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A DOUBLY CRITICAL ELLIPTIC PROBLEM WITH
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Abstract. Let N ≥ 4 and Ω be a bounded domain in RN containing a smooth
closed submanifold Σ of dimension k with 2 ≤ k ≤ N − 2. We study the exis-
tence of positive solutions to a doubly critical Hardy–Sobolev elliptic equation
whose singular weights are powers of the distance to Σ, with two distinct crit-
ical exponents 2s∗1 and 2s∗2 corresponding to the parameters s1 and s2 with
0 ≤ s2 < s1 < 2. Using the mountain pass lemma and asymptotic expansions
of the energy functional in Fermi coordinates, we prove that a positive solu-
tion exists whenever a geometric quantity involving the mean curvature H, the
scalar curvature Rg of Σ, and the potential h satisfies a negativity condition
at some point of Σ.
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1. Introduction

Elliptic equations involving Hardy–Sobolev critical nonlinearities arise at the
intersection of geometric analysis, nonlinear functional analysis, and the study of
singular phenomena in partial differential equations. They reveal how geomet-
ric singularities—points, curves, or higher-dimensional submanifolds—influence
compactness, concentration, and the formation of extremals.

A central theme is the interplay between singular weights (powers of the dis-
tance to a set), critical exponents, and the geometry of the singular submanifold.
In the unweighted case, the critical equation −∆u = u2∗−1 is invariant under scal-
ing and exhibits a profound lack of compactness. The seminal work of Brezis and
Nirenberg [3] showed that a lower-order perturbation may restore compactness
and produce nontrivial solutions. Their approach has inspired an extensive litera-
ture on compactness recovery through potentials, boundary geometry, curvature,
or weighted nonlinearities.

In the presence of singularities the landscape becomes significantly richer. For
point singularities, the works of Ghoussoub and Robert [9, 10] established the
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decisive role of geometric invariants such as the boundary mean curvature and
the Hardy singular mass. More recent contributions extended the analysis to
singularities on curves or sets of higher codimension, showing that tangential
and normal geometric contributions enter the energy expansion in subtle and
indispensable ways.

When the singular set is a smooth compact submanifold of intermediate di-
mension, new geometric phenomena arise and the analysis requires a refined
understanding of how curvature, the second fundamental form, and variations
in the induced metric influence weighted Sobolev inequalities. The interaction
between the geometry of the submanifold and the concentration of solutions is
significantly more involved than in the point or curve cases.

In this work we investigate a doubly critical elliptic problem of Hardy–Sobolev
type, where the singularity is supported on a smooth compact submanifold

Σ ⊂ Ω ⊂ RN , N ≥ 4,

of dimension 2 ≤ k ≤ N − 2. Let ρΣ(x) = dist(x,Σ) and 0 ≤ s2 < s1 < 2. We
study positive solutions to

−∆u+ h(x)u = λ ρ−s1Σ u2∗s1−1 + ρ−s2Σ u2∗s2−1 in Ω, u ∈ H1
0 (Ω), (1.1)

where 2∗s = 2(N−s)
N−2

is the Hardy–Sobolev critical exponent, the potential h ∈ C(Ω)
is such that −∆ + h is coercive, and λ > 0.

Our main result is the following.

Theorem 1.1. Let N ≥ 4, 0 ≤ s2 < s1 < 2, Ω be a bounded domain of RN , and
Σ ⊂ Ω be a smooth submanifold of dimension 2 ≤ k ≤ N − 2. Let h ∈ C(Ω) be
such that −∆ + h is coercive. Then there exist constants AN,λ,s1,s2 and BN,λ,s1,s2,
depending only on N , λ, s1, s2, such that if there exists y0 ∈ Σ with

AN,λ,s1,s2 H
2(y0) +BN,λ,s1,s2 Rg(y0) + h(y0) < 0,

then problem (1.1) admits a nonnegative solution u ∈ H1
0 (Ω) \ {0}. Here H and

Rg denote, respectively, the norm of the mean curvature and the scalar curvature
of Σ.

