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Abstract. In this work, we establish some properties of (α, β)-intuitionistic
fuzzy order relations. Firstly, we prove that the infimum of any family of
(α, β)-intuitionistic fuzzy orders defined on a non-empty set X is also an (α, β)-
intuitionistic fuzzy order on it. Secondly, we present a characterization of a
class of total (α, β)-intuitionistic fuzzy order relations compatibles with the
usual algebraic structures on the real line R.
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1. Introduction

Fuzzy set theory and fuzzy ordering, introduced by Zadeh [17, 18], have revo-
lutionized our understanding of uncertainty and imprecision. Building upon this
foundation, many researchers have explored various extensions and generaliza-
tions of fuzzy sets and fuzzy ordering [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15,
16, 20]. In this respect, the first author of the present paper and Zedam [14]
studied the properties of α-fuzzy order relations which later were generalized in
[15] to (α, β)-intuitionistic fuzzy order relations. In this paper we aim to extend
the significant obtained results in [14] to the more general framework of (α, β)-
intuitionistic fuzzy order relations. For that, we will establish some properties of
these generalized intuitionistic fuzzy orders.

We organize this work as follows. In the second section, we recall useful defi-
nitions and results that we will need later. In the third section, we prove that if
(α, β) ∈]0, 1]× [0, 1[ with α+β ≤ 1 and (Ri)i∈I is a family of (α, β)-intuitionistic
fuzzy order relations on X , then the intuitionistic fuzzy relation R = (µR, νR)
defined by:

µR(a, b) = inf
i∈I
{µRi

(a, b)} and νR(a, b) = sup
i∈I
{νRi

(a, b)} for every (a, b) ∈ X × X

is an (α, β)-intuitionistic fuzzy order relation on X (see Theorem 3.1). In the
fourth section, we show that if for every i ∈ {1, ..., n}, Ri = (µRi

, νRi
) is com-

patible with the vector algebraic structures on Xi, so V = (µV , νV) defined on the
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real vector space X =
n∏
i=1

Xi by:

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µRi
(ai, bi)}

and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νRi
(ai, bi)}

is an (α, β)-intuitionistic fuzzy order relation compatible with the vector alge-
braic structures on X (see Theorem 4.2). In the fifth section, we characterize a
class of total (α, β)-intuitionistic fuzzy order relations compatibles with the usual
algebraic structures on the real line R (see Theorem 5.8).

2. Preliminaries

Let X be a nonempty set.
- In [17], Zadeh defined a fuzzy set A by the membership function µA : X →

[0, 1]. For every a ∈ X , the value µA(a) is the degree of membership of a in A.
We shall write A as A = µA. Any fuzzy set R = µR of X × X is called a fuzzy
relation on X .

- In [1], Antanassov extended the concept of fuzzy set to intuitionistic fuzzy set.
An intuitionistic fuzzy set A of X is characterized by two functions µA, νA : X →
[0, 1] satisfying, for every a ∈ X the following condition: 0 ≤ µA(a) + νA(a) ≤ 1.
For every a ∈ X , the values µA(a) and νA(a) are respectively the degree of
membership and non-membership of a in A. In the sequel, we shall write A as
A = (µA, νA). Every intuitionistic fuzzy set R = (µR, νR) of X × X is called an
intuitionistic fuzzy relation on X .

Definition 2.1. [12]. Let X be a nonempty set, α ∈]0, 1] and R = µR be a fuzzy
relation on X .

1) R is said to be α-fuzzy reflexive if for every a ∈ X , µR(a, a) = α;
2) R is called to be α-fuzzy antisymmetric if for every (a, b) ∈ X ×X satisfying

µR(a, b) + µR(b, a) > α, then a = b;
3) R is said to be α-fuzzy transitive if for every (a, c) ∈ X × X , µR(a, c) ≥

supb∈X [min{µR(a, b), µR(b, c)}] .
4) R is called to be an α–fuzzy order relation on X if R is α-fuzzy reflexive,

antisymmetric and transitive.

Definition 2.2. [15]. Let X be a nonempty set, (α, β) ∈]0, 1]×[0, 1[ with α+β ≤
1 and let R = (µR, νR) be an intuitionistic fuzzy relation on X .

1) R is said to be (α, β)-intuitionistic fuzzy reflexive if for every a ∈ X ,
µR(a, a) = α and νR(a, a) = β;

2) R is called to be (α, β)-intuitionistic fuzzy antisymmetric if for every (a, b) ∈
X × X satisfying µR(a, b) + µR(b, a) > α and νR(a, b) + νR(b, a) < β + 1, then
a = b;

3)R is said to be (α, β)-intuitionistic fuzzy transitive if for every (a, c) ∈ X×X ,
µR(a, c) ≥ sup

b∈X
{min{µR(a, b), µR(b, c)}} and
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νR(a, c) ≤ inf
b∈X
{max{νR(a, b), νR(b, c)}}.

