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ABSTRACT. In this work, we establish some properties of («, 8)-intuitionistic
fuzzy order relations. Firstly, we prove that the infimum of any family of
(a, B)-intuitionistic fuzzy orders defined on a non-empty set X is also an («a, 3)-
intuitionistic fuzzy order on it. Secondly, we present a characterization of a
class of total («, 8)-intuitionistic fuzzy order relations compatibles with the
usual algebraic structures on the real line R.
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1. INTRODUCTION

Fuzzy set theory and fuzzy ordering, introduced by Zadeh [17, 18], have revo-
lutionized our understanding of uncertainty and imprecision. Building upon this
foundation, many researchers have explored various extensions and generaliza-
tions of fuzzy sets and fuzzy ordering [1, 2, 3, 4, 5, 6, 7, &, 9, , , 15,

, 20]. In this respect, the first author of the present paper and Zedam [14]
studied the properties of a-fuzzy order relations which later were generalized in
[15] to («, B)-intuitionistic fuzzy order relations. In this paper we aim to extend
the significant obtained results in [11] to the more general framework of (a, f)-
intuitionistic fuzzy order relations. For that, we will establish some properties of
these generalized intuitionistic fuzzy orders.

We organize this work as follows. In the second section, we recall useful defi-
nitions and results that we will need later. In the third section, we prove that if
(o, B) €]0,1] x [0, 1] with o+ 8 < 1 and (R;):es is a family of («, 8)-intuitionistic
fuzzy order relations on X, then the intuitionistic fuzzy relation R = (ug, vg)
defined by:
pr(a,b) = mf{uR (a,b)} and vg(a,b) = sup{vg,(a,b)} for every (a,b) € X x X

el
is an (o, §)-intuitionistic fuzzy order relation on X (see Theorem 3.1). In the
fourth section, we show that if for every i € {1,...,n}, R; = (ur,,vr,) is com-
patible with the vector algebraic structures on X;, so V = (uy, vy) defined on the
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real vector space X = H X; by:
i=1

wy((ag, ..., an), (by,...;b,)) = min }{uni(ai, bi)}

i€{l,...,n

and
v((ay,...,an), (b1,....,b,)) = max }{Z/Ri(ai,bi)}

i€{l,....n
is an (a, B)-intuitionistic fuzzy order relation compatible with the vector alge-
braic structures on X (see Theorem 4.2). In the fifth section, we characterize a
class of total («, 5)-intuitionistic fuzzy order relations compatibles with the usual
algebraic structures on the real line R (see Theorem 5.8).

2. PRELIMINARIES

Let X be a nonempty set.

- In [17], Zadeh defined a fuzzy set A by the membership function pg : X —
[0,1]. For every a € X, the value py(a) is the degree of membership of a in A.
We shall write A as A = 4. Any fuzzy set R = ur of X x X is called a fuzzy
relation on X.

- In [1], Antanassov extended the concept of fuzzy set to intuitionistic fuzzy set.
An intuitionistic fuzzy set A of X" is characterized by two functions pg,v4 : X —
[0, 1] satisfying, for every a € X the following condition: 0 < p4(a) + va(a) < 1.
For every a € X, the values p4(a) and v4(a) are respectively the degree of
membership and non-membership of a in A. In the sequel, we shall write A as
A = (4, v4). Every intuitionistic fuzzy set R = (ug,vg) of X x X is called an
intuitionistic fuzzy relation on X.

Definition 2.1. [12]. Let X be a nonempty set, a €]0,1] and R = ug be a fuzzy
relation on X.

1) R is said to be a-fuzzy reflexive if for every a € X, ur(a,a) = «;

2) R is called to be a-fuzzy antisymmetric if for every (a,b) € X x X satisfying
pr(a,b) + ugr(b,a) > a, then a = b;

3) R is said to be a-fuzzy transitive if for every (a,c) € X x X, ug(a,c) >
SUDpecx [min{:uR(av b)? “R(b7 C)}] :

4) R is called to be an a—fuzzy order relation on X if R is a-fuzzy reflexive,
antisymmetric and transitive.

Definition 2.2. [15]. Let X’ be a nonempty set, («, 5) €]0,1] x [0, 1] with a+ 3 <
1 and let R = (ur,vg) be an intuitionistic fuzzy relation on X.

