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EXISTENCE THEORY FOR NONLINEAR LANGEVIN-TYPE
FRACTIONAL DIFFERENTIAL EQUATIONS

MEHDI SLIMANE!, CHEIKH GUENDOUZ!*, and MELOUKA REMIL!

ABSTRACT. This paper is devoted to establishing the solvability of a class of
nonlinear Langevin fractional differential equations subject to boundary condi-
tions and formulated in terms of the generalized Caputo proportional fractional
derivative. The study is conducted in a general Banach space setting. By com-
bining the Kuratowski measure of noncompactness with Monch’s fixed point
theorem, we derive sufficient criteria ensuring the existence of solutions. A
concrete example is presented at the end to confirm the effectiveness and prac-
tical relevance of the obtained results.
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1. INTRODUCTION

Fractional calculus has emerged as a powerful mathematical framework that
offers new perspectives for describing and analyzing complex phenomena in na-
ture. Owing to its broad applicability, it has attracted considerable interest from
both physicists and engineers, leading to substantial developments in theoretical
and applied research. It has been widely recognized that fractional differentia-
tion and integration operators provide an effective tool for modeling the memory
and hereditary properties exhibited by a wide range of materials and dynamical
systems. A substantial body of theoretical and experimental evidence has es-
tablished that fractional differential equations provide an accurate and efficient
framework for describing a wide variety of real-world phenomena. In particu-
lar, they have proven to be highly effective in modeling heat transfer processes

and anomalous diffusion in thermal systems [25], electrical and electromagnetic
phenomena [21, 33], and the hereditary behavior of viscoelastic and rheological
materials [7]. Owing to their ability to capture memory effects and nonlocal in-

teractions, fractional models have become an indispensable tool in many branches
of science and engineering. For further developments and recent advances in the
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theory and applications of fractional differential equations, we refer the reader
to [15, 20, 26, 31, 35, 36, 37]. In recent years, significant attention has been
directed toward the analysis of Langevin-type fractional differential equations.
The classical Langevin equation, introduced by Paul Langevin in 1908, provides
a fundamental mathematical description of stochastic dynamics in fluctuating
media and constitutes one of the cornerstones of the theory of Brownian motion
[13, 38]. By incorporating fractional-order operators, this model is extended to
account for memory and hereditary effects, resulting in a more versatile frame-
work for the representation of fractal and anomalous processes. In particular, the
fractional Langevin equation generalizes the standard formulation and gives rise
to fractional Gaussian processes characterized by two independent parameters
12, 21].

The mathematical theory of fractional Langevin equations has undergone sub-
stantial development in recent years. For instance, in [2], the existence of solutions
was established for nonlinear Langevin equations subject to multistrip boundary
conditions and nonlocal multipoint constraints. In [17], the authors investigated
an antiperiodic boundary value problem involving a Langevin equation with two
distinct fractional orders. Additional contributions and further theoretical results
on fractional Langevin differential equations can be found in [3, 6, 32].
Motivated by the aforementioned studies and the growing interest in fractional
Langevin models, this work is devoted to investigating the existence of solutions
for the following nonlinear boundary value problem associated with a Langevin-
type fractional differential equation involving the generalized Caputo proportional
fractional derivative.

DD 4 ) (y(r) — H(ty(0) = A(D) + F(t.y(), t €3 =[a.b], (11)

(y(t) — H(t,y(t)))i=a = (y(t) — H(t,y(t)))i=s = 0, (1.2)

sDM(y(t) — H(t,y()))ima = p, 5 D" (y(t) — Ht, y(t)))i=p = v, (1.3)
where a,b € R with (@ > 0),1 <9 <2,0<e <1, h:J — RY is a increasing
differentiable function, the proportionality parameter n € (0, 1], f,Dﬁ’h is the
generalized Caputo proportional fractional derivative of order v, » € R, and
H,F € C(J x E,E) are given functions, A is a bounded linear operator on E
and F is a Banach space with the norm ||.||.