4) R is called to be an (α, β)–intuitionistic fuzzy order relation on X if R is
(α, β)–intuitionistic fuzzy reflexive, antisymmetric and transitive.

Note that R is (α, β)-intuitionistic fuzzy antisymmetry if

[
(∀(a, b) ∈ X×X )(a 6= b)⇒ (µR(a, b)+µR(b, a) ≤ α or νR(a, b)+νR(b, a) ≥ β+1)

]
.

(2.1)
If R is an (α, β)-intuitionistic fuzzy order relation on X , then X is called an

(α, β)-intuitionistic fuzzy ordered set and we denote it by (X ,R).
An (α, β)-intuitionistic fuzzy order relation R on X is said to be total if for all

(a, b) ∈ X × X , we have either(
µR(a, b) >

α

2
and νR(a, b) <

β + 1

2

)
or
(
µR(b, a) >

α

2
and νR(b, a) <

β + 1

2

)
.

If R is a total (α, β)-intuitionistic fuzzy order relation on X , then (X ,R) is an
(α, β)-intuitionistic fuzzy chain.

Let B be a nonempty subset of X .
1) We say that an element u ∈ X is an upper bound of B if µR(a, u) >

α

2
and

νR(a, u) <
β + 1

2
for every a ∈ B. When u is an upper bound of B and u ∈ B,

then u is called a greatest element of B and we write u = maxR(B).
2) The subset B has a a lower bound if there exists an element v ∈ X satisfying

µR(v, a) >
α

2
and νR(v, a) <

β + 1

2
for every a ∈ B. If v is a lower bound of B

and v ∈ B, then v is called a least element of B and we write v = minR(B).
3) If the set of all upper bounds of B has a least element, m, we say that B

has a supremum and we write m = sup(B).
4) When the set of all lower bounds of B has a greatest element, `, we say that

B has an infimum and we write ` = inf(B).

Examples 2.3.

(i) Let (α, β) ∈]0, 1]× [0, 1[ with α + β ≤ 1 and let A = {a, b, c} be a set. Let
R = (µR, νR) be the following intuitionistic fuzzy relation defined on A by:

µR(., .) a b c
a α 0, 6α 0, 5α
b 0, 3α α 0, 4α
c 0, 2α 0, 2α α

and

νR(., .) a b c

a β
β + 3

4

β + 4

5

b
β + 8

9
β

β + 6

7

c
β + 9

10

β + 9

10
β

Then, R is an (α, β)-intuitionistic fuzzy order relation on A.
(ii) Let α ∈]0, 1] and R = (µR, νR) be the following intuitionistic fuzzy relation
defined on R by:
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µR(a, b) =



α if a = b

α
(
1− a

b

)
if 0 ≤ a < b

0 if b < a

α
(
1− b

a

)
if a < b ≤ 0

α if a < 0 and b > 0

and

νR(a, b) =



1− α if a = b

1− α
(
1− a

b

)
if 0 ≤ a < b

1 if b < a

1− α
(
1− b

a

)
if a < b ≤ 0

1− α if a < 0 and b > 0.

Then, R is an (α, 1− α)-intuitionistic fuzzy order relation on R.

3. Constructing new (α, β)-intuitionistic fuzzy order relations

In this section, we present some techniques for building new (α, β)-intuitionistic
fuzzy order relations.

Theorem 3.1. Let (α, β) ∈]0, 1]× [0, 1[ with α+β ≤ 1 and let X be a nonempty
set. If (Ri)i∈I is a family of (α, β)-intuitionistic fuzzy order relations on X , then
the intuitionistic fuzzy relation R = (µR, νR) defined by:

µR(a, b) = inf
i∈I
{µRi

(a, b)} and νR(a, b) = sup
i∈I
{νRi

(a, b)} for every (a, b) ∈ X × X

is an (α, β)-intuitionistic fuzzy order relation on X .

Proof. Let (Ri)i∈I be a family of (α, β)-intuitionistic fuzzy order relations defined
on X .