1) R is said to be («,)-intuitionistic fuzzy reflexive if for every a € X,
pr(a,a) =« and vr(a,a) = B;

2) R is called to be («a, §)-intuitionistic fuzzy antisymmetric if for every (a,b) €
X x X satistying ug(a,b) + pr(b,a) > a and vg(a,b) + vr(b,a) < 5+ 1, then
a = b;

3) R is said to be (o, §)-intuitionistic fuzzy transitive if for every (a,c) € X x X,

Hr (@, ¢) Z sup{min{yir(a, b), i (b, c)}} and
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vr(a,c) < gn/{/{max{yR(a,b), vr(b,c)}}.
€
4) R is called to be an («, f)—intuitionistic fuzzy order relation on X if R is
(o, B)—intuitionistic fuzzy reflexive, antisymmetric and transitive.

Note that R is («, §)-intuitionistic fuzzy antisymmetry if

[(V(a,b) € XxX)(a #b) = (ur(a,b)+ur(b,a) < a or vg(a,b)+vr(b,a) > S+1)].
(2.1)
If R is an (a, B)-intuitionistic fuzzy order relation on X, then X" is called an
(e, B)-intuitionistic fuzzy ordered set and we denote it by (X, R).
An (o, B)-intuitionistic fuzzy order relation R on & is said to be total if for all
(a,b) € X x X, we have either
1 1
) or (/Mz(b, a) > % and vr(b,a) < B%)
If R is a total («, 8)-intuitionistic fuzzy order relation on X, then (X, R) is an
(o, B)-intuitionistic fuzzy chain.
Let B be a nonempty subset of X.

(un(a, b) > % and vr(a,b) < i

1) We say that an element u € X' is an upper bound of B if ug(a,u) > % and
+1

vr(a,u) < for every a € B. When u is an upper bound of B and u € B,

then u is called a greatest element of B and we write u = maxg(B).
2) The subset B has a a lower bound if there exists an element v € X satisfying

pr(v,a) > % and vg(v,a) < for every a € B. If v is a lower bound of B

and v € B, then v is called a least element of B and we write v = ming(B).

3) If the set of all upper bounds of B has a least element, m, we say that B
has a supremum and we write m = sup(B).

4) When the set of all lower bounds of B has a greatest element, ¢, we say that
B has an infimum and we write ¢ = inf(B).

Examples 2.3.

(i) Let (o, B) €]0,1] x [0,1] with o + 8 < 1 and let A = {a,b, c} be a set. Let
R = (ur,vr) be the following intuitionistic fuzzy relation defined on A by:

vr(,.) | a b c
pr(,.) | a b ¢ a B & @
a a |0,6a 0,5 4 ot
b 10.3a] a |0.4a and p | 0E8] 5 | 016

c 0,2a | 0, 2« B 3_ 9 B+F9 v
S Tl T

Then, R is an («, f)-intuitionistic fuzzy order relation on A.
(i) Let a €]0,1] and R = (g, vr) be the following intuitionistic fuzzy relation
defined on R by:
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(v ifa=15
a(l=3) 0<a<)
HR(@I)): 0 ifb<a
b
a(l——) ifa<b<0
a
g ifa<0andb>0
and
(1 -« ifa=5
l—a(l-3) #0<a<b
VR((I,b): 1 ifb<a
1—a(1—é) if a <b<0
a
(1 -« ifa<0andb>0.

Then, R is an («, 1 — «)-intuitionistic fuzzy order relation on R.

3. CONSTRUCTING NEW (c, 3)-INTUITIONISTIC FUZZY ORDER RELATIONS

In this section, we present some techniques for building new («, /3)-intuitionistic
fuzzy order relations.

Theorem 3.1. Let (o, §) €]0,1] x [0, 1] with a+ 8 < 1 and let X be a nonempty
set. If (Ry)ier is a family of (a, B)-intuitionistic fuzzy order relations on X, then
the intuitionistic fuzzy relation R = (ugr,vgr) defined by:

pr(a,b) = inﬁ{uni(a, b)} and vg(a,b) = sup{vg,(a,b)} for every (a,b) € X x X
S i€l
is an («, B)-intuitionistic fuzzy order relation on X.

