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Abstract. We study a family of self-gated functions where the gate satisfies
a reflection symmetry, and this forces a rigid Hermite structure. We then spe-
cialize the abstract theory to the Swish and GELU families by proving strict
monotonicity of the spectral ratio, and deriving both the small- and large-
parameter asymptotic expansions. For GELU specifically, we also derive the
exact closed form for the spectral ratio. We then enrich the symmetric family
by adding odd perturbations and show that the leading Hermite mode becomes
continuously controllable.
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1. Introduction

Artificial neural networks have become the main tool in machine learning to-
day because they are capable of approximating complex nonlinear functions and
have been successfully applied in different fields. Activation functions, which are
components of the network architecture, affect the network’s optimization pro-
cess, the way the signal travels through the network, and the stability at the
start of training. Older activations like ReLU [10], sigmoid, and hyperbolic tan-
gent have been the subject of deep research. More recently, self-gated activation
functions like Swish [5, 14], Mish [9], and GELU [6] have shown excellent perfor-
mance in a number of real-world experiments. Related architecture-level variants
that learn the activation shape itself have also been explored, for example, in
fractional-spline neural networks [4].

Besides performance on data, activation functions can also be understood from
their structure and spectral features. In the last few years, with Gaussian–
Hermite expansions [16], the methods from random matrix theory [8, 17, 18]
have turned out to be powerful instruments for unveiling the behavior of non-
linear random features and neural network representations. More precisely, the
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theory of nonlinear random matrices developed recently by Pennington–Worah
[12, 11] shows how the spectral distribution of Gram matrices after applying ac-
tivations can be connected to a few scalar quantities dependent on the activation
function. This insight has led to several research papers [1, 2, 13] investigating
how different activation functions impact spectral properties at initialization.

Our goal is to study the relationship between symmetry and the Hermite com-
position of self-gated activation functions and from there, explore the spectral
parameters that arise in nonlinear random matrix theory. More preciesly, we
deal with activations of the form:

fβ(x) = xh(βx)

where the gate function h is positive, bounded, and satisfies the reflection
symmetry

h(t) + h(−t) = 2C

for some constant C > 0. This class includes several commonly used activa-
tions, such as Swish and GELU, as particular cases.

Reflection symmetry turns out to severely restrict the possible form of the
function

fβ(x) = Cx+ eβ(x),

where eβ is an even function. So, the odd Hermite component is fully deter-
mined by the constant C: the odd Hermite coefficients are independent of the
gating parameter β and all higher odd modes disappear. In particular, the lead-
ing Hermite coefficient does not change when β is varied, so the corresponding
Pennington–Worah parameter cannot be adjusted just by varying the symmet-
ric family. This inflexibility results in a structural barrier for reaching certain
spectral regimes in the nonlinear random matrix model.

Inspired by this effect, we propose a general odd perturbation scheme of the
form

fα,β(x) = xh(βx) + αψ(x),

where ψ is an odd function having a non-zero first Hermite coefficient. Pertur-
bations like these maintain the symmetric gate architecture for the even sector
while modifying the odd Hermite coefficients. This leads to regaining the contin-
uous tuning of the leading Hermite mode and as a result, one is able to observe
spectral properties that are not accessible in the original symmetric class.

From a spectral perspective, the derived family shows a larger attainable region
in the parameter space controlling the limiting empirical spectrum. In particular,
the perturbed class can reach the degenerate case ζ = 0 which is related to the
Marchenko–Pastur limit within the Pennington–Worah structure. More broadly,
we describe the impact of odd perturbations on the pair of spectral parameters
(η, ζ) and determine the least symmetry-breaking required to surpass the critical
point.
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We then specialize the general theory to the Swish and GELU families. For
Swish, we establish strict monotonicity of the relevant spectral ratio and derive as-
ymptotic expansions in both the small- and large-parameter regimes. For GELU,
we obtain an explicit formula for the same spectral ratio, together with strict
monotonicity and asymptotic expansions. These examples illustrate how the ab-
stract Hermite rigidity mechanism translates into concrete spectral statements
for widely used activation functions.

The main contributions of this paper can be summarized as follows.