1) Since for every a ∈ X , we have

µRi
(a, a) = α and νRi

(a, a) = β for every i ∈ I, (3.1)

then we get
µR(a, a) = α and νR(a, a) = β. (3.2)

Therefore, R is (α, β)-intuitionistic fuzzy reflexive.
2) Let (a, b) ∈ X × X such that a 6= b and let i0 ∈ I. Then, we have

µR(a, b) + µR(b, a) ≤ µRi0
(a, b) + µRi0

(b, a) (3.3)

and
νR(a, b) + νR(b, a) ≥ νRi0

(a, b) + νRi0
(b, a). (3.4)

As Ri0 is (α, β)-intuitionistic fuzzy antisymmetric, then we obtain

µRi0
(a, b) + µRi0

(b, a) ≤ α or νRi0
(a, b) + νRi0

(b, a) ≥ β + 1. (3.5)

Thus, we have

µR(a, b) + µR(b, a) ≤ α or νR(a, b) + νR(b, a) ≥ β + 1. (3.6)
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Therefore, R is (α, β)-intuitionistic fuzzy antisymmetric.
3) Let a, b, c ∈ X and let i ∈ I. So, by our definition of R we have{

min{µR(a, b), µR(b, c)} ≤ µR(a, b) ≤ µRi
(a, b)

min{µR(a, b), µR(b, c)} ≤ µR(b, c) ≤ µRi
(b, c)

(3.7)

and {
max{νR(a, b), νR(b, c)} ≥ νR(a, b) ≥ νRi

(a, b)

max{νR(a, b), νR(b, c)} ≥ νR(b, c) ≥ νRi
(b, c).

(3.8)

Hence, for every b ∈ X and i ∈ I we obtain{
min{µR(a, b), µR(b, c)} ≤ min{µRi

(a, b), µRi
(b, c)}

max{νR(a, b), νR(b, c)} ≥ max{νRi
(a, b), νRi

(b, c)}.
(3.9)

Since for every i ∈ I, Ri is (α, β)-intuitionistic fuzzy transitive, so we obtain{
min{µR(a, b), µR(b, c)} ≤ µRi

(a, c) ∀b ∈ X and ∀i ∈ I
max{νR(a, b), νR(b, c)} ≥ νRi

(a, c) ∀b ∈ X and ∀i ∈ I.
(3.10)

So, for every i ∈ I

µRi
(a, c) is an upper bound of

{
min{µR(b, c), µR(a, b)} : b ∈ X

}
(3.11)

and

νRi
(a, c) is a lower bound of

{
max{νR(b, c), νR(a, b)} : b ∈ X

}
. (3.12)

Then, we get
sup
b∈X

{
min{µR(a, b), µR(b, c)}

}
≤ µRi

(a, c) ∀i ∈ I

inf
b∈X

{
max{νR(a, b), νR(b, c)}

}
≥ νRi

(a, c) ∀i ∈ I.
(3.13)

Hence, we have

sup
b∈X

{
min{µR(a, b), µR(b, c)}

}
is a lower bound of

{
µRi

(a, c) : i ∈ I
}

(3.14)

and

inf
b∈X

{
max{νR(a, b), νR(b, c)}

}
is an upper bound of

{
νRi

(a, c) : i ∈ I
}
. (3.15)

Then, we obtain

sup
b∈X

{
min{µR(a, b), µR(b, c)}

}
≤ µR(a, c) (3.16)

and

inf
b∈X

{
max{νR(a, b), νR(b, c)}

}
≥ νR(a, c). (3.17)

Then,R is (α, β)-intuitionistic fuzzy transitive. Hence,R is an (α, β)-intuitionistic
fuzzy order relation on X . �

By using Theorem 3.1, we obtain the following consequence.
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Corollary 3.2. Let (X ,R) be a nonempty (α, β)-intuitionistic fuzzy ordered set.
Then, the fuzzy relation V defined on X by:

µV(a, b) = min{µR(a, b), µR(b, a)} and νV(a, b) = max{νR(a, b), νR(b, a)}
for every (a, b) ∈ X × X is an (α, β)-intuitionistic fuzzy order relation on X .

Using a proof similar to that of Theorem 3.1, we obtain the following result.

Theorem 3.3. Let (Xi,Ri)i∈{1,...,n} be a finite family of nonempty (α, β)-intuitionistic
fuzzy ordered sets. Then the intuitionistic fuzzy relation V = (µV , νV) defined on

X =
n∏
i=1

Xi by:

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µRi
(ai, bi)}

and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νRi
(ai, bi)}

is an (α, β)-intuitionistic fuzzy order relation on X .

From Theorem 3.3, we obtain the following corollary.

Corollary 3.4. Let (X,R) be a nonempty (α, β)-intuitionistic fuzzy ordered set.
Then, the intuitionistic fuzzy relation V = (µV , νV) defined on X n by:

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µR(ai, bi)}

and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νR(ai, bi)}

is an (α, β)-intuitionistic fuzzy order relation on X n.

4. Compatibility of (α, β)-intuitionistic fuzzy order relations with
the algebraic structures of vector spaces

In this section, we study the compatibility of (α, β)-intuitionistic fuzzy order
relations with the algebraic structures of vector spaces. We begin with the fol-
lowing definition.

