Gulf Journal of Mathematics ISSN: 2309-4966
Vol 23, Issue 2 (2026) 1-42 https://doi.org/10.56947 /hcwym633

TIME-FRACTIONAL WAVE-DIFFUSION-WAVE EQUATION:
INVERSE PROBLEM IN A CYLINDRICAL DOMAIN

ERKINJON KARIMOV!* and MUZAFFAR TOSHPULATOV 2

ABSTRACT. This paper addresses the inverse source problem for a mixed frac-
tional wave-diffusion-wave equation posed in a cylindrical domain. The gov-
erning equation involves a time-dependent variable-order fractional derivative,
which enables the model to effectively capture temporal transitions between
wave-like and diffusive behaviors. The solution is constructed in the form of
a Fourier-Bessel series. By employing the method of separation of variables
together with fundamental properties of Bessel functions, we analyze the uni-
form convergence of the resulting infinite series. This analysis ultimately leads
to a rigorous proof of the existence of a solution
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1. INTRODUCTION

In this section, we briefly outline the motivation behind our study of the wave-
diffusion-wave process. We first explain how gas flow phenomena can be mod-
eled using wave and diffusion equations. Next, we provide a concise justification
for adopting a model that combines wave-diffusion-wave equations, arguing that
this framework offers a more accurate representation of the underlying physical
processes. Finally, we describe our approach to investigating the inverse source
problem associated with the resulting mixed-type equation.

1.1. Gas flow in porous media. Classical diffusion models based on Fick’s
law assume that pressure disturbances propagate at infinite speed, an assump-
tion that is physically unrealistic for gas flow in tight geological formations such
as shale reservoirs. Experimental observations instead reveal anomalous trans-
port behavior, commonly referred to as anomalous diffusion. In gas flow through
porous media, anomalous diffusion arises from the complex and heterogeneous
structure of the medium, causing particle transport to deviate from classical
Fickian dynamics and exhibit a nonlinear dependence on time. The occurrence
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and specific type of anomalous diffusion depend on various properties of the
porous medium [1], including porosity, specific surface area, and fractal dimen-
sion parameters. Consequently, the mathematical description of such processes
extends beyond classical partial differential equations. Fractional-order diffusion
equations, which replace traditional integer-order time and space derivatives with
fractional derivatives, provide an effective modeling framework. This approach
accurately captures memory effects and complex interactions within the system

2]

1.2. Why wave-diffusion-wave equations? When gas is injected into a porous
medium or a pressure pulse is generated, the resulting disturbance propagates as
a wave at very short time scales, characterized by a finite propagation speed. As
time progresses, the disturbance gradually spreads and exhibits diffusive behav-
ior. This transition from wave-like to diffusive dynamics is precisely captured by
wave-diffusion-wave equations.

In particular, for a fractional time order o € (1,2), the governing equation
continuously interpolates between the classical wave equation as o — 27 and the
diffusion equation as o — 17 [3]. Such transitional behavior has been exper-
imentally observed in gas dynamics, for instance, in isothermal gas dissolution
processes [1]. Consequently, employing a single fractional-order equation that en-
compasses both regimes provides a more realistic and unified modeling framework
than switching between separate wave and diffusion models.

However, in some physical scenarios, the governing dynamics may temporarily
reduce to a purely diffusive process before reverting to wave-like behavior. To
account for such situations, we consider a time-switched system of wave-diffusion-
wave equations, which allows for successive transitions between wave and diffusion
regimes over different time intervals.

1.3. Inverse source problem and our approach. We investigate the inverse
source problem for a fractional-order wave-diffusion-wave equation, which gen-
eralizes classical second-order hyperbolic and parabolic models. Related inverse
problems for fractional evolution equations have been studied in, for example,
[5, 6]. In the present work, the time-fractional derivative is defined in the sense
of the regularized Prabhakar (Prabhakar-Caputo) operator, a nonlocal fractional
derivative characterized by a three-parameter Mittag-Leffler kernel [7, &]. This
operator extends the classical Caputo derivative by incorporating additional de-
grees of freedom, allowing for a more accurate representation of complex memory
effects, multi-scale relaxation phenomena, and temporal heterogeneity inherent
in anomalous transport processes.

From a physical perspective, inverse source problems of this type arise in appli-
cations such as subsurface gas flow, where it is necessary to identify the location,
intensity, or temporal profile of a gas leakage or injection source based on indirect
boundary or interior measurements.

To solve the problem, we employ the method of separation of variables, which
reduces the original inverse problem to a sequence of fractional differential equa-
tions with respect to time and corresponding spatial eigenvalue problems. The
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spatial components are associated with a Sturm-Liouville system, while the tem-
poral components involve fractional operators with Prabhakar-type memory ker-
nels. The resulting solution is expressed as an infinite series expansion in terms
of the eigenfunctions of the spatial operator. We derive explicit analytical repre-
sentations for the unknown source function and establish sufficient conditions for
the existence of a solution. Furthermore, by utilizing the asymptotic properties
of special functions and appropriate estimates for the Mittag-Leffler kernel, we
prove the uniform convergence of the obtained series solution.

2. FORMULATION OF THE PROBLEM

We consider the following mixed equation

PCDgtlﬁlﬁhdu(ta r) - Au(ta ’I"), (t7 ’I") S le
F(r) = PODR = u(t,r) — Ault,r), (t,7) € Qs (2.1)
PODR () — Aultr), (7)€ O

in a cylindrical domain = € U Qs U Q23U Ny U Ns.

Here Ny = {(t,r),t =T1,0 <r <1}, Ny = {(t,7),t =T5,0 <r < 1},
D ={t,r):0<r<1,0<t<Ti},Q={(tr):0<r<1,T) <t<Ty},
Q3 = {(t,?“) O0<r<,Ty <t < T}, T,Tl,TQ,T’,(s,OZZ‘,’YiHBZ'(Z' = 1,2,3) € R such
that 0 < 17 < Ty < T,1 < B1 < 2,0 < Py < 1,1 < B3 <2, Au(t,r) is the
Laplaci,an which can be written in polar coordinates as

1
Au(t,r) = Upr + —Uy,
r

a am—pB,— ™
PEDGP 0y () = P ——y(t)

dtm
is the regularized Prabhakar fractional derivative [9], m — 1 < 8 <m (m € N),
t
P = [ (- P - OO >0 (22)
is the Prabhakar fractional integral and E) 4(z) = io: M is the Prab-

hakar function [7].
Direct problem. Find a reqular solution of (2.1) in Q that satisfies the
following

e initial condition

u(0,r) =p(r),0 <r <1, (2.3)
e boundary conditions
ou(t,r

PR g =0.0< i< T 2.4

e transmitting conditions

: PC nyaz,B2,72,0 — : < <
HhTIPJro Dy u(t,r) tahTI}lfo u(t,r), 0<r<1, (2.5)



4 E.KARIMOV, M. TOSHPULATOV

23.png
Figure 1: Mixed domain (2.
: _ : PC Oé27ﬁ27’)’2,5
)H11T12n+0 u(t,r) = HhTIglfo D7 u(t,r), 0<r<l. (2.6)

Here f(r), p(r) are given functions.
A similar direct problem for an almost similar equation in a rectangular domain
was investigated by us in [10].

Definition 2.1. Function u(t,r) is called a regular solution of (2.1) in Q, if
u(t,r) € C(Q), um(t,r) € C(Q), PEDI M 0ut, 1) € C(Qy),

PODgERE0(t r) € C(Qa U Jy U Jy), PODG» ™ u(t, 1) € C(Qs)
and satisfies (2.1) in .

If the function f(r) is unknown, we can formulate the following inverse problem
by imposing an additional condition on the time variable.

Inverse source problem. To find a pair of functions {u(t, r), f(r)} satisfying
(2.1)-(2.6) together with the additional time measurement

u(§,r) =(r), Th <& < Ty, (2.7)

where () is a given function.
Using the Fourier method, we seek a solution for the homogeneous case of
equation (2.1) in the following form:

u(t,r) = R(r)T'(t). (2.8)
Substituting (2.8) into (2.1) at f(r) = 0, we get the following equalities:
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PCDOélvﬁla’Yh(ST(t) R/<7") R//(T)
0t 2
= = — 0<t<T
() "R TR M &
PCDOé2ﬁ2n/2,5T ¢ / 7
Tyt ( ) — R (T) _'_ R (T) — _N27 T1 < t < 7‘727
T(t) rR(r)  R(r)
PCDas,BS,’YsﬁT ¢ / 7
Tyt <>:R<7") R(T):_Hg’ T, <t<T.
T(t) rR(r)  R(r)
Here p is a real number. It is easy to see that from these equalities one can get
r?R"(r) + rR'(r) + (1*r*)R(r) = 0. (2.9)
The resulting equation is the Bessel equation [11]. The solution of (2.9) satis-

fying the conditions rR'(1)|,=o = 0, R(1) = 0 has the form
Rk = Jg(ukr), k= 1, 2, 3, ceey

where Jj is zero-order Bessel functions of the first kind [11]. Due to the asymptotic
form of the Bessel function for the case v = 0 [1 1], the value of u; can be written

as
T
W = km 1
Let us note several inverse source problems for a classic combination of wave
and diffusion equations, called parabolic-hyperbolic equations. In [12], the in-
verse source problem was investigated for a classical parabolic-hyperbolic equa-
tion; later on in [13], a similar problem was studied for a degenerate parabolic-
hyperbolic equation with nonlocal boundary conditions.
We would also like to note several works in which inverse source problems for
a combination of fractional wave and sub-diffusion equations were investigated.
In [14], the inverse source problem was studied for a system of sub-diffusion
equations and wave equation with a uniformly elliptic operator in space and
Caputo fractional-order operator in the time variable. The uniqueness of the
solution to the nonlocal inverse source problem for the mixed-type equation was
proved in [15], and another inverse source problem with different nonlocal con-
ditions for such an equation was targeted in [16]. In [17], the authors consider
a space-dependent inverse source problem for a combination of a time-fractional
pseudo-parabolic equation and a hyperbolic equation with mixed derivatives. The
time-dependent inverse source problem for a system of time-fractional wave and
diffusion equations was considered in [18]. We also note the work [5], in which the
inverse source problem for a parabolic-hyperbolic equation with a time-fractional
derivative was studied in a cylindrical domain. Similar inverse source problems
for parabolic-hyperbolic equations with loaded terms were investigated in [19]
(linear) and in [20] (nonlinear).
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3. FORMAL SOLUTION.