• We identify a broad class of symmetric self-gated activations whose odd
Hermite sector is rigid under parameter variation.
• We show that this rigidity fixes the leading Pennington–Worah parameter

and restricts the accessible spectral regime.
• We derive strict monotonicity results within this framework for GELU

and Swish.
• We derive asymptotic expansions for both small- and large-parameter as-

ymptotic regimes.
• For GELU specifically, we derive a closed form for the ratio.
• We introduce a general odd perturbation framework that restores control

of the leading Hermite mode.
• We characterize the reachable region of the resulting spectral parameters

and show that the degenerate regime ζ = 0 becomes accessible.

2. Preliminaries and notation

Throughout the paper, Z ∼ N (0, 1) denotes a standard Gaussian random
variable. The probabilists’ Hermite polynomials {Hk}k≥0 form an orthogonal
basis of L2(R, γ), where

dγ(x) =
1√
2π
e−x

2/2 dx.

Any f ∈ L2(R, γ) has the Hermite expansion

f(x) =
∞∑
k=0

ckHk(x), ck =
1

k!
E[f(Z)Hk(Z)].

We will use the two scalar quantities

η(f) := E[f(Z)2], ζ(f) :=
(
E[f(Z)Z]

)2
.

The next remark connects them to the Hermite coefficients.

Remark 2.1. If

f(x) =
∞∑
k=0

ckHk(x),

then, since H1(x) = x,

c1 = E[f(Z)Z].

Hence

ζ(f) = c2
1.
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Moreover, Parseval’s identity yields

η(f) =
∞∑
k=0

k! c2
k.

Definition 2.2. A function g : R → R is called a symmetric gate with constant
C if

g(t) + g(−t) = 2C ∀t ∈ R,
for some constant C > 0.

Definition 2.3. We denote by H the class of all functions h : R→ R such that:

(i) h is a symmetric gate with constant C > 0;
(ii) h(t) > 0 for all t ∈ R;
(iii) there exists M > 0 such that h(t) < M for all t ∈ R.

Example 2.4. The sigmoid function [3] σ(x) = (1 + e−x)−1 and the Gaussian
CDF

Φ(x) =
1√
2π

∫ x

−∞
e−s

2/2 ds

belong to H with C = 1
2
. These are the gates underlying the Swish and GELU

activations.

3. Rigidity of symmetric gated activations

We begin with the basic decomposition induced by the reflection symmetry.

Lemma 3.1. Let

fβ(x) = xg(βx),

where g : R→ R is a symmetric gate with constant C > 0. Then

fβ(x) = Cx+ eβ(x),

where eβ is even.

Proof. By symmetry of g,

g(−βx) = 2C − g(βx).

Therefore

fβ(−x) = (−x)g(−βx) = −2Cx+ xg(βx),

so

fβ(x)− fβ(−x) = 2Cx.

Defining eβ(x) := fβ(x)− Cx gives

eβ(−x) = fβ(−x) + Cx = fβ(x)− Cx = eβ(x),

so eβ is even. �

The next proposition shows that the odd Hermite sector is rigid.
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Proposition 3.2. Let
fβ(x) = xg(βx),

where g is a symmetric gate with constant C > 0. If

fβ(x) =
∞∑
k=0

ck(β)Hk(x),

then
c1(β) = C, c2m+1(β) = 0 (m ≥ 1).

In particular, every odd Hermite coefficient is independent of β.

Proof. By Theorem 3.1,
fβ(x) = Cx+ eβ(x),

with eβ even. Since Hk is odd when k is odd, the product eβHk is odd for odd k,
so

E[eβ(Z)Hk(Z)] = 0 (k odd).

Thus, for odd k,

ck(β) =
C

k!
E[ZHk(Z)].

For k = 1, H1(x) = x, so c1(β) = C. For k = 2m + 1 ≥ 3, orthogonality to H1

gives E[ZHk(Z)] = 0, hence c2m+1(β) = 0. �

Corollary 3.3. For every symmetric gated family fβ(x) = xg(βx) with constant
C > 0,

c1(β) = C

for all β.

Proposition 3.4. Let fβ(x) = xg(βx) where g is a symmetric gate with constant
C > 0. Then

ζ(β) =
(
E[fβ(Z)Z]

)2
= C2

for every β.

Proof. By Remark 2.1, ζ(β) = c1(β)2. The result follows from Corollary 3.3. �

Proposition 3.5. Let
fβ(x) = xh(βx),

where h ∈ H. Then
C2 ≤ η(β) ≤MC,

for every β ∈ R. Consequently,

1 ≤ η(β)

ζ(β)
≤ M

C
.

