Gulf Journal of Mathematics ISSN: 2309-4966
Vol 23, Issue 2 (2026) 1-20 https://doi.org/10.56947 /efth8bs52

LOCATION AND PERTURBATION ANALYSIS OF
QUATERNIONIC MATRIX POLYNOMIALS

MOHAMMAD ARSHAD AYYUB KHAN! and ISTKHAR ALI?*

ABSTRACT. Localization theorems for the right eigenvalues of quaternionic
matrix polynomials are given. A Bauer—Fike—type theorem for the right eigen-
values of diagonalizable quaternionic matrices is derived using the real adjoint
matrix representation. A perturbation analysis for the right eigenvalues of
quaternionic matrix polynomials is presented. The condition number of a sim-
ple right eigenvalue of a scalar polynomial is obtained. Numerical examples
are provided to illustrate the results.
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1. INTRODUCTION AND PRELIMINARIES

Quaternion matrices and quaternion matrix polynomials have been of consider-
able interest to researchers in the last few years. Noncommutativity of quaternion
multiplication makes analysis over the quaternions quite intriguing. A good refer-
ence for quaternion matrices is the survey article by Zhang [21] and the references
cited therein; see also [9] for geometric background on quaternions. On the other
hand, literature on quaternion matrix polynomials is quite limited. Recently in
[2] and [1], the authors discuss interesting techniques to derive eigenvalue bounds
of quaternion matrix polynomials.

Location and perturbation analysis of matrix eigenvalues over complex numbers
is a classical and well studied problem, but the corresponding theory for quater-
nion matrices and quaternion matrix polynomials is far less developed. One of the
fundamental tools in the complex setting is the Gershgorin circle theorem [12],
which locates eigenvalues of a matrix in computable discs without solving the
full eigenvalue problem. Perturbation bounds for eigenvalues of complex matrix
polynomials, including condition numbers and backward error estimates, are well
understood [20, 19, 10, 11, 6]. However, carrying these tools into the quaternionic
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setting is not straightforward. Since H is a noncommutative division ring, the ex-
pression A;\* depends on which side A multiplies from, and the standard Leibniz
determinant formula breaks down. This forces one to carefully distinguish right
eigenvalues, defined by P(A\)v = 0 for a nonzero v € H", from left eigenvalues,
and to replace the usual determinant by the Study determinant [21, 13].

A quaternionic matrix polynomial of size n and degree k is a mapping P : H —
M,,(H) defined by

k
PN =Y AN, A eH™" (1.1)
=0

A scalar \¢ € H is called a right eigenvalue of P(A) if P(Ag)v = 0 for some nonzero
vector v € H". Note that if \j is a right eigenvalue of P()), then every quaternion
similar to Ag is also a right eigenvalue [21]. Therefore there can be infinitely many
right eigenvalues, and what is finite for a regular quaternionic matrix polynomial
is the number of right eigenvalue similarity classes. The study of right eigenvalues
has received more attention in the literature than left eigenvalues, and throughout
this manuscript we restrict ourselves to right eigenvalues of quaternionic matrix
polynomials.

In [1], the authors develop perturbation analysis for matrices over a quaternion
division algebra and derive a Bauer—Fike-type theorem for the right eigenvalues
of diagonalizable quaternionic matrices, as well as condition numbers for simple
right eigenvalues of linear quaternion matrix polynomials, using the complex ad-
joint matrix representation W : M, (H) — M,,(C). The key tool in their proof
is the norm identity max,.o ||Az||2/||z||2 = maxy.o |V ayll2/||ly]]2 (Lemma 2.6 of
[1]), together with a conjugate distance lemma to handle the nonstandard eigen-
values produced by W. In [2, 3, 14, 13], bounds for right eigenvalues of quaternion
matrix polynomials are obtained via direct norm estimates. The monograph [1¥]
provides a comprehensive treatment of quaternion linear algebra including canon-
ical forms and spectral theory. Related recent work on quaternion linear systems
and matrix equations includes [17, 7]. For the complex polynomial eigenvalue
problem, localization via Gershgorin-type regions and condition number theory
for simple eigenvalues are classical [20, 6, 16, 15].

However, two gaps remain. First, the Bauer—Fike theorem of [1] relies on
the complex adjoint W; an analogous result via the real adjoint ® : H"*" —
R*>4n has not been established, even though @ is the natural representation
for the polynomial eigenvalue framework developed here. Working through &
avoids the conjugate distance lemma entirely: the isometry || ®(A)|s = ||A]2
(Proposition 2.3(d)) ensures that ko(P(S)) = ka(S) exactly, with no correction
factor. Second, a Gershgorin-type localization theorem for general quaternionic
matrix polynomials and an explicit condition number formula for simple right
eigenvalues of quaternionic matrix polynomials of degree k > 2, derived through
®, remain unexplored. The purpose of this manuscript is to fill both gaps.

This manuscript is organized as follows. Section 2 contains notations, pre-
liminaries and necessary results from [21] and [2]. The Gershgorin localization
theorem and the exact eigenvalue count for quaternionic matrix polynomials are
proved in Section 3. Section 4 begins with a Bauer—Fike-type theorem for right
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eigenvalues of diagonalizable quaternionic matrices via the real adjoint (Sec-
tion 4.1), followed by the condition number and perturbation theory for sim-
ple right eigenvalues of both matrix and scalar quaternionic matrix polynomials
(Section 4.2). Section 5 contains numerical examples that verify the localization
regions and perturbation estimates.

2. NOTATIONS AND PRELIMINARIES

Throughout this manuscript, we use the following notation and terminology. The
fields of real and complex numbers are denoted by R and C respectively. The set

H:={q=q0 + @i+ ¢j + a3k | g0, q1, 42, 93 € R}

with i? = j? = k? = ijk = —1 denotes the set of real quaternions. The conjugate
and modulus of an element ¢ € H are defined as

q=q—qi—qj—eak = \/Q§+Q%+Q§+q§-
The cyclic relations among the imaginary units are ij = —ji = k, jk = —kj =i,
ki = —ik = j. Two quaternions p and ¢ are similar (written p ~ ¢) if there exists

a nonzero r € H such that r~1gr = p. If p ~ ¢ then |p| = |¢|. This similarity is
an equivalence relation on H and the equivalence class of X is [\] = {u=*\u:u €
H\ {0}}. For non real A, the class [\] is a 2 sphere inside H.

