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ABSTRACT. In this paper, we construct a measure of noncompactness adapted
to multidimensional Lebesgue spaces over product domains. Using this mea-
sure together with a Darbo-type fixed point theorem, we prove the existence of
at least one solution in Lebesgue spaces for a broad class of multidimensional
nonlinear integral equations. This operational framework includes the classical
mixed Volterra-Fredholm integral equation as a special case.
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1. INTRODUCTION AND PRELIMINARIES

Multidimensional nonlinear integral equations arise in many areas of applied
mathematics, including population dynamics, kinetic theory, and the theory of
nonlinear viscoelasticity. A particularly versatile class is given by

u(t,z) = f(t,x,u(t,z)) +g¢ (t,x,/Ot/gk(t,x,s,y,u(s,y))dyds> : (1.1)

where Q C RY is a bounded open set, u : Ry x  — R is the unknown function,
and f, g, k are given functions. This formulation includes as a special case the
mixed Volterra—Fredholm integral equation

u(t, ) :f(t,x,u(t,x))—i-/o /Qk(t,x73,y,u(s,y))dyals7 (1.2)

which has been extensively investigated owing to its significant applications in
viscoelasticity and reaction—diffusion processes. The existence of solutions for
such equations typically requires compactness arguments or fixed point theorems,
often under strong regularity assumptions on the data.

In the present work, we focus on the solvability of (1.1) in the LP(R, x )
space, using a new measure of noncompactness (MNC) adapted to this setting.
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On the other hand, there exist two main methodologies for tackling integral
and integro-differential equations: classical fixed point theorems (such as Ba-
nach’s contraction principle or Schauder’s fixed point theorem) and fixed point
theorems involving measures of noncompactness. The concept of measures of
noncompactness was first introduced by Kuratowski [11], and later Darbo [%] uti-
lized this idea to present his fixed point theorem, which has become a powerful
tool for proving existence of solutions for various types of equations. Since then,
numerous authors have developed and applied measures of noncompactness in
different function spaces, including C|a,b], BC(R,) [3], Lebesgue spaces LP on
bounded or unbounded domains [2, (], and Orlicz spaces [13].

Recently, Metwali and Mishra [17] introduced a new measure of noncompact-
ness in LP(R,) for 1 < p < oo, utilizing the concept of compactness in finite
measure. Their approach splits the measure into two components: one control-
ling local oscillations and another controlling decay at infinity. They then applied
this measure to study the existence of solutions for a product of n-integral equa-
tions. This work extended and generalized previous results by Erzakova [9, 10]
and others to the case of o-finite measures.

In the present work, we adapt the methodology of both [17] and [1] to construct
a new measure of noncompactness in the LP(R, x Q) space, where Q C RY
is bounded or unbounded and we prove that this measure p satisfies all the
properties of a measure of noncompactness.

In the construction of our new measure, we draw essential inspiration from
two fundamental works that have significantly advanced the theory of measures
of noncompactness in Lebesgue spaces. The first is the recent contribution of
Metwali and Mishra [17], who introduced an innovative measure in LP(R,) by
decomposing it into two components: one capturing the local oscillatory behavior
through translations on compact intervals, and another controlling the decay at
infinity. Their approach, rooted in the concept of compactness in finite measure,
elegantly captures the essence of the Riesz-Kolmogorov criterion. The second
foundational work is by Aghajani [1], who developed a measure of noncompact-
ness on LP(RY) using a double-limit technique that first localizes on balls and
then lets the radius tend to infinity. Their construction has proven particularly
effective in applications involving Fredholm and Volterra integral operators.

Inspired by these ideas, we construct a new MNC that operates directly on
LP(R, x Q), where Q C RY. Moreover, the mixed integral term in (1.1) couples
both variables, demanding a measure that controls local oscillations on sets of
arbitrarily small measure in the full product space. Our construction combines
a tightness condition (decay in ¢) with a refined control over subsets of small
measure, yielding a versatile tool that fully captures compactness in LP(R, x
). As we will show, this new measure is particularly well-suited to handle the
multidimensional nonlinear integral equation (1.1), a setting where neither the
pure half-line MNC nor the RY MNC directly applies and it opens the door to
further applications in multidimensional analysis.