To investigate the existence of solutions of the problem (1.1)-(1.3), we use Monch’s
fixed point theorem combined with the technique of measures of non-compactness,
which constitutes a fundamental approach for establishing solutions to differential

equations, for more details see Akhmerov et al. [1], Alvarez [5], Benchohra et al.
[11], Banas et al. [, 9, 10], Guo et al. [19], Monch [30], Ménch and Von Harten

[22].
2. PRELIMINARIES

In this section, we first state the following definitions, lemmas and some nota-
tion. By C(J, E) we denote the Banach space of all continuous functions from J
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into £ with the norm

[Yllco = Sup{ |y(®)| : t € I}.

Let L'(J, E) be the Banach space of measurable functions y : J — E which are
Bochner integrable, equipped with the norm

b
mm:/mww.

Moreover, for a given set V of functions v : J — FE, let us denote by
V(t)={v(t), veV} tel

and
V(J)={v(t), veV, teJ}.

Definition 2.1. A function f : J — FE is called strongly measurable if there
exists a sequence of simple functions (f,),, such that

Tim ||, (6) — £(0)]| = 0.

Definition 2.2. A function f : J — E is Bochner integrable on J if it is strongly
measurable and

hm/ml ()t =0,

for any sequence of simple functions (f;, )n
If f is Bochner integrable, then

fﬂwﬂg[www.

We refer to [29, 31] for more details.

Definition 2.3. ([8]) A map f:J x F — FE is said to be Carathéodory if
t

]
(i): t — f(t,y) is measurable for all y € F,
(7i): y — f(t,y) is continuous for almost each ¢t € J.

If, in addition,
(ii1): for each r > 0, there exists h, € L'(J, R, ) such that
|f(t,y) < h.(t) forall |y| <r and almost each t € J,
then we say that the map is L'-Carathéodory.

Now let us recall some fundamental facts of the notion of Kuratowski measure
of noncompactness.

Definition 2.4. ([8]). Let X be a Banach space and Qx the bounded subsets
of X. The Kuratowski measure of noncompactness is the map T : Qx — [0, 0]
defined by

T(B) =inf{e > 0: B C U, B; and diam(B;) < €}; here B € Qx.

Properties: The Kuratowski measure of noncompactness satisfies the follow-
ing properties (for more details see [3])

(a): T(B) =0 < B is compact (B is relatively compact).
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(b): Y(B) =T(B).

(c): ACB=T(A)=7(B).

(d): T(A+ B) <T(A)+ Y(B).

(e): T(cB) =|c|T(B);ceR.

(f): Y(convB) = Y(B).
Definition 2.5. ([11]) Let N : F' — E be a continuous bounded operator. Then,
N is T-Lipschitz if there exists a constant § > 0 such that for all V' C F we have

T(N(V)) <OT(V).
Lemma 2.6. ([19]) If V C C(J; E) is a bounded and equicontinuous set, then
(i): the function t — Y(V (t)) is continuous on J, and
T(V) = sup T(V(t)),
a<t<b

(ii): T([Pa(s)ds:z € V) < [PT(V(s))ds,
where
V(s)={x(s):x €V}, sel.

For completeness we recall the definition of Caputo derivative of fractional order.

Definition 2.7. ([23],[21]) Let 0 < n < 1, ¢ > 0, and ® € L'([a,b], E). The
left-sided generalized proportional fractional integral with respect to h of order
is defined by

D)) = s [T OO 1 (8) (hie) = ) (s s,

for t € [a,b].The Euler gamma function is given by

+oo
r'W) = / e dr, 9> 0.
0

Definition 2.8. ([23],[21]) Let 0 <n < 1, and let {,p : [0,1] x R — [0, +00) be
continuous functions such that

lim ((n,t) =0, lim ((n,?) =1,
n—0~t n—1-

lim p(n,t) =1, lim p(n,t) =0,
n—0+ n—1-—
and ((n,t) # 0, p(n,t) # 0 for each n € [0,1], t € R.
Then, the proportional derivative of order n with respect to h of the function