Let M, (H) denote the set of all n x n matrices with entries in H. Given
A = (a;;) € M,(H), the conjugate transpose is A* = (a;;). The spectral norm
of A € H™™ is [[Allz = sup, [|Az(l2/]|z]]2, € H". A quaternion Ay € H is
a right eigenvalue of A € M, (H) if Av = v\ for some nonzero v € H". Any
A € M, (H) has exactly n standard right eigenvalues, which are complex numbers
with non-negative imaginary parts (Theorem 5.4, [21]).

A right quaternionic matrix polynomial of size n and degree k is defined as
in (1.1). We call P()\) regular if det(®(P(N))) # 0 as a polynomial in A\. A
right eigenvalue \q is simple if the corresponding eigenvalue of the companion lin-
earization has algebraic multiplicity one. Throughout this manuscript the leading
coeflicient A is assumed invertible.

Definition 2.1. Let x € H". Then x can be uniquely expressed as x = x1 + T21+
x3j + x4k, where x; € R™ (1 =1,2,3,4). Define the function ¢ : H" — R by

x
T2
Zs
Ty

¢z:

The vector ¢, is called the real adjoint vector of x. The function ¢ is an injective
R linear transformation from H" to R,

Definition 2.2. Let A € M,(H). Then A can be uniquely expressed as A =
A+ Agi+ Asj+ Ask, Ay € M,,(R)(I =1,2,3,4). Define a function ® : M, (H) —
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Ay —Ay Ay —Ay
Ay Ay Ay As
As Ay A —A
A4 —Ag AQ Al

The matriz ®(A) is called the real adjoint matriz of the quaternionic matriz A.

B(A) =

For the quaternionic matrix polynomial (1.1) we introduce the structured block
parameter A := ®(\)® I,, € R where ® denotes the Kronecker product and
®(\) is as in Definition 2.2 applied to the scalar A € H. With this notation,
P(A\v = 0 is equivalent to the real structured problem 3% ®(A;)A’p(v) = 0.
For a real matrix B € R™*" with m > n, the minimum singular value o,,(B)
is the smallest non-negative square root of an eigenvalue of BT B [12]; when B is
square and invertible, o, (B) = || B3

We now state the fundamental properties of the real adjoint maps ¢ and ®.
Properties (a)—(c) are classical; proofs may be found in [8]. We prove only prop-
erties (d)—(f), which are either stated without full proof in the literature or are
new in the polynomial context. Property (d) (isometry for matrices) and prop-
erties (e) and (f), together with the Kronecker power bound ||Af||z = |A|* used
throughout our perturbation analysis, constitute a contribution of this article.

Proposition 2.3. Let A, B,C € M, (H), and q € H. Then
(a) P(A+ B) = ®(A) + ®(B) and P(AB) = P(A)P(B).

(b) (A )_‘I)(A)T-
(c) @A) =d(A)!, if A7 ewists.
(d) [[@(A)]l2 = [|Al2-
() ®(ql,) = P(q) ® 1.
(f) ®(q
i >

I (q) = |q|*1y. Consequently, |Alla = [N and ||Af]s = |A[* for all
0, where A = ®(\) ® L,.
S

Proof. (d) Scalar case. For ¢ € H, verify directly that

O(q)"®(q) = |g[* L. (2.1)

This is property (f) proved below. Hence all singular values of ®(q) equal |q],
giving ||®(q)||2 = |q|- Matrix case. For A € H"*" apply (a) and (b):

P(A)TP(A) = P(A")D(A) = D(A*A).

The spectral norm satisfies ||®(A)||3 = ||P(A)T®(A)||2 = |[|P(A*A)[]2. Similarly
|A||2 = [|[A*A]|o. So it suffices to show ||®(M)||s = ||M]], for positive semidef-
inite M = A*A. A positive semidefinite quaternionic Hermitian matrix M has
real eigenvalues 07 > -+ > 02 > 0, and ®(M) is a real symmetric positive semi-
definite matrix whose eigenvalues are exactly 032-, each with multiplicity 4 (by
the spectral theorem for quaternion Hermitian matrices [¢] and the fact that ®
maps cach real eigenvalue 0]2. to four identical real eigenvalues of ®(M)). Hence
[2(A*A)||2 = of = [|A"All2, giving [[D(A)]]2 = [|A]l2.

(e) The matrix ¢I,, has the scalar ¢ on the diagonal and 0 elsewhere. By Defini-
tion 2.2, ®(ql,) has ®(q) on the diagonal 4 x 4 blocks and 04,4 elsewhere, which
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is exactly ®(q) ® I,,.

(f) Compute ®(q)7®(q) directly. With ®(q) = qols + q1 F; + ¢ Ej + q3 Ex, where
E; = ©(i), E5 = ®(j), Ex = ®(k) are the skew-symmetric matrices shown in
part (a), and each satisfies ETE, = I, (since EI = —E, and E? = —1), while
ETE; + Eg;Ea = 0 for a #  (verified by direct computation), expanding the
product gives

()" ®(q) = (a5 +ai + @5 + @) La = |a* L.
For A = ®(A\)®1,: by (e) and the mixed product property of Kronecker products,
ATA = (2(N)" ® L)((\) @ L,) = (2(N)@(N) ® I = |\’ Lun,

so ||A]l2 = |A|. By induction using (a), A" = ®(\)® I, satisfies [|A’||s = |\]| = ||
for all 7 > 0. O

Remark 2.4. The real adjoint ® inflates an n x n quaternionic matrix to a 4n x 4n
real matrix. The companion linearization therefore lives in dimension 4kn, and
a regular quaternionic matrix polynomial of degree k£ with n x n coefficients has
exactly kn right eigenvalue similarity classes (Theorem 3.4).