A secondary contribution in this paper lies in the application of this new mea-
sure to prove the existence of at least one solution in LP(R, x ) for the equation

(1.1).
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The paper is organized as follows. In Section 1, we recall some preliminary def-
initions and results about measures of noncompactness and fixed point theorems.
In Section 2, we construct the new measure of noncompactness p on LP(R; x Q)
and prove its main properties. Section 3 contains the assumptions on the data
functions and the reformulation of the multidimensional nonlinear integral equa-
tion as a fixed point problem and we prove the existence of a solution using the
measure of noncompactness and the Darbo-type fixed point theorem. Finally, in
Section 4, we present a concrete example illustrating our results.

Let € be a bounded subset of RY with N > 1. For 1 < p < oo, let
LP = LP(Q) denote the space of equivalence classes of measurable functions on

Q) such that [, |f(z)[Pdz < co. With the norm ||f|, = ([, |f(z)|Pdz)"", this
is a Banach space. L>® = L*>(f) is the space of equivalence classes of measur-
able functions that are essentially bounded. It is also a Banach space with the
essential-supremum norm || f|l« = esssup,cq |f(z)|. We consider the closed ball
B, ={ue LP(Q): [lu, <1}

In [5, Theorem 4.9], we find a type of converse to the Lebesgue dominated
convergence theorem. It can be formulated as follows.

Theorem 1.1. Let Q be a measurable subset of RN and (f,) a sequence in LP(Q).
If f, = f in LP(Q) with p > 1, then there exists a subsequence (fy,) of (fn) and
a function g € LP(§) such that

(i) fo, = f a.e. in Q,

(ii) |fu.(2)] < g(z) for all k > 1 and a.e. x € Q.

Let Q € RY be an unbounded subset and let N, m > 1 be positive integers.
Recall that a function f : 2 x R™ — R is of Carathéodory type if

(i) for all u € R™, the function z — f(x,u) is Lebesgue measurable on 2,
(ii) for a.e. x € Q, the function u +— f(z,u) is continuous on R™.

A measure p defined on a measurable space T is called o-finite if T" can be
represented as the union of a sequence of measurable sets T,, with u(7},) < +o0,
ie, T =T,

Let T be a topological space with Borel measure p and let X and Y be two
topological spaces. We say that a Carathéodory function f : T'x X — Y possesses
the Scorza-Dragoni property if, for every € > 0, there exists a closed set T, C T
such that pu(7'\ 7.) < e and the restriction of f to the set 7. x X is continuous

in all variables.

Theorem 1.2. [1] Suppose that T is a topological space with a regqular o-finite
measure p, X s a metrizable separable locally compact space, Y is a metrizable
separable space, and f : T'x X — 'Y 1s a Carathéodory function. Then f possesses
the Scorza-Dragoni property.

Two auxiliary results are presented next. Let F' be the superposition operator
generated by a time-space argument function f and given by (Fz)(t) = f(t,z(t)),
where x : I — R is a measurable function. Then Fz is measurable (see [12]).
If Fis defined in LP with values in L9, then it is bounded and continuous (see
[2, 12]). Moreover, we have the following important result.



4 M. DERRAZ, B. BOULFOUL

Theorem 1.3. Let Q C RY be a measurable set, let 1 < p < oo and let q be
the conjugate exponent defined by % + % = 1. Assume that f : Q@ x R™ — R
satisfies the Carathéodory conditions. Suppose there exist a constant C' > 0 and
a function g € LY(Q) such that

|f (@, w)| < ClulP™ + g(x)
for almost all x € 2 and all w € R™. Then the Nemytskii operator F defined by
(Fu)(z) = f(z,u(z)), zel
is a bounded and continuous map from LP(;R™) into LI(€);R).
The second auxiliary result is given by:

Lemma 1.4. [15] Let X be a topological space and (x,) a sequence in this space
with the following property: there exists x € X such that, given any subsequence
of (z,,), we can extract from it a further subsequence converging to x. Then the
whole sequence (x,) converges to x.