The distinctive feature of (1.1) is the presence of two distinct Hardy–Sobolev
critical nonlinearities. This double criticality creates a delicate competition be-
tween two scaling regimes and significantly complicates the variational analysis.
In addition, the singularity lies along a submanifold, which introduces expan-
sions of the metric in Fermi-type coordinates, curvature tensors, and other local
invariants.

Our study connects to and extends several lines of research. For point singular-
ities, the results of Ghoussoub–Robert and others establish the role of curvature
and the Hardy singular mass in determining extremals for Hardy–Sobolev in-
equalities. For curve singularities (k = 1), the works of Fall–Thiam [8], Ijaodoro–
Thiam [13], and Ciss–Diatta–Thiam [6] show that curvature of the curve strongly
influences concentration behavior. When k ≥ 2, new anisotropic effects arise due
to the geometry of the submanifold, and expansions require the full second funda-
mental form and scalar curvature contributions. Problems involving two critical
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nonlinearities are already highly nontrivial even without singularities; when com-
bined with Hardy weights, the difficulty increases dramatically. Related problems
and techniques also appear in recent work published in the Gulf Journal of Math-
ematics [1, 14].

The proof combines variational methods, blow-up and concentration analysis,
and precise geometric expansions in tubular neighborhoods of Σ. We study the
variational functional associated with (1.1) and compare its critical levels with
the best constants of the corresponding limiting problem on RN . We construct
a family of highly concentrated test functions built from the ground state of
the limiting problem, rescaled in Fermi coordinates around a point y0 ∈ Σ. We
perform detailed asymptotic expansions of the Dirichlet energy and weighted
critical integrals, revealing explicit contributions from the mean curvature, second
fundamental form, scalar curvature, and the value h(y0). Finally, we identify a
geometric quantity whose sign determines whether the concentration mechanism
lowers the variational level below the critical threshold, allowing the Mountain
Pass Theorem to yield a nontrivial solution.

The main achievements of this paper are as follows. We provide precise metric
expansions in Fermi-type coordinates around Σ, keeping all geometric contribu-
tions up to order O(ε2). We construct new anisotropic test functions adapted
to the geometry of the problem, incorporating both tangential and normal direc-
tions. We identify explicit geometric conditions guaranteeing that the variational
level lies below the critical threshold, thereby proving existence of a positive so-
lution. We obtain, for the first time, an existence result for a doubly critical
Hardy–Sobolev equation with a singularity distributed along a submanifold of
dimension k ≥ 2.

The paper is organised as follows. Section 2 introduces the geometric frame-
work: we set up Fermi-type coordinates around Σ and derive the expansion of the
induced metric in tubular neighborhoods of Σ up to order O(ε2). Section 3 is de-
voted to the proof of the main result. In Section 3.1 we establish the variational
framework and carry out the Palais–Smale analysis. Section 3.2 is dedicated
to the construction of the test functions and the asymptotic expansion of the
associated energy. Finally, Section 3.3 completes the proof of Theorem 1.1 by
combining the geometric condition with the variational argument.

2. Fermi Coordinates and Local Metric Expansion Near Σ

Let Ω ⊂ RN , N ≥ 4, be a bounded domain, and let Σ be a smooth closed
submanifold of Ω of dimension k with 2 ≤ k ≤ N − 2. Fix a point y0 ∈ Σ and
choose an orthonormal basis (Ea)1≤a≤k of Ty0Σ. For r > 0 sufficiently small, there
exists a local parametrisation of Σ near y0:

f : BRk(0, r) −→ Σ, t 7−→ f(t) = expΣ
y0

(
k∑
a=1

taEa

)
,

where expΣ
y0

denotes the exponential map of Σ at y0.
Consider a smooth orthonormal frame field (Ei(f(t)))k+1≤i≤N on the normal

bundle of Σ, such that (Eα(f(t)))1≤α≤N forms an oriented orthonormal basis of
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RN for every t, with Ei(f(0)) = Ei. Set Qr := BRk(0, r)×BRN−k(0, r). For r > 0
sufficiently small, we parametrise a neighbourhood of y0 = F (0, 0) by

F : Qr −→ Ω, (t, z) 7−→ F (t, z) = f(t) +
N∑

i=k+1

ziEi(f(t)).