Proof. Let (R;)icr be a family of («, 5)-intuitionistic fuzzy order relations defined
on X.
1) Since for every a € X, we have
pr,(a,a) = a and vg,(a,a) = B for every i € I, (3.1)
then we get
pur(a,a) =« and vg(a,a) = . (3.2)
Therefore, R is («, 5)-intuitionistic fuzzy reflexive.
2) Let (a,b) € X x X such that a # b and let iy € I. Then, we have

pr(a,b) + pr(b a) < pr, (a,b) + pr,, (b, a) (3:3)
and
vr(a,b) +vr(b,a) > vg, (a,b) + vg, (b, a). (3.4)
As R;, is (o, B)-intuitionistic fuzzy antisymmetric, then we obtain
R, (a,0) + pr, (b,a) < aor v, (a,b) +vr, (bya) > B+ 1. (3.5)

Thus, we have

pr(a,b) + ur(b,a) < a or vg(a,b) + vg(b,a) > 5+ 1. (3.6)
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Therefore, R is («, 3)-intuitionistic fuzzy antisymmetric.
3) Let a,b,c € X and let ¢ € I. So, by our definition of R we have

min{,u’R(aa b)7 NR(b7 C)} S ,U/R(a’a b) S N’Ri(a? b) (3 7)
min{:U’R(aa b>7 MR(ZL C)} < ,U/R(bv C) < /’I’Ri(b7 C) ‘
and
max{vr(a,b),vr(b,c)} > vr(a,b) > vg,(a,b)
{max{l/R(a, b),vr(b,c)} > vgr(b,c) > vg,(b,c). (3:8)

Hence, for every b € X and i € I we obtain
min{lu’R(a7 b)a FLR(bv C)} < mln{:uRz (CL, b)7 MRz(b7 C)} (3 9)
max{vr(a,b), vr(b,c)} > max{vg,(a,b),vg,(b,c)}. '
Since for every i € I, R; is («, §)-intuitionistic fuzzy transitive, so we obtain

min{ur(a,b), ur(b,c)} < pur,(a,c) Vbe X and Vi € I (3.10)
max{vg(a,b),vr(b,c)} > vg,(a,c) Vbe X and Vi € I. '

So, for every i € I
Ur,(a,c) is an upper bound of {min{uR(b, c), pr(a,b)} : be X} (3.11)
and

vr,(a,c) is a lower bound of {max{un(b, ¢),vr(a,b)} : be X}. (3.12)

Then, we get
sup { min{ur(a,b), ur (b, c)}} < ug,(a,c) Viel
bex . (3.13)
gg)fc { max{vr(a,b),vr(b,c)}} > vg,(a,c) Vie L

Hence, we have
sup { min{ur(a,b), ur (b, c)}} is a lower bound of {,uRi(a, c):i¢€ ]} (3.14)
beX

and

inf {max{VR(a, b), vz (b, c)}} is an upper bound of {VRZ.((I,C) NS ]}. (3.15)

beX
Then, we obtain

iu/g { min{pg(a,b), ur (b, c)}} < ug(a,c) (3.16)
€
and
gn/£ { max{vg(a,b), vr (b, c)}} > vr(a,c). (3.17)
S
Then, R is («, B)-intuitionistic fuzzy transitive. Hence, R is an («, 3)-intuitionistic
fuzzy order relation on X. 0

By using Theorem 3.1, we obtain the following consequence.
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Corollary 3.2. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered set.
Then, the fuzzy relation V defined on X by:

ILLV(a7 b) = min{MR(av b)> H’R(b7 (I)} and VV(a7 b) = maX{VR(av b)7 VR(b7 a)}
for every (a,b) € X x X is an («, B)-intuitionistic fuzzy order relation on X .

Using a proof similar to that of Theorem 3.1, we obtain the following result.

Theorem 3.3. Let (X, R;)icq1,...n} be a finite family of nonempty (v, B)-intuitionistic
fuzzy ordered sets. Then the intuitionistic fuzzy relation V = (uy, vy) defined on

x=1[x by
i=1
wy((ar, ..., an), (by,..sby)) = min {ug,(a;,b;)}

i€{l,....,n}

and
w((ay,...,an), (b1,....,0,)) = max {vg,(a;b;)}

ie{l,....,n}

is an (o, B)-intuitionistic fuzzy order relation on X .

From Theorem 3.3, we obtain the following corollary.

