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EXISTENCE OF SOLUTIONS FOR A CLASS OF
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Abstract. In this paper, we construct a measure of noncompactness adapted
to multidimensional Lebesgue spaces over product domains. Using this mea-
sure together with a Darbo-type fixed point theorem, we prove the existence of
at least one solution in Lebesgue spaces for a broad class of multidimensional
nonlinear integral equations. This operational framework includes the classical
mixed Volterra-Fredholm integral equation as a special case.
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1. Introduction and preliminaries

Multidimensional nonlinear integral equations arise in many areas of applied
mathematics, including population dynamics, kinetic theory, and the theory of
nonlinear viscoelasticity. A particularly versatile class is given by

u(t, x) = f(t, x, u(t, x)) + g

(
t, x,

∫ t

0

∫
Ω

k(t, x, s, y, u(s, y)) dy ds

)
, (1.1)

where Ω ⊂ RN is a bounded open set, u : R+ × Ω→ R is the unknown function,
and f , g, k are given functions. This formulation includes as a special case the
mixed Volterra–Fredholm integral equation

u(t, x) = f(t, x, u(t, x)) +

∫ t

0

∫
Ω

k(t, x, s, y, u(s, y)) dy ds, (1.2)

which has been extensively investigated owing to its significant applications in
viscoelasticity and reaction–diffusion processes. The existence of solutions for
such equations typically requires compactness arguments or fixed point theorems,
often under strong regularity assumptions on the data.

In the present work, we focus on the solvability of (1.1) in the Lp(R+ × Ω)
space, using a new measure of noncompactness (MNC) adapted to this setting.
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On the other hand, there exist two main methodologies for tackling integral
and integro-differential equations: classical fixed point theorems (such as Ba-
nach’s contraction principle or Schauder’s fixed point theorem) and fixed point
theorems involving measures of noncompactness. The concept of measures of
noncompactness was first introduced by Kuratowski [14], and later Darbo [8] uti-
lized this idea to present his fixed point theorem, which has become a powerful
tool for proving existence of solutions for various types of equations. Since then,
numerous authors have developed and applied measures of noncompactness in
different function spaces, including C[a, b], BC(R+) [3], Lebesgue spaces Lp on
bounded or unbounded domains [2, 6], and Orlicz spaces [13].

Recently, Metwali and Mishra [17] introduced a new measure of noncompact-
ness in Lp(R+) for 1 ≤ p < ∞, utilizing the concept of compactness in finite
measure. Their approach splits the measure into two components: one control-
ling local oscillations and another controlling decay at infinity. They then applied
this measure to study the existence of solutions for a product of n-integral equa-
tions. This work extended and generalized previous results by Erzakova [9, 10]
and others to the case of σ-finite measures.

In the present work, we adapt the methodology of both [17] and [1] to construct
a new measure of noncompactness in the Lp(R+ × Ω) space, where Ω ⊂ RN

is bounded or unbounded and we prove that this measure µ satisfies all the
properties of a measure of noncompactness.

In the construction of our new measure, we draw essential inspiration from
two fundamental works that have significantly advanced the theory of measures
of noncompactness in Lebesgue spaces. The first is the recent contribution of
Metwali and Mishra [17], who introduced an innovative measure in Lp(R+) by
decomposing it into two components: one capturing the local oscillatory behavior
through translations on compact intervals, and another controlling the decay at
infinity. Their approach, rooted in the concept of compactness in finite measure,
elegantly captures the essence of the Riesz-Kolmogorov criterion. The second
foundational work is by Aghajani [1], who developed a measure of noncompact-
ness on Lp(RN) using a double-limit technique that first localizes on balls and
then lets the radius tend to infinity. Their construction has proven particularly
effective in applications involving Fredholm and Volterra integral operators.

Inspired by these ideas, we construct a new MNC that operates directly on
Lp(R+ × Ω), where Ω ⊂ RN . Moreover, the mixed integral term in (1.1) couples
both variables, demanding a measure that controls local oscillations on sets of
arbitrarily small measure in the full product space. Our construction combines
a tightness condition (decay in t) with a refined control over subsets of small
measure, yielding a versatile tool that fully captures compactness in Lp(R+ ×
Ω). As we will show, this new measure is particularly well-suited to handle the
multidimensional nonlinear integral equation (1.1), a setting where neither the
pure half-line MNC nor the RN MNC directly applies and it opens the door to
further applications in multidimensional analysis.

A secondary contribution in this paper lies in the application of this new mea-
sure to prove the existence of at least one solution in Lp(R+×Ω) for the equation
(1.1).
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The paper is organized as follows. In Section 1, we recall some preliminary def-
initions and results about measures of noncompactness and fixed point theorems.
In Section 2, we construct the new measure of noncompactness µ on Lp(R+×Ω)
and prove its main properties. Section 3 contains the assumptions on the data
functions and the reformulation of the multidimensional nonlinear integral equa-
tion as a fixed point problem and we prove the existence of a solution using the
measure of noncompactness and the Darbo-type fixed point theorem. Finally, in
Section 4, we present a concrete example illustrating our results.