Let ρΣ : Ω→ R denote the distance to Σ. In these local coordinates,

ρΣ(F (t, z)) = |z|, for all (t, z) ∈ Qr. (2.1)

For a, b = 1, . . . , k and i, j = k + 1, . . . , N , we introduce smooth functions
Γiab(f(t)) and β ija(f(t)) defined through

dEi

(
∂f

∂ta

)
= −

k∑
b=1

Γiab
∂f

∂tb
+

N∑
j=k+1
j 6=i

β ijaEj, (2.2)

where Γiab encodes the components of the second fundamental form of Σ in RN ,
and β ija represents the torsion coefficients. The antisymmetry relation β ija(f(t)) =

−β jia(f(t)) holds.
The norms of the second fundamental form and of the mean curvature of Σ are

defined by

Γ :=

(
k∑

a,b=1

N∑
i=k+1

(Γiab)
2

)1/2

, H :=

 N∑
i=k+1

(
k∑
a=1

Γiaa

)2
1/2

.

We now derive the expansion of the metric induced by the parametrisation Fy0 .
For (t, z) ∈ Qr, set

gab(x) = ∂taFy0(x)·∂tbFy0(x), gai(x) = ∂taFy0(x)·∂ziFy0(x), gij(x) = ∂ziFy0(x)·∂zjFy0(x).

Lemma 2.1. For all x = (t, z) ∈ Qr,

gab(x) = δab − 2
N∑

i=k+1

zi Γ
i
ab +

N∑
i,j=k+1

k∑
c=1

zizj ΓiacΓ
j
bc +

N∑
i,j=k+1

N∑
l=k+1
l 6=i, l 6=j

zizj β
i
laβ

j
lb

− 1

3

k∑
c,d=1

Racbd(x0) tctd +O(|x|3),

gia(x) =
N∑

j=k+1
j 6=i

zj β
j
ia, gij(x) = δij.

The functions Γiab and βjia are evaluated at f(t).



A DOUBLY CRITICAL ELLIPTIC PROBLEM WITH SUBMANIFOLD SINGULARITIES 5

Lemma 2.2. For every x = (t, z) ∈ Qr, the determinant of the metric satisfies

√
|g|(x) = 1−

N∑
i=k+1

ziH
i − 1

2

N∑
i,j=k+1

k∑
c=1

zizj ΓiabΓ
j
ab +

N∑
i,j=k+1

zizj H
iHj

− 1

6

k∑
c,d=1

Riccd tctd +O(|x|3).

Moreover, the components of the inverse metric satisfy

gab(x) = δab + 2
N∑

i=k+1

zi Γ
i
ab + 3

k∑
c=1

N∑
i,j=k+1

zizj ΓiacΓ
j
bc −

1

3

k∑
c,d=1

Racbd(x0) tctd +O(|x|3),

gia(x) = −
N∑

j=k+1

zj β
j
ia − 2

k∑
c=1

N∑
i,j=k+1

zizj Γiacβ
j
ac +O(|x|3),

gij(x) = δij +
k∑
c=1

N∑
l,m=k+1

zlzm β
l
icβ

m
jc +O(|x|3).

The functions Γiab and βjac are evaluated at f(t).

See Thiam [16] for the proofs of Lemmas 2.1 and 2.2.