Theorem 1.5. Let K be a compact metric space and let H be a bounded subset
of C(K), the space of continuous functions over a compact metric space K with
values in R. Assume that H is uniformly equicontinuous, that 1s,

Ve > 039 > 0 such that d(z1,22) < 6 = |f(z1) — f(x2)| <e VfeH.
Then the closure of H in C(K) is compact.

Theorem 1.6. Let B be a subset of LP (RN) with p € [1,00), and let 7,f denote
the translation of f by h, that is, T,f(x) = f(x — h). The subset B is relatively
compact if and only if the following properties hold:

1) limyp o |70 f — fHLp(RN) = 0 uniformly on B.
2) lim, 00 f|z|>r |f|P = 0 uniformly on B.

The first property can be stated as Ve > 035 > 0 such that ||, f — f||Lp(RN) <e,
Vf € B,Yh with |h| < 6. Usually, the Fréchet-Kolmogorov theorem is formulated
with the extra assumption that B 1s bounded. However, it has been shown that
equitightness and equicontinuity imply this property.

Let (E, ||-]|) be a real Banach space with zero element 0. Let B(z; ) denote the
closed ball centred at x with radius r. For X, a nonempty subset of E/, we denote
by X and ConvX the closure and the closed convex hull of X, respectively. Let
Mg be the family of all nonempty and bounded subsets of the Banach space E
and by g its subfamily consisting of all relatively compact subsets of F.

Definition 1.7. A mapping p : Mg —> R, is said to be a measure of noncom-
pactness in F if it satisfies the following conditions:
(1) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker pp C Ng.
(2) X €V — u(X) < p(Y).
(3) u(X) = p(X).
(4) p(Conv X) = pu(X).
(B) pAX + (1 =N)Y) < Au(X)+ (1= )p(Y) for X € [0, 1].
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(6) If {X,} is a sequence of closed sets from 9Mg such that X, 1 C X, for
n=1,2,--- and if lim, . p(X,) = 0 then X, =N, X, # 0.
We will use the following Darbo fixed point theorem:

Theorem 1.8. Let 2y be a nonempty, bounded, closed and convex subset of a
Banach space E and let H : Qg — €y be a continuous mapping such that there
ezists a constant ko € [0, 1) with the property u(HX) < kou(X) for any nonempty
subset X of Qg. Then H has a fized point in the set €.

We now construct a measure of noncompactness in the LP(R; x §2) space.

2. A MEASURE OF NONCOMPACTNESS IN THE L? (R, X ) SPACE

Theorem 2.1. [1, 1 7] (Compactness criterion in LP(Ry xQ)) Fiz any 1 < p < oo.
A bounded subset X of LP(R, x Q) (2 C RN bounded or unbounded) is relatively
compact if and only if the following two conditions hold:

lmsup  sup  suplle-xol, =0, (E1)
e—0 DCR4 xQ measurable v€X

|D|<e
li . = 0. E2
Jim sup [|z - Xqmzrlly =0 (E2)

Proof. Assume X is relatively compact. Then its closure X is compact, hence
totally bounded. Fix 6 > 0 and choose a finite d-net {yi,...,ynm} C L? for X:
for every x € X there exists ¢ such that ||z — y;||, < . For any measurable D
with |D| < ¢,

lzxpllp < 12— willy + llvixolly < 6+ lyixollp-

Since each y; € LP, given > 0 we can choose € so small that ||y;xpl|, < 7 for all
i whenever |D| < e. Then sup,cx [|[zxpll, < 0 +n. Letting §,n — 0 yields (E1).
Condition (E2) follows similarly.