We search for the solution to the problem in the form of a Fourier-Bessel series
as follows:

r) =Y Uk Jo(ur), (t,7) €, (3.1)

u(t,r) = 2Un()Jo(pur), (t,7) € Qo (3.2)
k=1
u(t,r) = sUs()Jo(ur), (t,1) € Qs. (3.3)
k=1
Here 1Ug(t), 2Ux(t), 3Uk(t) are unknown functions to be found.
Substituting (3.1),(3.2),(3.3) into the equation (2.1), we obtain the following
fractional differential equations:

PEDGETO U(8) + A - 1U(t) = fo, 0 <t < Ty, (3.4)
PODGE 05U () + Ae - 2Uk(t) = fro Th <t < T, (3.5)
PODEP U + M sUn(t) = fr, To <t <T. (3.6)

The value of A, which appears in differential equations (10), (11), and (12), is
equal to

Ao = — (4k —1)° (%)2,

fr are the Fourier-Bessel coefficients of the function
r)=Y_ fudolmr), (t,r) €Q (3.7)
k=1

given by

fr = J2 () / ) Jo(pgr)rdr.
0

For convenience in our calculations, we will continue to write this value as A\,
instead of substituting it.
General solutions of (3.4), (3.5) and (3.6) can be written as follows [22]:

— N LB , 71,71, 1; 1,0 Ao
WUk (1) = 1Ak + 1A, - A - t70 - T (1) - B < B+ 1, By oy, s 1,1 | ot +
), L B+l , 71,7, 1;1,0 A\t
9 At + oA - A - P (1) Ez( Bi+2 B onim 11| ote +

1:1.0
AT () fo-tP By 0T
(71) - fa 2( B+ 1,61, 0157,7;: 1,1

)\ktﬁl
st )

(3.8)
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U (t) = 34+ 34 (E— T T () x

’727’7%1;170 )\k (t—Tl)ﬁQ
< b ( P2+ 1, Ba, 252,725 1,1 ‘ o (t—11)™ - (3.9)
1;1,0 Ao (t—T1)™
T t—T 52E Y25 V2, 15 1, k 1(1
T ) el ) ( Bo + 1, Ba, 0572, 72; 1,1 | 6 (t—T1)™ )7
U (1) = 4 Ag + 545 (t — To) + 2 A6\ (t — To)P T (73) x
Y3, 7V3s 17 17 0 /\k (t — Tg)ﬁg’ B3+1
< b ( B3+ 1, B3, 3373, 733 1,1 | 0 (t —To)™ s ded (t = T) [(7s)
737’7371a170 )\k (t—TQ)ﬁS o B3
( /83+2 ﬂ37053afy3)ry3a171 5(t—T2)a3 +F(’73) (t Tg) ka
V373,15 1,0 A (t — To)™ (3.10)
B3+ 1, 03,a3;73,73; 1,1 | 0 (t—Tp)™ '
Here
Y1, a1, Bi; Ye, g x _
17043752’527044’63763

I'(y +oaqm + 51”) (72 + agm) . ™ . y"
mﬂw)ﬂmﬂwﬁ@+%m+@m T (6, + agm) T (65 + fBsn)

is a bivariate Mittag-Leffler function [21], 1 A, 2Ak, 34k, 44k, 5Ar are unknown
constants to be found.
Using lim Ug(t) = lim Uk (t) (which follows from regularity condition u(¢,r) €

t—=T t—T]

C(Q) and (3.1)-(3.2)) and due to (3.8), (3.9) we will obtain

. . TP Y,7M,1;1,0 )\leﬁl
1A + 24T+ T (1) 14, - A - T Ez( B1+ 1,61, a1;71,7; 1,1 ‘ 5Te +

1:1,0 AT
T () oAy - N - TOHE, (70705 -
+ T () 24k - A T4 P\ B2 B ey, 1,1 | ST i

B1
AJ1>:ﬁh

1 1, 1;1,0
AT () fo- TP Ey [ T0 i)
ST

B+ 1, B, 0057,75 1,1

(3.11)

Now we use the condition (2.3) which can be written as 1Uy(0) = ¢, where

1

/r@(r)Jo(ukr)dr.

0

This will give us 1 Ay, = ¢x. To use condition (2.5), we need to take the derivative
of 1Uk(t) with respect to the variable t. After performing the calculations, we



8 E.KARIMOV, M. TOSHPULATOV

obtain the following expression for the derivative of 1 Uj(?):
. B1
1Ug (8) = 2 Ak + T (1) 1A - A - 8771 E, ( 7,110 ‘ At ) +

517517041;71771;1,1 ot
. L 4h 71771a1;170 )\ktﬁl
+ T () 24k - Ao t E2( Bt 1By oani 11 | ot )T
1:1.0 .15
I . ,tﬁl*lE 71,71, L L k .
L) i 2( B, B, a1, L, 1| ot
Now we need to find lim PCD%fgﬁz’”";QUk(t). For this aim, we let t — T, and

t—T;"

from the equation (3.9) considering 2U(T1) = 34k, we will get

lim PCD%ft’ﬁ%w’éQUk(t) = lim |:fk — A\ - 2Uk(t):| = fk: — A\ 3Ak.

t—>T1+ 1E—>T1+

Hence, the transmitting condition (2.5) gives us

1;1,0 AT
ey = o Ap 4 Ap N - By (0B L cI1) «
Je = A 34k = 2 Ak + 14K - Mg 2( B, Broonsy, s L1 | 0T
B1—1 B1 MM, 1 1,0 /\leﬂl
X TV T () + 2 AT F(%)E2( Bi+ 1,51, 0057m,m; 1,1 | 0T™ *
B 1;1,0 T
T(v)- fo-TO g, (00 L L el
-+ (71) fk 1 2(51;6176“;71771;171 (5T1al
(3.12)

Substituting (3.11) into the left-hand side of (3.12), then dividing the resulting
equality by A, and provided that A, # 0 and, we obtain A, as follows (see Al
in the Appendix section):

1| fa 1,71, 1;1,0 N TP
A= — |25 A — AL )\ - B ) V1, Ly Ly 1 %
T A A T e ( B+ 1, B, a7, L, 1| 6T
_ 1:1.0 \.T5
% Tﬁl .T — A T@l IF E 1,71, 45 L, kL1 -
! (1) =1 ATy ) 2( Bi, Brsoas v,y L1 | 0T
- B1 7177171;]-70 )\leﬂl o
) STy By ( B+ 1,61, a7, 1,1 | 6T (3:13)
CLOAT (s 11,0 I
Ak B, Brsonsy, s L1 o1
Here
1 1;1,0 AT
AL =— + T, Tﬁl-l“ E 1,71 45 L kL1
TN Fhth (1) 2( B+ 1,6, a7, 1,1 | 6T * (3.14)
1;1,0 NI '
T61+1 SV E Y171, L5 L kL1 '
4 e Tn) Bz < B1+2, 01,571,751, 1| 6T

Lemma 3.1. [23] If 81 > 71,1 > 0, then the equality klim A =Ty > 0 holds.
—00
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This lemma allows us to state that A, can be zero only at a countable number
of k.
Now, let us start finding the coefficients 4 A, and 5Ay. For this aim we will use

u(t,r) € C(2) which gives us:

=Ty t—>T2Jr
Based on relation (3.15) and equalities (3.9), (3.10), we find the coefficient 4 Ay
as follows:
A+ 34\ (To — T1)® T (7) X

g, (722110 A (Ty = Th)™ )
2\ Bo+ 1 Bay s ye, s 1,1 | 6 (T — T1)™
_ B2 V2,72, 1; 1,0 e (T2 —Tl)’BQ _
L0 fe(Be =)™ B ( B2+ 1, B2, a; 2,725 1, 1 ‘ 6 (Ty — Th)** = i

(3.16)

To use the transmitting condition (2.6), we need the limit value of
PCD%fo’W’éu(t, r) as t — T, . For this aim, we pass to the limit as t — T,
and from the equation (3.5) we obtain:

lim PCD;ffW%Uk(t) = lim —M\ - oUp(t) + fr = —)\ktlirﬁ 2JUp(t) + fr =
—lq

t—Ty t—Ty
To find 3U}(t),we differentiate (3.10) and obtain
3U]i, (t) = 4Ak)\k (t — T2)53—1 r (’}/3) X

737/7371;170 )\k (t_jé)ﬁ3 B3
x B o~ + 5 A, + 5 AN (t —T5)7 T X
2( ﬁ37ﬁ37053;73773;171 ’ 5<t_T2) ’ ek Pk k< 2> (73)
Y573, 15 1,0 e (t = Tp)"
x B ( Bs + 1, B3, a3; 73,735 1, 1 ’ 6 (t—Ty)™ *
. B3—1 . 737’7371;170 )‘k (t_TQ)ﬁd
+ F(’}%) (t T2) % fk E2 ( 537/837043;/73773; 171 ’ ) (t - TQ)a3 .

(3.18)

Based on the transmitting condition (2.6) and equations (3.17),(3.18) we deduce
that
4. INVERSE SOURCE PROBLEM.

Using condition (2.7) and equality (3.9), we can write down the following:

) 717170 A <€_T)ﬁ2
— AN (E—T)2T () By [ 1272 § '
= Ak (€ ) (2) 2( P2+ 1, 5o, q0;72,72; 1,1 | 0(§—Ty)™ i

_ B2 7277271;170 )\k <€_T1)B2
+ 34k + T (72) fr (6 —T1) E2< 52+1,62,a2;72,72;1,1‘ 0(E—T)" )
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From this equation, we determine fy:

fk — ¢k - 3Ak - .
F””@‘””&E5<Eﬁﬁiggmwmle‘?§:£¥2)
_$%M@>JU@PWQ&(;%fféﬁ%%ﬁ%Ll‘?g:ﬁ%?)

L0 (€T Fe ( 2212115122 V2,725 1,1 ' A(5k<(§§_—721’1))£2 )

(4.1)
We will introduce the following notation:
) a]-a170 )\ (é_T)52
My =T TP R 2T 4 Ve ] @2
My =T O €T B (3 it | B ) 62
As a result, we can rewrite equation (4.1) as follows:
— 3 AR (1 4+ A\ - 1M,
fr = Yk — 34 (M e 1 M) or gAp (1 4+ X -1 My) + fro- 1M =i (4.3)
1M
Note that here ;M # 0, if ap = 1 and v, = Sy (see for the proof in [21]).
Based on equation (3.11), we can write 3A; in a simpler form as follows:
1;1,0 AT
A= A [ 1+ 07T E 1,71, 45 L kdq
R k( AL () 2(51+1751,041;71,71§171 oTy *

v, 1:1,0 N TP
+W%(E+AﬂﬁHFWQE%j2r2&af%vyl1’£é1>)+(4®

B1 717’7171;170 /\ka1
T AL E, ( br+ 1,01, L1 | 6T )

For convenience, we will introduce the following notations:

_ b . . ’717’7171;170 )\leﬁl
oMy =T1" T (n) - B ( pr+ 1,81, 057, 1,1 | 6T ) (45)
_ Bitl y , 7,7, 11,0 AT
M =T +1 D) - Bz ( Bi+ 2, b1, a1571,715 1,1 ‘ o1yt ) (4.6)
Let us rewrite the form of equation (4.4):
oAk - 3My — 3 A + fr - oMy = —1 Ak (1 + Ag - 2 M) (4.7)
We simplify (3.12) as follows and introduce the notation:
_ 1:1.0 A\ T
AN -TOT () By | 0T ! Agx
PR AR (n) B2 ( B, Brax; v,y 1,1 | 0T + 24
b 71a71a1;170 )\szfl .
8 <1+)\k LT () B ( i+ 1, B, a7, 1,1 | 0T A it

) 1;1,0 AT
T(y) T By T 5 b rd)—=1] =0
+sz< (’Yl) 1 2( B, Bi, ;3 v1, 75 1,1 5T1061 ’
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_ 1:1,0 TP
M :Tﬂl 1 .T . E 1,71, 45 L, kL1 ] 4.8
A ! (™) 2( B, B, sy, v 1,1 | 6T (4.8)

As a result, we have the following expression:
o Ap(1 4+ A - o M) + 34k + fr(aMy — 1) = =\ - 1 Ay - 4 My, (4.9)

Using equations (4.3),(4.7), and (4.9), we form a system of equations with respect
to unknown coefficients and then, based on condition (2.3), we substitute ¢y
instead of { Ay.

s Ak (L 4+ Xg - 1 M) + fio - 1My = g,
9 Ak - sMy — 3Ak + fr - oMy = —p (1 + A - 2 My) (4.10)
9 Ar(1+ N - o My) + 3 Ak i + fe(aMy — 1) = =X - g - 4 M.