3. Proof of the Main Result

3.1. Variational Framework and Palais–Smale Analysis. Let N ≥ 4, 0 ≤
s2 < s1 < 2, λ > 0, Ω be a bounded domain in RN , and Σ ⊂ Ω be a smooth
closed submanifold. Let h ∈ C(Ω) be such that −∆ + h is coercive. We consider
the following problem: find u ∈ H1

0 (Ω) positive solution of

−∆u+ hu = λ ρ−s1Σ u2∗s1−1 + ρ−s2Σ u2∗s2−1 in Ω. (3.1)

The energy functional J : H1
0 (Ω)→ R associated with (3.1) is

J(u) =
1

2

∫
Ω

(
|∇u|2 + hu2

)
dx− λ

2∗s1

∫
Ω

ρ−s1Σ |u|
2∗s1dx− 1

2∗s2

∫
Ω

ρ−s2Σ |u|
2∗s2dx, (3.2)

with variational level

c∗ := inf
u∈H1

0 (Ω)
max
τ≥0

J(τu).

We say that J satisfies the Palais–Smale condition at level c ∈ R, denoted
(PS)c, if any sequence (un)n ⊂ H1

0 (Ω) with J(un) → c and J ′(un) → 0 in
H−1(Ω) is relatively compact in H1(Ω). Let (un)n ⊂ H1

0 (Ω) be a (PS)c sequence.
Using the expression of J and its derivative we obtain

〈J ′(un), un〉 =

∫
Ω

(|∇un|2 + hu2
n) dx− λ

∫
Ω

|un|2
∗
s1

ρs1Σ

dx−
∫

Ω

|un|2
∗
s2

ρs2Σ

dx = o(1).
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Combining this with the energy relation and using 2∗s2 > 2∗s1 (so that 1
2∗s1
− 1

2∗s2
> 0),

a straightforward computation gives

c ≥
(

1

2
− 1

2∗s1

)∫
Ω

(|∇un|2 + hu2
n) dx+ o(1),

which implies that (un)n is bounded in H1
0 (Ω). This boundedness allows us to ex-

tract weakly convergent subsequences, which will be used to recover compactness
under suitable energy constraints.

Due to the lack of compactness of the embedding H1
0 (Ω) ↪→ L2∗s(Ω, ρ−sΣ dx), J

fails to satisfy the Palais–Smale condition globally. However, J satisfies (PS)c
for any c with 0 < c < β∗, where

β∗ := max
τ≥0

Π(τw) = Π(w)

is the variational level of the functional

Π(v) =
1

2

∫
RN
|∇v|2 dx− λ

2∗s1

∫
RN
|z|−s1|v|2∗s1 dx− 1

2∗s2

∫
RN
|z|−s2|v|2∗s2 dx.

Here Π is the energy functional associated with the limiting Euler–Lagrange equa-
tion

−∆w = λ
w2∗s1−1

|z|s1
+
w2∗s2−1

|z|s2
in RN , (3.3)

where x = (t, z) ∈ Rk × RN−k and 2∗si := 2(N−si)
N−2

, i = 1, 2.

Proposition 3.1. Problem (3.3) admits a positive solution w ∈ D1,2(RN). More-
over, w satisfies:

(i) w(x) = θ(|t|, |z|) for some function θ : R+ × R+ → R;
(ii) there exist two positive constants c1 and c2 such that

c1

1 + |x|N−2
≤ w(x) ≤ c2

1 + |x|N−2
, |∇w(x)| ≤ c2

1 + |x|N−1
, ∀x ∈ RN .

For a complete proof, we refer to [7].