Proof. Since 0 ≤ h ≤M , we have h2 ≤Mh, hence

η(β) = E[Z2h(βZ)2] ≤M E[Z2h(βZ)].

Using symmetry of h and the Gaussian law,

2E[Z2h(βZ)] = E[Z2(h(βZ) + h(−βZ))] = 2CE[Z2] = 2C,

so E[Z2h(βZ)] = C, and hence η(β) ≤MC.
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For the lower bound, Cauchy–Schwarz gives

η(β) ≥
(
E[fβ(Z)Z]

)2
= ζ(β) = C2.

The ratio bound follows immediately. �

4. The Swish family

We now specialize to the Swish gate

σ(x) =
1

1 + e−x
,

and the activation

fβ(x) = xσ(βx), β ≥ 0.

Since σ(t) + σ(−t) = 1, this family is symmetric with C = 1
2
. Hence

ζ(fβ) =
1

4

for every β ≥ 0, and the nontrivial parameter dependence lies entirely in

η(β) = E[Z2σ(βZ)2].

We define the Swish spectral ratio

RSw(β) :=
η(fβ)

ζ(fβ)
= 4E[Z2σ(βZ)2].

Theorem 4.1 (Strict monotonicity of the Swish spectral ratio). The function
RSw is strictly increasing on (0,∞) and satisfies

RSw(0) = 1, lim
β→∞

RSw(β) = 2.

Proof. At β = 0, f0(x) = x/2, so η(0) = E[Z2/4] = 1/4 and therefore RSw(0) = 1.
As β →∞, σ(βx)→ 1{x>0} for every x 6= 0, and dominated convergence yields

η(β)→ E[Z21{Z>0}] =
1

2
.

Hence RSw(β)→ 2.
For monotonicity, differentiate under the integral sign:

η′(β) = 2E
[
Z3σ(βZ)σ′(βZ)

]
.

Using the evenness of σ′ and the identity σ(t) − σ(−t) > 0 for t > 0, one sym-
metrizes to obtain

η′(β) = 2

∫ ∞
0

z3σ′(βz)
(
σ(βz)− σ(−βz)

)
dγ(z) > 0

for every β > 0. Therefore R′Sw(β) = 4η′(β) > 0 on (0,∞). �

Theorem 4.2 (Small-β expansion for Swish). As β → 0,

RSw(β) = 1 +
3

4
β2 − 5

8
β4 +

119

192
β6 +O(β8).



HERMITE STRUCTURE AND SPECTRAL PROPERTIES OF SYMMETRIC GATED ACTIVATION FUNCTIONS7

Proof. The Taylor series of σ at the origin is

σ(t) =
1

2
+
t

4
− t3

48
+

t5

480
+O(t7).

Squaring and substituting t = βZ gives

η(β) =
1

4
+

3

16
β2 − 5

32
β4 +

119

768
β6 +O(β8),

because the odd Gaussian moments vanish and

E[Z2] = 1, E[Z4] = 3, E[Z6] = 15, E[Z8] = 105.

Multiplying by 4 yields the stated expansion. �

Theorem 4.3 (Large-β expansion for Swish). As β →∞,

RSw(β) = 2− 4π2

3
√

2π
β−3 +

14π4

15
√

2π
β−5 +O(β−7).

Proof. Using σ′(t) = σ(t)(1−σ(t)), we have σ(t)2 = σ(t)−σ′(t). Since symmetry
implies E[Z2σ(βZ)] = 1/2, it follows that

1

2
− η(β) = E[Z2σ′(βZ)].

A change of variables and the moments of the logistic density σ′ yield

E[Z2σ′(βZ)] =
1√
2π

(
π2

3
β−3 − 7π4

30
β−5 +O(β−7)

)
.

Since RSw = 4η = 2− 4E[Z2σ′(βZ)], the result follows. �

5. The GELU family

Let

Φ(x) =
1√
2π

∫ x

−∞
e−s

2/2 ds

be the Gaussian distribution function, and define

fβ(x) = xΦ(βx), β ≥ 0.

Since Φ(t) + Φ(−t) = 1, this is again a symmetric gated family with C = 1
2
, so

ζ(fβ) =
1

4
.

Set

ηG(β) := E[Z2Φ(βZ)2], RG(β) := 4ηG(β).