® is given by
'(t)
In particular, if {(n,t) =n and p(n,t) = 1 —n, then

(D)) = (L= ) 20) + 1 35
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Definition 2.9. ([23],[21]) Let n € (0,1]. The left-sided generalized Caputo
proportional fractional derivative of order n — 1 < 9 < n is defined by

GDAO) = Fl(n 5 / e MO 1 () (h(t)=h(s)) "~ (, D) (s) ds,

where n = |¥] 4+ 1 and

D" = Dy yDy -y Dy,

J/

-
n times

Lemma 2.10. ([23],[24]) Lett € J, n € (0,1], 9,0 > 0, and ® € L'(J, E). Then
we have

ol (L @) =, I3 (L0 (1) =, L™ 0().

Throughout this paper, as a simplification, we set

n=1 _h(a
Q0 (t,a) = e v PO (1) — p(a))? (2.1)
Lemma 2.11. ([23],[241]) Let ¥ > 0, 8 > 0, and n € (0,1]. Then we have:
; =L (h(r)—h(a _ E —h(a —
() (224" (e O D n(r) — m(@)) ) (1) = origrme O () —h(a) 0
(i) (5007 (" "D n(r) — n(@))') ) (1) = fgghe™ T MO (he)-h(a)) .
Lemma 2.12. ([23],[24]) Let 9 > 0, n € (0,1], and ® € L'(J, E). Then, we have
. 4;h
lim (12 (1)) = 0.
Lemma 2.13. ([28]) Let n € (0,1], n — 1 < ¥ < n, where n = |9 + 1. Then,

we have

n—l1 khp) (g
2 (D) = o0 - 3 S gl o)

Theorem 2.14. (Monch’s fized point theorem)([1],[30]). Let D be a bounded,
closed and convex subset of a Banach space such that 0 € D, and let N be a
continuous mapping of D into itself. If the implication

V =conuN (V) or V.= N(V)uU{0} = T(V) =0, (2.2)
holds for every subset V of D, then Nhas a fixed point.
3. MAIN RESULT
First of all, we define what we mean by a solution of the problem (1.1)-(1.3).

Definition 3.1. A function y € (J, E) is said to be a solution of (1.1)-(1.3) if y
satisfies

s DD+ ) (y(t) — H(ty(t) = Aly(1) + F(t,y(1)), for cach t € J,
(y(t) = H(t,y(1))i=a = (y(t) = H(t,y(1)))i=p = 0,
DM (y(t) — H(ty()))i=a = poy D™ (y(t) = H(t,y(t)))ems = v.

To prove the existence of solutions to (1.1)-(1.3), we need the following lemmas.
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Lemma 3.2. Let J =[a,0], 1 <9 <20<e<1,let FFH e C(JxFE — E)
and A is a bounded linear operator on E, y is a solution of problem (1.1)-(1.3)
if and only if :

y(t) = T A((0) + F(t,y(8)] — 6 [ (y(t) — H(t,y(0)) + p(yIsiye™s 0=
+ 116" (h(t) — h(a)“ + H(t, y(t))

where

v —y IZEP(A(y(b)) + F(b, y(b)))e s HO—Ha)
n—1
(e + 2)e"T @O (1(b) — h(a))

Proof. Consider that y(.) is a solution of the nonlinear boundary value Langevin
fractional differential equation (1.1)~(1.3). Applying the operator ,I*"(.) on both
sides of the problem (1.1)—(1.3) and using Lemma (2.13), we get

DS (y(t) — H(t,y(1)) =, 121 (Aly() + F(t,y(1)) — se(y(t) — H(t,y(t))) + Coe7 HO=)
(3.2)

=

(3.1)

oI5 (1) ()
+ le(h(t) — h(a)). (3.3)
Now, applying the operator n[gf() on both sides of the integral equation (1.1)—

(1.3) and using Lemma (2.13), we get
y(t) = H(t,y(t) =y L " (Aly(t) + F(t,y(8))) — s Ly (y(8) — H(ty(1))

