced metric on the selected surface is flat in the chosen rotation coordinates.
Consequently, the original rotation-coordinate estimator is locally equivalent to
a two-dimensional Euclidean kernel estimator in these coordinates, followed by a
spherical Jacobian correction. The estimator is therefore not an intrinsic rotation-
invariant spherical estimator; it is a section-based estimator whose output de-
pends on the chosen coordinate section.

We derived local bias, variance, mean squared error and pointwise consistency
away from the polar coordinate singularities. The variance expansion explains
why the original asymptotic-Jacobian form becomes unstable near the poles.
To address this issue, we introduced a pole-corrected normalization inspired by
boundary and endpoint correction methods for kernel density estimation. This
correction replaces the singular Jacobian factor by the exact local kernel mass over
the sphere. It is asymptotically equivalent to the original rotation-coordinate es-
timator away from the poles, while the simulations show that it greatly reduces
polar-cap errors in finite samples.

Future work may investigate multi-section versions that combine several ref-
erence points on the sphere, data-driven bandwidth selection, and extensions to
more general homogeneous spaces where section-based constructions may offer
an alternative to explicit volume-density corrections.
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