Let Ω be a bounded subset of RN with N ≥ 1. For 1 ≤ p < ∞, let
Lp = Lp(Ω) denote the space of equivalence classes of measurable functions on

Ω such that
∫

Ω
|f(x)|pdx < ∞. With the norm ‖f‖p =

(∫
Ω
|f(x)|pdx

)1/p
, this

is a Banach space. L∞ = L∞(Ω) is the space of equivalence classes of measur-
able functions that are essentially bounded. It is also a Banach space with the
essential-supremum norm ‖f‖∞ = ess supx∈Ω |f(x)|. We consider the closed ball
Br = {u ∈ Lp(Ω) : ‖u‖p ≤ r}.

In [5, Theorem 4.9], we find a type of converse to the Lebesgue dominated
convergence theorem. It can be formulated as follows.

Theorem 1.1. Let Ω be a measurable subset of RN and (fn) a sequence in Lp(Ω).
If fn → f in Lp(Ω) with p ≥ 1, then there exists a subsequence (fnk

) of (fn) and
a function g ∈ Lp(Ω) such that

(i) fnk
→ f a.e. in Ω,

(ii) |fnk
(x)| ≤ g(x) for all k ≥ 1 and a.e. x ∈ Ω.

Let Ω ⊂ RN be an unbounded subset and let N, m ≥ 1 be positive integers.
Recall that a function f : Ω× Rm → R is of Carathéodory type if

(i) for all u ∈ Rm, the function x 7→ f(x, u) is Lebesgue measurable on Ω,
(ii) for a.e. x ∈ Ω, the function u 7→ f(x, u) is continuous on Rm.

A measure µ defined on a measurable space T is called σ-finite if T can be
represented as the union of a sequence of measurable sets Tn with µ(Tn) < +∞,
i.e., T =

⋃+∞
n=1 Tn.

Let T be a topological space with Borel measure µ and let X and Y be two
topological spaces. We say that a Carathéodory function f : T×X → Y possesses
the Scorza-Dragoni property if, for every ε > 0, there exists a closed set Tε ⊆ T
such that µ(T \ Tε) < ε and the restriction of f to the set Tε ×X is continuous
in all variables.

Theorem 1.2. [4] Suppose that T is a topological space with a regular σ-finite
measure µ, X is a metrizable separable locally compact space, Y is a metrizable
separable space, and f : T×X → Y is a Carathéodory function. Then f possesses
the Scorza-Dragoni property.

Two auxiliary results are presented next. Let F be the superposition operator
generated by a time-space argument function f and given by (Fx)(t) = f(t, x(t)),
where x : I → R is a measurable function. Then Fx is measurable (see [12]).
If F is defined in Lp with values in Lq, then it is bounded and continuous (see
[2, 12]). Moreover, we have the following important result.
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Theorem 1.3. Let Ω ⊂ RN be a measurable set, let 1 < p < ∞ and let q be
the conjugate exponent defined by 1

p
+ 1

q
= 1. Assume that f : Ω × Rm → R

satisfies the Carathéodory conditions. Suppose there exist a constant C ≥ 0 and
a function g ∈ Lq(Ω) such that

|f(x, u)| ≤ C|u|p−1 + g(x)

for almost all x ∈ Ω and all u ∈ Rm. Then the Nemytskii operator F defined by

(Fu)(x) = f(x, u(x)), x ∈ Ω,

is a bounded and continuous map from Lp(Ω;Rm) into Lq(Ω;R).

The second auxiliary result is given by:

Lemma 1.4. [15] Let X be a topological space and (xn) a sequence in this space
with the following property: there exists x ∈ X such that, given any subsequence
of (xn), we can extract from it a further subsequence converging to x. Then the
whole sequence (xn) converges to x.

Theorem 1.5. Let K be a compact metric space and let H be a bounded subset
of C(K), the space of continuous functions over a compact metric space K with
values in R. Assume that H is uniformly equicontinuous, that is,

∀ε > 0 ∃δ > 0 such that d(x1, x2) < δ =⇒ |f(x1)− f(x2)| < ε ∀f ∈ H.
Then the closure of H in C(K) is compact.

Theorem 1.6. Let B be a subset of Lp
(
RN
)

with p ∈ [1,∞), and let τhf denote
the translation of f by h, that is, τhf(x) = f(x − h). The subset B is relatively
compact if and only if the following properties hold:

1) lim|h|→0 ‖τhf − f‖Lp(RN ) = 0 uniformly on B.

2) limr→∞
∫
|x|>r |f |

p = 0 uniformly on B.

The first property can be stated as ∀ε > 0∃δ > 0 such that ‖τhf − f‖Lp(RN ) < ε ,

∀f ∈ B, ∀h with |h| < δ. Usually, the Fréchet-Kolmogorov theorem is formulated
with the extra assumption that B is bounded. However, it has been shown that
equitightness and equicontinuity imply this property.

Let (E, ‖·‖) be a real Banach space with zero element 0. Let B(x; r) denote the
closed ball centred at x with radius r. For X, a nonempty subset of E, we denote
by X̄ and ConvX the closure and the closed convex hull of X, respectively. Let
ME be the family of all nonempty and bounded subsets of the Banach space E
and by NE its subfamily consisting of all relatively compact subsets of E.