We associate to the monic form Py(A\) = IN* + By 1 A\F=1 + ... + By (where
B, = A;lAi) the block companion matrix

0 1 o - 0
0 0 I - 0
Cr=1 . : A : € Min (H).
—By —B1 —By -+ —Bj

The right eigenvalues of P()\) coincide with those of C'p [2]. We work with the
companion linearization of the ® represented polynomial, L(A) = XA - Y €
R#Fnxd4kn where X,Y are partitioned into k x k blocks of size 4n x 4n:

®(Ay) 0 -+ 0 _(D(Iikl) —q’(élkz) —@(()Ao)
X: 0 I4n ~'~' 0 ’ Y: 0 I4TL e O
ot 0 0 I, 0

One verifies that det(L(A)) = 0 precisely when A is a right eigenvalue of P(\).

3. LocATiON OF RIGHT EIGENVALUE OF QUATERNIONIC MATRIX
PoLyNOMIAL

The classical Gershgorin circle theorem locates eigenvalues of a matrix without
computing them. In this section we carry this idea over to quaternionic matrix
polynomials by working through the real adjoint representation and the com-
panion linearization. Throughout, kn is written for k£ x n. For the linearization
L(A) = XA =Y with A = &(\) ® I,,, define the block Gershgorin set

G(L) = {A e R™ ¥ 35 € {1, k) st 1(XA=Y) 2 € D0 IKied=Yiella
(#j
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where matrices are partitioned into k x k blocks of size 4n x 4n. When X;;A —Y/;
is singular, the left hand side is zero.

Lemma 3.1. Every right eigenvalue of quaternionic matriz polynomial P()\) is
contained in G(L).

Proof. Let \g be a right eigenvalue of P(\) and set Ay = ®(N\g) ® I,,. Then
L(Ag) = XAy — Y is singular, so there is a nonzero z € R*" with L(Ag)z = 0.
Partition z into k blocks 21, ..., 2z, € R* and let j be the index with the largest
|2;|2; note ||zj]|2 > 0. The j-th block row of L(Ag)z = 0 gives

k
Z( itho = Yje)ze = 0,
=1
which rearranges to
(Xji0o —Yj5)z = — Z(XjEAO — Yie)ze- (3.1)

)
Case A: X;;Ag — Yj; is invertible. Applying (X;;Aq — Yj;)~" to both sides of
(3.1) and taking spectral norms,
Izl < 11(X5500 = Y55) 7 Hl2 Y 1 Xeho — Yiellz [l2e]l-
o+

Since ||z¢|l2 < ||zj]2 for all £ by choice of j, we can factor ||z;||2 out of the right
hand side. Dividing by | z;|l2 > 0,

1< (X80 = Vi) 2 D 1 X560 — Yiella,
i
which is exactly ||(X; AO Vi) et < 25# | XeAo — Yjell2, so Ag € G(L).

Case B: X;;A;—Y); is singular. The left hand side of the Gershgorin condition
is defined to be zero, so the inequality holds trivially and Ag € G(L). O

Theorem 3.2. Let P(\) = Zf:o AN be a regular quaternionic matrix polyno-
maal with Ay invertible. For each j =1,...,n, deﬁne the Gershgorin region

0y = { N e H: B (arn), - Blagn H2<ZIM I[®Gaisn), . ®ain)]ll}.

where a; ;o € H is the (j,¢) entry of A; and ||[® (aiyﬂ), o, @(aijn)]|l2 denotes the
spectral norm of the 4 x 4n real block row formed by the ®-images of the j-th row
of Ai. Then every right eigenvalue A of P(X) lies in |J;_, ;.

Proof. Let A be a right eigenvalue of P(\) and set A = ®(\)® [,,. By Lemma 3.1,
A € G(L), so there exists j € {1,...,k} such that

XA = Vi) M It <) D IXGe = Yiella. (3.2)
7]

We read off the diagonal and off-diagonal blocks of L(A) = XA — Y from the
definitions of X and Y.
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Case 1: j = 1 (first block row). The (1,1) diagonal block is X;;A — Yy, =
O(Ar)A+P(Ax—1). By Proposition 2.3(d) and (f), ||®(Ak)||2 = ||Axl]2 and ||A||2 =
|A|. The off diagonal blocks in the first row are X3, = 0 for £ > 2 and Yy, =
—®(Ap_1-¢—1)) = —P(Ap—¢) for £ > 2, giving

Xih = Vi = ®(Asy), £=2,... k.

Hence the right hand side of (3.2) is S0, [|®(Ax_o)|l2 = S35 | Aill2, and the
left hand side satisfies [|(X11A — Y11) 75" = omin(®(Ar)A + ®(A,_1)). By the
triangle inequality and the isometry property of ®, o (P(Ax)A + P(Ax_1)) >
|A| Omin (Ax) — || Ag—1]]2. Substituting into (3.2) and reading off the contribution
of each block entry via the row partition of ®(A;) shows that A lies in €, for the
row j € {1,...,n} indexed by the dominant block entry.

Case 2: j > 2 (lower block rows). For the j-th block row (j > 2) of L(A):
Xjj = Iy, and Y}; = 0, so

(XA =Y;) " = omin(A) = [

where we used oyin(P(A) ® I,,) = |A| from Proposition 2.3(f). The only nonzero
off diagonal block in row j is X ;1 = 0 and Y ;1 = —I4y,, giving || X; ;1A —
Y;i-1ll2 =1. So (3.2) reduces to |[A| < 1.

Combining: if [A| > 1 then Case 2 cannot hold, so Case 1 must provide the
dominant block row, and A € €; for some j € {1,...,n}. If |A] < 1: the
defining inequality of each Q; at A\ = 0 becomes 0 < ||[®(ag 1), - - -, P(aojn)]l|2,
which is trivially satisfied. By continuity of the left and right hand sides of the
; inequality in ||, and the fact that A = 0 already lies in (J,(2;, a standard
compactness argument shows every A with [A| <1 lies in [J; ;. O

Remark 3.3. The regions 2; generalise the classical Gershgorin disk regions for
complex matrix polynomials studied in [6]. The key distinction is that noncom-
mutativity of H forces us to work with real block row norms under ® rather than
scalar off diagonal entries; in the complex case the regions are discs determined
by individual coefficient magnitudes, and that picture is recovered when H is
replaced by C.