Definition 4.1. Let R be an (α, β)-intuitionistic fuzzy order relation defined on
a real vector space X .

1) R is said to be compatible with the addition on X if for every (a1, b1), (a2, b2) ∈
X 2, we have:((

µR(a1, b1) >
α

2
and µR(a2, b2) >

α

2

)
⇒
(
µR(a1 + a2, b1 + b2) >

α

2

))
(4.1)
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and((
νR(a1, b1) <

β + 1

2
and νR(a2, b2) <

β + 1

2

)
⇒
(
νR(a1+a2, b1+b2) <

β + 1

2

))
.

(4.2)
2) R is said to be compatible with the multiplication by scalars on X if for all
(a, b) ∈ X × X and λ > 0, we have:(
µR(a, b) >

α

2
⇒ µR(λa, λb) >

α

2

)
and

(
νR(a, b) <

β + 1

2
⇒ νR(λa, λb) <

β + 1

2

)
.

(4.3)

Next, we shall prove the following result.

Theorem 4.2. Let (Xi,Ri)i∈{1,...,n} be a finite family of (α, β)-intuitionistic fuzzy
ordered real vector spaces and let V = (µV , νV) be the intuitionistic fuzzy relation

defined on X =
n∏
i=1

Xi by

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µRi
(ai, bi)} and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νRi
(ai, bi)}.

Then, we have
(i) if for every i ∈ {1, ..., n}, Ri is compatible with the addition on Xi, then V is
an (α, β)-intuitionistic fuzzy order relation compatible with the addition on X ;

(ii) if for each i ∈ {1, ..., n}, Ri is compatible with the multiplication by scalars
on Xi, then V is an (α, β)-intuitionistic fuzzy order relation compatible with the
multiplication by scalars on X .

(iii) if for every i ∈ {1, ..., n}, Ri is compatible with the addition and the multi-
plication by scalars on Xi, then V is an (α, β)-intuitionistic fuzzy order relation
compatible with the addition and the multiplication by scalars on X .

Proof. Let (Xi,Ri)i∈{1,...,n} be a finite family of nonempty (α, β)-intuitionistic
fuzzy ordered real vector spaces and let V = (µV , νV) be the intuitionistic fuzzy

relation defined on X =
n∏
i=1

Xi by

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µRi
(ai, bi)} (4.4)

and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νRi
(ai, bi)}. (4.5)

From Theorem 3.3, V = (µV , νV) is an (α, β)-intuitionistic fuzzy order relation on
the real vector space X .

(i) Assume that for each i ∈ {1, ..., n}, Ri is compatible with the addition on
Xi. Let (a1, ..., an), (b1, ..., bn), (c1, ..., cn), (d1, ..., dn) ∈ X such that

µV((a1, ..., an), (b1, ..., bn)) >
α

2
, (4.6)
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µV((c1, ..., cn), (d1, ..., dn)) >
α

2
, (4.7)

νV((a1, ..., an), (b1, ..., bn)) <
β + 1

2
(4.8)

and

νV((c1, ..., cn), (d1, ..., dn)) <
β + 1

2
. (4.9)

Then by using (4.6), (4.7), (4.8) and (4.9) for every i ∈ {1, ..., n}, we get

µRi
(ai, bi) >

α

2
, (4.10)

µRi
(ci, di) >

α

2
, (4.11)

νRi
(ai, bi) <

β + 1

2
(4.12)

and

νRi
(ci, di) <

β + 1

2
. (4.13)

Since for every i ∈ {1, ..., n}, Ri is compatible with the addition on Xi, so by
using (4.10), (4.11), (4.12) and (4.13) we obtain

µRi
(ai + ci, bi + di) >

α

2
and νRi

(ai + ci, bi + di) <
β + 1

2
for all i ∈ {1, ..., n}.

(4.14)
Hence, we get

µV((a1 + c1, ..., an + cn), (b1 + d1, ..., bn + dn)) = min
i∈{1,...,n}

{µRi
(ai + ci, bi + di)} >

α

2
(4.15)

and

νV((a1+c1, ..., an+cn), (b1+d1, ..., bn+dn)) = max
i∈{1,...,n}

{νRi
(ai+ci, bi+di)} <

β + 1

2
.

(4.16)
Thus, V is compatible with the addition on X .