Now assume X is bounded in L? and satisfies (E1) and (E2). We show that X
is totally bounded, hence relatively compact. By (E2), for any € > 0 there exists

Ry > 0 such that .

sup ||z xqit.2)>ro}lp < 3
rxeX

Set Qr = {(t,x) € Ry x Q : |(t,z)| < R}. For R > Ry, the contribution from
the complement of Qg is uniformly small. Extend each z € LP(Ry x Q) by zero
outside its domain. Let p € C°(RV*!) be a standard mollifier: p >0, [p =1,
supp p C B(0,1). For h > 0set p,(z) = h~ N+ p(2/h) and define the convolution
xp, = 2 % pp. Then x, € CP°(RN*Y) and ||z < A~ OFV/P||z||,,. Moreover, for
every x € LP, ||xp, — x|, — 0 as h — 0. A standard consequence of (E1) is that
the LP modulus of continuity
we(h) = sup |lz(-) = z(- + 2)]lp
llzllgnv+1<h

satisfies limy, 0w, (h) = 0 uniformly for x € X; hence we can choose h > 0 so
small that ||z — zp|1r@n < €/3 for all z € X and some fixed R > Ry (the
precise argument uses (E1) and the fact that translations are continuous in L?
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uniformly on X). For such h, the family {z; : x € X} is uniformly bounded on
Qr (by W+ sup,  ||7||,) and uniformly equicontinuous: for z, 2’ € Qx with
|z — 2| <9,

|n(2) = 2n(2)] < / [@(w)] [pn(z = w) = pu(z’ — w)| dw < C''

after choosing ¢ small enough to make |ps(z — w) — pp(2’ — w)| < 1 uniformly in
w. Therefore, by the Arzela—Ascoli theorem, the restrictions of {z;, : x € X} to
Qg are relatively compact in C'(Qg), hence also in LP(Qg). Consequently, there
exists a finite ¢/3-net {vy,...,v,} C C(Qg) for {z, : x € X} in LP(Qr). For
any « € X pick j such that ||z, — v;|rr(@n) < €/3. Then

2e

3

Extend each v; by zero outside Qg to functions on Ry x (2. Using the tail estimate
2| r(ry x0\0p) < €/3 (which holds for R > Ry), we obtain

|z = vjllzer) < 17— 2rllzer) + |70 — villzr@r) <

2¢ ¢
lz = vill o xa) < llo = vjllen) + 12llr@ixoron < 5 +35 =€
Thus {v1,...,vy,} is an e-net for X in LP(Ry x Q). Since € > 0 was arbitrary, X
is totally bounded, hence relatively compact. This completes the proof. 0

Our main measure of noncompactness in the Lebesgue space LP(R, x Q) is
given in the following result.

Theorem 2.2. For a bounded set X C LP(Ry x Q), let p(X) := ¢(X) + d(X),
where the components ¢ and d are given by:

¢(X) = limsup sup sup ||z - xpllps
e—0 DCR4 X2 measurable x€X
|D|<e

d(X) = lim sup ||z - X{@0)=R}p-

R—o0 rzeX

Then, 1 defines a measure of noncompactness in the LP(R, x ) space.

Proof.

(1) Clearly, taking any single point zy € LP(R; x ) we find p({zo}) = 0, so
ker 11 is nonempty. Now suppose p(X) = 0, Theorem 2.1 implies X is relatively
compact in LP(R; x Q). Therefore ker it C Mivr(r, x0)-

(2) If X C Y, then for every measurable D we have sup,cx [[2xpll, < sup,ey [[yXblp-
Taking the supremum over all D with |D| < ¢ and then the limit ¢ — 0 yields
c(X) < c(Y). Similarly, for each R, sup,cx [|[2X{t0)=r} p < SUp, ey lyx{ )R} | p;
letting R — oo gives d(X) < d(Y). Therefore u(X) < u(Y).

(3) Let X be bounded and consider X. For any z € X there exists a sequence
(x,) C X with x,, — z in LP. For any measurable D,

lzxplly < llznxnlly + 112 = 2allp-

Thus sup,cx [|[2xpllp < sup,ex [|zXxpllp (the extra term ||z — x,]/, can be made
arbitrarily small by choosing n large). The reverse inequality is  obvious because
X C X. Hence the suprema coincide for each D. Therefore ¢(X) = ¢(X). The
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same reasoning applied to the d yields d(X) = d(X). Consequently u(X) = u(X).