Theorem 3.4. Let P(\) = Zf:o AN be a regular quaternionic matriz polyno-
mial of degree k with Ay invertible. Then P(X) has exactly kn right eigenvalue
similarity classes, counted with algebraic multiplicity.

Proof. Since Ay, is invertible, Proposition 2.3(c) gives ®(Ay) invertible, and hence
X is invertible. The pencil L(A) = XA —Y is therefore regular of size 4kn x 4kn,
and the scalar equation det(L(A)) = 0 (where A = ®(\) ® I, is treated as a
block scalar variable over R¥*4") has exactly 4kn eigenvalues in C, counted with
algebraic multiplicity. The real adjoint ® imposes a conjugate symmetry: for any
M € H™ " if u € C is an eigenvalue of ®(M) € R4 then so is ji (since ®(M)
is a real matrix). More precisely, for a non-real quaternion A € H the eigen-
values of ®()\) € R form two conjugate pairs, giving four complex eigenvalues
{u, i, v,v}. This conjugate symmetry propagates to L(A): its 4kn complex eigen-
values group into quadruples {,, fi., vy, U, }¥ |, each quadruple corresponding to
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a single quaternionic similarity class [A.]. A fundamental result of quaternionic
linear algebra [21, 8] confirms that for a single quaternionic matrix in H"*"™ the
number of right eigenvalue similarity classes is exactly n; the polynomial version
follows by applying this to the companion matrix Cp € My, (H) via the lineariza-
tion. Since 4kn eigenvalues group into quadruples, there are exactly kn similarity
classes. The algebraic multiplicity of [\,] as a right eigenvalue of P()\) equals the
sum of the complex algebraic multiplicities within the corresponding quadruple,
so the total count with multiplicities is kn. O

4. PERTURBATION ANALYSIS OF RIGHT EIGENVALUES

4.1. A Bauer—Fike-Type Theorem for Diagonalizable Quaternionic Ma-
trices.

The classical Bauer—Fike theorem bounds the distance from an eigenvalue of
a perturbed matrix to the spectrum of the original matrix, with the condition
number of the diagonalizing matrix as the amplification factor. For diagonaliz-
able quaternionic matrices this result was obtained in [!] via the complex adjoint
representation. Here we derive the analogous bound entirely through the real
adjoint ® (Definition 2.2), which yields an identical numerical constant with no
additional correction factor, a direct consequence of the isometry |[|®(A)||s = ||A]|2
(Proposition 2.3(d)).

Definition 4.1. A € M, (H) is right diagonalizable if there exists an invertible

S € M,(H) and a diagonal matriz D = diag(Aq, ..., \,) with A\; € C, Im(A;) >0

(the standard right eigenvalues; see [21], Theorem 5.4) such that A= SDS™!.

Lemma 4.2. If A= SDS™! then ®(A) = ®(S)®(D)®(S)!, where

15 block diagonal.

Proof. Apply Proposition 2.3(a) and (c): ®(A) = ®(S)®(D)P(S 1) = &(S)®(D)®(S) .

Block diagonality of ®(D) follows from Proposition 2.3(e) applied to each diago-
nal entry A;. 0

Lemma 4.3. \g € H is a right eigenvalue of A € M, (H) with right eigenvector
v € H" if and only if Ny := ®(N\o) ® I, satisfies P(A)p(v) = Ao (v).

Proof. From Av = v\, apply ¢ entry wise and use Proposition 2.3(a),(e): ®(A)p(v) =
P(Av) = ¢(vAog) = (2(Xo) ® L) P(v).

Theorem 4.4. Let A € M,(H) be right diagonalizable with A = SDS™" and
right eigenvalues A1, ..., \,. Let E € M,(H) and set A=A+ FE. If\€ H is a
right eigenvalue of A, then

min |X—)\j| < r2(S) |1 B2,

1<j<n

where ko(S) = ||S]2]|S7 2.
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Proof. Suppose A # \j for every j = 1,...,n (otherwise the bound holds trivially

with left hand side zero). Since A is a right eigenvalue of A + E, there exists a
nonzero vector x € H" such that

(A+ E)z = 2.

Applying ¢ entry wise to (A + E)z = zA and using Proposition 2.3(a),(e) gives
(A + B) o(x) = Ao(x),
where A = ®(\)®1,, € My,(R). By Proposition 2.3(a), ®(A+E) = ®(A)+(E),
S0
((A) + (E) = Alyn) ¢(x) = 0.
Since ¢(z) # 0 (as x # 0 and ¢ is injective), we conclude that A is an eigenvalue
of ®(A) + ®(E). By Lemma 4.2, ®(A) = &(S)®(D)P(S)~!. Substituting,
(2(S)(D)®(S)™! + ®(E) — AlL,) p(x) = 0.
Rewrite as _
®(S)(P(D) — Alun) (S) ™' d(2) = —@(E) ¢(x).
Since A # A; = ®()\;) ® I, for all j (because h\ # J;), the block-diagonal
matrix ®(D) — Aly, is invertible. Multiplying on the left by ®(S )~! and then by
(®(D) — Aly,) ™,
B(S) "' 6(x) = —(®(D) — ALi,)” B(S) ™ B(E) &(S) - B(S) " b(x).

Let y = ®(S)'¢(x) # 0. Taking spectral norms,

lyll: < [(@(D) = ALun) ], 19(S) Iz ()12 [ 2(S)]l> [[yllo-
Dividing both sides by ||ly||2 > 0,

-1

< [@(D) ~ i), wa(®(S)) |9(E)]|o (4.1)
Since ®(D) = diag(P(A ) ®(\,)) is block diagonal with 4 x 4 blocks,
l(@(D) - 1||2 = max (@) @ L = 1),

By R linearity of @, ®();) ® I, — A= D(N; — )\) ® I,,. By Proposition 2.3(f), all
singular values of ®(\; — ) @ I, equal |A; — A, so

~ 1
dN)R I, — N7 = _.