From the resulting system of equations (4.10), we determine the unknowns
9 Ak, 34, and fi using Cramer’s formulas.

In this case, we first identify the main determinant of the system. It is known
that showing that this determinant is different from zero means that the system
has a unique solution.

_ 0 L+ A My, 1M,y
Ay = 3 M, -1 oMy, | = 1My + o My, + s My, + 2y, - 1 M X

X2Mk+)\k'2M]§+)\Z'1Mk:'2M]3+2)\k'1Mk'3Mk_3Mk'4Mk_)\k'1MkX
X 3 My, - 4 Mj,.
(4.11)

The expression (4.11) we rewrite as follows (see A2 in the Appendix section):

A (€= Th)™

6(§—1T1)™

X 72, 1; 1,0
Ar =T () (£_T1)62 E2( gz 121 Ba, 0a; v, 7251, 1 ‘

)+T1+

81 1,71, 1; 1,0 T B1+1
4 FWI)EQ( B+ 1, B, a05m,m; 1,1 ’ o ML ()X

7,7, 11,0 AT 6
x F. 1 .10 T X
2 ( Bi+2,B1,0157,m; 1,1 ‘ o M ()T ()

_ B2 7277%]-;170 )\k (§—T1)62
<& -T)" B, < B2+ 1, B2, o 72, 725 1,1 ‘ §(&—Ty)™ %

Y,M,1;1,0 AT , s
b : r AT
‘ 2( B+ 1, B, a1571,75 1,1 ‘ 5T + % (1) A7 %

2
Y1, 71, 1; 1a 0 AkTﬂl 2 201
E 1 -T -T
8 ( 2( B+ 1, B, 571,753 1,1 ‘ o1 A Lg) - 1

1:1.0 A (€ —T))™
XFQ —T B2E ’}/27’}/27 ) k la X
(71) (5 1) 2( 624-1,52,052;72772;171 5(§_T1) ’
y (E2< Y1,7, 11,0

B+ 1,81, a157,m; 1,1

A Tﬁl 2
;Tch )) + 200 () (€ = Th)* Ty x
1
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X Fy ( gz’fi’l;ﬁi:g%%,%; 1,1 ‘ )(\516((55_—511))022 ) + 20T (1) T (72) ¥
X (5 B T1>ﬁ2 TflﬂEQ ( gzyfi,l;ﬁigz;w,w; 1,1 ‘ )(\Sk((ff:gglf ) x
x B ( gll’zlé}%i:gél;%,%; L1 )6\5%/61’1 ) —Tle(%)x
<m (B | b ) T
. EQ( g?ré,lfé’}:gl;%m;l,l ‘ )c\;#él ) 8
x B ( [ AR ’ A;TTﬂ ) — TP T ()T () Ay x
< B (T a1 | )
x By ( 21211211701% 11 A(;'“Tj;i[jl ) — ML ()L () TE7 (€ — Th)™ x
< (G | M) %
B (30 | e )7
. . B
x B ( gz’XQi}bi:22;72,72; L1 ‘ )(‘5’“((5_ 72171))&22 ) . (4.12)

Lemma 4.1. If f; > 71,82 > v2,1 > 0,9 > 0, then the equality klim Kk =
—00
Ty > 0 holds.

Proof. Based on the expression of Ay given above, we can write the following

~ . _ B2

Prress Bo+1,B2,00;72,72; 1,1 | 0(&—T1)™
< (€=T)" +TPF(71);3L%E2< gizli};ﬁigl;%%;l,l ‘ Ag%’lfl >+
+ T+ D) lim, [/\’“Tlﬁl} E2< gi’ré};ﬁi:gl;%m;l,l ’ )f}%fl )+
+2T131F(%)F<72)1¢1520E2< Zﬁﬁli};ﬁi:gl;%,%;l,l ' )f\;%ﬁll ) -
X [A’“ (é_Tl)ﬁﬂ E2< 2227121,1;5;22;72,72;1,1 ‘ )6\5]6((5—_7?11)22 )+

2 B1 15 B1 7,71, 11,0 )\kal
+ 1% ()T kh—>Holo [)\le }E2( B+ 1,81, 171, 71; 1, 1 ‘ oI x
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% ;}520&( grri};ﬁjjgl;%,%;lal ‘ ?7?/? )+F2 (m) T () T3
i uie e (I | RECAR )
% klggo [AkTiBl} Es ( g?ri};ﬁ}:gl;’h?%; 1,1 ‘ i\slazl;ﬁl ) -

lcll—>I£loE2( gi’zli};ﬁjjgl;%a%ﬂal ‘ )gCle;{jl ) 20 Tix

X am [A’“ O Tl)ﬁﬂ £ ( g’?fi};ﬁijgz;%,%; 1,1 ‘ A;((éf—_%f ) i
+ 2F<%)P(72)T1 klggo [/\leﬁl} £ ( g?—zlé,l;ﬁ}:gq;%ﬁl; 1,1 ‘ )c\SI?T?[T ) %
% kh—>I£lo [/\k O Tl)ﬁﬂ £ ( 2227121};5;:22;72,72; 1,1 ‘ %k((éﬁ—_gl))f ) -

. B1
x T (1) T klglgo Es ( 7, 11,0 Ag;} ) — T2 ()T} %

B, Brs sy, i 1L, 1

< B (e e | )

X ]}1_{20 [/\kal} E, ( E’Zlé,l;ﬁigl;%,%; 1,1 ‘ )(\51}?61)1 ) — T ()0 () T7"
8 kh—>Holo [/\"” (€= Tl)ﬁg} £ ( 222’12171;5;22;72,72; L1 ‘ )(\3’{((55—_7?11))‘“@2 ) .

<t B (e | )

- (’yl)F (WQ)TFI kh—{go Es ( gll’zlé,lb}:gélé’h,%; L1 ‘ )SkT]lfll ) x

X i [A’“ (f_Tl)ﬂ EQ( 2227121,1;5;:22;72,72;171 ’ Aak((gf_—%}f ) :

X i [A’“Tfl} Ez( Egllillvol%ll I %;%?fl )

Now, we will use the following integral representations for FEs:

1 oo
72)7271;170 )\k(f—Tl)/BQ 1 // Batl 4 -1 —
E o e 2 Y2 77><
? ( B2+ 1, B2, az; 72,725 1, 1 ‘ 6(§ —Ty)™ [ (72) ‘ e
0 0
Bo+1 | B2t . Batl §

X (1= O e, 0 (e = TP ) 0,2t (36 = T1)™ (1 = Q) n) dCd,
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1 oo
7177171;170 )\kTBl 1 // P14
E 1 = 2 X
2( B, B, a1, 75 1,1 ’ oTy '(m) ¢
0 0
— ﬁ—l— — %7 1 1 1 71 a2 @
1= QT e e T (WP ) e (077 (1= () n) e,

1 oo
E 717’7171;1)0 )\leﬁl _ 1 //Cﬁlzﬂ_lx
2\ B+ 1, B0y, 1,1 | T L(v)

00

By +1 B1+1
« 777171(1 _ C) 12+ _1e neﬁl ”/1 ()\kTﬁlcﬁl 71) 6;2711 (5Ta1<1 o C)mn) dCdm
1 oo
77, 11,0 My ! // Gyl = 0)F
E 1 = 2 1 ]_ - 2 X
2 ( /61+2,/81,Q{1;’71,71;1,1 ‘ 57—110[1 F(’Yl) C K ( C)
0 0

By L1, e a1
xe el D (TPt ) e T 0T (- )t ey,
Then we will use the following asymptotic formulas [25]:

1
[(p=a)T'(d+5)

hmeﬂ()—O, lim zeaﬂ() —

to get
lim A, =T, > 0.

k—o00

O

We have demonstrated that the limit of Ay as k approaches infinity is non-zero
and positive. This provides that Ay can be zero only at a countable number of
k.

Now we will determine the unknown coefficients Ay, 34, and the unknown
function fi (see A3 in the Appendix section):

2 Ay, = 22: = % [wk — BT () By ( o ;117 017% . ‘ A(;eTT?B 1 ) N
T ) By ( gﬁ:glf,lojll;’fﬁ,%; 1,1 ’ /},#511 ) — ok — 2Ml (72) X

< (&~ Tl)ﬁQ Es ( Zf?—zzi,l;ﬁi:g%%,%; 1,1 ‘ )gk(ég__gl)zf ) — F(’Yl)AkSDleﬁlx
b ( E?ri};ﬁi:gl;%m; 1,1 ’ A(SICT?? > — 22200 (71) T () (€ = T1)™

" TflEQ( 222712171;5;22;72,72;1& ‘ )c\Sk((éf—_%f ) :

x E 71771a1;170 /\ka1 .
P\ A+ LB oy, 1,1 | ST
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_AkwkaT(%)&( g?zli};ﬂi:gzl;%m;l,l ‘ )(\5%? > ! (4.13)
3x = 3AA: B Alk ol Twl)E ( g?zli,l;ﬁi:gl;%,%;l,l ' )(\5]€T71:§11 >+
+)\k¢kT1261F2(%) 8 <E2( gi,zli,l;ﬁi:glﬂlﬁlslal ‘ )(\5%511 )> -

— el (1) T (2) T (€ = Ty)™ By ( 23112117,211;’7(1,71;1,1 ‘ );5]%611 ) X
x E2( Eff;ﬁ;’ 22;%72; 11 ‘ A(;“(f__%)f ) — 2T (1) x
<ot e= 1 B ( F i o | B )
( ,7,1;1,0 T ) y
B +2, B, a7, 1,1 | 6T
( e f;f((f_‘gl))f ) T (32) (6 — T1) x
B
( 22 ]_211’51:227727727 1,1 )(\Sk(ég__;:l))o: ) + 20\ (1) T (72) %
. B2
Tﬁl (€~ Tl)gg ( 22712171,52:22372;72;1,1 ’ )(\Sk(éf—_lz:l))” ) x
T VT WO b RS IR
<T(2) T T (€~ Tl)ﬁQE ( 22712’1,1;51522;72,72;1,1 ‘ )(\Sk((fé—_lz:l)f > X
8 (Ez( g?zli,l;ﬁi:gl;%m;l,1 ' ?F?Bll >)2_wkTFIF(%)X
. E2< B L1 ‘ Aaijfﬁ ) ~ BT () hex
b1
x b ( B L1 ‘ g > *
. Ez( g?—zlé,l;ﬁigl;%,%;l,l ‘ );5]}??1 ) TRt
+¢kAkal“F(%)E2< Z’?ré,l;ﬁi:gq;%,%;l,l ’ A(S’“T?ﬁf ) , (4.14)
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Ji= % - ﬁik [ a 2)%%115111(%)]% ( 211711’1,123:21;717’715 L1 ’ /}%ﬂ; ) *
+ U — op — Mo TP T2 () <E2 ( E’—Zl’l,l;ﬁjjgl;%ﬁh 11 ‘ %’}?ﬂ; ))2 _
vl a6 -m B ( 0 ] ) -
=2 T (1) T () (€ = T1)™ s ( ,ﬁy?zli,l;ﬂi,’&;%,%; 1,1 ?&Zﬁl > X
X Fy ( gz’12i}bi:22;72;72; 1,1 ’ i\;k(g__gl))aiz ) - Ainﬂlkaz (1) %
x T (1) (€ = T1)™ Ey ( g?fi’l;ﬁi:g%%’%; 11 ‘ )Skég__gl))cf ) X
8 <E2 ( 211,11’1,1;33:21;71,%; 1,1 ‘ Ag;lfl ))2 —|—kaka1+