Theorem 5.1 (Closed formula for the GELU spectral ratio). Let

t = β2, D = 1 + 2t, ρ =
t

1 + t
,

and define

Θ =
π

2
+ arcsin ρ.
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Then

ηG(β) =
1

πD

[
Θ

2
+ t
(
Θ + sin Θ

)]
.

Consequently,

RG(β) =
4

π(1 + 2β2)

[
Θ

2
+ β2

(
Θ + sin Θ

)]
.

Proof. Let U, V, Z be independent standard Gaussian variables. Then

Φ(βZ)2 = P(U ≤ βZ, V ≤ βZ | Z),

so
ηG(β) = E

[
Z21{U≤βZ, V≤βZ}

]
.

Set A = U − βZ and B = V − βZ. Then (A,B) is centered Gaussian with
variances 1+β2 and covariance β2, hence correlation ρ = β2/(1+β2). A Gaussian
regression calculation gives

E[Z | A,B] = − β
D

(A+B), Var(Z | A,B) =
1

D
,

with D = 1 + 2β2. Therefore

E[Z2 | A,B] =
1

D
+
β2

D2
(A+B)2.

The standard quadrant formula [15] gives:

P(A ≤ 0, B ≤ 0) =
1

4
+

1

2π
arcsin ρ =

Θ

2π
.

To compute the truncated moment, normalize

X =
A√

1 + β2
, Y =

B√
1 + β2

.

Then (X, Y ) is a centered bivariate Gaussian vector with unit variances and
correlation

ρ =
β2

1 + β2
.

Set

S =
X + Y√
2(1 + ρ)

, T =
X − Y√
2(1− ρ)

.

Then S and T are independent standard Gaussian variables. In the (S, T )-plane,
the region {X ≤ 0, Y ≤ 0} is a wedge with opening angle

Θ =
π

2
+ arcsin ρ.

Moreover,

X + Y =
√

2(1 + ρ)S.

Using polar coordinates and rotational invariance of the standard Gaussian mea-
sure on R2, we obtain

E
[
S21{X≤0, Y≤0}

]
=

1

π

∫ Θ/2

−Θ/2

cos2 θ dθ =
Θ + sin Θ

2π
.
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Therefore

E
[
(X + Y )21{X≤0, Y≤0}

]
= 2(1 + ρ)

Θ + sin Θ

2π

=
(1 + ρ)(Θ + sin Θ)

π
.

Since

A+B =
√

1 + β2(X + Y ),

we get

E
[
(A+B)21{A≤0, B≤0}

]
= (1 + β2)(1 + ρ)

Θ + sin Θ

π
.

But

(1 + β2)(1 + ρ) = 1 + 2β2 = D.

Thus

E
[
(A+B)21{A≤0, B≤0}

]
=
D(Θ + sin Θ)

π
.

Substitution gives the claimed closed form. �

Theorem 5.2 (Strict monotonicity for GELU). The function RG is strictly in-
creasing on (0,∞) and satisfies

RG(0) = 1, lim
β→∞

RG(β) = 2.

Proof. Let t = β2. From Theorem 5.1,

ηG(β) =
Θ

2π
+

t sin Θ

π(1 + 2t)
, Θ =

π

2
+ arcsin

(
t

1 + t

)
.

Differentiating in t gives a strictly positive expression for all t ≥ 0, hence ηG and
therefore RG are strictly increasing on (0,∞).

d

dt
ηG(
√
t) =

5t+ 3

2π(1 + t)2(1 + 2t)3/2
.

This quantity is strictly positive for every t ≥ 0. Since t = β2, we have, for β > 0,

d

dβ
ηG(β) = 2β

5β2 + 3

2π(1 + β2)2(1 + 2β2)3/2
> 0.

Therefore RG(β) = 4ηG(β) is strictly increasing on (0,∞).
At β = 0, f0(x) = x/2, so RG(0) = 1. As β → ∞, Φ(βx) → 1{x>0} for x 6= 0,

and dominated convergence yields ηG(β)→ 1/2, so RG(β)→ 2. �

Theorem 5.3 (Asymptotic expansions for GELU). As β → 0,

RG(β) = 1 +
6

π
β2 − 10

π
β4 +

49

3π
β6 +O(β8).

As β →∞,

RG(β) = 2− 5
√

2

3π
β−3 +

43
√

2

20π
β−5 +O(β−7).
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Proof. Both expansions follow by Taylor expansion of the closed form in Theo-
rem 5.1. For β → 0, one uses

β2

1 + β2
= β2 − β4 + β6 +O(β8), arcsinx = x+

x3

6
+O(x5).