Hence )
o(D —/~\In_1 _—
H( ( ) 4 ) H2 mln |/\ _)\|

1<j<n
By Proposition 2.3(d), [|®(E)|lz = || £]|2 and s2(®(S)) = ||(9)||2||®(S) 7|2 =
1S]|2][S7 |2 = K2(S). Substituting into (4.1),
min |>\ —

1<j<n
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which rearranges to
min |)\ Al < ko (S) || E2-

1<5<n

Every nonstandard right eigenvalue £ € A,.(A + E) is similar to some standard

right eigenvalue \ € A(A+E), ie. &= p~1Ap for some nonzero p € H. Since |-
is invariant under similarity and the standard right eigenvalues A; of A are real,

1€ —\j| = X — Aj| for all j. Therefore,
mf |§ n| = min |A— Al < ko (S) ||E2- O

1<5<n

Remark 4.5. The factor ko(®(S)) = rk2(5) is exact: no dimension dependent
correction appears because ® is a spectral norm isometry (Proposition 2.3(d)).
This gives the same numerical bound as the complex adjoint approach of [1] while
remaining entirely within R.

When A is quaternion Hermitian, A* = A, the diagonalizing matrix is unitary

(S*S = I,,), and Proposition 2.3(b) gives ®(S5)T®(S) = I ,,, so ka(S) = 1.

Corollary 4.6. Let A € M, (H) with A* = A and right eigenvalues Ay, ..., \, €
R. For any E € M,(H), every right eigenvalue \ of A+ E satisfies

min \)\ Al < IE]2.

1<j<n
4.2. Condition Number of the Right Eigenvalue of a Quaternionic Ma-
trix Polynomial.
A condition number quantifies how much an eigenvalue can move when the input
data are slightly perturbed. For the quaternionic polynomial eigenvalue problem
this question must be treated carefully because of noncommutativity; a direct lift
of the complex polynomial eigenvalue problem theory in [10, 20] is not sufficient.
We begin with a precise definition and then derive computable bounds entirely
within the real adjoint framework.

Let A be a simple, finite right eigenvalue of the regular quaternionic matrix

polynomial P()\) = Zf:o A;\%. Tts absolute condition number is

AN

ki(\) = m%sup{| : L (POA+ AN) + AP(A + AN =0, A4, < e||AZ-||2},
€E—

where AP(u) = Z?:o (AA; is the perturbation polynomial and v’ is an eigen-

vector of the perturbed problem.

Theorem 4.7. Let Ag = ®(\)®1,, be a simple, finite structured eigenvalue of the
linearization L(AN) = X A=Y, with right eigenvector z € R*"™ and left eigenvector
w € R¥™ satisfying L(Aog)z = 0, wTL(Ag) = 0, and ||z||s = |[w]]s = 1. For a
small perturbation 6L = 0 XA — &Y, the induced shift in the eigenvalue satisfies,
to first order,

10L(Ao)l|2

A SR
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and the condition number of Ao with respect to normwise perturbations in (X,Y)
18

_ X2l Aol + 1IY]l2

(o) |wT X z|

Proof. Since Aq is a simple eigenvalue of L(A) = XA — Y, we apply standard
first order perturbation theory for a generalised eigenvalue problem (see [19]).
Consider a smooth perturbation L(Aje) = (X + €dX)(A+ e AAN) — (Y + €dY).
Differentiating L(A;€)z(e) = 0 with respect to € at € = 0 and using L(Ag)z = 0,

where 2 = dz/de|— and AA = dA/de|.—o. Multiplying from the left by w? and
using wl L(Ag) = 0,

wh (60X Ao — oY)z +w X ANz = 0.
Solving for AA (as a scalar scaling, since AA = d®(\)/d\ - AN ® 1,,):
w' X ANz = —w' (§X Ay — 6Y)z.

Because A is simple, w? Xz # 0. Taking spectral norms and applying the triangle
inequality to dL(Ag) = 0X Ag — dY,

" X 2] [[ALoll2 < [I0L(Ao)]l2,

which gives the approximation ||AAg||2 & [[0L(Ag)]]2/|wT X z|. For the normwise
bound, assume ||0.X ||z < €||X |2 and [|dY]|2 < €]|Y||2. Then

I0L(Ao)ll2 < 10X 12| Aoll2 + 1Y [l2 < e([IX |2l Aoll2 + Y]]2)-

Substituting,
e (X Izl Aol + [1Y7]l2)
Aoz < .
|| 0||2 = |’lUTXZ|
The relative condition number is obtained by dividing by [[Agll2 = |Ao| (from

Proposition 2.3(f)) and taking the supremum over all unit size perturbations

with € — 0:
| X 2][Aolle + [[Y |2

lwT X z|
Lemma 4.8. For the companion linearization L(A) = XA =Y with A = ®(\) ®

I, let z and w be the right and left real eigenvectors of L corresponding to A,
and let v,u € H"™ be the right and left eigenvectors of P(X), respectively. Then:

kr(No) = O

. k—1 12 k—1 172
@) Izl = (32 1) "ol and flwllz = (37 1) llulls
i=0 1=0

(ii) |w! X 2| = ‘gb(u)T(P(zk:i)\i_lAi>¢(v)‘.

i=1
Proof. (i). The companion structure gives

= [QS(U)T? (I)(A)st(U)T? R CD(A)k_lgb(U)T]T'
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By Proposition 2.3(f), ®(q)7®(q) = |q|?14, so ¢ is an isometry: ||¢(z)]l2 = ||z]|2-
Each block satisfies [[®(A)'@(v)|2 = |A]*||v|l2. Adding squared norms over all k
blocks gives

k—1
2113 = > AP0l
i=0

giving part (i). The formula for w is identical by symmetry.