2B1+1 7,7, 11,0 )\kT’Bl
NS () B ( B+ 2, Br, 171,73 1, 1 5T10%1 ) T PrAx
X T{'T (1) B ( ’ﬁy?zl’l,l;ﬁi:gl;%,%; 1,1 ’ );5]%?511 ) Akl ()T
x B ( Eglllallv(i%ll );51%511 ) + N
" FQ(%)TEB%( B et | ) -

7177171;1a0 )\k;Tﬁl 2
X B 1 + Mol I X
2( B+ 2, 81,0157, 1,1 ‘ oI woRl ()T (72)

P (s | S )
o ( BB a1 ’ e ) + Aoul? (n) x

: F(%)TE&EQ ( 2271271,1;53:22;72,72; 1,1 ‘ isk((fg—_gl)lf ) -

B (e | i)

. B1
xEQ( e LLY ‘ g ) (4.15)

pr+2, 81,0057, 7 L, 1 | 0Ty

Now we substitute (7.3) and (7.4) into equation (3.16), after certain simplifica-
tions we determine the coefficient 4 Ay, as follows (see A4 in Appendix section):
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. B1
mpafWﬁNM@<%%Lm ‘Mﬂ)+

& B+ 1, Brosm,ns L1 | T

2
281 12 7,7, 1; 1,0 Wie _
+ At T77' T (71) <E2 ( b1+ 1,61, a1;7,7; 1, 1 §T1al

1:1,0 N T
—A T T Tﬁl _T 52E Y1, Y1, L5 4, kL1
woRl () T () T (€ )" By ( B, B, a1, v 1L, 1| 6T %

V2,72, 1;1,0 A (f—T1)62 2261
E ) ) = TP () x
St ( Ba + 1, Ba, ca;v2, 725 1,1 ‘ d(&—"T) T ()

Y1, 15 1,0 AT
XQO]CFQ (71) (£_T1>62 E2 < 21176117051;71’71;171 ‘ (;fjjf%l %
y Eg( Y17, 11,0

MY
B+ 2, B, 571,75 1,1 | 6T

’727’727]-a]-)0 )\k’ (£—T1)62
/82+1 527a2a’72772a171 5(€_T1)a2

< )+l () €~ i) x
( 72772717170 ‘ Ak (f_T1>62
(€ -

62 + 1 /82, Q25 72, V25 1’ 1 5 (é’ - T1>062 ) + 2@]@)\}31—‘ (’}/1) F (72) X

)52 72a72a1;170 /\k (5-T1)ﬁ2 x
B2+ 1, Bo, ;2,723 1,1 | 6 (& —Th)™

/ | B 2
E, 1771,1; ,O )\k/lll )
i ( i ( 1 ’ i17a1;’}/1771; 17 1 5]1 ! ¢k 1 <f>/1)

7, 151,0 AT )
x&(%71 ‘k1)+waﬁ“wmx

Tﬁ1

B, B, sy, v 1,1 | 6T
X&(EﬁﬁﬁimmMJ‘%$>‘“mﬁm%mx
<m (e | 3 )
B ( g?zlé,lf@}:gl;%,%;l,l ‘ )\g%lfl >+¢le+
FARTY Ty~ 1) AcE ( E’ri};ﬁjjgl;%,%; 1,1 ’ Aé]#él ) 8
X T'(71)(72) B2 ( g?fi,l;ﬂi:g%%’%; 11 ‘ )gk(%z__gl))j ) X
)\iwkaﬁl (T2 - Tl)ﬁQ <E2 ( g?—zli,l;ﬂi:gl;%,%; 1,1 ' )<\5]€T71f11 >)2
8 F2<%)P(72)E2< g?fi,l;ﬂi:gz;%m;l,l ’ )c\Sk((TT;—_%LiQ > ~ e

1:1,0 AT
TP (Ty — T T(1)T () By | 10705 T ) X
X TV (T 1) D7)l (72) 2( B, By oy, s 1,1 | 0T
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X E2 7277251;170 )\k (TQ _TI)BQ %
Bo+ 1, B2, 0572, 72: 1,1 | 6 (Th —T7)™

1:1,0 TV
_)\2T2B1 FQ T E 71,71, 45 L, ko% %
T ()T 02) B B, By, ans v, L1 | 0T

7,7, 1;1,0 AT
x E. 1 X
? ( Bi+2, b1, 01571,75 1, 1 ‘ o1y

_ B2 /727727]-;]-70 )\k (TQ —Tl)/BQ
X (TZ Tl) E2 ( 624—1”32,052;72,72;1,1 ‘ 5(T2_T1)oz2 +

1;1,0 M (Ty — )™
T T, T BQE Y2, 72, L 4, kA2 1a —
+9el(92) (T2 —Th) 2( Bo+ 1, Ba, 0372, 72; 1,1 | 6 (T — T1)™

1;1,0 A (Ty — Ty)™
_ r T, —T 52E 2,72, 15 4, k\L2 101 _
2l (02) (T2 = Th) 2( B2+ 1, B2, ;92,705 1,1 | 6 (T — T1)™

,71,151,0 AT
— 2 (1o = Tl)ﬁQ Tlﬁllj(%)ww)Ez ( gll -7—11, B, 171,751, 1 ' 5]?110%1 > %

« g, (22 LL0 A (Ty = T)™
Bo+ 1,82, 0572, 70: 1,1 | 6 (Ty —T7)™

Ba+ 1,82, 0572, 72: 1,1 | & (Ty —Ty)™

2
1:1,0 AT
2(~)T g oLl b
x I'*(71) (72)( 2( Bi+ 1,6, a7, 1,1 | 6T™ *

1:1,0 T
\ r r TﬁlE 71,71, 15 1, k41
+ Mer ' (71) T (72) 14 2< B, B, v,y L, 1| 0T .

_ B2 7277271;170 )\k (TQ —Tl)ﬂg
< (=T)" B ( Ba + 1, Ba, ca; 2,725 1,1 ‘ (T —Th)™ *

1:1,0 AT
)\2 T2ﬂ1F2 T B 1,71, 45 L, ko% X
+ Apprdy ('Yl) (72) 2 B, Bi, a1 v1, 71,1 o

. B1
x (Ty — Th)™ EQ( L s ) x

. . B2
_)\iQOk (T2 _T1>B2 T12,31E2 ( 72772717170 Ak (T2 Tl) ) %

b+ 2,01, a5, L1 | 6T

Y2572, 1; 1,0 A (Ty — T1)™
« E ). 416
? ( B2+ 1, B, ;2,725 1,1 ‘ 6 (Ty = T1) (4.16)

By substituting (7.4) and (4.16) into the equation (3.19), we determine the coef-
ficient 5A; as follows:

1 7 11,0 M (€~ )"
Ay = =—| = 2206 (72) E 2, 151, )
5k Ak[ kPk (72) 2< ﬁ2+1,52,052;”)/2,72;1’1 5(€_TI) 2

. B2 o 2 7177171;]—70 )\191—‘1'81
X (§ TI) 4)\k§0kE2 < /31 + 17517011;71771; 1’ 1 ’ 5T1a1 X
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7277271;170 )‘k (g_Tl)/BQ
% FWI)F(W)EQ ( Ba + 1, Ba, g v2, 7251, 1 ' 5(§ - TI)OQ %

B1 _ B2 3 7277271;170 )\k (6—1—’1)52
X T1 (5 Tl) 2Ak¢kE2 < 62 + 1,&27052;72;/72; 17 1 ‘ 6(6 . Tl)az X

B+ 1, Br,0057,7;5 1,1

A (€= Ty)™
5(6— Th)™ ) ~

1 A1, 151,0 ATV
x TP T (1)L () (€ = Th)™ <E2< P ‘ ST ))

1:1,0
4)\2 T T E V2,72, 15 L,
ALl () 2( B2 + 1, B, cug; v, Y25 1, 1

X T (€= T B ( BB L1 és'?rzfﬁ ) AT

x T%(m) ((5 - T + Tlﬁl) E ( g?fi’l;ﬁi:g%%ﬁ% 11 ' );5k<(££:£1)21i2 ) X
10 61

xTe)E, ( gi:gi’,loé,ll;”Yb%ﬂJ ’ /}]{:7?1 ) 8

X B ( E,—Zlé,lf;@}:gl;%ﬁl; 11 ’ )g#il ) B )\i(’pkr(%)r(%)x

8 Tlﬁl (T2 B Tl)ﬁ2 Es ( 22’12171;51:22;72,72; L1 ‘ )(‘5’?(%2__;:1)&2 ) x

B (B | ) AT

x <T2 B Tl)ﬁg Es ( 227—7‘21;1;5;:22;72,72; 1,1 ' /:Sk(%2__£1))f ) 8

8 EQ( g?llé,lf@i:gl;%m;l’l ‘ A6kT7:‘fll ) 8

B ( Eglliqlv?% 1,1 ‘ glﬂT?il ) P

_2Ak¢kalF(%)E2< giﬁli};ﬁi:gl;%,%;l,l ‘ )c\#lfll )_

N TPT() (EQ( e ’ ?Tflﬂ ))2 y

Ty TW&( B i1 ‘ A(slérjfﬁ >+

“i%wa(mEz( B i1 ‘ AcskTTfﬁ ) .

< By ( AR R ‘ Aj;flfl ) TR ()

2
,717/717]-;]-,0 )\leﬁl
g (EZ( B+ 1, 61, 1571,715 1, 1 ‘ ST + Metr X
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7.7, 1;1,0 NI s
7T
X E2( 6175175)41%71,'71?1,1 ‘ 5T1041 ! (,}/1)+
1;1,0 T
)\2 T2,311-\2 E V1,71, 15 4, kL1 %
+ ATy () B B, B, oy, L, 1| 6T
M,7,1;1,0 M e
- EQ( B+ 2, 51,017,751, 1 ‘ o1t 2Nl ()
B1 (B ,7,1;1,0 AT
< T2 (12— 1) E2< 51-1—1,51,041;71771;1;1‘ o1y 8
2,72, 1; 1,0 Ao (Ty = Ty)™ A
x E. 2 — Xl r X
2( ﬁz+1,62,a2;vm;1,1’ 5(Ty —Ty) e ()T (2)
2
1;1,0 T
T2ﬁ1 T, — T B2 E 1,71, 45 L, ko% x
<L (T - 1) < 2( pr+ 1, b, o057m,m 1,1 | 0T
X E2 7277271;170 Ak (TZ _Tl)aﬂ2 +
Bo + 1, B2, 052,72 1,1 | 6 (T — T1)™
1:1,0 N
)\2 TﬁlE Y1, Y1, 43 1, kalz %
ety 2( b, B, as v, 1L, 1| 6T
g, [ L0 A (Tp = T)™ )
Ba+ 1,82, 0572, 72: 1,1 | 6 (Ty —T7)™
1:1,0 M T
T(7)T(72) (Ty — T1)™ + Napy By | 10105 0 B0
% (71) (72)( 2 1) A 2( B, Brsaa;yi, ;1,1 5T11
. B1
2031 _ B2 12 7177%17170 /\le
XF(%)TI (T2 Tl) : (%)EQ( B1+ 2, fr,o057,7;5 1,1 5T1Oé1 8
% E2 727’}/271;170 /\k (T2 _TI)BQ _
Bo+ 1,82, 0572, 72: 1,1 | 6 (Ty —T7)™
1;1,0 e (Ty — T1)™
_)\ F T_T ﬁzE Y2, V2, 17 L, k 2 1a
el (02) (T2 1 2( Bo+ 1, Ba, ;72,723 1,1 | 6 (T — T1)™ *
1;1,0 Mo (Ty — T)™
A T, — T 521—\ E Y2, V2, 15 1, k42 la .
A (T = 1) 7 1 (%) 2( Ba+ 1, Bay 25 y2,72; 1,1 | 0 (T — T7)™°
1;1,0 e
_2)\2 T,Bl T, — T 52E Y1, Y1, L5 L ko% X
won i (T )" B B+ 1,81, 057,71, 1 | 6T
2,72, 11,0 A (Ty — T1)™ 5 o
XF(VI)F(W)EQ( B2+ 1, B2, o2, 725 1,1 ' 5(T2—T1)a2 Aol