For β →∞, one expands in powers of β−1. �

6. Odd perturbations and controllable linear modes

The preceding results show that the symmetric gated family has a rigid odd
Hermite sector. We now add an odd perturbation to break this rigidity while
preserving the overall shape of the activation.

Definition 6.1. Let h ∈ H and let ψ ∈ L2(R, γ) be odd with

E[ψ(Z)Z] 6= 0.

For α ∈ R and β ≥ 0, define

fα,β(x) := xh(βx) + αψ(x).

Let

κ := E[ψ(Z)Z], ν := E[ψ(Z)2], ηh(β) := E[Z2h(βZ)2].

Theorem 6.2. Let
fα,β(x) = xh(βx) + αψ(x),

where h ∈ H and ψ is odd. Then the parameter α affects only the odd Hermite
coefficients of fα,β.

Proof. By Theorem 3.1,
xh(βx) = Cx+ eβ(x),

with eβ even. Therefore

fα,β(x) = eβ(x) +
(
Cx+ αψ(x)

)
.

The first term is even and the second is odd, so by parity orthogonality the
parameter α only changes the odd Hermite sector. �

Proposition 6.3. Under the hypotheses above,

c1(α, β) = C + ακ.

Proof. Since H1(x) = x,

c1(α, β) = E[fα,β(Z)Z] = E[Z2h(βZ)] + αE[ψ(Z)Z].

By Proposition 3.4, E[Z2h(βZ)] = C, and by definition E[ψ(Z)Z] = κ. Thus
c1(α, β) = C + ακ. �

Proposition 6.4. With the same assumptions,

ζ(α, β) =
(
C + ακ

)2
,

and
η(α, β) = ηh(β) + 2αCκ+ α2ν.
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Proof. The formula for ζ follows from Proposition 6.3. For η, expand the square:

η(α, β) = E
[
(Zh(βZ) + αψ(Z))2

]
= ηh(β) + 2αE[Zh(βZ)ψ(Z)] + α2ν.

Using xh(βx) = Cx + eβ(x) with eβ even and ψ odd, we get E[eβ(Z)ψ(Z)] = 0,
hence

E[Zh(βZ)ψ(Z)] = Cκ.

Substitution gives the claimed formula. �

Corollary 6.5. If κ 6= 0, then

α∗ = −C
κ

is the unique critical parameter such that

ζ(α∗, β) = 0.

Moreover, if η(α∗, β) > 0, then

η(α, β)

ζ(α, β)
→∞ as α→ α∗.

Proof. This follows immediately from ζ(α, β) = (C + ακ)2. �

7. Reachable spectral region under odd perturbations

The previous sections show that the symmetric gated family has a rigid odd
Hermite sector. We now make this rigidity quantitative by characterizing exactly
what can be reached after adding an arbitrary odd perturbation.

Fix h ∈ H and write

fβ(x) = xh(βx) = Cx+ eβ(x),

with eβ even. Let ψ ∈ L2
odd(γ) and define

fβ,ψ = fβ + ψ.

Because H1(x) = x has norm one in L2(γ), every odd perturbation admits the
orthogonal decomposition

ψ = aH1 + q, q ∈ L2
odd(γ), q ⊥ H1.

Then

fβ,ψ = eβ + (C + a)H1 + q,

with pairwise orthogonal components.

Theorem 7.1 (Exact reachable region). For fixed β ≥ 0, the set

Rβ := {(η(fβ,ψ), ζ(fβ,ψ)) : ψ ∈ L2
odd(γ)}

is preciesly

Rβ = {(η, ζ) ∈ [0,∞)2 : η ≥ ηh(β)− C2 + ζ}.
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Proof. Since the three components are orthogonal,

ζ(fβ,ψ) = (C + a)2, η(fβ,ψ) = ηh(β)− C2 + ζ(fβ,ψ) + ‖q‖2
L2(γ).

Thus every reachable pair satisfies

η ≥ ηh(β)− C2 + ζ.