Corollary 3.4. Let (X,R) be a nonempty («, B)-intuitionistic fuzzy ordered set.
Then, the intuitionistic fuzzy relation V = (uy,vy) defined on X™ by:

py((a, .y an), (byy .oy 0,)) =  min {ug(a;,b;)}

ie{lv"'7n}

and

w((ay,...,a,), (b1,...,b,)) = max {vr(a;b;)}

te{1,...,n}

is an («, B)-intuitionistic fuzzy order relation on X".

4. COMPATIBILITY OF (a, )-INTUITIONISTIC FUZZY ORDER RELATIONS WITH
THE ALGEBRAIC STRUCTURES OF VECTOR SPACES

In this section, we study the compatibility of («, §)-intuitionistic fuzzy order
relations with the algebraic structures of vector spaces. We begin with the fol-
lowing definition.

Definition 4.1. Let R be an («, 5)-intuitionistic fuzzy order relation defined on
a real vector space X.

1) R is said to be compatible with the addition on X if for every (ay,b1), (ag, bs) €
X2, we have:

a Q Q
((,un(al,bl) > ) and pg(as, by) > 5) = (,uR(al + as, by + by) > 5)) (4.1)
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and

B+1 B+1 f+1

VR a17b1 9

(4.2)
2) R is said to be compatible with the multiplication by scalars on X if for all
(a,b) € X x X and A > 0, we have:

(uR(a, ) > 5 = pr(la, Ab) > %) and ( o(a,b) < 5% = vr(Aa, Ab) < %

(4.3)
Next, we shall prove the following result.

Theorem 4.2. Let (X, R;)icqu,..ny be a finite family of (o, B)-intuitionistic fuzzy

77777

ordered real vector spaces and let V = (uy,vy) be the intuitionistic fuzzy relation
n

defined on X = H X; by

i=1
py((a, ..., an), (by, ..., by)) = gunn {pr,;(a;,b;)} and
v((ay,...,an), (b1, ....,bn)) = ie?llaxn}{l/ni(ai, b))}

Then, we have
(1) if for every i € {1,...,n}, R; is compatible with the addition on X;, then V is
an (o, B)-intuitionistic fuzzy order relation compatible with the addition on X;
(ii) if for each i € {1,...,n}, R; is compatible with the multiplication by scalars
on X;, then V is an («, B)-intuitionistic fuzzy order relation compatible with the
multiplication by scalars on X.
(iil) of for every i € {1,...,n}, R; is compatible with the addition and the multi-
plication by scalars on X;, then V is an («, §)-intuitionistic fuzzy order relation
compatible with the addition and the multiplication by scalars on X.

Proof. Let (&;,R;)icq1,..ny be a finite family of nonempty (o, )-intuitionistic

-----

fuzzy ordered real vector spaces and let V = (uy, ) be the intuitionistic fuzzy
n

relation defined on X = H X; by

i=1
MV((a’h sy an)a (bh sy bn)) = Zeglnn}{ﬂnz (aiv bl)} (44)

and
vy((ag, ..., an), (b, ..., b,)) = iel{lllaxn}{yni(ai, bi)}. (4.5)

From Theorem 3.3, V = (uy, y) is an (a, §)-intuitionistic fuzzy order relation on
the real vector space X.

(i) Assume that for each i € {1,...,n}, R; is compatible with the addition on
X;. Let (a1, ...,ap), (b1, ...,b,), (c1, ..., cn), (d1, ..., d,) € X such that

1o (@1, ooy @), (b, o b)) > &

- (4.6)

and vg(ag, by) < —) = <VR(CL1+CL2,b1+b2) < T>>

) |
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(€1, o), (drs ooy dy)) > % (4.7)
+
Vv((al,...,an),(bl,...,bn)) BT (48)
and
vy((cr, .y cn), (diy dy)) < ﬁT (4.9)
Then by using (4.6), (4.7), (4.8) and (4.9) for every i € {1,...,n}, we get
pr,(ai,b;) > % (4.10)
pr.(ciyd;) > % (4.11)
v (ai bi) < 5; (4.12)
and
1
Ve (e, di) ﬁ%. (4.13)

Since for every i € {1,...,n}, R; is compatible with the addition on Aj, so by
using (4.10), (4.11), (4.12) and (4.13) we obtain