2
v, 1:1,0 AT
% (T2 B Tl)ﬁ2 FQ(%)F(%) (E2 ( gll 1117@7041;%,71; 1,1 ‘ 5’€T§1 )) %

’7277271;170 )\k‘ (TZ _Tl)IB2
E. o . 4.17
8 2( P2+ 1, B2, az; 2,705 1, 1 ‘ 6 (T —Th)™ (4.17)
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Next, to demonstrate the uniform convergence of solutions expressed as a multiple
series, we will use the following estimates, which are based on the estimate for
the bivariate Mittag-Leffler type function Fs(x,y), as presented in [23]:

B2 (g, a1 e ) ‘ =G (4.18)

‘E2 (51 + 1715’1’?2411;;’;17,(271; 1, 1‘ /}ktil) ‘ <G (4.19)
‘EQ (51 + 2715’1’?10’411;;;1’,(271; 1, 1‘ )g;iﬁll) <G, (4.20)
( + 1725”2?20’421;;’;2‘77(;2; L1 )(\516(?—_7?11)):22) =G (4.21)
(53 + 17%37;:,,713’7073, 1,1 i‘slét__g?)f)) = Gs, (4.22)

£ (53 + 27%37231;;71?:,073; L1 gkj(gft—_T%)OZd) < Ce. (4.23)

For convenience, we performed the above calculations without substituting the
value of A\x. Now, to show the uniform convergence of the solution, we take A\, as
™

—pij. Here, it is known that sy, = kr — Z.

5. CONVERGENCE OF INFINITE SERIES.

Theorem 5.1. [I 1] Let f(x) be a function defined on the interval [0,1] such that
f(x) is differentiable 2s times s > 1 and such that

a) f(0) = f(0) = ...= fZ1(0) =0,

b) f29)(x) is bounded (this derivative may not exist at certain points),

c) f(1) = f'(1) = ... = f®2(1) = 0. Then the following inequality is
satisfied by the Fourier-Bessel coefficients of f(x):
C
< — =
cn| < )\(2375)’(0 const)

The proof of Theorem 5.1 can be found in reference [11].

Lemma 5.2. If {o(r),¥(r)} € C™2(0; 1] and the conditions of Theorem 5.1 are
satisfied, then the inequalities hold for the special cases of the series

Z | H i 1oxl, Z L F i 1Yl
Z\W P 05=Z|¢k —W?

C C
Zui o] < zs—_z,s)aZMi Ykl < =553,
n=1 Ho n=1 H

k
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Z“k|90k| < = 45aZHk|¢k 25 15

Y

oo
ZM}EWH— 25 65’Zﬂk’¢k = 25 6,57
n=1

Zﬂk‘¢k|< 25 8572”k’¢k = 25 85"

Proof. Tt is known from the asymptotic of yy, = (k — $)7 (ux ~ k). Based on

(e}

this, the series ) —; converges when p > 1. In our case, for the convergence of
k=1 Mg
the highest-order (m = 8) series:

25 —8,0>1 = 25>9,5

That is, if the function is differentiable at least 10 times (2s = 10), then conver-
gent majorant series exist for all the series listed above:

m % m ¢
L ek < To-m—05 Mk [Yr] < “10—m—05
My H
for each m € {0,2,4,6,8}, the exponent is greater than 1 (p > 1.5). By the
Weierstrass M-test, all these series converge absolutely and uniformly on the
interval [0, 1]. O

To prove a uniform convergence of the infinite series (3.1), let us start with the
following estimation

ut, )] < Y WU To(r)] < WUl (1Jo(e) < 1],V € R).

To complete this estimation, we need to estimate |;Ug(t)|. For this aim, we use
estimation of coefficients, and from the estimates in Lemma 5.1, we obtain the
following estimate for u(¢,r) in €, as (see for details in A5 of the Appendix
section)

i1 5L m auneec)s
k=1 =1

— C
- Z 25 25 < (Sy +28,) + D(y )t Cy + T (yp )t 1 x

,_.

k=
% (Cy + S1) Cs + T(10)t? Co(eTy + S + 55))

C
+ Z 210 <t53 + T (1) C3 (S + 284) + Tyt x

k=1

x Gz (53 + Sp) ) + Z 2 65( )t C5 + F(vl)tﬁl&C’z)
k=1 Mk
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In a similar way we estimate u(t,r) in €y as

u(t,r)] < 3 LU ()| < 3 LUL(0)

Using estimates in Lemma 5.1, after certain evaluations (see for details A6 of the
Appendix section), we obtain the following estimate:

C S
Z 2Uk(t)] < Z 20 ( 22 + 2T () (¢ — T1)™ eCa(Ss + SlTl))

5(Cy +2C
+Z 2525( 1 2)+59+F(72)(t—T1)6204><

2Cy
><(2S+ST+52+ Ty + Ss) Z Ss+ T (72) x
4 Y €l 5 8 2
2
><(t—T1)5204<MC;—2,®+53+56+59>>+
2

+Z 2 65( () (t — T1)™ SsCy + T (72) (t — T1) 257C4>-

Finally, we will estimate u(t,r) in Q3 as follows:

ult,r)] <Y Uk o) < |sUk(t)
k=1 s

Estimating coefficients, based on Lemma 5.1, we obtain the following estimate
for u(t,r) in Q3 (see for details A7 of the Appendix section):

C S
Z‘?ﬂk |<Z 2 o5<22 + 2510 + 2 (t = To) e+ 21 () (¢ — T2)™ x

C
x eCs + S, + T151) + Z TN (511 + T (v3) (t — T2)63 ((

=1 Mk

Sa

5 + S10)Cs5+

-+ 5505 + (S4 + SlTl + 510)05 + C5(ET1 + S4)> + 513+

S
—I—(t—Tz)(254+2€Cﬁ+SlT1+2510+5T1+_+S5 ) +Z 25— 45
k=1 Hi

X <S7 + 2519 + (t — T3) (S5 + Se + S11 + S13) + T'(3) (t — Tg)ﬁ?* (SHC5+

S
+(t— T2)06< 2 4 Sio+ S5) + C5(S5 + Sg) + S13C5+
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= C
+ (t — 13)eCs(2S4 + S1T1 + S0 + é?Tl))) + Z 20 X
k=1 "k

X (2(t — Tg)(57 + 512) +T (’)/3) (t — Tg)ﬁg <C5(S7 -+ 512)‘|‘

+ (t — 13)Cs(S3 + S + S11) + S7C5 + C5512+

= C )
+ (t — T2)51306>) + Z W2F (’}/3) (t - Tg)ﬁd—i_l 06(57 + 512).
k=1 "k

Theorem 5.3. If oy = 1, 75 = B, Ay # 0, Ap # 0, {o(r), (1)} € C[0;1] and

the equalities
@(0)=0,00(0)=0(i =1,9), ¢V (1)=0,¢ (1)=0(j =1,3)

are satisfied. The unique solution to problem (2.1)-(2.7) exists and represented
by (3.1),(3.2),(3.3), (3.7).

6. CONCLUSION

In this work, we have investigated an inverse source problem for a mixed wave-
diffusion-wave equation involving the regularized Prabhakar fractional derivative
in a cylindrical domain. The considered model captures temporal transitions
between hyperbolic and parabolic dynamics, which naturally arise in various
anomalous transport processes, particularly in gas flow through heterogeneous
porous media. By allowing successive changes in the governing time-fractional
operator, the model provides a flexible and physically meaningful framework for
describing wave-diffusion interactions with memory effects.

The problem was studied under suitable initial, boundary, and transmitting
conditions, together with an additional time measurement used to reconstruct the
unknown spatial source term. By applying the method of separation of variables,
the original problem was reduced to a sequence of fractional ordinary differential
equations coupled with a Bessel-type Sturm-Liouville eigenvalue problem. This
approach led to an explicit representation of the solution in terms of a Fourier-
Bessel series, where the temporal components are expressed via bivariate Mittag-
Leffler-type functions associated with the Prabhakar kernel.

A key contribution of the paper lies in the rigorous solvability analysis of the
inverse source problem. Under appropriate assumptions on the fractional pa-
rameters and compatibility conditions on the given data, we derived closed-form
expressions for all unknown Fourier coefficients, including the source term. More-
over, by employing asymptotic properties of Bessel functions and sharp estimates
for Mittag-Leffler-type functions, we established the absolute and uniform con-
vergence of the obtained series solution. This convergence analysis guarantees
the existence and uniqueness of a regular solution and ensures that the recon-
structed source function is well-defined and stable within the adopted functional
framework.
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The results obtained in this study extend several earlier works on inverse prob-
lems for mixed-type and fractional partial differential equations. In particular,
the present paper generalizes known results for classical parabolic-hyperbolic and
fractional wave-diffusion equations to the setting of Prabhakar-type operators
and cylindrical geometry, thereby enriching the theoretical foundation of inverse
problems for fractional evolution equations with memory.

From an applied perspective, the developed methodology is relevant to inverse
identification problems arising in subsurface flow, viscoelastic media, and other
systems where anomalous diffusion and finite-speed wave propagation coexist.
The analytical formulas derived here may also serve as benchmarks for numerical
algorithms and inverse reconstruction schemes.

Possible directions for future research include the analysis of stability estimates
for the inverse source problem, the extension to space-fractional or multidimen-
sional geometries, and the development of efficient numerical methods based on
the theoretical results presented in this work. Another promising direction is the
investigation of inverse problems with noisy or partial data, which is of significant
importance for real-world applications.

Overall, this paper demonstrates that Prabhakar’s fractional models provide
a powerful and mathematically tractable tool for studying inverse problems in
mixed wave-diffusion processes, and it opens the door to further theoretical and
applied developments in this area.

Acknowledgement. This work was partially supported by the Methusalem
programme of Ghent University Special Research Fund (BOF), Grant/Award
Number: 01M01021.