(4) Let conv(X) be the convex hull of X. For any convex combination z =
o Az with z; € X and A\; > 0, Y° \; = 1, Minkowski’s inequality yields

l2xolly < Y Milleixoll, < Sup [[zxplp-
i=1 r

Thus sup,ceony(x) 12X0llp < supsex |zxDllp- The reverse inequality is obvious
because X C conv(X). Therefore the suprema over D (and the limits) coincide,
giving c(conv(X)) = ¢(X). The same reasoning for the tail sets {|(t,z)| > R}
shows d(conv(X)) = d(X). Hence p(conv(X)) = pu(X).
(5) Take X,Y € Mirr, xa), A € [0,1]. Forany z € X, y € Y and any measurable
D,

Az + (1 = Nyllp < Mzll, + (1 =Myl
Replacing x by xxp and y by yxp gives

Az + (1= Ny)xoll, < Alzxoll, + (1= Mllyxollp
Taking the supremum over z € AX + (1 — A)Y on the left,

sup [lzxollp < Asup [lzxpll, + (1= A)sup [[yxollp
2zEAX+(1-N)Y zeX yey

Now take the supremum over all D with |D| < ¢ and then let ¢ — 0; the

supremum and limit commute with the linear combination because the right-hand

side is independent of D and ¢. Hence

cCAX +(1=N)Y) < Ae(X) 4+ (1= Ne(Y).

Exactly the same argument applied to the tail sets {|(¢,z)| > R} yields
dAX +(1=NY) < M(X)+ (1= N)d(Y).

Adding the two inequalities we obtain
pAX + (1= AN)Y) < Au(X) + (1 = A)u(Y).

(6) Let {X,} be a decreasing sequence of closed bounded sets from M i»r, x0)
such that lim, . u(X,) = 0. Then ¢(X,) — 0 and d(X,,) — 0. Choose a
sequence (z,) with z,, € X,, for each n.

For each n € N pick an arbitrary element x,, € X,, (the sets are non-empty). We
shall prove that {z,} contains a subsequence that converges strongly in L?(R, x
Q). Because each X, is closed, the limit will belong to every X,,, hence to X.

Recall

c(X,) =limsup sup sup [|[xxpl,
e=0  DCRixQ z€X,
|D|<e
Because the limit superior is zero, for every n > 0 there exists 6 > 0 and an index
N such that for all n > N; and for every measurable set D with |D| < 6,

sup [|zxpll, < 7.

reX,
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For the chosen elements x,, (n > N;) we obtain

lznxpllp <.
Then we have

X,) =1l :
d(Xn) = Jim_sup [lzxqeozmlly
Since d(X,) — 0, there exists an index Ny such that for every £ > 0 we can find
Ry > 0 for all n > N, and all z € X,

|z Xqta)=rill, <& forall R> Ry.
Taking x = x,, (with n > Ny) yields
H$n X{\(t,x)|zR}Hp <e forall R> R,.

The sequence {x,}n>max(ny,N,) is bounded in LP(R, x ) (because each X,
is bounded). For 1 < p < oo, the Fréchet-Kolmogorov—Riesz compactness cri-
terion states that a bounded subset of LP(R, x Q) is relatively compact iff it
is uniformly absolutely continuous and tight. Therefore the set {x;, }n>max(nvi,ns)
is relatively compact. Consequently, there exists a subsequence (z,,)>; that
converges strongly in LP(R, x ) to some T € LP(R; x Q).

Fix an arbitrary m € N. Because the original sequence {X,} is decreasing
(Xni1 € X,,), for all sufficiently large indices ny we have ny > m and therefore
T, € Xp, € Xy Since X, is closed and z,, — T in LP(R x ), it follows that
T € X,,. As m was arbitrary,

Ze ) Xm= X
m=1
Thus X # @. OJ

3. MAIN RESULTS

We will use the current measure of noncompactness to prove the existence

of solutions for the multidimensional nonlinear integral equation (1.1) in the
LP (R4 x Q) space, wich includes as a special case the mixed Volterra—Fredholm
integral equation.
We focus on the existence of LP (R X §2)-solutions to the equation (1.1) by adopt-
ing the following assumptions. We point out that, by Theorem 1.3, sublinear
growth conditions on the nonlinearities are optimal for the continuity of super-
position operators in LP.