1
,uRi(ai + Ci,bi + dz) > % and I/Ri(ai + Ci,bi + dz) < 6 + for all 7 € {1, 771}
(4.14)
Hence, we get
wy((ar+c1y ey an +¢4), (b1 +dy, . by +dy)) = %nm {pr,(a;+ci, b+ d;)} > (;
(4.15)
and
b+1
w((a+cr, ..., antcy), (+dy, ..., by +dy)) = %ax {vr,(a;+c;, bi+d;)} < —
(4.16)

Thus, V is compatible with the addition on X.
(ii) Assume that for every i € {1,...,n}, R; is compatible with the multiplica-
tion by scalars on X;. Let A > 0 and (ay, ..., a,), (b1, ..., b,) in X such that

« +1
py((ay, ..., an), (by, ..., by)) > 5 and vy ((ay, ..., an), (b, ..., b,)) < 57 (4.17)
Then by our definition of V, for every i € {1,...,n} we get
1
ur,(ai,b;) > % and vg,(a;, b;) < 5% (4.18)

As for every i € {1,...,n}, R; is compatible with the multiplication by scalars on
AX;, so from (4.18) we obtain

1
pr, (Aa;, Ab;) > % and vg, (Aa;, \b;) < ﬁ; for every i € {1,....,.n}.  (4.19)
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Hence, we get

MV(()\ala X3 )‘an)v ()‘bla ey )\bn)) = %{lln }{/"LRz()\a'l7 )‘bl)} > % (420)
1€1,..., n
and
B+1
vy((Aar, ..., Aay), (Abr, ..., Ab,)) = f{rllax }{VRi()\ai, b))} < — (4.21)
1€1,..., n

Thus, V is compatible with the multiplication by scalars on X.
(iii) From (i) and (ii) we deduce (iii). O

Combining Corollary 3.4 and Theorem 4.2, we get the following result.

Corollary 4.3. Let (X, R) be an («, B)-intuitionistic fuzzy ordered real vector
space. Assume that R is compatible with the addition and the multiplication by
scalars on X. Then the intuitionistic fuzzy relation V = (uy,vy) defined on X™

by

ie{l,....,n

b)) = z‘emaXn}{VR(ai’ bi)}

is an (a, B)-intuitionistic fuzzy order relation compatible with the addition and
the multiplication by scalars on X™.

MV((ala X3 a’rL)7 (b17 ey bn)) = min }{MR(G’H bz)} and

Vv((al, ...,(ln), (bl, ..

5. A CHARACTERIZATION OF A CLASS OF TOTAL («, 3)-INTUITIONISTIC
FUZZY ORDER RELATIONS THAT ARE COMPATIBLE WITH THE USUAL
ALGEBRAIC STRUCTURES ON R

In this section, we give a characterization of a class of total («, §)-intuitionistic
fuzzy order relations that are compatible with the usual algebraic structures on
R. To this end, we first need the following definitions.

Definition 5.1. Let R be an («, §)-intuitionistic fuzzy order relation on R and a €

R.
1
1) If ur(0,a) > % and vz(0,a) < 5%, then a is called a R-positive real

number. The set of all R-positive real numbers is denoted by Ra 5)"

1
2) If pgr(a,0) > % and vr(a,0) < 6%, then a is called a R-negative real

number and the set of all R-negative real numbers is denoted by ]R(_a 5)"

Next, we introduce the following two classes C(q,5) and C' (4, g) of (v, 3)-intuitionistic
fuzzy order relations on R.

Definition 5.2. Let (o, 3) €]0,1] x [0,1] and let C(, ) be the set of all (o, §)-
intuitionistic fuzzy order relations R defined on R satisfying the two following
conditions:

(i) for all a,b,c € R, we have

pr(a,b) < pur(a+c,b+c) and vg(a,b) > vr(a+ ¢, b+ c); (5.1)
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(ii) for every a,b € R and A > 0,
pr(a,b) < pr(Aa, \b) and vg(a,b) > vr(Aa, Ab). (5.2)

Definition 5.3. Let (o, 3) €]0,1] x [0, 1] and let C'(, gy be the set of all (o, §)-
intuitionistic fuzzy order relations R defined on R satisfying the two following
conditions:

(i) for every a,b,c € R,

pr(a,b) < ug(a+c,b+c) and vg(a,b) > vr(a+ ¢, b+ c); (5.3)
(ii) for all a,b € R and v > 0,
pr(a,b) > ugr(va,vb) and vr(a,b) < vgr(ya,b). (5.4)