Definition 1.7. A mapping µ : ME −→ R+ is said to be a measure of noncom-
pactness in E if it satisfies the following conditions:

(1) The family kerµ = {X ∈ME : µ(X) = 0} is nonempty and kerµ ⊆ NE.
(2) X ⊂ Y =⇒ µ(X) ≤ µ(Y ).
(3) µ(X̄) = µ(X).
(4) µ(ConvX) = µ(X).
(5) µ(λX + (1− λ)Y ) ≤ λµ(X) + (1− λ)µ(Y ) for λ ∈ [0, 1].
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(6) If {Xn} is a sequence of closed sets from ME such that Xn+1 ⊂ Xn for
n = 1, 2, · · · and if limn→∞ µ (Xn) = 0 then X∞ = ∩∞n=1Xn 6= ∅.

We will use the following Darbo fixed point theorem:

Theorem 1.8. Let Ω0 be a nonempty, bounded, closed and convex subset of a
Banach space E and let H : Ω0 −→ Ω0 be a continuous mapping such that there
exists a constant k0 ∈ [0, 1) with the property µ(HX) ≤ k0µ(X) for any nonempty
subset X of Ω0. Then H has a fixed point in the set Ω0.

We now construct a measure of noncompactness in the Lp(R+ × Ω) space.

2. A measure of noncompactness in the Lp (R+ × Ω) space

Theorem 2.1. [1, 17] (Compactness criterion in Lp(R+×Ω)) Fix any 1 6 p <∞.
A bounded subset X of Lp(R+×Ω) (Ω ⊂ RN bounded or unbounded) is relatively
compact if and only if the following two conditions hold:

lim sup
ε→0

sup
D⊂R+×Ω measurable

|D|≤ε

sup
x∈X
‖x · χD‖p = 0, (E1)

lim
R→∞

sup
x∈X
‖x · χ{|(t,x)|≥R}‖p = 0. (E2)

Proof. Assume X is relatively compact. Then its closure X is compact, hence
totally bounded. Fix δ > 0 and choose a finite δ-net {y1, . . . , ym} ⊂ Lp for X:
for every x ∈ X there exists i such that ‖x − yi‖p < δ. For any measurable D
with |D| ≤ ε,

‖xχD‖p ≤ ‖x− yi‖p + ‖yiχD‖p < δ + ‖yiχD‖p.
Since each yi ∈ Lp, given η > 0 we can choose ε so small that ‖yiχD‖p < η for all
i whenever |D| < ε. Then supx∈X ‖xχD‖p ≤ δ + η. Letting δ, η → 0 yields (E1).
Condition (E2) follows similarly.

Now assume X is bounded in Lp and satisfies (E1) and (E2). We show that X
is totally bounded, hence relatively compact. By (E2), for any ε > 0 there exists
R0 > 0 such that

sup
x∈X
‖xχ{|(t,x)|≥R0}‖p <

ε

3
.

Set QR = {(t, x) ∈ R+ × Ω : |(t, x)| ≤ R}. For R ≥ R0, the contribution from
the complement of QR is uniformly small. Extend each x ∈ Lp(R+ × Ω) by zero
outside its domain. Let ρ ∈ C∞c (RN+1) be a standard mollifier: ρ ≥ 0,

∫
ρ = 1,

supp ρ ⊂ B(0, 1). For h > 0 set ρh(z) = h−(N+1)ρ(z/h) and define the convolution
xh = x ∗ ρh. Then xh ∈ C∞(RN+1) and ‖xh‖∞ ≤ h−(N+1)/p‖x‖p. Moreover, for
every x ∈ Lp, ‖xh − x‖p → 0 as h → 0. A standard consequence of (E1) is that
the Lp modulus of continuity

ωx(h) = sup
||z||RN+1<h

‖x(·)− x(·+ z)‖p

satisfies limh→0 ωx(h) = 0 uniformly for x ∈ X; hence we can choose h > 0 so
small that ‖x − xh‖Lp(QR) < ε/3 for all x ∈ X and some fixed R ≥ R0 (the
precise argument uses (E1) and the fact that translations are continuous in Lp
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uniformly on X). For such h, the family {xh : x ∈ X} is uniformly bounded on
QR (by h−(N+1)/p supx∈X ‖x‖p) and uniformly equicontinuous: for z, z′ ∈ QR with
|z − z′| < δ,

|xh(z)− xh(z′)| ≤
∫
|x(w)| |ρh(z − w)− ρh(z′ − w)| dw ≤ Cη1/q

after choosing δ small enough to make |ρh(z −w)− ρh(z′ −w)| < η uniformly in
w. Therefore, by the Arzelà–Ascoli theorem, the restrictions of {xh : x ∈ X} to
QR are relatively compact in C(QR), hence also in Lp(QR). Consequently, there
exists a finite ε/3-net {v1, . . . , vm} ⊂ C(QR) for {xh : x ∈ X} in Lp(QR). For
any x ∈ X pick j such that ‖xh − vj‖Lp(QR) < ε/3. Then

‖x− vj‖Lp(QR) ≤ ‖x− xh‖Lp(QR) + ‖xh − vj‖Lp(QR) <
2ε

3
.