Conversely, given any (η, ζ) with this inequality, choose a so that (C + a)2 = ζ
and choose q orthogonal to H1 with prescribed norm. Since L2

odd(γ) ∩ H⊥1 is
infinite-dimensional, such a q always exists. This realizes the pair. �

Corollary 7.2 (Minimal perturbation for a prescribed first Hermite mode). Fix
β ≥ 0 and let ζ0 ≥ 0. Among all odd perturbations ψ satisfying ζ(fβ + ψ) = ζ0,
the minimal L2(γ) norm is attained by a pure first-mode perturbation and equals

min
{
|
√
ζ0 − C|, | −

√
ζ0 − C|

}
.

Corollary 7.3 (Minimal perturbation to reach the critical threshold). The min-
imal odd perturbation forcing ζ(fβ + ψ) = 0 is

ψ∗(x) = −Cx.
Its norm is ‖ψ∗‖L2(γ) = C, and at this threshold

fβ + ψ∗ = eβ

is even.

8. Pennington–Worah consequence

We now explain the random-matrix consequence of the previous computations.
The point is not to reprove the Pennington–Worah theorem, but to specialize it
to the present symmetry-breaking setting. Under the hypotheses of that theorem,
the limiting empirical spectral distribution depends only on the pair (η, ζ).

For the one-parameter perturbation

fα,β(x) = xh(βx) + αψ(x),

Proposition 6.4 gives

ζ(fα,β) = (C + ακ)2, η(fα,β) = ηh(β) + 2αCκ+ α2ν.

If κ 6= 0, then the critical parameter

α∗ = −C
κ

forces ζ(fα∗,β) = 0, and hence the corresponding limiting spectral law enters the
degenerate Marchenko–Pastur regime.

Corollary 8.1 (Formal Pennington–Worah consequence). Assume that the acti-
vation fα,β satisfies the hypotheses of the Pennington–Worah nonlinear random
matrix theorem, and assume that in the corresponding high-dimensional Gaussian
random-feature model the limiting empirical spectral distribution depends on the
activation only through the parameters

η(f) = E[f(Z)2], ζ(f) =
(
E[f(Z)Z]

)2
.
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Let

fα,β(x) = xh(βx) + αψ(x),

where ψ is odd and

κ = E[ψ(Z)Z] 6= 0.

Then the critical parameter

α∗ = −C
κ

satisfies

ζ(fα∗,β) = 0.

Consequently, within the Pennington–Worah limiting spectral description, the
family reaches the degenerate case associated with the Marchenko–Pastur-type
limit.

Proof. By Proposition 6.4,

ζ(fα,β) = (C + ακ)2.

Therefore

ζ(fα,β) = 0 ⇐⇒ C + ακ = 0,

which gives the unique value

α∗ = −C
κ
.

The final statement follows by applying the Pennington–Worah limiting spectral
description at the parameter value ζ = 0. �

Proof. This is an immediate consequence of the formula ζ(fα,β) = (C +ακ)2 and
the dependence of the limiting law only on (η, ζ). �

Theorem 8.2 (Quadratic approach with the first Hermite mode). For the pure
first-mode perturbation

fa,β(x) = xh(βx) + ax,

one has

ζ(fa,β) = (C + a)2, η(fa,β) = ηh(β) + 2aC + a2.

The critical value is a∗ = −C, and at a = a∗,

ζ(fa∗,β) = 0, η(fa∗,β) = ηh(β)− C2.

Moreover, both spectral parameters approach the threshold quadratically as a →
a∗.

Proof. This is the special case of Proposition 6.4 with ψ = H1, so κ = ν = 1. �
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9. Numerical illustrations of the spectral transition

In this section, we illustrate the effect of the odd perturbation

ψ(x) = xe−x
2/2

on the Swish activation

fα,β(x) = xσ(βx) + αψ(x).

We track how the Pennington–Worah parameters and the empirical spectral dis-
tribution of the post-activation Gram matrix change as α varies, and compare
these results with the unperturbed Swish case α = 0.

Recall that the Swish gate satisfies

σ(t) + σ(−t) = 1,

so it belongs to the symmetric gated class with

C =
1

2
.

Throughout this section, expectations are approximated by Monte Carlo sam-
pling with

Zi ∼ N (0, 1),

and empirical spectral distributions are computed from finite random feature
matrices of the form

Y = fα,β(WX),

where the entries of W and X are independent standard Gaussian random vari-
ables.

9.1. Evolution of the First Hermite Coefficient. We first investigate the
effect of the perturbation parameter α on the square of the first Hermite coefficient

ζ(α, β).