Next, we shall show that for every (o, 5) €]0,1] x [0, 1], we have C(s5) = C'(a.8)-
Proposition 5.4. Let (o, 3) €]0,1] x [0,1[. Then, we have Ca.gy = C'(ap)-
Proof. 1) Suppose that R € C,). Then from (5.1), for every a, b, c € R we have

pr(a,b) < pgr(a+c,b+c) and vg(a,b) > vg(a+c,b+ c). (5.5)
Now, let (a,b) € R* and v > 0. Then from (5.2), we have

1 1 1 1
< - - > e (= - . .
pr(va,vb) < un(v(va), 7(vb)> and vg(vya,b) > VR(V('YG)a 7(vb)> (5.6)
Hence, we get

pr(va,7b) < pr(a,b) and vr(ya, vb) > vr(a,b). (5.7)
So, R satisfies (5.3) and (5.4). Therefore, R is an element of C’(, ). Thus, we
have
C(Oé7ﬁ) g C,(Oé,ﬁ)‘ (58)
2) Suppose that R is an element of C’(, 3. Then from (5.3), for every a,b,c € R
we have
pr(a,b) < pug(a+c,b+c) and vg(a,b) > vr(a+ ¢, b+ c). (5.9)
Now, let (a,b) € R* and A > 0. Then from (5.4), we obtain

i (Aa, \b) > un(%(m), %(Ab)) and v (Aa, Ab) < URG(M), %(Ab)). (5.10)
So, we get
pr(Aa, Ab) > ug(a,b) and vg(Aa, Ab) < vr(a,b). (5.11)
Hence, R satisfies (5.1) and (5.2). Thus, R is an element of C(, ). Then,
C'(a8) € Clap)- (5.12)
Therefore from (5.8) and (5.12), we deduce that Ci, 5 = C'(a,)- O

In what follows we shall prove that every element of C(, gy is compatible with
the usual algebraic structures on R.

Proposition 5.5. Let (o, 3) €]0,1] x [0,1] and R be an element of C(a py. Then,
(i) for every (ai,by), (as, bs) € R?, we have
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pr(a1 + az, by +by) > min{ur(ay, by), pr(az, b))}
and
vr(a1 + ag, by + by) < max{vg(ai,b1),vr(az, b2)}.
(ii) R is compatible with the addition and the multiplication by scalars on R.
Proof. Let (a, 3) €]0,1] x [0,1[ and R € Cqa,p).
(i) Let (a1, b1), (a2, bs) € R By («, B)-intuitionistic fuzzy transitivity, we have
pr(ar + ag, by + by) > min{ug(a; + az, by + ag), ur(by + az, by + be)}
vr(ar + ag, by + by) < max{vg(ai + as,b1 + az), vr(b1 + az, b1 + bo)}.

(5.13)
Since R € C(a,p), then from (5.1) we get

pr(ar,br) < prar + az, by + az) and pr(as, ba) < pr(by + az, by + by)
vr(ay,by) > vgr(ar + as, by + as) and vg(ag, be) > vr(by + ag, by + ba).

Then, we have

{miH{MR(ah b1), ur(az,b2)} < pr(ar + ag, by + a) (5.14)
min{yur (a1, b1), pr(az,b2)} < pr(bi + as, b1 + ba)
and
{max{yn(al, b1),vr(ag, ba)} > vr(a; + az, by + as) (5.15)
max{vg (a1, b), vr(az, b2)} > vr(by + az, by + by).

Hence, we obtain

min{un(al + a9, b1 + CLQ), ,uR(bl + as, b1 + bQ)} 2 min{,uR(al, bl), IUR(CI,Q, bg)}
max{vr (a1 + ag, by + az), vr(by + as, by + ba)} < max{vg(ai,b1),vr(az, b2)}.
(5.16)
By using (5.13) and (5.16), we get for every (ay, by), (as, be) € R?

pr(ar + ag, by + by) > min{ug(ai, by), pr(az, ba)}
vr(ay + ag, by + b)) < max{vgr(ai,b),vr(az, b2)}.

ii) Let (a1, b)), (as,by) € R?, such that
(ii) Let (

a a
pr(ai, by) > - and pr(ag,by) > 5

1
and vg(az, by) < —B;— )