Extend each vj by zero outside QR to functions on R+×Ω. Using the tail estimate
‖x‖Lp(R+×Ω\QR) < ε/3 (which holds for R ≥ R0), we obtain

‖x− vj‖Lp(R+×Ω) ≤ ‖x− vj‖Lp(QR) + ‖x‖Lp(R+×Ω\QR) <
2ε

3
+
ε

3
= ε.

Thus {v1, . . . , vm} is an ε-net for X in Lp(R+×Ω). Since ε > 0 was arbitrary, X
is totally bounded, hence relatively compact. This completes the proof. �

Our main measure of noncompactness in the Lebesgue space Lp(R+ × Ω) is
given in the following result.

Theorem 2.2. For a bounded set X ⊂ Lp(R+ × Ω), let µ(X) := c(X) + d(X),
where the components c and d are given by:

c(X) = lim sup
ε→0

sup
D⊂R+×Ω measurable

|D|≤ε

sup
x∈X
‖x · χD‖p,

d(X) = lim
R→∞

sup
x∈X
‖x · χ{|(t,x)|≥R}‖p.

Then, µ defines a measure of noncompactness in the Lp(R+ × Ω) space.

Proof.
(1) Clearly, taking any single point x0 ∈ Lp(R+ × Ω) we find µ({x0}) = 0, so
kerµ is nonempty. Now suppose µ(X) = 0, Theorem 2.1 implies X is relatively
compact in Lp(R+ × Ω). Therefore kerµ ⊂ NLp(R+×Ω).

(2) IfX ⊂ Y , then for every measurableD we have supx∈X ‖xχD‖p ≤ supy∈Y ‖yχD‖p.
Taking the supremum over all D with |D| ≤ ε and then the limit ε → 0 yields
c(X) ≤ c(Y ). Similarly, for eachR, supx∈X ‖xχ{|(t,x)|≥R}‖p ≤ supy∈Y ‖yχ{|(t,x)|≥R}‖p;
letting R→∞ gives d(X) ≤ d(Y ). Therefore µ(X) ≤ µ(Y ).

(3) Let X be bounded and consider X. For any z ∈ X there exists a sequence
(xn) ⊂ X with xn → z in Lp. For any measurable D,

‖zχD‖p ≤ ‖xnχD‖p + ‖z − xn‖p.
Thus supz∈X ‖zχD‖p ≤ supx∈X ‖xχD‖p (the extra term ‖z − xn‖p can be made
arbitrarily small by choosing n large). The reverse inequality is obvious because
X ⊂ X. Hence the suprema coincide for each D. Therefore c(X) = c(X). The
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same reasoning applied to the d yields d(X) = d(X). Consequently µ(X) = µ(X).

(4) Let conv(X) be the convex hull of X. For any convex combination z =∑n
i=1 λixi with xi ∈ X and λi ≥ 0,

∑
λi = 1, Minkowski’s inequality yields

‖zχD‖p ≤
n∑
i=1

λi‖xiχD‖p ≤ sup
x∈X
‖xχD‖p.

Thus supz∈conv(X) ‖zχD‖p ≤ supx∈X ‖xχD‖p. The reverse inequality is obvious
because X ⊂ conv(X). Therefore the suprema over D (and the limits) coincide,
giving c(conv(X)) = c(X). The same reasoning for the tail sets {|(t, x)| ≥ R}
shows d(conv(X)) = d(X). Hence µ(conv(X)) = µ(X).

(5) Take X, Y ∈MLp(R+×Ω), λ ∈ [0, 1]. For any x ∈ X, y ∈ Y and any measurable
D,

‖λx+ (1− λ)y‖p ≤ λ‖x‖p + (1− λ)‖y‖p.
Replacing x by xχD and y by yχD gives

‖(λx+ (1− λ)y)χD‖p ≤ λ‖xχD‖p + (1− λ)‖yχD‖p.
Taking the supremum over z ∈ λX + (1− λ)Y on the left,

sup
z∈λX+(1−λ)Y

‖zχD‖p ≤ λ sup
x∈X
‖xχD‖p + (1− λ) sup

y∈Y
‖yχD‖p.

Now take the supremum over all D with |D| ≤ ε and then let ε → 0; the
supremum and limit commute with the linear combination because the right-hand
side is independent of D and ε. Hence

c(λX + (1− λ)Y ) ≤ λc(X) + (1− λ)c(Y ).

Exactly the same argument applied to the tail sets {|(t, x)| ≥ R} yields

d(λX + (1− λ)Y ) ≤ λd(X) + (1− λ)d(Y ).

Adding the two inequalities we obtain

µ(λX + (1− λ)Y ) ≤ λµ(X) + (1− λ)µ(Y ).

(6) Let {Xn} be a decreasing sequence of closed bounded sets from MLp(R+×Ω)

such that limn→∞ µ(Xn) = 0. Then c(Xn) → 0 and d(Xn) → 0. Choose a
sequence (xn) with xn ∈ Xn for each n.