By Proposition 6.3, the parameter α directly modifies the leading Hermite
mode and therefore changes the value of ζ. In contrast, Proposition 3.2 shows
that, for the symmetric gated family, the parameter β does not alter the odd
Hermite sector.

Figure 1 illustrates the evolution of ζ(α, β) as α varies. The numerical results
confirm the existence of a critical value near

α = −C
κ
,

for which

ζ(α, β) = 0.

In the Swish example, this critical value reduces to

α = −
√

2.
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Figure 1. Evolution of the first Hermite coefficient ζ(α, β) under
variations of the perturbation parameter α.

9.2. Comparison of Spectral Ratio Control. We now compare the behavior
of the Pennington–Worah ratio

η

ζ
under variations of the Swish parameter β and the perturbation parameter α.

For the Swish family, Proposition 3.5 implies that the ratio remains confined
to the bounded interval

1 ≤ η(β)

ζ(β)
≤ 2.

Indeed, in this case one has C = 1
2

and M = 1.
In contrast, Theorem 8.1 shows that the perturbed family can access arbitrarily

large values of the ratio as α approaches the critical value

α∗ = −C
κ
,

which reduces to α∗ = −
√

2 in the Gaussian perturbation example.
Figure 2 compares the evolution of the ratio in the two settings. The Swish

parameter β produces only bounded deformations, while the perturbation param-
eter α generates a substantially wider spectral regime.

9.3. Empirical Spectral Distributions. We finally examine the empirical spec-
tral distribution of the post-activation Gram matrix

M =
1

m
Y >Y

for several representative values of the perturbation parameter α.
In particular, we compare:

α = 0, α = −1, α ≈ −
√

2, α = 1.
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The numerical spectra illustrate the deformation predicted by the Pennington–
Worah framework. As α approaches the critical regime, the spectrum progres-
sively transitions toward a Marchenko–Pastur-type behavior associated with

ζ ≈ 0.

Away from the critical regime, the spectrum exhibits broader support and
visible deviations from the classical Marchenko–Pastur profile.
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Figure 3. Empirical spectral distributions of the post-activation
Gram matrix for different values of the perturbation parameter α.
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The numerical experiments are consistent with the theoretical analysis devel-
oped in previous sections and illustrate how odd perturbations produce qualita-
tively different spectral regimes compared with the ordinary Swish parameteriza-
tion.

10. Conclusion

We studied symmetric gated activations through their Hermite structure and
the associated spectral quantities η and ζ. The reflection symmetry condition

h(t) + h(−t) = 2C

forces a rigid decomposition of the form

fβ(x) = Cx+ eβ(x),

where eβ is even. As a consequence, the odd Hermite sector is completely de-
termined by the constant C, and the leading Pennington–Worah parameter ζ
remains fixed throughout the symmetric family. This rigidity is the basic struc-
tural feature underlying the results of the paper.

We then specialized this framework to two important examples, namely Swish
and GELU. For Swish, we proved strict monotonicity of the spectral ratio and
derived its small- and large-parameter asymptotic expansions. For GELU, we
obtained an explicit closed formula for the spectral ratio, proved strict mono-
tonicity, and derived corresponding asymptotic expansions. These computations
show that, although the symmetric family has a rigid odd sector, the even part
still produces a rich and tractable dependence on the gating parameter.

To overcome the rigidity of the symmetric class, we introduced odd perturba-
tions of the form

fα,β(x) = xh(βx) + αψ(x).

This perturbation restores control of the first Hermite coefficient and yields an
exact description of the resulting spectral parameters. In particular, we identi-
fied the reachable region in the (η, ζ)-plane, and showed how the threshold ζ = 0
can be attained by a suitable choice of perturbation. This makes the symmetry-
breaking mechanism quantitatively explicit within the Pennington–Worah frame-
work.

Finally, the numerical illustrations confirm the theoretical picture: the unper-
turbed Swish family exhibits only bounded spectral variation, while the perturbed
family can move into a much wider regime and approach the critical threshold
predicted by the Hermite analysis. Overall, the results demonstrate that symme-
try, Hermite structure, and random-matrix spectral behavior are tightly linked
for self-gated activations, and that odd perturbations provide a natural way to
break the rigidity of the symmetric setting.

Acknowledgement. The authors deeply thank the anonymous reviewers for
their useful remarks and careful reading of the proofs presented in this paper.
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