3.2. Construction of Test Functions and Energy Expansion. We construct
test functions to compare c∗ and β∗. Let η ∈ C∞c (Fy0(Q2r)) with 0 ≤ η ≤ 1 and
η ≡ 1 on Fy0(Br). For ε > 0, define uε : Ω→ R by

uε(y) = ε
2−N

2 η
(
F−1
y0

(y)
)
w
(
ε−1F−1

y0
(y)
)
. (3.4)

For x = (t, z) ∈ Rk × RN−k we have

uε(Fy0(x)) = ε
2−N

2 η(x) θ

(
|t|
ε
,
|z|
ε

)
,

so that uε ∈ H1
0 (Ω). Writing F = Fy0 for brevity, we rewrite uε(y) = ε

2−N
2 η(F−1(y))Wε(y)

where Wε(y) = w(F−1(y)/ε).
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The aim of this section is to expand

J(τuε) =
τ 2

2

∫
Ω

(
|∇uε|2 + hu2

)
dx− λτ

2∗s1

2∗s1

∫
Ω

ρ−s1Σ |uε|
2∗s1dx− τ 2∗s2

2∗s2

∫
Ω

ρ−s2Σ |uε|
2∗s2dx

(3.5)
as ε→ 0.

Lemma 3.2. Let N ≥ 4. Then as ε→ 0,∫
Ω

|∇uε|2 dy =

∫
RN
|∇w|2 dx+ ε2H

2 − 3Rg(x0)

k(N − k)

∫
Qr/ε

|z|2|∇tw|2 dx

+ ε2Rg(x0)

3k2

∫
Qr/ε

|t|2|∇tw|2 dx+ ε2Rg(x0) +H2

2(N − k)

∫
Qr/ε

|z|2|∇w|2 dx

− ε2Rg(x0)

6k

∫
Qr/ε

|t|2|∇w|2 dx+O(εN−2).

Proof. By integration by parts, using the fact that |∇η| and ∆η are supported in
F (Q2r) \ F (Qr), and the change of variable y = F (x)/ε, we have∫

Ω

|∇uε|2 dy =

∫
Qr/ε

|∇w|2gε
√
|gε|(x) dx+O

(
ε2

∫
Q2r/ε\Qr/ε

w2 dx+

∫
Q2r/ε\Qr/ε

|∇w|2 dx

)
.

Expanding |∇w|2gε and
√
|gε| using Lemma 2.2, and using the antisymmetry of

the torsion coefficients to cancel the cross-terms (as in (3.6)–(3.9) below), we
obtain
N∑

ij=k+1

∫
Qr/ε

[gijε − δij] ∂ziw ∂zjw
√
|gε| dx = O

(∫
Qr/ε

ε3|x|3|∇zw|2 dx

)
, (3.6)

N∑
i=k+1

k∑
a=1

∫
Qr/ε

giaε (∂taw ∂ziw)
√
|gε| dx = O

(∫
Qr/ε

ε3|x|3|∇w|2 dx

)
, (3.7)

k∑
ab=1

∫
Qr/ε

[gabε − δab] ∂taw ∂tbw
√
|gε| dx = ε2 3Γ2 − 2H2

k(N − k)

∫
Qr/ε

|z|2|∇tw|2 dx

+ ε2Rg(x0)

3k2

∫
Qr/ε

|t|2|∇tw|2 dx+O

(∫
Qr/ε

ε3|x|3|∇tw|2 dx

)
,

(3.8)∫
Qr/ε

|∇w|2(
√
|gε| − 1) dx = ε2H

2 − 1
2
Γ2

N − k

∫
Qr/ε

|z|2|∇w|2 dx

− ε2Rg(x0)

6k

∫
Qr/ε

|t|2|∇w|2 dx+O

(∫
Qr/ε

ε3|x|3|∇w|2 dx

)
.

(3.9)

Combining (3.6)–(3.9) and using Proposition 3.1 with the change of variable to
estimate the remainder terms gives χ(ε) = O(εN−2). The result follows. �
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Lemma 3.3. For N ≥ 4, as ε→ 0,∫
Ω

hu2
ε dy = ε2h(x0)

∫
Qr/ε

w2 dx+O

(
ε2δ

∫
Qr/ε

w2 dx

)
+O(εN−2).