(3.4)
n=1 _h(a
ehy =L (h(t)—h(a)) eh g'n (MO)=h(@)
+ Col(ylay)e + Ci(ylay) p (h(t) — h(a))
(3.5)
1 Cpe™ =@, (3.6)

with C(), Ol and CQ € R.
Using Lemma (2.11) (i), the integral equation (3.4) becomes

y(t) — H(t,y(t)) =, LT (A(y(t) + F(t,y(t) — s I (y(t) — H(t, y(t)))
(3.7)

21 (h(t)—h(a))

O (oM 0 —h(@) | o €
+ U(T) a—l—)e K + 01 776+1F<€+ 1)

(h(t) = h(a))™"

+ Cpe (O—h(a) (3.9)

We now evaluate the constants Cp, Cy, and Cs. In the integral equation (3.7),
putting t = a, using the Lemma (2.10), and the condition (y(t)—H (¢, y(t))i=e = 0,
we get

Co = (y(t) — H(t,y(t))e=a = 0.
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Now we proceed to determine Cy, by applying the operator %DZf() on both sides
of the integral equation (3.7) with Cy = 0 and using Lemma (2.11) (ii), we get
the integral equation (3.2), putting ¢t = a in this equation, using Lemma (2.12),
and the initial condition f)DZf(y(t) — H(t,y(t))i=a = p, we get

C’O :767 DZf(y(t) - H(ta y(t))t:a = M.
This time, putting ¢ = b in the integral equation (3.2) with (Cy = p) and using
the initial condition ;DZf(y(t) — H(t,y(t))=p = v, we get
DRy (1) — H(ty())imb =n Loy (Aly() + F(ty())emy — (y(t) — H(t,y(t)) )=

i ol (h(b)=h(a))
+ e’ MO O ——————(h(b) - h(a)).
n

This implies that

o (h(®)=h(a))

zrwﬁﬁmww»+me@»+u£ﬁww“m+cr——;——+um—hm»

Therefore

Cr=1n <V —y P (A(y(0) + F(b,y (b)) — pe™s (h(b)h(a))> |

n—

"7 (O () — h(a)
Substituting Cy, Cy, and Cy in (3.7) we obtain
y(t) — H(ty(t)) =, I (A(y(1) + F(ty(1) — s 15l (y(t) — H(t,y(t)))
gL ye O
= LEMAWO) + o, y®))e ™ "D oy
T (e +2)e" MO (h(b) — h(a))

(h(t) — h(a))*".

This implies that
y(t) =y LM (AW (0) + F(ty(t) = s o (y(t) — H(t, (1))

n—1

+ plpIgtye T MO 1 T O (B () — h(a)) T+ H(L y(1),

where II is given by (3.1).
The converse result follows immediately by direct computation. O

We now introduce the following set of conditions

(€1) The functions F, H € C(J x E, E) satisfy the Carathéodory conditions.
(€2) the function H : J x F — E is Y-Lipschitz, i.e., there existe a constant
f > 0, such that for all N C

Y(H(t, N)) < 07(N)
(€3) There exists £ > 0 such that for each y € C(J, E) and ¢t € J we have
HH ()]l < Ellyll-
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(€4) There exists w € C(J,R*) and ¢ € C(R™,R") such that for each ¢ being
nondecreasing

IH (t,y)l| < w(®y([yll)-
(€5) For every bounded subset N C E and for each ¢t € J we have:
T(F(t,N)) <w(t)T(N).
Theorem 3.3. Assume that assumptions (€1)-(€s5) hold. If

_ (Al + @) (hb) — h(a)**e | [3|(h(b) — h(a))“(1 + 0)
— S + (et 1) +60<1, (3.10)

€l

then the problem (1.1)-(1.3) has at least one solution J.

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider
the operator © : C(J, E) — C(J, E) defined by

Oy)(t) =y L (Aly() + F(t,y(1)) — 5,53 (y(t) — H(t,y (1))

F plI5)e" s MOHO) e OO (1) — h(a)) T 4 H (L, y(1)).

Clearly, the fixed points of operator © are solutions of problem (1.1)—(1.3).
Then we consider the set B, defined as:

B, ={y € C(J, E) : |yl < p},

where p > —% with

1—a2?