V'R(al,bl) < 5

Then, we get

o
mln{/m(az, 52) MR ay, bl =
/% (5.17)

max{un(al, bl) I/R(ag, bg)
By (i) above, we know that

{MR(Gl + ag, by + by) > min{pur (a2, b2), pir(ay, br)}

5.18
vr(ay + ag, by + be) < max{vg(ai,by),vr(az,bs)}. ( )
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So by using (5.17) and (5.18), we get

+1
/JJ'R<CL1 + ao, b1 + b2) > % and VR(Cll + a9, b1 + 62) < /BT (519)
Thus, R is compatible with the addition on R.
Now, let A > 0 and a,b € R such that
1
ur(a,b) > % and vy (a,b) < ﬁ% (5.20)
As R € C(q,p), then from (5.2) we have
pr(a,b) < pugr(Aa, Ab) and vg(a,b) > vr(Aa, Ab). (5.21)
Hence, we get
B+1
pr(Aa, \b) > 5 and vg(Aa, Ab) < —5— (5.22)
Therefore, R is compatible with the addition and the multiplication by scalars
on R. 0

Next, we shall establish some technical results for every element of C(, g).

Proposition 5.6. Let (a,3) €]0,1] x [0,1[ and R € C(a,5). Then,
(i) for all a,b € R, we have

pr(a,b) = ur(0,b —a) = pr(a —b,0) and vgr(a,b) = vr(0,b —a) = vg(a —b,0);
(i) for any a €0, +o0[, we have ur(0,a) = ur(0,1) and vz (0,a) = vr(0,1);

(iii) for every a €]0,4o00|, we have ug(a, 0) ( ,0) and vr(a,0) = vr(1,0);
(iv) for any a,b € R, if a < b, then ug(a,b) = pr(0,1) and vg(a,b) = vg(0,1) ;
(v) for all a,b € R, zfa > b, then pg(a,b) = ( ,0) and vg(a,b) = vg(1,0) ;
(vi) R, 5 MR, 5 = {0}.

Proof. Let R € Cla,p)-
(i) Let a,b € R. Since R € C(4,5), then from (5.1) we have

pr(a —b,0) < ,uR<a—b+b,0+b> un<a+ —a)) (5.23)
and
vr(a—0,0) > vg (a —b+b,0+ b> >R (a + (—a),b+ (—a)). (5.24)
Hence, we get
pr(a—0,0) < ug(a,b) < pur(0,b—a) (5.25)
and
vr(a —b,0) > vr(a,b) > vr(0,b — a). (5.26)

Since R € C(q,3), then

(0,6 — a) < p (o Yab—a+ a) < i <a 4 (=b),b+ (—b)> (5.27)
and

vr(0,b—a) > VR<O +a,b—a+ a> > I/R<CL +(=b),b+ (—b)). (5.28)
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Then, we get

MR(Oa b— a) < MR(a’ b) < MR(Q - b, O) (529)
and

vr(0,b—a) > vr(a,b) > vr(a—10,0). (5.30)
By combining (5.25) and (5.29) we obtain

pr(0,0 — a) = pr(a,b) = pr(a —b,0).
Using (5.26) and (5.30), we get

vr(0,b —a) = vg(a,b) = vg(a — b,0).
(ii) Let a €]0,400[. As R € C(q ), then from (5.2) we have

12 (0,1) < pi (a % 0,0 X 1) and vz (0,1) > yR<a % 0,0 X 1). (5.31)

So, we get

pr(0,1) < ur(0,a) and vz(0,1) > vz(0,a). (5.32)
As R € C(a,p), then

1 1 1 1
ur(0,a) < /LR(— x 0,— x a) and vg(0,a) > VR<— x 0, — X a).
a a a a

Hence, we obtain

pr(0,a) < ur(0,1) and vz(0,a) > vz (0, 1). (5.33)
Therefore, by using (5.32) and (5.33), we get
pr(0,a) = pr(0,1) and vr(0,a) = vr(0,1). (5.34)

(iii) Let a €]0, +o0[. As R € C(a,), then from (5.2) we get
pur(1,0) < pr(a x 1,a x 0) and vg(1,0) > VR<CL x 1,a % O).