7. APPENDIX

A1l: Finding coefficient ,A;. By substituting equation (3.11) into left side of
equation (3.12), we obtain the following expression:

Jie = A |1 A Tfl Tn)- B ( gll’lli,l;ﬁ:gl;%,%; 1,1 ' /:;c?z:fll ) +
et o 5 (BT | )
Fidet T (%) i TlﬁlEQ ( /2)117111,1;5}:21;71,71; 1,1 ‘ );5’#611 ) B

=5 Ap 14k A - T T () X B ( 211;117,211;’701,%; 1,1 ‘ )c\&?fil ) i
o A Tlﬂl Tn)- B, ( g?zlial;ﬂi:glﬁb%; L1 )C\skalzl ) *

_ 1:1,0 TP
T . _Tﬁl 1_E 1,71, 45 L, kL1 )
o) S Ty ? ( br, Br,ans v, 1,1 0T
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We divide the last equation by A :

1 1:1.0 A T/Bl
A | — T Tﬁll" E Y1, Y1, L5 L klq
w )\k+ ERND 2( pi+ 1, b0y, L1 | 0T *
1,1,0 AT e
TﬁlJrl M- T E Y1, V1, 5 4 kL1 _ Jr
o e ) B, < P +2, 0,005,751, 1| 6T by
1;1,0 Py
— AL — AL Tﬂll" E 1,71, 15 1, kdq _
HER R AR () B, ( B+ 1, B, a7, 1,1 | 6T
_ 1:1.0 A 5
_ ATBI IF E 71;71; ) Ly kLq .
R (71) 2( 617617051;71)71;1)1 5T1041
1;1,0 T
-T . 'TﬂlE Y1, Y1, 15 L kL1 .
<71) fk ! 2 ( 51_‘_1’&17&1;71771;171 5T10/1
_ F(%)fkTﬁl_lEg 7,7, 11,0 AT
e ! B, By ar; v,y L, 1| 6Ty )

A2: Simplification of A,. By substituting the notations (4.2),(4.5),(4.6) and
(4.8) into (4.11), we find the value of Ay as follows:

Ap=T () (£~ T)* By < g?zQi,l;ﬁi: 22;%7%; 1,1 ‘ )(\gk((g__jz;l)liz ) +
+4 +T161F(%)E2 ( gll’zli};ﬁijgl;%,%; L1 ‘ )g#f}l ) *
+T161+1'/\k'r(%)'E2( grré}bjjgl;%,%;l,l ‘ ’:5’“7?:;611 )+
+2AkTFT(%)E2( 22’121’1;5;’22;72%1,1 ’ A(g’“((f__%f > x
xT(2) (€~ Tl)ﬁ? b ( gll’zli};ﬁigl;%,%; 1,1 ’ )g#ﬂll ) "

T2 (7)) (Eg( %1’111,153,’31;%,71;1,1 ‘ %’}?ﬁ ))2>\ka/31+

N (92) (€~ 1) By ( B ] wE-mp ) x
8 leﬁlIQ ) (E2 ( gll’zli};ﬁjzglé’Yly’h; L1 ‘ );T?fl ))2+

T+ 20T (12) (€ — ) E( e ‘ f;’}?_‘%?f ) x

frtl 7,7,1; 1,0 MY
x (Tl +1h AT (71)E2 ( B+ 2, B, 0057,7;5 1,1 5T1al
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. 51
— (Tl +T1ﬁ1+1/\kF (M) B2 ( 7, 11,0 ’ ATy ))X

B+ 2, B, 00571, 1,1 | 0T
. TFHF(%)EQ( B a1 ‘ AakTTfﬁ )‘
~ ML () (€~ T By ( 1 ' e ;Zf ) x
x (T1 +Tf1+ukr(%)E2( %ﬁ’fé,léaf,’gmm;l,l ‘ %"?T?B )>x
8 Tfllr(%)@( 2112}1105117?7111 ‘ )c\;?l’?ﬁl )

As a result of simplifying similar terms, the value of Ak can be written as (4.12).

A3: Finding the unknown coefficients ,A;,34; and the unknown
functionf;. To accomplish this, we first need to find 2 Ay, 3Ak, fA.

A A A
9 A = QZ—k,?)Ak = ?Z—k,fk = fz—k (7.1)
k k k

To find 5Ag, we construct the following determinant

o L+ A i My 1M,
QAk = —QO,C (]_—i-Ak QMk) _1 2Mk :wk (]- _4Mk>_
— i - Pk - aM, Ak aMy —1

— Xe -0k aMy - oMy (14 A - 1 My) — or (14 Mg - o Mg) A - 1 Mi—
—<)\k'@k‘1Mk'4Mk—SOk(lJr)\k'2Mk)(1+>\k'1Mk)(4Mk—1)+

+)\k'¢k'2Mk> = Yr — o — s My (Ve — @) — M - o (1 My + 2 My,) —

— 22X} o 1My oMy — N i - 1 My — Ag, - g - o M.
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Now, substituting the designations (4.2), (4.5), (4.6),(4.8) into the last equality
and simplifying, we find A, as follows:

A== waPro0m (U )
o TP () By ( [ A ‘ Aé’folﬁ ) -
— 2l (1) (€~ TV B ( L ' e l)lf ) -
—)\kSOkTiBIF(’Vl)E2< 211’11’171;5}:21;%7%;171 ‘ EICT?? )‘
—2X30il (1) T (72) E2( 227121};51:22;72’72%1@ ‘ %k((f__jz:l))aﬂ; ) B
< (8 _TI)BQ TlﬂlEQ ( gll’lli,l;ﬁi’gl;%,%; L1 ' )C\Slaﬂ?ﬁjl > a
_/\w’“Tle(%)EQ( g?zli,l;ﬁigl;%m;l,l ’ TS]?T?L? >

Now using formula (7.1),we find the coefficient 5 Ay
S b o R R LT G e I B
et Ton (U | ) e
— 2000 (72) (€ = T1)™ E2( ngllﬁigz i 11 ' Aé’“(f__%)f ) -
ed?Tom (G L | )
— 223, () T (70) Ez( ngllﬁigz N ‘ A(;’“((f__%zf ) «
X (€T By ( g?zli,l;ﬁi:gl;%m; 1,1 ' A<5]€T:I;‘£1 > a
treon (320

In the same manner, we determine the coefficient 3 Ay:
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0 Yy, 1M,
3y = 3 M, —pr (L+Ap - oMy) oMy | =0+ g - oMy (14 4 M) —
1+ A - oM — i - Pk aMy, My —1

—)\k'wk'4Mk1Mk'3Mk—<—90k(1+)\k'2Mk;)1Mk(1+/\k'QMk)—i—

+¢k'3Mk(4Mk—1)+0> = - oMy, + A - g - o ME—
— Ao 1My - g My - 4 My + g - 1 My + 20 - o - 1 My - o M+
+ ok Ap 1My, - oM — g - 3 My - 4 My, + 1y, - 3 M.

Substituting the above notations (4.2), (4.5),(4.6) and (4.8) into the expression
obtained in 34\ as

30 :wkaIF(%)Ez( g?ri};ﬂigl;%%m ‘ Aéﬁ_;’;f >+
x5 B2 | M) -
“xarar T e-n e (R | )
e ( gz,fi,l;ﬁi:gg;w,%;l,l ' A(Sk((gg__qz:l)lf ) — MI7'T (92)

X onl? (1) (€ = T1)™ By ( 211211’, 211;’7?,71; 1,1 ‘ )?77:151 ) )

“ b ( gi’zlé};ﬁjjgﬂ'ﬁa/ﬂ;lal ?&z;fll ) x

b ( 227121,1;5;(0)42;72,72; 1,1 )(\519((@“5—_7?:1)2322 ) + @il (72) (€ = 1) x
x B < 227121,1;5;:22;72,%; 1,1 i\sk((;_—galf ) + 20k AL (1) T (2)
e G | HEAE )

< h < gll"zli;l;ﬁj:gﬁ’h,%; 1,1 )(\5]}??1 ) + SOk)‘iIQ (’Yl) I (72) X

1;1,0 e (6 =T
< T201 (¢ 2 V2,72, 45 4, k 1a
r =TT By ( Ba+ 1,82, 0572, 72; 1,1 | (&£ —Ty)™ .
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x| E 7177171;170 )\kTiBI 2_
P\ B+ LBy ey, 1,1 | ST

1;1,0 N T2
_ Tﬁlr E Y1, 71, 45 4, k41 o
vl ) 2( B, By sy, 1,1 | 0T

_ 2 ’}/17’7171;170 )\ka1
Vel wl)AkEZ( B, By a1, 1,1 ‘ oI .

1:1,0 A Tﬁl
% TQBlE Y1y Y1y L3 1, k1 T
' ’ ( bi+2, a7, L, 1| 6T + Uk Th+

1:1,0 AT
/\ Tﬁl+1r E Y1, Y1y L5 1, k41
+ UM T () e Bi+ 2,81, 037,51, 1| 6T )

according to formula (7.1), we find 34 as

. B1
Wﬁﬂm@(%%Lm 'Mﬂ>+

YAV |
A B+ 1, 6,157,711 | 6T

AZN—
341k Ak Ak

2
26112 Y1571, 17 ]'70 )\leﬁl -
+)\kwk‘T1 I (71> (E2 ( 61“”17/8170[1;71771;1’1 ‘ 5T1a1

1 ) 717170 >\ Tﬁl
~head (%)F(%) Tlﬁ (f_Tl)ﬂ2 E2< g’i 211 ar;v, 7 1, 1 ‘ (5le°%1 ) .

7272, 11,0 Ak (€ — Tl)BZ 212p1
x E Vo) = 2T () x
2( B2 + 1, Ba, gy, 725 1, 1 ' §(&—Ty)™ 1T ()

2 ) 7]‘; ]"O A Tﬂl
" Saklﬁ (71)(§—T1)ﬁ EQ( ,/;11 211 ar;v, 7 11 ‘ 5]%1‘%1 ) %

7177171;170 Ale'Bl %
bi+2, B, a7, L1 | 6T

Yo, 72, 151, 0 Ao (€ =T B
52+1a5270[2;72772;171 6(§—T1)a2 "‘QO]CF (72) (g Tl) X

X&<wmﬁm0 e (€= T7)”
(

o 20\ r
Po+ 1, B2, 072,72 1,1 | 6(§ —Th) >+ PrAL (1) T (72) X

B1 _ B2 727’}/271;170 )\k (f—Tl)BQ
XL -T)R B ( B2+ 1, B, g;y2,72; L, 1 | 6 (§—T1)™ %
7,71, 11,0 T 212

Al r X
pr+ 1,6, L1 | 0T +en I () T (2)

. o B2
% T1251 (f o T1>B2 E2 ( Y2, V2, 17 170 ‘ Ak (5 T1> ) 5

Po+ 1, B2, 0572,72; 1,1 | 6 (6 —T1)™
2
x [ Fy ’71;71,1;170 )\leﬁl o
Bl_l_lvﬁlaal;,}/l?,)/l;l)l 5T1a1

1;1,0 AT
_ Tﬂlr E Y1, Y1, 45 4, kLq .
G 2( B, Bryons i,y L, 1| 0T



INVERSE PROBLEM IN A CYLINDRICAL DOMAIN 31

1;1,0 AT
. T251F2 A\ E 71,71, 45 L, kL1 X
Vel (A 2( B, By a1, 1,1 0Ty

7177171;170 )\kT/Bl
x E. A T+
2( B1+ 2, b1, a1;71,71; 1, 1 ‘ oI + T

. 71, 1:1,0 AT
+ PN “F(%)E2< e ’ G ) (7.3)

b+ 2, 6,005, 1,1 | 0T

Now, we will find the unknown function f; in a similar way:

A 1 v, 1:1,0 T2
L —2/\k90kT181F(71)E2( N ‘ k1 _

fi= A N Ay, B+ 1,61, a7, 1,1 | 6T

. B1 2
Uk — o — Mo TP T2 () (EQ( 7, 11,0 ‘ ATy )) _

b+ 1, B, a1, L, 1| 6T

_ _ B2 17277271;1a0 )\k (g—Tl)BQ .
)\k@kr (72) (f Tl) EQ ( 52 + 17627 Q2 Y2, V! 1’ 1 ‘ 5 (5 . Tl)a2