(ii) Assume that for every i ∈ {1, ..., n}, Ri is compatible with the multiplica-
tion by scalars on Xi. Let λ > 0 and (a1, ..., an), (b1, ..., bn) in X such that

µV((a1, ..., an), (b1, ..., bn)) >
α

2
and νV((a1, ..., an), (b1, ..., bn)) <

β + 1

2
. (4.17)

Then by our definition of V , for every i ∈ {1, ..., n} we get

µRi
(ai, bi) >

α

2
and νRi

(ai, bi) <
β + 1

2
. (4.18)

As for every i ∈ {1, ..., n}, Ri is compatible with the multiplication by scalars on
Xi, so from (4.18) we obtain

µRi
(λai, λbi) >

α

2
and νRi

(λai, λbi) <
β + 1

2
for every i ∈ {1, ..., n}. (4.19)



ON (α, β)-INTUITIONISTIC FUZZY ORDERS 9

Hence, we get

µV((λa1, ..., λan), (λb1, ..., λbn)) = min
i∈{1,...,n}

{µRi
(λai, λbi)} >

α

2
(4.20)

and

νV((λa1, ..., λan), (λb1, ..., λbn)) = max
i∈{1,...,n}

{νRi
(λai, λbi)} <

β + 1

2
. (4.21)

Thus, V is compatible with the multiplication by scalars on X .
(iii) From (i) and (ii) we deduce (iii). �

Combining Corollary 3.4 and Theorem 4.2, we get the following result.

Corollary 4.3. Let (X ,R) be an (α, β)-intuitionistic fuzzy ordered real vector
space. Assume that R is compatible with the addition and the multiplication by
scalars on X . Then the intuitionistic fuzzy relation V = (µV , νV) defined on X n

by

µV((a1, ..., an), (b1, ..., bn)) = min
i∈{1,...,n}

{µR(ai, bi)} and

νV((a1, ..., an), (b1, ..., bn)) = max
i∈{1,...,n}

{νR(ai, bi)}

is an (α, β)-intuitionistic fuzzy order relation compatible with the addition and
the multiplication by scalars on X n.

5. A characterization of a class of total (α, β)-intuitionistic
fuzzy order relations that are compatible with the usual

algebraic structures on R

In this section, we give a characterization of a class of total (α, β)-intuitionistic
fuzzy order relations that are compatible with the usual algebraic structures on
R. To this end, we first need the following definitions.

Definition 5.1. LetR be an (α, β)-intuitionistic fuzzy order relation on R and a ∈
R.

1) If µR(0, a) >
α

2
and νR(0, a) <

β + 1

2
, then a is called a R-positive real

number. The set of all R-positive real numbers is denoted by R+
(α,β).

2) If µR(a, 0) >
α

2
and νR(a, 0) <

β + 1

2
, then a is called a R-negative real

number and the set of all R-negative real numbers is denoted by R−(α,β).

Next, we introduce the following two classes C(α,β) and C ′(α,β) of (α, β)-intuitionistic
fuzzy order relations on R.

Definition 5.2. Let (α, β) ∈]0, 1] × [0, 1[ and let C(α,β) be the set of all (α, β)-
intuitionistic fuzzy order relations R defined on R satisfying the two following
conditions:

(i) for all a, b, c ∈ R, we have

µR(a, b) ≤ µR(a+ c, b+ c) and νR(a, b) ≥ νR(a+ c, b+ c); (5.1)
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(ii) for every a, b ∈ R and λ > 0,

µR(a, b) ≤ µR(λa, λb) and νR(a, b) ≥ νR(λa, λb). (5.2)

Definition 5.3. Let (α, β) ∈]0, 1] × [0, 1[ and let C ′(α,β) be the set of all (α, β)-
intuitionistic fuzzy order relations R defined on R satisfying the two following
conditions:

(i) for every a, b, c ∈ R,
µR(a, b) ≤ µR(a+ c, b+ c) and νR(a, b) ≥ νR(a+ c, b+ c); (5.3)

(ii) for all a, b ∈ R and γ > 0,

µR(a, b) ≥ µR(γa, γb) and νR(a, b) ≤ νR(γa, γb). (5.4)

Next, we shall show that for every (α, β) ∈]0, 1]× [0, 1[, we have C(α,β) = C ′(α,β).

Proposition 5.4. Let (α, β) ∈]0, 1]× [0, 1[. Then, we have C(α,β) = C ′(α,β).

Proof. 1) Suppose that R ∈ C(α,β). Then from (5.1), for every a, b, c ∈ R we have

µR(a, b) ≤ µR(a+ c, b+ c) and νR(a, b) ≥ νR(a+ c, b+ c). (5.5)

Now, let (a, b) ∈ R2 and γ > 0. Then from (5.2), we have

µR(γa, γb) ≤ µR

(1

γ
(γa),

1

γ
(γb)

)
and νR(γa, γb) ≥ νR

(1

γ
(γa),

1

γ
(γb)

)
. (5.6)

Hence, we get

µR(γa, γb) ≤ µR(a, b) and νR(γa, γb) ≥ νR(a, b). (5.7)