For each n ∈ N pick an arbitrary element xn ∈ Xn (the sets are non-empty). We
shall prove that {xn} contains a subsequence that converges strongly in Lp(R+×
Ω). Because each Xn is closed, the limit will belong to every Xn, hence to X∞.

Recall
c(Xn) = lim sup

ε→0
sup

D⊂R+×Ω
|D|≤ε

sup
x∈Xn

‖xχD‖p.

Because the limit superior is zero, for every η > 0 there exists δ > 0 and an index
N1 such that for all n ≥ N1 and for every measurable set D with |D| < δ,

sup
x∈Xn

‖xχD‖p < η.



8 M. DERRAZ, B. BOULFOUL

For the chosen elements xn (n ≥ N1) we obtain

‖xnχD‖p < η.

Then we have

d(Xn) = lim
R→∞

sup
x∈Xn

‖xχ{|(t,x)|≥R}‖p.

Since d(Xn)→ 0, there exists an index N2 such that for every ε > 0 we can find
R0 > 0 for all n ≥ N2 and all x ∈ Xn,

‖xχ{|(t,x)|≥R}‖p < ε for all R ≥ R0.

Taking x = xn (with n ≥ N2) yields

‖xn χ{|(t,x)|≥R}‖p < ε for all R ≥ R0.

The sequence {xn}n≥max(N1,N2) is bounded in Lp(R+ × Ω) (because each Xn

is bounded). For 1 ≤ p < ∞, the Fréchet–Kolmogorov–Riesz compactness cri-
terion states that a bounded subset of Lp(R+ × Ω) is relatively compact iff it
is uniformly absolutely continuous and tight. Therefore the set {xn}n≥max(N1,N2)

is relatively compact. Consequently, there exists a subsequence (xnk
)∞k=1 that

converges strongly in Lp(R+ × Ω) to some x̂ ∈ Lp(R+ × Ω).
Fix an arbitrary m ∈ N. Because the original sequence {Xn} is decreasing

(Xn+1 ⊆ Xn), for all sufficiently large indices nk we have nk ≥ m and therefore
xnk
∈ Xnk

⊆ Xm. Since Xm is closed and xnk
→ x̂ in Lp(R+×Ω), it follows that

x̂ ∈ Xm. As m was arbitrary,

x̂ ∈
∞⋂
m=1

Xm = X∞.

Thus X∞ 6= ∅. �

3. Main results

We will use the current measure of noncompactness to prove the existence
of solutions for the multidimensional nonlinear integral equation (1.1) in the
Lp (R+ × Ω) space, wich includes as a special case the mixed Volterra–Fredholm
integral equation.
We focus on the existence of Lp (R+ × Ω)-solutions to the equation (1.1) by adopt-
ing the following assumptions. We point out that, by Theorem 1.3, sublinear
growth conditions on the nonlinearities are optimal for the continuity of super-
position operators in Lp.

(A1) The function f : R+×Ω×R −→ R is a Carathéodory function. Moreover,
there exists a constant k ∈ [0, 1) such that for a.e. (t, x) ∈ R+ × Ω and
all u, v ∈ R,

|f(t, x, u)− f(t, x, v)| ≤ k|u− v|.

Furthermore, f(t, x, 0) ∈ Lp(R+ × Ω).
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(A2) The function g : R+×Ω×R −→ R satisfies the Carathéodory conditions,
and there exist a function ψ ∈ Lp(R+×Ω) and a positive constant c such
that

|g(t, x, u)| ≤ ψ(t, x) + c|u|, a.e. (t, x) ∈ R+ × Ω, ∀u ∈ R.

(A3) The function k : R+×Ω×R+×Ω×R −→ R is a Carathéodory function
such that there exist functions g1, ς ∈ Lp(R+ ×Ω), g ∈ Lq(R+ ×Ω) (with
1
p

+ 1
q

= 1) and constants α ≥ 0 such that for a.e. (t, x), (s, y) ∈ R+ × Ω

and all u ∈ R,

|k(t, x, s, y, u)| ≤ g1(t, x) g(s, y)
(
ς(s, y) + α |u|

)
Moreover, the operator K defined by

(Ku)(t, x) =

∫ t

0

∫
Ω

k(t, x, s, y, u(s, y)) dy ds

is compact from Lp(R+ × Ω) to Lp(R+ × Ω).
(A4) Assume k + αc‖g1‖p‖g‖q < 1.

Our existence result is the following.

Theorem 3.1. Under Assumptions (A1)− (A4), Equation (1.1) has at least one
solution u in the space Lp(R+ × Ω).