1;1,0 N (€ = T0)™
_2)\2 T’BIF E V2,72, L5 L, k la %
eI T 0n) Bo ( B2+ 1, Ba, gy 2, v2; 1,1 | 6 (6 —T1)™

_ B2 7177171;]-70 Akal .
XF(’Y2) (5 Tl) EQ( 51+1751’&1;,}/17,}/1;1’1 ’ 5T10é1

2, 151,0 Ae (€ = Th)™
_\37261, T2 E Y25 V2 k v X
I ol ™ (1) B P2+ 1,52, a2;72,72; 1,1 | 6 (£ —T1)™

2
Y1,71, 1;1,0 )\kTﬁl 1
E 3 1 B
% ( 2( 1 17ﬁ17051; /1, }171,1 ‘ 5110‘ ¢k)\k11 +

2mB1+1 Y171, 15 1,0 MY
+ 7O () E T
UrARTh (1) 2( fr+2, 61,017, 1,1 | TM -

1:1,0 AT
r _T Ba )\E 1,71, 45 L, kL1
X (72) (5 1) + YR 2( 51—1—1,51,041;717713171 (ST{M %

7,1, 1,0 NI
XTFT(%)Jr)\kSOkF(%)TflEz< gi %11 ar 11 ' 5’}151 )+

1:1,0 NTY
o T2~ T g, [ 0755 k21 X 74
+ Pk (’71) 1 2 /81,61,@1;’)’17’715171 é‘j—‘la1 ( )

717’71’]-;170 /\kTﬂl 9
x E ! A2 I(7)0
? ( B+ 2, B, 171,73 1, 1 ’ 0T + Al ()T (72)

11,0 A (€ = Th)™
_T B2 TﬁlE V2,72, 45 4, k 1a
A ( P2+ 1, 5o, 572,72 1,1 | 0(§—T1)™

7:m, 11,0 AT 2,
x E 1 + TP x
2( B, Prsan; i, 1,1 ‘ 6Ty 1

1:1,0 A (6= T1)™
3 E V2,72, 15 1, k 1
X )\kSOk 2 ( 52 + 1,&2,062;72772; 17 1 6(5 — Tl)az X

X
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1;1,0 N
XF2 r E Y1, 71, 15 4, kL1 X
() 2( bi, Bryoas vy, L1 | 0T
% B ’}/17’7171;170 )\leﬁl
2\ B +2 B ey, 1,1 | 0TR

A4: Simplification of ;A;. We substitute (7.3) and (7.4) into equation (3.16):

o= om0 | 5 )
e N Y (S ‘ o ))2 .
AL ET T S (5 S o R B
< ( g?ffbiﬁz;%ﬁz;l,l ’ %k((fg:jz;l)gf ) B AinﬁT(%)%X
o (g_Tl)ﬁQ = ( 211:%11:104;11;7’701,71;1,1 ‘ )(\SkT?Bll ) X

; B1
X Fo ( 2117]_2,1,’8}:21;%7%;171 )(\5]#1 ) X
< ( 22712’1,1;51:2%72772; 1,1 ’ /}k((gg__;})l‘ﬁ; ) + @l (’72) X
x (€ —T))” E, < ,g’?fi,l;ﬁi,’gg;%,%; . ‘ i\sk((gf_—jz:l)?f ) N
+ 2T (71)F(72)E2( mwLlLe ‘ Aék((ég_—%)f )
x T/ (€ = T)™ EQ( gll,zlijlsﬁigl;%%u ‘ A(;g;alﬁ )+
+ AT (mr(%)@( Bl ‘ Aék((fg_—%zf ) )
X Tfﬁl (& —T1)52 (E2 ( giazli’l;ﬁigl;%’%;ljl ‘ )(\5]}?511 )>2_
—urenE (R ) -
v A0 |4

71771a1;170 /\]C,Iﬁ1
x L ! Ti+
2( B1+2, b1, 157,715 1,1 ‘ T + T
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) o, 11,0 AT
+ AT +1F(’71)E2( e ‘ S ) +

B +2, 0,007,511 | 6T

1
+ =
Ay,

2
_ )2 26112 7177171;170 )\leﬂl —
eIy T () <E2 < Bi+1, 81,0057, 1,1 | 6T™

_ _ B2 727%71;170 )\k (f—Tl)/BQ .
)\kSOkF <V2> (5 Tl) E2 < 62—%1,/82,0[2;'72,’}/2;1,1 ’ 5(£_T1)a2

1;1,0 e (€ = Th)”
_ 2)\2 Tﬁll—\ r E Y25 725 5 Ly k 1a ™
oD () T () Bo ( P2+ 1, Ba, 572,72 1,1 | 0(§—T1)™

1;1,0
. — 92\ Tﬂlr E V1,71, 451,
Vi = 2 eI T () 2( B+ 1,6, a157,m5 1L 1

NI
ST

71,1;1,0 T :
X (5 - Tl)ﬁ2 Ey < 2;11 zllyﬁ17a1§71771; 1,1 ' ;Tf%l ) - Aszﬁ kar2 (71) X

_ B2 72772,1;1,0 )\k (€_T1)52
X T'(v2) (§ =T1)7 Ey < B+ 1, Ba, gy v2,v2; 1,1 ’ 5(€—T))™ X

2
Y7, 11,0 ATy 2
x | B ° + YN+
( 2( b+ 1, 1,057,151, 1 ‘ oTy" e

2mp1+1 71,7, 11,0 Aleﬁl
+ VAT F(VI)E2( B+ 2,81, o071, m: 1,1 ‘ or *

1;1,0 NI
A Tﬁll—\ E 71,71, 5 L kL1
oA () 2( By+1, By o 1,1 | ore )T

1:1,0 AT
Ao D () TP By (T 0 T
+ Aeprl (1) T4 2( B, Bry 571,715 1,1 | 6T i

1:1.0 AT
N2 2 () T2 By (T To
+ ARl () T By B, B, sy, 1,1 | 6T

717’7171;170 /\kTﬁl 2
x E. a + X opl'(n)T X
2( B+ 2,81, 0105m,m; 1,1 ‘ o kel ()T (32)
1;1,0 A (€ =Ty
X —T B2 TﬂlE V2,72, L3 1, k 1a %
(E-T)" T 2( B2+ 1, Ba, g;y2,72; 1,1 | 6 (& —T1)™
’717’71a1;170 )\leﬁl 28113 2
. E2( B B s 1,5 1,1 ‘ srer ) T kAT n)x

’727’7271;170 )\k (€_T1)62
X T(2) By ( B2+ 1, B2, o592, 725 1,1 ‘ 6 (§—1T1)™ -

717’7171;170 )\kTﬁl
x E. A X
? ( B, B, sy, L, 1| 6T

% E ’71,’71,1;1,0 )\leBI
2\ B +2, 8, 005m,m5 1,1 | 0T
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and after simplifying similar terms, the coefficient 4A; can be written as (4.16).

A5: Estimate of u(t,r) in ;. For this aim, first using (3.8) we will obtain

1;1,0 —pit”
< 2 B1 Y1, 71, 45 L, Hi
[1Uk()] < pic ] 7T (1) | B ( b1+ 1,61, a157,m; 1,1 ot *
2 B1+1 7157171;170 _lu%tﬁl
el p A T () | ( bi+2,br,0037m,m3 1,1 ot *

ARt + T (71) | fil 7

E2 7177171;170
B+ 1, Br,0057,7;5 1,1

_M%tﬁl
ot '
Now using (4.19),(4.20) we get
WUR(0)] < |2 Ak| 4 13 [or] #7T (1) Cs + i [s AR #77T (1) Cst-

+ [kl + T (3) | fi 7 Co. (7.5)
Based on (7.2) and (4.18)-(4.20), considering |E;k| < ¢ (e is a positive number),
we deduce
[ Ak| < [vhkl € + |oxl e + [0x| €T 7T (1) Cr + o €TV 7T () Cr+
+ 203 [k | T (1) (€ = T1)™® eC + 1, [or| T (1) T 20+ (7.6)

+ 20t o] T () T (72) (€ = T1)™ T{" €CC4 + pi [4oe] T{ T (11)Cs.
Let us introduce the following notations:
Si=e+el(n)TY7'C, So = 20(7) (€ — Ty) eCy,
Sy =2 ()T ()T (€~ 1) eCoCi, - Sy =TT (1)Co
Using the above notations, we rewrite (7.6)
2 Ak] < || St 4 pi [r] (S2 + Sa) + [0kl St + i [0kl Sa+ iy x| Ss. (7.7)

Similarly, according to (7.4) and (4.18)-(4.21), we obtain the estimate of f; as
follows:

| fiol < [l e + lonl € + 207 i T(1) TV eCo + pig |ox] T2 (1) i eC3+

+ i |orl D(72) TY" (€ — T1)™ eCly + 2455 @i T (1) T (72) (€ = T1) ™ T eCoCly+
+ 1 |orl T2 (9) T (72) (€ = T0)* TE"eC3Cy + 1 [hn| eTr+

+ i [ T eCs + i [ D) T 2Cs + o [r] T() T eCr +

+ g [kl T2 (1) TP eCiCs + g [ T (1) T (92) (€ = Th) ™ T eCi Cat

+ iy |kl T2 (1) T (72) T €CLC5Cs. (7.8)
Let us rewrite (7.8) by introducing the following notations:

| fiul < Jonl e + i x| S5+ 1 |or] (Ss+ Se) + pp [on| Sz + ] e+
+ i |Yk] (eTh + Sa) - (7.9)
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where,

Sy = 2T T (71)eCh + T(70) (€ = T1) eCy + TP T ()eCy,
So = T{"T*()eC + T T ()eCiCs + T(n)T(32) (€ — T)™ T{"eC1Cy,
Sr=T2(1)T(72) (€ — T T eC3Cy + T ()T (12) T7 7 £CLC5C
Substituting (7.7) and (7.9) into (7.5), we obtain the estimate ;Ug(t) taking the
following form
1WUk(0)] < lxl + low] 51+ pi |0l t (S2+ Sa) + o lw| €55 + || tS1+
+ i |k £Sa + pi Lokl T (1) Co + i [ook 71T (71) Cs S+
+ iy, [ 7T (1) Cs (G2 + Sa) + w1 |r] 7T (1) Ca S+
+ i [r] I (1) Ca St 4 iy [k T (1) C3Sa + ook T(71) %
x t71eCh + g @i (7)™ S5Cs + pij, [l #7T(71)Cs (S5 + Se) +

+ 11§ | t" D (1) CoSy + [0 | D(3)t7eCo + i, [0r] 71T (1) Ca x
X (eTy + Sy) -

After simplification, we have the following

Z|1Uk | <Z|g0k| <1+t51+F " t61802> Z,Lbk g0k| ( SQ+S4)
+ F(’Yl)tﬂl Csy + F(’Yl)tﬂlﬂclcs + F(’Vl)t[hcw%) +

+ Z sy x| (th + T (1) C5 (S2 + Sa) + (1)t Cs (S5 + Se) >+

k=1

+ Zﬂk |90k:| < 71 tﬁl—HS?)C?, + F(’Yl)tﬂ1S7CQ> + Z |¢k <t51 + F(’71)t51502>

k=1

+ Z 17, | <t54 + 7D (41) 81 C3 + D (1)t Co (T + S4)>+
k=1

+ >k [k T ()t H1.9,C. (7.10)

k=1

From the estimates in Lemma 5.1 |, we obtain the following estimate for Uj(?)