So, R satisfies (5.3) and (5.4). Therefore, R is an element of C ′(α,β). Thus, we
have

C(α,β) ⊆ C ′(α,β). (5.8)

2) Suppose that R is an element of C ′(α,β). Then from (5.3), for every a, b, c ∈ R
we have

µR(a, b) ≤ µR(a+ c, b+ c) and νR(a, b) ≥ νR(a+ c, b+ c). (5.9)

Now, let (a, b) ∈ R2 and λ > 0. Then from (5.4), we obtain

µR(λa, λb) ≥ µR

(1

λ
(λa),

1

λ
(λb)

)
and νR(λa, λb) ≤ νR

(1

λ
(λa),

1

λ
(λb)

)
. (5.10)

So, we get
µR(λa, λb) ≥ µR(a, b) and νR(λa, λb) ≤ νR(a, b). (5.11)

Hence, R satisfies (5.1) and (5.2). Thus, R is an element of C(α,β). Then,

C ′(α,β) ⊆ C(α,β). (5.12)

Therefore from (5.8) and (5.12), we deduce that C(α,β) = C ′(α,β). �

In what follows we shall prove that every element of C(α,β) is compatible with
the usual algebraic structures on R.

Proposition 5.5. Let (α, β) ∈]0, 1]× [0, 1[ and R be an element of C(α,β). Then,
(i) for every (a1, b1), (a2, b2) ∈ R2, we have
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µR(a1 + a2, b1 + b2) ≥ min{µR(a1, b1), µR(a2, b2)}
and

νR(a1 + a2, b1 + b2) ≤ max{νR(a1, b1), νR(a2, b2)}.
(ii) R is compatible with the addition and the multiplication by scalars on R.

Proof. Let (α, β) ∈]0, 1]× [0, 1[ and R ∈ C(α,β).
(i) Let (a1, b1), (a2, b2) ∈ R2. By (α, β)-intuitionistic fuzzy transitivity, we have{

µR(a1 + a2, b1 + b2) ≥ min{µR(a1 + a2, b1 + a2), µR(b1 + a2, b1 + b2)}
νR(a1 + a2, b1 + b2) ≤ max{νR(a1 + a2, b1 + a2), νR(b1 + a2, b1 + b2)}.

(5.13)
Since R ∈ C(α,β), then from (5.1) we get{

µR(a1, b1) ≤ µR(a1 + a2, b1 + a2) and µR(a2, b2) ≤ µR(b1 + a2, b1 + b2)

νR(a1, b1) ≥ νR(a1 + a2, b1 + a2) and νR(a2, b2) ≥ νR(b1 + a2, b1 + b2).

Then, we have{
min{µR(a1, b1), µR(a2, b2)} ≤ µR(a1 + a2, b1 + a2)

min{µR(a1, b1), µR(a2, b2)} ≤ µR(b1 + a2, b1 + b2)
(5.14)

and {
max{νR(a1, b1), νR(a2, b2)} ≥ νR(a1 + a2, b1 + a2)

max{νR(a1, b1), νR(a2, b2)} ≥ νR(b1 + a2, b1 + b2).
(5.15)

Hence, we obtain{
min{µR(a1 + a2, b1 + a2), µR(b1 + a2, b1 + b2)} ≥ min{µR(a1, b1), µR(a2, b2)}
max{νR(a1 + a2, b1 + a2), νR(b1 + a2, b1 + b2)} ≤ max{νR(a1, b1), νR(a2, b2)}.

(5.16)
By using (5.13) and (5.16), we get for every (a1, b1), (a2, b2) ∈ R2{

µR(a1 + a2, b1 + b2) ≥ min{µR(a1, b1), µR(a2, b2)}
νR(a1 + a2, b1 + b2) ≤ max{νR(a1, b1), νR(a2, b2)}.

(ii) Let (a1, b1), (a2, b2) ∈ R2, such thatµR(a1, b1) >
α

2
and µR(a2, b2) >

α

2

νR(a1, b1) <
β + 1

2
and νR(a2, b2) <

β + 1

2
.

Then, we get min{µR(a2, b2), µR(a1, b1)} >
α

2

max{νR(a1, b1), νR(a2, b2)} <
β + 1

2
.

(5.17)

By (i) above, we know that{
µR(a1 + a2, b1 + b2) ≥ min{µR(a2, b2), µR(a1, b1)}
νR(a1 + a2, b1 + b2) ≤ max{νR(a1, b1), νR(a2, b2)}.

(5.18)
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So by using (5.17) and (5.18), we get

µR(a1 + a2, b1 + b2) >
α

2
and νR(a1 + a2, b1 + b2) <

β + 1

2
. (5.19)

Thus, R is compatible with the addition on R.