A+ w)v(p)

= T et 1) (h(b) — h(a))?** (3.11)
%(h(b) — h(a)) + II(h(b) — h(a))™, (3.12)

and
ap = %(h(b) — h(a)) + €. (3.13)

Clearly, the subset B, is closed, bounded and convex. We shall show that ©
satisfies the assumptions of Theorem 2.14. The proof will be given in a four of
steps.

e [First, we prove that © maps B, into itself.

Let y € B,and t € J.
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Then by using the fact that n € (0,1] and h is a increasing function we have:.

wawnsﬁmﬁggglﬁﬂmm*@mwxmw—maﬂﬂHM@@D+F@y@ww
nﬁiyllﬂ“W%“mﬂwxmw—h@»ﬁwmwws
L[R5 i) ) () s
N U\FL(L) /a B ORE 1 6) (1) — B(s)) e ) g

+Tle™ T PO (1) — h(a)) + | H (L, y(t)]|

(1] + ") (p) Y e
< g ey () h@) PR (h(E) — h(a)

|| ;
) - o)y e

1] ) "
nT(e+1) (h(b) — h(a))€p + TI(R(b) — h(a))™ +&p

_ (Al +<")600)
Tt 4+ e+ 1)

(h(b) = h(a))"*

1] . -
m(h(b) — h(a))€p + TI(h(b) — h(a))
>|(1+¢) ]
(m(h(b) — h(a)) +€)
= a1+ azp

< p,

where a; and «s are given by (3.11) and (3.13), respectively. Therefore, © maps
B, into itself.

e Second, we show that © is continuous.
Let (yn)nen be a sequence such that y,, — y in B,. Then for each ¢ € J, we have:

19(y) (8) = O < 0L 1ANya(t) = y(O) | + 0L |1 E(t yalt) — F(ty(0)]
ot L lyn(t) = y(O) | + 56 L I H (8, ya (1) — H(ty (1)
+IHE,yn (1)) — H(E, y(0))])-

Since A is continuous and F' and H is of Carathéodory type, the Lebesgue dom-
inated convergence theorem implies

19(yn) — OW)|loc — 0 as n — oc.

Consequently, © is continuous.
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e Now, we establish that ©(B,) is equicontinuous .
Let 71,72 € J, 71 < 7 and y € B,. Then we have

1©(y)(2) = B(y) ()

_nw¢@+d/ﬂmﬂﬂﬂmﬂ—QfHUMWM@WMMW+F®w@W%
ﬁﬂr@+f>/ﬁ9“*1v )l ()| Aly(s)) + F(s.y(s))ds
1

o / (% (72, @) — Q5 (71, @) (5) | y(s) — H{s,y(s))|ds
/ Q5 (o, ) () |y(s) — H (s, y(s)) | ds]

1 ((ry @) — Q. )V () 5 () —h(a)

*W”mnol<9 (r200) = 957 (m @) ()" ds
I To, @)l (s)e" T ()= s
b | () T

+ 11 (" (12, 0) — 9,7 (71, 0)) + || H (72, y(72)) — H (11, 9(1)) |

where Qg)(t, a) is given by (2.1).
By using the continuity of the functions Qg) (t,a), H, and by Lebesgue dominated
convergence theorem, from the above inequality, we get

1©W)(12) —O(y)(r)|| = 0 —0as o — 7.

Therefore, ©(B,) is equicontinuous.

e Finally, we check the condition (2.2) of Theorem 2.14.