Z |1Uk | < Z (1 + 2t51 + 2F<’}/1)tm€02>

> C
+ Z 2525 ( (S2 4 284) + T(1)t7 Co + D(q)t7 1 (C1 + 51) Cs+
=1
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oo

C
+ ()" Co(eTt + Si + S5)> + Z W (t53 + P (1) O3 x
k=1 Mk

(SQ + 254) + F(%)tﬁlC’g 83 + S@ ) + Z 25 6,5 ( ’71 t'81+ SgCg—f—

+ F(’}/l)tﬁl S7CQ> .

A6: Estimate of u(t,r) in Qy. Now we will demonstrate the convergence of
the solution Uy (t):

X

1;1,0 —p2 (t—Ty)"
U, ()] < 12 |:A,| T E V2,72, L5 4, i %x
20 (O] < i s Al T'(72) 2< P2+ 1, Ba, 252,725 1,1 o (t—T1)™

X (t—T0)" + [3A,] + T () | ful (t — T1)™ x

’727’7271;170 _/1’2 (t_Tl)BQ
: EQ( P2+ 1, Ba, 252,725 1,1 ‘ §(t—T)™ : (7.11)

Using the estimate (4.21), we rewrite (7.11) as follows.
2Uk (D] < I Akl + 423 [sAxl T (72) (¢ = 7)™ Cu + T () | fil (¢ = 1) Cu. (7.12)

To demonstrate the uniform convergence of the solution yUy (t) , we need to find

an estimate of 3A;, which we determine as follows. For this, we use estimates
(4.18)-(4.21) and ﬁ <e:
k

lsAk| < [ €TV T (71)eCa + iy |e] €T77 T2 (1) 3+

+ i okl T (1) T (72) (€ = T T CrCae + g [ipe] %

x T? (1) T (32) (€ = Th)® TP C1C5Cue + [oi| T (72) Cae (€ — Th)™ +
+ 202 |or| T (1) T (32) TP (€ = T1)™ CaClie + pi n] T2 (1) %

x T (72) (€ = T2 TP C3Cue + || €T T (1)eCh + i [ibi| e

X T{P T2 (1) CiCs + || €T + g [1bi] €T T (71) Cs.

As a result of the simplifications, we obtain the following;:

l3Ak| < x| T (2) (€ — T0) eCy + 11 |4 (F (71) T (72) x
X (€= T)* T CiCue + 2T (1) T (12) (§ — T1)™ Tf102045> +
+ e o <F2 (1) T (2) (€ = T1)* TP C1C3Cue + T2 (1) (€ — T1)™ x

X F(Vz)Tf’Ble?CgQsz) + | (Tflf(%)CzeﬂLTle(71)016+T16>+
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+ 1, |1l (TE/BIFQ (1) C2e + TP T2 (71) C1Cse + T'T (1) 035) . (7.13)

We will introduce the following notations:

Sy =T ()T (12) (€ = 1) TP Cae <0103 + 022>7
So = TPP'T? (1) Cle + TPPT? (1) C1Cae + TY'T (1) Ce.
Based on these notations, we will rewrite (7.13) as

S3(C1 + 2C5)
20,
+ 21l o (714)

S
3Ak| < |<Pk’72+/vbi|<ﬂk’ + i |or] Ss 4 [vn] (Sy+ SiTh)+

We substitute (7.14) into (7.12) and obtain the following estimate

PIAGIED A (% +T () (= T0) ac4> + 3712 loul %

k=1

S,C
+(t=T)"T (1) 22 ST (72) (t — )™ 0455> +

S5(Ch + 202)_|_

+Z/¢’@k| (58+F(’Y2) (t—T1)"Cy 20s

k=1

+T () (t = T1)™ Cy (Sg + SG>> + Z,ug |lon| x
k=1
X (F (72) (t — T1>52 SsCy+ T (72) (t — Tl)ﬁ2 S7C4> +
+ i |k | <(54 +S1T1) + T (1) (t — T1)™ €C4> 4
k=1

+ ZM% |tx <S9 +T () (t— T1)™ Cu(Ss + S1T1)+

k=1

+T () (t — T1)™ Cy <6T1 + S4>> + Z p [0k T (72) (t = T1)™ CySo.
=1

From the estimates in Lemma 5.1 ;| we obtain the following estimate for u(¢,7) in

Qgi

PEAGIESS L B05 (72 +2T (12) (t — T1)™ eCa(Sa + 51T1)> +
k=1 k=1 "k
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= C S3(Cy + 2C
+Z %—2,5( i ;Cg 2) + S+ T (72) (t—T1)ﬁZC4><
k=1 "k

S. =~ C
(254 + SlTl + ?2 + €T1 + S5)> + Z “9s—45 (Sg +T (’)/2) (t — T1)52 X
k=1 Mk

Ss(C 2C.
woy [ OH20) oo e ) )
20,
S _O B2 B2
+> ar (D02 (0= 1) SCu+T () (6= 1) S:C ).
k=1 Mk

AT: Estimate of u(t,r) in 3. Let us estimate 3U(t):

3Uk(t)] < [aAk| + |5Ak] (8 = T2) + i3 |1 Ar| (t = To)* T (73) x

Y3, 73, 17 170 —,U,2 (t — T2>/33 9
x | B y « + Al x
2( B3+ 1, B3, a3;793,735 1, 1 ‘ O (t—Ty)™ Hic [5 Ak
1:1,0 — 2 (t _T )53
< (t —T. B3+1P E V3,73, 15 1, 1, %‘
+F t—T B3 E V73,73, 15 1, 05 2a .
(’73>< 2> ‘fk‘ 2 ( 53 + 17637053;73773; 171 5(t — TQ) 3

Based on estimates (4.18) through (7.2), we can write the following
sUk(D)] < |aAg| + [sAx| (t = To) + g |1 Ax] (¢ = T5) T (75) Cs+
+ 417 s Ak] (8 = T5) T T (33) Cs + T(qs) (t = To)™ | f| Cs. (7.15)

We also calculate the estimates of the coefficients 4A; and 5A4;. First, using
estimates (4.18)-(4.21), we determine the estimate of coefficient 4A;, as follows:

[1Ax] < lowl (T (12) (€ = T1)* eCy + T (32) (To — T1)* eC ) +
+ 1 lenl (T (1) T (12) T (€ = T1) €C1Cy + 42T (1) T (1) %
X (&€ = TP TP eCyCy + 2T (1) T () (T — T TP eCLCy+
FT ()T (1) (To = T)* TeC1Ca) + i ol (T2 (n)

X T () TP (€ = T1)™ eC5Cs +T% (M) T (1) T1 %

X (€ =T eCLC3C, + T2 () T () T2 (T, — T eC2C+
L2 (1) (32) T2 (T = T3)™ 2C1CaCy ) + fnd (TPT (1)

x eCy + TfT (m)eCr 4+ Tie+T () (Ty — Tl)ﬂ2 X

x £Cy) + i [l (TPT (1) £C3 + TEAT2 (1) £C1 Gyt
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+ 2T (1) T () (T — T0) TP eCoCy + T2 T2 (41) eC2+
FT ()T (1) (T> = T)* TeCCh) + i o]
X <F2 (1) T (72) T (Ty = T1) 2 eC3Cy + T2 () T (32) T x
x (Ty — T1)™ 5010304>. (7.16)
Let us introduce the following notations:
Sio =T () (Th — 1) eCy,
Su =T ()T (1) 1" (200 +C) ((€ = T + (T = T)*)
Siy = TP T2 (11) T () (To — T1)™ € (C2C4 + C1C5CY)
Sis = TP (y1) eCs + TP T2 (41) eC1Cs + 2T (1) T () TV (Th, — Th)™ x
x eCoCy+ T (1) T (2) TP (T — 1) €C1Cy + TT? () eC2.

We rewrite (7.16) according to the corresponding notations

S
1 Ak| < |l ( 2 +510) + 1, |pn] Su 4 p ler] (St + Si2) +

+ [he| (Sy + T1S1 + Sio) + p [1he| Sis + i, [¥r] Sia- (7.17)

By substituting the estimates (7.9) and (7.17) into (3.19), we determine the esti-
mate of 5A4; as follows

S,
|5 Ak| < |exle + 13 okl ( + S5 + 510) + 1ty k] (S3+ S+ Si1) +

+ 11y, [0k (257 + S12) + [Ur] € + pf [9x] (254 + T1S1 + Sho +€Th) +
+ 1y, [Vk] S1s + 1 [Ur] Sra. (7.18)

Substituting the estimates (7.9),(7.17) and (7.18) into (7.15), we obtain the fol-
lowing estimate for the solution 3Uy(t)

Z|3Uk |<Z|¢k!< +510+(t—T2)5+F(73)(t—T2)53O>+

S.
+Z:ui ‘SOIC‘ (Sll + (t_T2)< 22 +S5+S10)

k=1

S

+ 0 () (t = 10) (5

+ 810)05 + (t — Tg) eCes + S5C5>)

+ > il (57 + 8o+ (t — To)(S5 + S6 + S11) + T (3) (t — T)™ <51105+

k=1

S o
(t—Tg)C(;( +S10+55)+C5(53+56 >> +ZM2|<Pk|X
k=1
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((f — T3)(2S7 + Siz) + T (73) (t — To)™ <C5(57 + S12)+
+ (t — T3)Cs(S3 + Sg + S11) + 5705>) + Zﬂk [P

X T (73) (t = To) ™™ Cg(2S7 + S1a) + Z || <S4 + 1181+

k=1

+ S10+ (t = To)e + (t — To)* T (1) C5€> + Z i |9k]

k=1

X (Slg —+ (t — Tg)(254 + SlTl + SlO + ETl) + F (’)/3) (t — 7—12)53 X
X ((54 + SlTl + 510)05 + (t — TQ)EC(; + C5<€T1 + S4)>> +

) [ (512 + S13(t = To) + T (7) (t — To)™ x

k=1

X <S1305 + (t — T2)806(2S4 -+ SlTl -+ SlO + €T1)>> +
T Z iy x| ((t —T15)S12 + T (3) (t — T2>63 <C5512+

+ (t = T3) 51306>) + Zﬂk |Yx| (t — 1) oty I (73) S12Cs.

From the estimates in Lemma 5.1, we obtain the following estimate for 3Uy(t)

Z|3Uk |<Z 2505( +2S10+2(t —Ty) e+

> C
+ 2T (73) (£ — T2)™ eCs + Sy + T1S1) + Y 55 X

k=1

S
x (SH +T () (t —T)™ ((72 + S10)Cs + S5Cs+
+ (S4 -+ SlTl -+ 510)05 + C5(€T1 -+ 54)) —+ 513 -+ (t — TQ)X

(2S4+2606+51T1+2510+5T1+—+S5 > +Z 25 15 <



10.

11.

12.
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X | S7 42512 + (t —To)(S5 + S + S11 + S13) + ' (3) (t — T2)B3 X
So
x (51105 + (= To)Co( 52 + Sto + S5) + Cs(Ss + o)+
= C
—|—51305 + (t —T2)506(254+51T1 —|—510 —|—€T1)> +Z2s——65x
1 Pk

X (20t = T)(S + S12) +T (98) (£ = )™ (C5(S7 + S) +

+ (t = 12)Cs(S3 + Se + S11) + S7C5 + C5512+

2s
My

= C
(= T)51Cs) | + 30 52T () (£ = T Ci(Sr + Sia).
k=1
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