(A1) The function f : Ry x QxR — R is a Carathéodory function. Moreover,
there exists a constant k& € [0,1) such that for a.e. (t,2) € Ry x © and
all u,v e R,

|f(t,z,u) — f(E2,0)] < klu—vl.
Furthermore, f(t,z,0) € LP(R; x Q).
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(A2) The function g : Ry x Q x R — R satisfies the Carathéodory conditions,
and there exist a function ¥ € LP(R, x €2) and a positive constant ¢ such
that

lg(t,z,u)| < Y(t,x) + clu|, ae. (t,z) e Ry xQ, YueR.

(A3) The function k: Ry x 2 x Ry x @ x R — R is a Carathéodory function
such that there exist functions g;,¢ € LP(R; x Q), g € LI(Ry x Q) (with
119 + é = 1) and constants a > 0 such that for a.e. (¢,z),(s,y) € Ry x
and all u € R,
[t 2, 5,5,u)] < g1(t,2) (s, 9) (s(5,9) + a[ul)

Moreover, the operator K defined by

(Ku)(t,x) // (t,z,s,y,u(s,y)) dyds

is compact from LP(R; x Q) to LP(R; x Q).
(A4) Assume k + ac||g1]pllgllq < 1

Our existence result is the following.

Theorem 3.1. Under Assumptions (Al) — (A4), Equation (1.1) has at least one
solution u in the space LP(R; x Q).

Proof. Consider the nonlinear maps F, K and G defined by
F: LP(R+ X Q) — LP(R+ X Q)

1
Fult,z) = [(ta,u(t, 7)) 120, 7€, )
K: LP(R+ X Q) — LP(R+ X Q)
t (3.2)
Ku(t,x) :/ /k(t,$,s,y,u(s,y))dyds t>0, x €,
0o Ja
and
G:LP(Ry xQ) — LP(Ry xQ
(Ry x Q) (Ry x ) (3:3)

Gu(t,z) =g (t, z, Ku(t,z)) t>0, z€Q,

Problem (1.1) is expressed as Hu = u where H = F + G, we will show that
operator H satisfies all conditions of Theorem 1.8. The proof is split into three
steps.

Claim 1. Let u € B, C L?(R; x€) for some positive constant r to be determined.

We have the estimates:
|Fu(t,x)| S |f(t,x,u(t,x)) - f(t,CL’,O)| + |f(t,:t,0)| (3 4)
< klu(t,z)| + [ f(t,2,0)] '

hence
[ Full, < [[f(t,2, 0, + K llull,

< |f@tz,0)[,+kr
From Assumption (A3) and Using Holder’s inequality we get,

(3.5)
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Ku(t,z)] < gi(t,2) / / 9(5,9)(<(5,9) + aluls, y)])dy ds

< gi(t,z)lgllg (slly + aflully)
Thus

K ully < llgull, llgllq (lslly + allully)
< llgull, gllq (lsllp + cr)
By Assumption (A2),

|Gu(t, z)| < U(t,z) + c|Ku(t, z)|,
We obtain

1Gully, < 19l + cllKull, < 19llp 4 cllgull, lgllq (sl + allullp)

< [[¢llp + cllgull, Ngllg Cllslly + ar)
Finally,

[Hull, < |Full, + |Gull, < [|£ 2, 0)[l, + kr + [l + cllgill, lgllg (Il + ar)
Let

o 2 0l + 19l + cllgrllpllallnli<lls
1= (k4 acllgllpllg:ll)

then ||Fu + Gul, < r we infer that F(B,) + G(B,) C B,. This completes the
proof of Claim 1.

Claim 2. Continuity of operators F,G and K . The continuity of F' follows from
assumption (A1) and Theorem 1.3. To prove the continuity of the operators K
and G, let (u,) be a sequence in LP(R, x ) which converges to u € LP(R x Q).
According to Theorem 1.1, there exist an integrable function m € LP(R; x ) and
a subsequence (uy, ) of (uy), such that u,, — u, as k — oo almost everywhere
on R, x € and