Proof. By the change of variables y = ε−1F (x) and the continuity of h,∫
Ω

hu2
ε dy = ε2h(y0)

∫
Qr/ε

w2 dx+O

(
ε2

∫
Qr/ε

|h(F (εx))− h(y0)|w2

)
+O

(
ε2

∫
Q2r/ε\Qr/ε

w2 dx

)
.

By Proposition 3.1, the last term is O(εN). By continuity of h, for any δ > 0
there exists rδ > 0 such that |h(y) − h(y0)| < δ on F (Qrδ), which bounds the
middle term. The result follows. �

Lemma 3.4. Let N ≥ 4 and s ∈ [0, 2). Then, as ε→ 0,∫
Ω

ρ−sΣ |uε|
2∗s dy =

∫
RN
|z|−s|w|2∗s dx+ ε2Rg(x0) +H2

4(N − k)

∫
Qr/ε

|z|2−s|w|2∗s dx

− ε2Rg(x0)

6k

∫
Qr/ε

|z|−s|t|2|w|2∗s dx+O(εN−s).

Proof. By the change of variable formula, (2.1) and the definition of uε, together
with Lemma 2.2 and the Gauss equation Rg(x0) = H2 − Γ2 (see [12], Chap-
ter 4), the expansion follows by a direct computation. Details are analogous to
Lemma 3.2. It easily follows that ρ(ε) = O(εN−s) by Proposition 3.1 and polar
coordinates. �

3.3. Proof of Theorem 1.1. Let τ ≥ 0 and u ∈ H1
0 (Ω). By Lemmas 3.2, 3.3

and 3.4, for N ≥ 4,

J(τuε) = Π(τw) + ε2

(
H2(x0)L1,ε(τ, w) +Rg(x0)L2,ε(τ, w) + h(x0)

τ 2

2

∫
Qr/ε

w2 dx

)
+O(εN−2).

By Proposition 3.1, for N ≥ 5 all integrals over Qr/ε in the L functionals stabilise
to finite integrals over RN , and O(εN−2) absorbs the tails. Setting

AN,λ,s1,s2 :=



L1,N(1, w)∫
RN
w2 dx

N ≥ 5,

lim
ε→0

L1,4,ε(1, w)∫
Qr/ε

w2 dx

N = 4,
(3.10)

BN,λ,s1,s2 :=



L2,N(1, w)∫
RN
w2 dx

N ≥ 5,

lim
ε→0

L2,4,ε(1, w)∫
Qr/ε

w2 dx

N = 4.
(3.11)
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Remark 3.5. The limits in (3.10) and (3.11) for N = 4 are well-defined and
finite. Indeed, by the decay estimates of Proposition 3.1(ii), the function w
satisfies w(x) ≤ c2(1 + |x|N−2)−1 and |∇w(x)| ≤ c2(1 + |x|N−1)−1. A standard
polar coordinate computation then shows that every weighted integral appearing
in L1,4,ε(1, w) and L2,4,ε(1, w) converges absolutely, and that the tails outside
Qr/ε decay at rate O(εN−2) = O(ε2). Consequently the ratios stabilise as ε→ 0,
yielding finite constants AN,λ,s1,s2 and BN,λ,s1,s2 that depend only on N , λ, s1,
and s2.

(where the limits are finite by Remark 3.5), we have since 2∗s2 > 2∗s1 that J(τuε)
has a unique maximum in τ , attained at τε := 1 + oε(1), and

c∗ = max
τ≥0

J(τuε) := J(τεuε) ≤ Π(τεw) + ε2G(τεw) < Π(τεw) ≤ Π(w) = β∗,

provided

AN,λ,s1,s2 H
2(y0) +BN,λ,s1,s2 Rg(y0) + h(y0) < 0.

Since c∗ < β∗, the Mountain Pass Theorem (applied via the (PS)c∗ condition)
yields a nonnegative u ∈ H1

0 (Ω) \ {0} solving (1.1). This completes the proof of
Theorem 1.1. �
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Email address: a.diatta20160578@zig.univ.sn
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