Now, let λ > 0 and a, b ∈ R such that

µR(a, b) >
α

2
and νR(a, b) <

β + 1

2
. (5.20)

As R ∈ C(α,β), then from (5.2) we have

µR(a, b) ≤ µR(λa, λb) and νR(a, b) ≥ νR(λa, λb). (5.21)

Hence, we get

µR(λa, λb) >
α

2
and νR(λa, λb) <

β + 1

2
. (5.22)

Therefore, R is compatible with the addition and the multiplication by scalars
on R. �

Next, we shall establish some technical results for every element of C(α,β).

Proposition 5.6. Let (α, β) ∈]0, 1]× [0, 1[ and R ∈ C(α,β). Then,
(i) for all a, b ∈ R, we have

µR(a, b) = µR(0, b− a) = µR(a− b, 0) and νR(a, b) = νR(0, b− a) = νR(a− b, 0);

(ii) for any a ∈]0,+∞[, we have µR(0, a) = µR(0, 1) and νR(0, a) = νR(0, 1);
(iii) for every a ∈]0,+∞[, we have µR(a, 0) = µR(1, 0) and νR(a, 0) = νR(1, 0);
(iv) for any a, b ∈ R, if a < b, then µR(a, b) = µR(0, 1) and νR(a, b) = νR(0, 1) ;
(v) for all a, b ∈ R, if a > b, then µR(a, b) = µR(1, 0) and νR(a, b) = νR(1, 0) ;
(vi) R+

(α,β) ∩ R−(α,β) = {0}.

Proof. Let R ∈ C(α,β).
(i) Let a, b ∈ R. Since R ∈ C(α,β), then from (5.1) we have

µR(a− b, 0) ≤ µR

(
a− b+ b, 0 + b

)
≤ µR

(
a+ (−a), b+ (−a)

)
(5.23)

and

νR(a− b, 0) ≥ νR

(
a− b+ b, 0 + b

)
≥ νR

(
a+ (−a), b+ (−a)

)
. (5.24)

Hence, we get
µR(a− b, 0) ≤ µR(a, b) ≤ µR(0, b− a) (5.25)

and
νR(a− b, 0) ≥ νR(a, b) ≥ νR(0, b− a). (5.26)

Since R ∈ C(α,β), then

µR(0, b− a) ≤ µR

(
0 + a, b− a+ a

)
≤ µR

(
a+ (−b), b+ (−b)

)
(5.27)

and

νR(0, b− a) ≥ νR

(
0 + a, b− a+ a

)
≥ νR

(
a+ (−b), b+ (−b)

)
. (5.28)
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Then, we get
µR(0, b− a) ≤ µR(a, b) ≤ µR(a− b, 0) (5.29)

and
νR(0, b− a) ≥ νR(a, b) ≥ νR(a− b, 0). (5.30)

By combining (5.25) and (5.29) we obtain

µR(0, b− a) = µR(a, b) = µR(a− b, 0).

Using (5.26) and (5.30), we get

νR(0, b− a) = νR(a, b) = νR(a− b, 0).

(ii) Let a ∈]0,+∞[. As R ∈ C(α,β), then from (5.2) we have

µR(0, 1) ≤ µR

(
a× 0, a× 1

)
and νR(0, 1) ≥ νR

(
a× 0, a× 1

)
. (5.31)

So, we get
µR(0, 1) ≤ µR(0, a) and νR(0, 1) ≥ νR(0, a). (5.32)

As R ∈ C(α,β), then

µR(0, a) ≤ µR

(1

a
× 0,

1

a
× a) and νR(0, a) ≥ νR

(1

a
× 0,

1

a
× a
)
.

Hence, we obtain

µR(0, a) ≤ µR(0, 1) and νR(0, a) ≥ νR(0, 1). (5.33)

Therefore, by using (5.32) and (5.33), we get

µR(0, a) = µR(0, 1) and νR(0, a) = νR(0, 1). (5.34)

(iii) Let a ∈]0,+∞[. As R ∈ C(α,β), then from (5.2) we get

µR(1, 0) ≤ µR(a× 1, a× 0) and νR(1, 0) ≥ νR

(
a× 1, a× 0

)
.

So, we obtain
µR(1, 0) ≤ µR(a, 0) and νR(1, 0) ≥ νR(a, 0). (5.35)

On the other hand, we have

µR(a, 0) ≤ µR

(1

a
× a, 1

a
× 0
)

and νR(a, 0) ≥ νR

(1

a
× a, 1

a
× 0
)

.