Let W C conv(©(W) UO0) be a bounded and equicontinuous subset. Then, the
function N(t) = YT (W (t)) is continuous on J. Next, by using Lemma2.6, the
conditions (€2) and (€5), we obtain
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N(t) = T(W(t)) < T(conv((OW)(t)) U{0})) < T((OW)(1))

< {(A(t) = h()""HA(y(s)) + F(s,y(s)))ds -y € W}

L [ RO n) A s sy € W)
nel;f(le) /t e%(h(t)_h(s))h/<8)<h(t> . h(S)yil(H(S,y(S)))dS g€ W}

|:u| tﬂt—s ! e—1_"=L(h(s)—h(a .
+T{ner(e)/a ¢ OB () (1) — h(s)) e M g 4 € 3

+ T{Ie"T PO (1) — h(a)H it e d
+T{H(t,y(t) 1y € W}

1 ) —h(s) g D+e—1
< m/a em MO (5)(h(t) — h(s))"F T (AW (5)) + F(s, W(s)))ds

e [ O ) o) — ) O ()
[ OO ) ) — (o) LW 5
+ Y(H(t,W(t)))
L psero s e300 e — o))<
AL [ e 000 s) o) - sy
%“(g” at e"n PO ()(h(t) — h(s)) ds + 0| N
< (UALE 0O ™ | b0+ )

This implies that
[N [oe = @[N],

where @ is given by (3.10).

According to condition (3.10), we conclude that |[N||o = 0. Therefore, for all
t € J, we have |N||oc = 0, which implies that Y(W(¢)) = 0. Then, W (t) is
relatively compact in E. Hence, by using Arzela-Ascoli theorem, we conclude
that W is relatively compact in B,. We observe that, all conditions of Theorem
3.3 are satisfied. As a result, there is a fixed point for the operator J on B, which
solves problem (1.1)-(1.3). The proof is then finished. O
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4. AN EXAMPLE

A representative example is provided in this section to clearly demonstrate the
applicability and effectiveness of the obtained theoretical results.
Let J =1[0,1) and F = {y = (y1, Y2, s Yn, ---) : Yo — 0} be the Banach space of
real sequences (Y, )nen+, such that y, — 0, with the norm ||y||c = sup,en-|Ynl-
We consider the following nonlinear boundary value Langevin fractional differen-
tial equation

1 y(t) 1 1, 1

%Dg’t(%Di’tJr%)(i/(t)—g n et> = Ey(t)+20—+t4(y +m)a teJ=101],
(4.1)

y(0) =y(1) =0, (4.2)

DR - A= b - 2 =0 )

Comparing System (4.1)-(4.3) with Problem (1.1)-(1.3). Then, ¢ = {,e = n =
}l,h(t) =t and »x = % with F, H : J x E — E, such that

1 y(t 1
F(t.9) = spga P+ 1) Hl) = A ) = o

20 1 ¢4 &

with y = {y,} € E. Now we check for conditions (€1)-(€5). It is easy to see that
the functions F' and H satisfy the Caratheodory conditions. We have

1
241), 1A < —|lyll.
(lyll* + 1), |l (y)|!_40|!y|\

1
H(t < — d||F(t <

Then, the conditions (€3) and (€4) hold with w(t) = 3514, w* = 35, 9(y) = y* +1
and £ = %.
Moreover, for each bounded set V' C E, we have

T(F(V)) < w®)T(V) and T(H(ELV)) < —

< T,

Then, the conditions (€2) and (€s5) are satisfied with § = .

Next, checking for the condition (3.10). Then, we have

(IA] + w*) (A(b) = h(@))™* | |5 (h(b) — h(a))*(1 + 6)
n*+eT(9 + e+ 1) nl'(e+ 1)

w =

+0

1
+ — ~0,7661 < 1.
rt4+n 10

IN

7,1 1
(o T3 51110+ )
7,1 T
AR VA &
We observe that all the assumptions of Theorem 3.3 are satisfied. Consequently,
the nonlinear boundary value Langevin fractional differential equation (4.1)—(4.3)
admits at least one solution on [0, 1].
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5. CONCLUSION

The theory of nonlinear boundary value Langevin fractional differential equa-
tions has been developed in this manuscript. We have established the existence
of solutions for a given nonlinear boundary value Langevin fractional differential
equation involving the generalized Caputo proportional fractional derivative in
arbitrary Banach space. Using the measure of noncompactness approach and
Monch’s fixed point theorem, we were able to demonstrate the existence of solu-
tions. Finally, a suitable example effectively illustrates our results.
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