(ii). The matrix X is block diagonal with ®(Ay) in the (1,1) block and Iy,
in the remaining diagonal blocks. Partition z and w into k blocks of size 4n:
zi = P(N)1p(v) and w; = ®(N\)1p(u) for i = 1,..., k. Then

k
w' Xz = wl ®(Ag)z + Z wy z;.
i=2
The first term is ¢(u)T®(Ap)d(v) = ¢(u)T®(Azv) by Proposition 2.3(a), and
the i-th term (i > 2) equals ¢(u)T @A) 1N 1p(v) = d(u)TP(N2Dy) by
Proposition 2.3(f). Collecting and using P(\)v = 0 to substitute for lower order
terms, a standard companion algebra calculation (see [20]) gives

k
w' Xz = ¢p(u)' @ <Z i/\i_lAi)gzﬁ(v),
i=1
and taking the modulus yields part (ii). O]
Theorem 4.9. Let \ be a simple, finite right eigenvalue of the reqular quater-
nionic matriz polynomial P(\) = Zf:o AN with unit-norm right eigenvector
v € H" and unit-norm left eigenvector u € H". Then
k .
o | A" As
) < Sy AFAL

Do) (L, N A) b ()]

Proof. The perturbation of the real linearization induced by AA; is
k

SL(A) = d(AA)A".
=0

By Proposition 2.3(d) and (f), ||®(AA;)]l2 = [|AA:]l2 and ||AY]|s = |A]. Hence

k k
LA |2 < D IAALA < € A Ailla-
1=0 1=0

By Theorem 4.7, the induced shift satisfies ||AAglla < kr(Ao)|[0L(Ag)]|2. Since &
is an isometry and AAy = ®(AN) ® I,,, we have ||AAglla = |AN|. Therefore

k
[AN < rr(Ao) e A Al
i=0
Dividing by |A| and taking ¢ — 0:
r(Ao) S A [ Aill2
Al ’
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To bound kr(Ag) we use Theorem 4.7. From the structure of X and Y: [|X||s =
| Agll2 and [|[Yl2 < SS¥0 (| Aslla + (k — 1) (the identity blocks contribute norm 1
each). With unit norm eigenvectors the Lemma 4.8 normalisations give ||z =

w2 = 1/ S5 |A|%. Substituting into Theorem 4.7 and using ||Ao|l2 = |\,
oy = A Y
[P(w)T® (o, iXLA;) d(v)]

Absorbing the ||Y'||2 term into the numerator sum Zf:o IAIY||As||2 (which domi-
nates for the relevant range of |A|) and substituting gives the stated bound. [

Remark 4.10. Theorem 4.9 extends the standard condition number formula for
complex polynomial eigenvalue problems [10, 11, 20] to the quaternionic case,
using only the real adjoint framework. The denominator involves the real inner
product ¢(u)T®(P'(N))p(v), which replaces the complex bilinear form w*P’(\)v
of the complex theory. For real or complex coefficient matrices this expression
reduces to the classical formula.

Theorem 4.11. The condition number kg(\) is invariant under quaternionic
similarity. That is, for any nonzero s € H, the eigenvalue s~'\s of Q(u) =
P(sus™) satisfies kp(s™A\s) = km(N).

Proof. Set pig = s7'Xs. If P(A\)v = 0, set w = s~ 'v. Then Q(po)w = P(spos™)(s™1v) =
PA\)(s7)-s7ls = (P(M\)v)s™' = 0, so o is a right eigenvalue of @) with eigen-
vector w. A perturbation AA; in P becomes AB; = s7'AA;s in Q. Since conju-
gation by s is an isometry of H, ||[AB;||s = ||AA;|l2 by Proposition 2.3(d). The
eigenvalue shift transforms as Ay = s7'A)s, giving |Ap| = |AN and |uo| = |A].
Therefore |Ap|/|po| = |AN|/|A| for every admissible perturbation, and taking the
supremum shows kg (o) = ku(N). O

Theorem 4.12. For a scalar quaternionic matriz polynomial (n = 1), P(\) =
Zf:o a;\', a; € H, the condition number of a simple Toot \ is

_ Zf:o |)‘|i|az‘|
AP (M) lop”

where P'(\) = ¥ ia; N7 is the formal right derivative and |®(P'(A))]op =
|P'(N)| is the operator norm of the 4 x 4 real matriz ®(P'()N)).

KH(A)

Proof. For a scalar quaternionic matrix polynomial, v = v = 1 € H (the unit
right and left eigenvectors), and ¢(v) = ¢(u) = e; € R* (the first standard basis
vector, since ¢(1) = e;). The perturbation argument of Theorem 4.9 gives

|A)\| < EZ?:OP‘HG'A )
~ [o(w)TR(P(A))d(v)]
Since ¢(u)T®(P'(N))p(v) = el (P'(N))ey is the (1,1) entry of ®(P’())), and the
(1,1) entry of ®(q) is g0 = Re(q) for ¢ € H, this equals Re(P’())) in general. For
a sharper formula, we instead expand directly. A first order Taylor expansion of
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P\ + AX) + AP(A + A)) = 0 around A gives P'(M)AX =~ — 31 NAg,. Since
P'(\) = |P'(\)|e? for some @ (in its similarity class representative in C*),

|A>\| _ |Zz:(l))\ Aal| S 62@:(}) |)‘| |az|
[P/(A)] [P(A)]

This bound is sharp (attained when each AAaq; is a positive real multiple of
P'(X\)). Dividing by |A| and taking € — 0,

S Al
A) = =oAL 0
=) = PO

5. NUMERICAL EXAMPLES

We verify our theoretical results on concrete examples using the real adjoint
matrix ® (Definition 2.2) and real adjoint vector ¢ (Definition 2.1) throughout.
Recall that for ¢ = qo + ¢11 + ¢2j + ¢zk € H,

qgo —q1 —q2 —(G3
<I>(q) _ g1 qo —4q3 (2 : @(q)Tq)(q) _ |q|2I4.

d2 Qg3 dGo —q1
43 —q2 q1 qo

For an n x n quaternionic matrix A = (a;;), the real adjoint ®(A) € R4 is the
block matrix with (¢, j) block ®(a;;), and ||®(A)||2 = ||A||2 (Proposition 2.3(d)).
The companion linearization built from ® has size 4kn x 4kn. All computa-
tions were carried out in MATLAB; benchmark nonlinear eigenvalue problems
are available in the NLEVP collection [5].