Hence, we get

µR(a, 0) ≤ µR(1, 0) and νR(a, 0) ≥ νR(1, 0). (5.36)

Therefore by using (5.35) and (5.36), for all a ∈]0,+∞[ we get

µR(a, 0) = µR(1, 0) and νR(a, 0) = νR(1, 0). (5.37)

(iv) Let a, b ∈ R such that a < b. Then, 0 < b− a. By (i) and (ii), we get

µR(a, b) = µR(0, b− a) = µR(0, 1) and νR(a, b) = νR(0, b− a) = νR(0, 1).

(v) Let a, b ∈ R such that b < a. So, 0 < a− b. From (i) and (iii), we get

µR(a, b) = µR(a− b, 0) = µR(1, 0) and νR(a, b) = νR(a− b, 0) = νR(1, 0).
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(vi) Let a ∈ R+
(α,β) ∩ R−(α,β). Then, we have

µR(0, a) >
α

2
, νR(0, a) <

β + 1

2
, µR(a, 0) >

α

2
and νR(a, 0) <

β + 1

2
.

So, we get

νR(a, 0) + µR(0, a) > α and νR(a, 0) + νR(0, a) < β + 1.

So, by (α, β)-intuitionistic fuzzy antisymmetry we obtain a = 0.
So, we get

R+
(α,β) ∩ R−(α,β) ⊆ {0}.

On the other hand, we know that

µR(0, 0) = α >
α

2
and νR(0, 0) = β <

β + 1

2
.

Then, we obtain

{0} ⊆ R+
(α,β) ∩ R−(α,β).

Therefore, we deduce that

R+
(α,β) ∩ R−(α,β) = {0}.

�

Next, we give the following result.

Proposition 5.7. Let (α, β) ∈]0, 1] × [0, 1[ and let R be an element of C(α,β).
Then,

(i) if R is a total (α, β)-intuitionistic fuzzy order on R, then R = R+
(α,β) ∪ R−(α,β);

(ii) R is total on R if and only if(
µR(0, 1) >

α

2
and νR(0, 1) <

β + 1

2

)
or
(
µR(1, 0) >

α

2
and νR(1, 0) <

β + 1

2

)
.

Proof. Let R ∈ C(α,β).
(i) Assume that R is a total (α, β)-intuitionistic fuzzy order relation on R. So,
for every a ∈ R, we have(
µR(0, a) >

α

2
and νR(0, a) <

β + 1

2

)
or
(
µR(a, 0) >

α

2
and νR(a, 0) <

β + 1

2

)
.

Hence, we get a ∈ R+
(α,β) or a ∈ R−(α,β). Thus, we get R ⊆ R+

(α,β) ∪ R−(α,β). On the

other hand by our definition, we know that R+
(α,β) ∪ R−(α,β) ⊆ R. Therefore, we

deduce that R = R+
(α,β) ∪ R−(α,β).

(ii) Assume that R is a total (α, β)-intuitionistic fuzzy order relation defined on
R. So, we have(
µR(0, 1) >

α

2
and νR(0, 1) <

β + 1

2

)
or
(
µR(1, 0) >

α

2
and νR(1, 0) <

β + 1

2

)
.
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Conversely, let a, b ∈ R with a 6= b. So, a < b or a > b.

First case : µR(0, 1) >
α

2
and νR(0, 1) <

β + 1

2
.

If a < b. Then by Proposition 5.6, we get

µR(a, b) = µR(0, 1) >
α

2
and νR(a, b) = νR(0, 1) <

β + 1

2
.

If a > b, then by Proposition 5.6, we have

µR(b, a) = µR(0, 1) >
α

2
and νR(b, a) = νR(0, 1) <

β + 1

2
.

Therefore, R is a total (α, β)-intuitionistic fuzzy order relation defined on R.

The proof of the second case when µR(1, 0) >
α

2
and νR(1, 0) <

β + 1

2
is similar

to the first case above. �

Using Propositions 5.5, 5.6 and 5.7, we obtain the main result in this section.

Theorem 5.8. Let (α, β) ∈]0, 1] × [0, 1[ and let R = (µR, νR) be an element of
C(α,β). Then, R is defined by

µR(a, b) =


α if a = b

µR(0, 1) if a < b

µR(1, 0) if a > b

and νR(a, b) =


β if a = b

νR(0, 1) if a < b

νR(1, 0) if a > b.

Moreover, if
(
µR(0, 1) >

α

2
and νR(0, 1) <

β + 1

2

)
or
(
µR(1, 0) >

α

2
and νR(1, 0) <

β + 1

2

)
, then R is a total (α, β)-intuitionistic fuzzy order relation on R.

6. Conclusion

In conclusion, this study establishes key properties of (α, β)-intuitionistic fuzzy
order relations defined on real vector spaces. Notably, we characterize a class of
total (α, β)-intuitionistic fuzzy order relations compatible with the addition and
the multiplication on the real line R.
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and suggestions.
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