Proof. Consider the nonlinear maps F,K and G defined by

F : Lp(R+ × Ω) −→ Lp(R+ × Ω)

Fu(t, x) = f(t, x, u(t, x)) t ≥ 0, x ∈ Ω,
(3.1)

K : Lp(R+ × Ω) −→ Lp(R+ × Ω)

Ku(t, x) =

∫ t

0

∫
Ω

k(t, x, s, y, u(s, y))dyds t ≥ 0, x ∈ Ω,
(3.2)

and
G : Lp(R+ × Ω) −→ Lp(R+ × Ω)

Gu(t, x) = g (t, x, Ku(t, x)) t ≥ 0, x ∈ Ω,
(3.3)

Problem (1.1) is expressed as Hu = u where H = F + G, we will show that
operator H satisfies all conditions of Theorem 1.8. The proof is split into three
steps.
Claim 1. Let u ∈ Br ⊂ Lp(R+×Ω) for some positive constant r to be determined.
We have the estimates:

|Fu(t, x)| ≤ |f(t, x, u(t, x))− f(t, x, 0)|+ |f(t, x, 0)|
≤ k |u(t, x)|+ |f(t, x, 0)|

(3.4)

hence
‖Fu‖p ≤ ‖f(t, x, 0)‖p + k ‖u‖p

≤ ‖f(t, x, 0)‖p + kr
(3.5)

From Assumption (A3) and Using Hölder’s inequality we get,
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|Ku(t, x)| ≤ g1(t, x)

∫
R+

∫
Ω

g(s, y)(ς(s, y) + α|u(s, y)|)dy ds

≤ g1(t, x)‖g‖q (‖ς‖p + α‖u‖p)
Thus

‖Ku‖p ≤ ‖g1‖p ‖g‖q (‖ς‖p + α‖u‖p)
≤ ‖g1‖p ‖g‖q (‖ς‖p + αr)

By Assumption (A2),

|Gu(t, x)| ≤ ψ(t, x) + c|Ku(t, x)|,
We obtain

‖Gu‖p ≤ ‖ψ‖p + c‖Ku‖p ≤ ‖ψ‖p + c ‖g1‖p ‖g‖q (‖ς‖p + α‖u‖p)
≤ ‖ψ‖p + c ‖g1‖p ‖g‖q (‖ς‖p + αr)

Finally,

‖Hu‖p ≤ ‖Fu‖p + ‖Gu‖p ≤ ‖f(t, x, 0)‖p + kr + ‖ψ‖p + c ‖g1‖p ‖g‖q (‖ς‖p + αr)

Let

r =
‖f(t, x, 0)‖p + ‖ψ‖p + c‖g1‖p‖g‖p‖ς‖p

1− (k + αc ‖g‖p‖g1‖p)
.

then ‖Fu + Gu‖p ≤ r we infer that F (Br) + G(Br) ⊆ Br. This completes the
proof of Claim 1.
Claim 2. Continuity of operators F,G and K . The continuity of F follows from
assumption (A1) and Theorem 1.3. To prove the continuity of the operators K
and G, let (un) be a sequence in Lp(R+×Ω) which converges to u ∈ Lp(R+×Ω).
According to Theorem 1.1, there exist an integrable function m ∈ Lp(R+×Ω) and
a subsequence (unk

)k of (un)n such that unk
→ u, as k → ∞ almost everywhere

on R+ × Ω and

|unk
(t, x)| ≤ m(t, x), for a.e. (t, x) ∈ R+ × Ω.

By the continuity of the function k with respect to the last variable,

k(t, x, s, y, unk
(s, y))→ k(t, x, s, y, u(s, y)) for a.e. (t, x), (s, y) ∈ R+ × Ω.

Assumption (A3) implies that

|k(t, x, s, y, unk
(s, y))| ≤ g1(t, x) g(s, y)

(
ς(s, y) + αm(s, y))

Define Φ(s, y) := g(s, y)(ζ(s, y)+αm(s, y)). Since g ∈ Lq and ζ,m ∈ Lp, Hölder’s
inequality gives∫

R+

∫
Ω

|Φ(s, y)| dy ds ≤ ‖g‖q
(
‖ζ‖p + α‖m‖p

)
<∞,
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so Φ ∈ L1(R+ × Ω).
Applying the Lebesgue dominated convergence theorem,∫

R+

∫
Ω

|k (t, x, s, y, unk
(s, y))| dy ds

→
∫
R+

∫
Ω

|k(t, x, s, y, u(s, y))|dy ds,

(3.6)

for a.e. (t, x) ∈ R+ × Ω. Assumption (A3) implies that∫
R+

∫
Ω

|k(t, x, s, y, unk
(s, y))|dyds ≤

∫
R+

∫
Ω

(
g1(t, x) g(s, y)

(
ς(s, y)+αm(s, y))

)
dyds.

Since, by assumption (A3)∫
R+

∫
Ω

(
g1(t, x) g(s, y)

(
ς(s, y) + αm(s, y))

)
dyds ∈ Lp(R+ × Ω),

then again the Lebesgue Dominated Convergence Theorem ensures that

‖Kunk
−Ku‖p → 0, as k → +∞. (3.7)

Since any sequence (un) of Lp(R+ × Ω) converging to u in Lp(R+ × Ω) has a
convergent subsequence (unk

) such that Kunk
→ Ku in Lp(R+ × Ω), by Lemma

1.4, we infer that
∥∥Kun −Ku∥∥p → 0, proving that K is continuous.

The operator G is the composition G = Ng ◦K, where Ng denotes the Nemytskii
operator induced by g:

Ng(u)(t, x) = g(t, x, u(t, x)).