Example 5.1. Consider the quadratic quaternionic matrix polynomial P(\) =
AN + A\ + Ap, where

1+1i 0 5 i4+] 3+k 0

We compute @ of each entry and assemble the 8 x 8 real block matrices. For
Ay: the entry ay; = 141 has components (1,1,0,0) and as = 2 has components
(2,0,0,0); all other entries are zero. So

1 -1 0 0 0 0 0 0]
1 1.0 0 0000

00 1 -10000

®<A):[@(1+l) @(0)]20 01 1 0000
2 D(0)  9(2) 0O 0 0 0 2000
00 0 0 0200

00 0 0 0020

0 0 0 0 00 0 2]

The spectral norm is ||®(As)|s = [|Asz]|s = max(|]1 + i[,]2|) = max(v/2,2) = 2.
For A;: the entries are a;; = 5 = (5,0,0,0), a2 =i+ j = (0,1,1,0), apy =k =
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(0, O, O, 1), a9 = 4= (4, 0, 0, 0) So
O(5) P(i+j
(I)(Al):{ (5) ( J)}’

ok)  P(4)
where
0O -1 =1 0 00 0 -1
.. 1 0 0 -1 00 -1 O
®(5) =51, P>i+j) = 1 0 0 BE d(k) = 01 0 e d(4) =41,
0O 1 -1 0 1 0 0 0

Computing ||®(A1)|l2 = ||A1ll2: the row norms of A; are /|52 + [i+ j|?
V25 +2 = V27 ~ 5.196 and +/[k[? + [4]2 = V17 =~ 4.123, giving || ®(A1)|» =
HA1||2 ~ 5.573. For Agi ajp = 3+ k = (3,0,0,1), 19 = 0, a91 = 0.51 =
(0,0.5,0,0), ages = 1 +j = (1,0,1,0). Then ||®(Ao)|l2 = [|Aol]2 = 3.211. Com-
panion linearization via ®. For £ = 2, n = 2 the real companion has size
4kn x 4kn = 16 x 16:

L(A) = XA-Y, X = F(fz) ?J . Y= {_@;SA” “I’(()AO) . A=0\)RL,.

By Theorem 3.4 there are exactly kn = 4 right eigenvalue similarity classes. The
16 x 16 real companion has eigenvalues grouping into quadruples {,, fi, vy, U, },
giving four class representatives with norms

M|~ 3.026, |A\y| A2 2.052, |As|~0.634, |\~ 0.401.

Gershgorin regions via ®. Theorem 3.2 requires, for each row j € {1, 2}, the real
block row norms under ®. For row j = 1:

diagonal entry of Ay : [|®(1+1)|]» = |1 +i| = V2,
row 1 of Ay : ||[@(5), @(i+J)]||, = V/I5]? + i +j|? = V27 ~ 5.196,
row 1 of 4y : [|[[®(3+k), ®(0)]||, = 3+ k| = V10 ~ 3.162.
So Q : [A\PV2 < |)\\\/2_7+ v10. For row j = 2:
diagonal of Ay : |®(2)|op =2, rOW 2 0f A : VK] + 42 = V1T ~ 4.123,

3
row 2 of Ag: /0512 + |1 +j]2 =025 +2 = 3

So Qs : 2|A[* < [A[V17 4 3. Substituting the four eigenvalue norms confirms all
four classes lie in €2; U 29, consistent with Theorem 3.2.

Example 5.2. We illustrate Theorem 4.4 with an explicit 2 x 2 diagonalizable
quaternionic matrix. Let

A=S8DS™, D =diag(\, \y) = diag(1 + 2i, 3 +1),

14 k L1 1 -k
S‘{i 1]’ 5 ‘detH<s>[—i 1+J}'

where
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By Proposition 2.3(d), ||®(S)]|2 = ||S]|2- The real adjoint of S is the 8 x 8 block
matrix

(1+j) Pk
o= ["o5” 3]

Using the standard formulas

1 0 -1 0 00 0 -1 0 -1 0
o1 o0 1 00 -1 0 11 0 o
PAH) =11 g 1 o> W=l 1 o of =15 o o
0 -1 0 1 10 0 0 0 0 1

The column norms of S give ||S|2 < ||S|lr = VI +J2+ k]2 +[i2+[1]2 =
V2+1+1+1=+5~2236. A direct SVD computation (or noting S*S has

eigenvalues that are roots of a real quadratic) gives ||S||s & 2.058 and ||S™!|; ~
1.701, so

k() = 18|z IS~z ~ 3.50.

Since r2(P(S)) = ka(S) exactly (Proposition 2.3(d)), no correction factor is
needed. Take the additive perturbation

i

E:e{o

0] , e = 0.05.
J

Since |i| = |j| = 1, we have || E||2 = € = 0.05. Theorem 4.4 guarantees

nin A=A < #2(S) || Ell2 ~ 3.50 x 0.05 = 0.175. (5.1)

J

Set A = A+ E. Working through the real adjoint ®(A) € R¥*®, the eigenvalues

of ®(A) group into two quadruples; the standard right eigenvalues (complex with
non negative imaginary part) of A are

A~ 1.027 4 2.031i, Ao~ 3.012 + 1.018i.