So, we obtain
pur(1,0) < pr(a,0) and vg(1,0) > vr(a,0). (5.35)
On the other hand, we have
1 1 1 1
pr(a,0) < ,uR(— X a,— X 0) and vg(a,0) > VR<— X a,— X O).
a a a a

Hence, we get

pr(a,0) < ugr(1,0) and vg(a,0) > vg(1,0). (5.36)
Therefore by using (5.35) and (5.36), for all a €]0, +oo[ we get
pr(a,0) = ur(1,0) and vr(a,0) = vr(1,0). (5.37)

(iv) Let a,b € R such that a < b. Then, 0 < b — a. By (i) and (ii), we get
pr(a,b) = ur(0,b —a) = pugr(0,1) and vg(a,b) = vg(0,b —a) = vz (0,1).

(v) Let a,b € R such that b < a. So, 0 < a — b. From (i) and (iii), we get
pr(a,b) = pr(a—0,0) = ur(1,0) and vg(a,b) = vr(a —b,0) = vg(1,0).
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(vi) Let a € RY

() R(_aﬁ). Then, we have

o +1 o +1
ur(0,a) > §,I/R(O,a) < ﬂT,uR(a,O) >3 and vr(a,0) < ﬁT

So, we get
vr(a,0) + pr(0,a) > a and vg(a,0) + vg(0,a) < 5+ 1.
So, by (a, B)-intuitionistic fuzzy antisymmetry we obtain a = 0.
So, we get
R 5 MR 5 € {0}
On the other hand, we know that
pr(0,0) = a > % and vz(0,0) = 8 < ——.

Then, we obtain

+ —
{0} SRGp MR-
Therefore, we deduce that
R 5 MRy, g = {0}

Next, we give the following result.

Proposition 5.7. Let (o, 5) €]0,1] x [0,1] and let R be an element of C(a,p)
Then,
(i) if R is a total («, B)-intuitionistic fuzzy order on R, then R = R( 5 URG 5
(ii) R is total on R if and only if
1 1

(MR(O, 1) > % and vr(0,1) < B%) or (uR(l 0) > 5 and vr(1,0) < B%)
Proof. Let R € C(q,p).

(i) Assume that R is a total («, 5)-intuitionistic fuzzy order relation on R. So,
for every a € R, we have

1 1
(MR(0>G) > % and vz (0,a) < ﬁ%) (,uR(a 0) > 5 and vr(a,0) < 5%)
Hence, we get a € RELa g orac ]R( ) Thus, we get R C R( 5 Y (_a 5)" On the

other hand by our definition, we know that Rz; 5 Y ]R(_a 8
deduce that R =R/ U R, -

(ii) Assume that R is a total (a, f)-intuitionistic fuzzy order relation defined on
R. So, we have

C R. Therefore, we

@ B+1 Q g+1
(uR(O, 1) > 5 and vz (0,1) < T) or (uR(l,O) >3 and vg(1,0) < T)
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Conversely, let a,b € R with a # b. So, a < b or a > b.
1

First case : ug(0,1) > % and vz (0,1) < ﬁ;

If a < b. Then by Proposition 5.6, we get

pr(a,b) = pur(0,1) > % and vg(a,b) = vg(0,1) < %.
If a > b, then by Proposition 5.6, we have

pr(b,a) = ugr(0,1) > % and vr(b,a) = vg(0,1) < %
Therefore, R is a total (a, 8)-intuitionistic fuzzy order relation defined on R.
The proof of the second case when pgr(1,0) > % and vz (1,0) < pri is similar
to the first case above. O

Using Propositions 5.5, 5.6 and 5.7, we obtain the main result in this section.

Theorem 5.8. Let (o, 5) €]0,1] x [0,1] and let R = (ur,vr) be an element of
Cla,8)- Then, R is defined by

Q ifa=1"b 15} ifa=1"5
pr(a,b) =< ur(0,1) ifa<b and vg(a,b)=qvr(0,1) ifa<b
pr(1,0) ifa>0b vr(1,0) ifa>b.

1
Moreover, if (,uR(O, 1) > % and vr(0,1) < B%) or (M’R(LO) > % and vg(1,0) <
B+1

5 ), then R is a total (o, B)-intuitionistic fuzzy order relation on R.

6. CONCLUSION

In conclusion, this study establishes key properties of («, 3)-intuitionistic fuzzy
order relations defined on real vector spaces. Notably, we characterize a class of
total (v, B)-intuitionistic fuzzy order relations compatible with the addition and
the multiplication on the real line R.
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and suggestions.
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