Assumption (A2) together with Theorem 1.3 implies that Ng is continuous from
Lp to Lp. Since K is continuous, we deduce that composition G = Ng ◦ K is
continuous. This completes the proof of Claim 2.
Claim 3. Let X ⊂ Br be any nonempty bounded and For any measurable set
D ⊂ R+ × Ω set we have

|Fu(t, x)| ≤ |f(t, x, 0)|+ k|u(t, x)|
Taking supremum over u ∈ X and then over |D| ≤ ε,

sup
|D|≤ε

sup
u∈X
‖FuχD‖p ≤ sup

|D|≤ε
‖f(·, 0)χD‖p + k sup

|D|≤ε
sup
u∈X
‖uχD‖p.

As ε→ 0, Since a singleton set in Lp(R+ × Ω) is compact, we have

limε→0 sup|D|≤ε ‖f(·, 0)χD‖p = 0

Consequently,
c(FX) ≤ kc(X) (3.8)

then, we have for any r > 0

|Fu(t, x)| ≤ |f(t, x, 0)|+ k|u(t, x)|,
so

‖Fu‖Lp(|(t,x)|≥r) ≤ ‖f(t, x, 0)‖Lp(|(t,x)|≥r) + k‖u‖Lp(|(t,x)|≥r)
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Taking the supremum over u ∈ X

sup
u∈X
‖Fuχ{|(t,x)|≥r}‖p ≤ ‖f(·, 0)χ{|(t,x)|≥r}‖p + k sup

u∈X
‖uχ{|(t,x)|≥r}‖p.

and then r → ∞, the first term tends to 0 because f(t, x, 0) ∈ Lp(R+ × Ω).
Hence, Letting r →∞ gives

d(FX) ≤ kd(X) (3.9)

Combining 3.8 and 3.9 yields

µ(FX) = c(FX) + d(FX) ≤ k
(
c(X) + d(X)

)
= kµ(X).

Now we show that µ(KX) = 0 for any bounded X ⊂ Br. We have from (A3)
the uniform bound

|Ku(t, x)| ≤ g1(t, x) ‖g‖q
(
‖ζ‖p + αr

)
=: C g1(t, x).

Hence for any D, ‖KuχD‖p ≤ C‖g1χD‖p. Since g1 ∈ Lp, the right-hand side
tends to 0 uniformly as |D| → 0 , so c(KX) = 0. Similarly,

‖Kuχ{|(t,x)|≥r}‖p ≤ C‖g1χ{|(t,x)|≥r}‖p → 0 (r →∞),

giving d(KX) = 0. Thus µ(KX) = 0; i.e., KX is relatively compact. .

Since G = g ◦K and g induces a continuous Nemytskii operator , the image of
a relatively compact set under a continuous map is relatively compact. Therefore
µ(GX) = 0 for every bounded X ⊂ Br.

We have

µ(HX) = µ(FX +GX) ≤ µ(FX) + µ(GX) ≤ k µ(X) + 0 = k µ(X).

This completes the proof àf Theorem 3.1. �

Finally, all assumptions of Theorem 1.8 are fulfilled, proving the existence of a
fixed point for the operator H, that is an integrable solution to the multidimen-
sional integral equation (1.1). This completes the proof of Theorem 3.1.

4. An illustrative example

Let Ω = (0, 1)2 ⊂ R2, and p = 2. Consider the following functional integral
equation in L2(R+ × Ω):

u(t, x) =
1

3
e−t sinu(t, x) +

∫ t

0

∫
Ω

e−te−s
1

1 + |x|2
1

1 + |y|2
arctan

(
u(s, y)

)
dy ds.

(4.1)
where x = (x1, x2), y = (y1, y2). We show that all assumptions (A1)–(A4) of
theorem 3.1 are satisfied .

Verification of (A1).
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Let f(t, x, u) =
1

3
e−t sinu.Then f is Carathéodory. Then

|f(t, x, u)− f(t, y, v)| ≤ 1

3
e−t| sinu− sin v| ≤ 1

3
|u− v|.

Moreover, f(t, x, 0) = 0 ∈ L2(R+ × Ω), Take k = 1
3
< 1 .Thus (A1) holds.

Verification of (A2).
g(t, x, v) = v is Carathéodory. Choose ψ = 0 ∈ L2 and c = 1. Then

|g(t, x, v)| ≤ |v| = ψ(t, x) + c|v|,
so (A2) is satisfied. Thus (A2) holds.

Verification of (A3).
Let the kernel k be the integrand of the double integral:

k(t, x, s, y, u) = e−te−s
1

1 + |x|2
1

1 + |y|2
arctan(u).

We set

g1(t, x) = e−t
1

1 + |x|2
, g(s, y) = e−s

1

1 + |y|2
, ζ(s, y) ≡ 0, α = 1.

Since | arctanu| ≤ |u|, we have

|k(t, x, s, y, u)| ≤ e−te−s
1

1 + |x|2
1

1 + |y|2
|u| = g1(t, x) g(s, y)

(
0 + 1 · |u|

)
.