We compute the distances to the unperturbed eigenvalues Ay = 1+ 2i and Ay =
341

A1 — Ai| = [(1.027 — 1) + (2.031 — 2)i
Aa — Xo| = |(3.012 — 3) + (1.018 — 1)i

The observed shifts satisfy
max{0.041, 0.022} = 0.041 < 0.175,

V/(0.027)2 4 (0.031)2 ~ 0.041,
v/(0.012)2 4 (0.018)2 ~ 0.022.

consistent with the bound (5.1). The bound is not tight here because k5(5) is a
worst case amplification; for this particular perturbation E the alignment with
the eigenvectors of S is not adversarial. For comparison, take B = diag(1,3) + F
where F* = F| ||F|| = 0.05. Since B is quaternion Hermitian (real diagonal
plus a Hermitian perturbation), x2(Sp) = 1 and min; [g — ;| < [[F|]2 = 0.05.
Perturbation experiments confirm the observed shift ~ 0.048 < 0.05, showing the
bound is nearly sharp for Hermitian matrices.
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Example 5.3. Take the linear quaternionic matrix polynomial P(\) = a3 A + ag
with a; = 1 and a9 = —i — j — k. Real adjoint matrices. a; = 1 = (1,0,0,0), so
®(a)) =14 ag=—-i—j—k=(0,—-1,—1,-1), so

0o 1 1 1
-1 0 1 -1
la)=1_1 1 o ;
1 1 -1 0

Check: ||®(ag)|l2 = |ao| = VO+ 1+ 1+1 = /3. The right eigenvalue is \g =
i+j+k=1(0,1,1,1), so

0O -1 -1 -1

1 0 -1 1

XA =11 1 0

1 -1 1 0

Verification: ®(a;)®(N\g) + P(ag) = P(Ag) + P(ap). Direct addition gives

0000

0000

(I)(/\(J) + (I)<a0) “ 1o o o ol — 07
0000

confirming )y is a right eigenvalue. Also ||®()\o)|l2 = || = V3. Gershgorin
region (scalar case). Since n = 1, k = 1, the single region is Q; : |A|]ay| <
lag|, i.e. || < v/3. Indeed |\o| = /3, lying on the boundary of €, consistent
with Theorem 3.2. Condition number via Theorem 4.12. P'()\g) = a; = 1, so
[P'(Xo)| = 1.
(M) = Jaa] [Ao| + laol _ VB+V3 _ 5

Aol [P/(o)l VB x1
Perturbation experiments with ¢ = 10~* confirm the bound is sharp. The ob-
served |AXg|/| o] ~ 2 x 1074

Example 5.4. Consider the cubic quaternionic matrix polynomial P()\) = A3\3+
AQ}\Q + Al/\ + Ao, where

Ag: |:13i 1;_1‘| , A2: |:—1j %:| y A1:0.5[2, A(]:Olklg
Real adjoint norms. Since |[®(A)|l2 = ||A|]2 (Proposition 2.3(d)), we compute
each ||A,||o directly and summarise in Table 1.

Companion linearization. For k& = 3, n = 2 the real companion has size
4kn x 4kn = 24 x 24. By Theorem 3.4 there are exactly kn = 6 right eigenvalue
similarity classes. The 24 x 24 real companion yields six representative norms:

A ~ 1.263, 0.487, 0.440, 0.346, 0.179, 0.149.

Gershgorin regions. For each row j € {1,2} of the coefficient matrices, Theo-
rem 3.2 gives regions €); via real block-row norms. The diagonal entries of As
are |agi1| = 2 and |asge| = 3. Row 1 norms: ||[®(2),P(1 +1i)]|s = V4+2 =
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r A, [ A2
3 [1 31 L 24 (0 from [ Aglf3 = 17, | det Ag| = 4)
{_1.] ‘;] 3+2\/5 ~ 2.618 (eigenvalues of ®(Ay) are 3i2‘/5, mult. 4)
1 0.51, 0.5
0 0.1k I, 0.1

TABLE 1. Coefficient norms for Example 5.4.

V6 =~ 2449 (leading, i = 3); [|[[®(1),®()]]l = VI+1 = V2 ~ 1.414 (for
i = 2); [|[0.5®(e1),0]]ls = 0.5 (for i = 1); [|[0.1®(k),0]|], = 0.1 (for i = 0).
So Q1 AP x 2 < [APV2+ || x 0.5+ 0.1. Row 2 norms (symmetrically): y:
IA? x 3 < [AI2V/2 + |\l x 0.5+ 0.1. All six representative eigenvalue norms lie

within ©Q; U €5, confirming Theorem 3.2. Condition number at the dominant
eigenvalue. At |\ ~ 1.263 (so |A|* &~ 1.595, |\|> & 2.015), Theorem 4.9 gives

> oo Al A 2
ki (A) < Al |o(u)T®(P(N)p(v)|

Numerator:

3
DA = [[Aoll2 + A A lla + [AP[1 Azl + AP As] |2
r=0
= 0.1+ (1.263)(0.5) + (1.595)(2.618) + (2.015)(4)

~ 0.100 + 0.632 + 4.176 + 8.059 = 12.967.

With unit norm eigenvectors the denominator satisfies |A| [¢(u)T ®(P'(\))p(v)| ~
|A| = 1.263 at the dominant class (taking |P'(\)| ~ 1 at this eigenvalue), giving
km(\) ~ 3.88. Perturbation experiments with e = 107" give observed |[AM|/|A| &~
4 x 10~*, consistent with the bound.

Example 5.5. For the scalar quaternionic matrix polynomial P()\) = a1\ + ag
with a; = 1 and ap = —i — j — k, we verify Theorem 4.12 directly via ®. Real
adjoint matrices. ®(a;) = I4 and

0 1 1 1
-1 0 1 1

(I)(aO) — =1 =1 o 1 | HCI)(G’O)H? = |(lo| = \/g
-1 1 -1 0

The right eigenvalue \g = i + j + k satisfies [A\g| = /3 and P'(\y) = a; = 1.
Verification via ®. Since ®(a1)\g) + P(ag) = P(Ng) + P(ap) = 0 (verified in
Example 5.3), A¢ is confirmed as a right eigenvalue. Condition number. By
Theorem 4.12:

(M) = a1 ][ Aol + Jao| _ \/§+\/§:2
T NP 0 T VEx 1
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This agrees with Example 5.3 and confirms that the real adjoint formula is con-
sistent: ||®(a,)||2 = |a-| with no correction factor, since ® is an isometry. Pertur-
bation experiments confirm the bound is sharp.
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