Now g1, g ∈ L2(R+ × Ω) because∫ ∞
0

∫
Ω

e−2t 1

(1 + |x|2)2
dx dt =

(∫ ∞
0

e−2tdt
)(∫

Ω

dx

(1 + |x|2)2

)
<∞.

We show the operator

(Ku)(t, x) =

∫ t

0

∫
Ω

e−te−s
1

1 + |x|2
1

1 + |y|2
arctan(u(s, y)) dy ds

is compact on L2(R+ × Ω).
We can write

(Ku)(t, x) =
e−t

1 + |x|2
wu(t), wu(t) =

∫ t

0

e−s ϕu(s) ds,

where

ϕu(s) =

∫
Ω

1

1 + |y|2
arctan(u(s, y)) dy.

Since | arctanu| ≤ π
2
, we have

|ϕu(s)| ≤ C0 :=
π

2

∫
Ω

dy

1 + |y|2
<∞.

Hence for every u,

|wu(t)| ≤ C0

∫ t

0

e−sds ≤ C0, |w′u(t)| ≤ C0e
−t.
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Let B ⊂ L2(R+ × Ω) be bounded. For any u ∈ B and t1, t2 ≥ 0,

|wu(t1)− wu(t2)| ≤
∫ max(t1,t2)

min(t1,t2)

|w′u(s)| ds ≤ C0

∫ t2

t1

e−sds ≤ C0 |e−t1 − e−t2|.

The function t 7→ e−t is uniformly continuous on [0,∞), so the family {wu}u∈B
is uniformly equicontinuous. It is also uniformly bounded by C0.

Take any sequence {un} ⊂ B. By the Arzelà–Ascoli theorem on each interval
[0, N ] and a diagonal argument, there exists a subsequence (still denoted {un})
such that wun converges uniformly on every compact subset of [0,∞) to some
function w.

Define

vn(t, x) =
e−t

1 + |x|2
wun(t), v(t, x) =

e−t

1 + |x|2
w(t).

Fix ε > 0. Choose T large enough so that∫ ∞
T

e−2t dt < ε.

For t ≥ T we have |wun(t)− w(t)| ≤ 2C0. Hence∫ ∞
T

∫
Ω

|vn(t, x)− v(t, x)|2 dx dt ≤ 4C2
0

∫ ∞
T

e−2t dt

∫
Ω

dx

(1 + |x|2)2
≤ Cε,

where C = 4C2
0

∫
Ω

(1 + |x|2)−2dx is a constant.
On [0, T ]× Ω, the uniform convergence wun → w implies∫ T

0

∫
Ω

|vn(t, x)−v(t, x)|2 dx dt ≤
∫ T

0

e−2t

(1 + |x|2)2
dx dt · sup

t∈[0,T ]

|wun(t)−w(t)|2 → 0.

Thus ‖vn − v‖L2 → 0. Therefore every bounded sequence has a convergent sub-
sequence, so K is compact.

Verification of (A4).
We have k = 1

3
, α = 1, c = 1, p = q = 2. Also

‖g1‖2
2 =

∫ ∞
0

e−2tdt

∫
Ω

dx

(1 + |x|2)2
=

1

2
·M, ‖g2‖2

2 =
1

2
·M,

where M =

∫
Ω

dx

(1 + |x|2)2
. Since Ω = (0, 1)2 has area 1 so we obtain M < 1.

Therefore

‖g1‖2‖g‖2 =
M

2
<

1

2
.

Thus

k + αc ‖g1‖p‖g‖q =
1

3
+ 1 · 1 · M

2
<

1

3
+

1

2
=

5

6
< 1,

so (A4) is satisfied.

All assumptions of Theorem 3.1 are fulfilled, therefore the integral equation
(4.1) possesses at least one solution u ∈ L2(R+ × Ω).



MULTIDIMENSIONAL NONLINEAR INTEGRAL EQUATIONS 15

Acknowledgement. The authors are grateful to the Associate Editor and the
anonymous reviewers for their thoughtful comments and helpful recommenda-
tions, which significantly strengthened our manuscript.

References

1. Aghajani, A., O’Regan, D., & Shole Haghighi, A. (2015). Measure of noncompactness
on Lp(RN ) and applications. CUBO A Mathematical Journal, 17 (1), 85–97. 10.4067/

S0719-06462015000100007

2. Appell, J., & Zabrejko, P. P. (1990). Nonlinear superposition operators (Vol. 95). Cambridge
University Press. https://doi.org/10.1017/cbo9780511897450

3. Banaś, J., & Cabrera, I. J. (2006). On existence of solutions of a quadratic integral equation
in the space BC(RN+1). Journal of Mathematical Analysis and Applications, 321 (1), 135–
147.

4. Boulfoul, B., & Djebali, S. (2022). A measure of weak noncompactness in L1(RN ) and
applications. Mediterranean Journal of Mathematics, 19 (2), Article 64. https://doi.org/
10.1007/s00009-022-01991-x

5. Brezis, H. (2011). Functional analysis, Sobolev spaces and partial differential equations.
Springer. 10.1007/978-0-387-70914-7
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