[un, (t,2)] < m(t,z), forae. (t,2) € Ry x Q.
By the continuity of the function k£ with respect to the last variable,
k(t,x,s,y,un, (s,y)) = k(t,x,s,y,u(s,y)) fora.e. (t,2),(s,y) € Ry x Q.
Assumption (A3) implies that
[k (t, 2,8,y un (3, 9))| < g1(t,2) g(s,9) (s(s,y) + am(s,y))
Define ®(s,y) := g(s,y)(((s,y)+am(s,y)). Since g € LY and (,m € LP, Hélder’s

inequality gives

/R / (s, ) dy ds < glla(I<ll, + allmlly) < oo,
)
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so® e LR, x Q).
Applying the Lebesgue dominated convergence theorem,

/ / |k (t, 2, 8,9, un, (s,y))|dy ds

—>/ /|kt:1:sy, (s,y))|dy ds,
Ry

for a.e. (t,x) € Ry x €. Assumption (A3) implies that
/ / |k(t, 2, 8,9, tn, (5,9))|dyds < / / (91t 2) g(s,9) (s(5,9)+am(s,y)))dyds.
Ry JQ Ry JQ
Since, by assumption (A3)
|| lt) g6 (<(.9) + amls, ) duds € (R 9),
Ry

then again the Lebesgue Dominated Convergence Theorem ensures that

| Ku,, — Kull, =0, as k— 4o0. (3.7)

(3.6)

Since any sequence (u,) of LP(R; x ) converging to u in LP(Ry x ) has a
convergent subsequence (u,, ) such that Ku,, — Ku in LP(R; x ), by Lemma
1.4, we infer that ||Kun — Kqu — 0, proving that K is continuous.

The operator G is the composition G = N, o K, where N, denotes the Nemytskii
operator induced by g¢:
Ng(“)(tv (L’) = g(tv L, U(t, .T))

Assumption (A2) together with Theorem 1.3 implies that A, is continuous from
LP to LP. Since K is continuous, we deduce that composition G = N, o K is
continuous. This completes the proof of Claim 2.

Claim 3. Let X C B, be any nonempty bounded and For any measurable set
D C R, x Q set we have

|Fu(t,z)| < |f(t,z,0)] + klu(t, z)|
Taking supremum over v € X and then over |D| <,

sup sup ||[Fuxpll, < sup [[f(-,0)xpll, + & sup sup [[uxpl|,-
|D|<e ueX |D|<e |D|<e ueX

As e — 0, Since a singleton set in LP(R, x §2) is compact, we have
lim, 0 SUP|p|<e 1£(-,0)xpll, =0

Consequently,
c(FX) < ke(X) (3.8)

then, we have for any r > 0

|Fu(t,z)| < |f(t,z,0)| + k|u(t, z)|,
SO

HFUHLP ((tz)=r) < 1 f(tz O)HLP (|(t,z)|>7) +k“uHLP (t,@)|>7)
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Taking the supremum over u € X

sup | Fu x g2yt lp < 1FC 00Xzl + & Sup lux i) = llp-

and then r — oo, the first term tends to 0 because f(¢,x,0) € LP(R; x ).
Hence, Letting » — oo gives

d(FX) < kd(X) (3.9)
Combining 3.8 and 3.9 yields

W(FX)=c(FX)+dFX) < k(c(X)+d(X)) = ku(X).

Now we show that p(KX) = 0 for any bounded X C B,. We have from (A3)

the uniform bound
[Ku(t, z)| < g1(t,2) lglly (IIClly + or) =: Cr(t, ).
Hence for any D, ||[Kuxpl|l, < C|lgixpllp,. Since g1 € LP, the right-hand side
tends to 0 uniformly as |D| — 0, so ¢(KX) = 0. Similarly,
[Kuxq@miznlle < Cllaxqgeniznll, =0 (r— o0),

giving d(KX) = 0. Thus u(KX) = 0; i.e., KX is relatively compact. .

Since G = go K and g induces a continuous Nemytskii operator , the image of
a relatively compact set under a continuous map is relatively compact. Therefore

w(GX) =0 for every bounded X C B,.
We have

pHX) = p(FX + GX) < p(FX) +pu(GX) < kp(X) +0 =k p(X).
This completes the proof af Theorem 3.1. O

Finally, all assumptions of Theorem 1.8 are fulfilled, proving the existence of a
fixed point for the operator H, that is an integrable solution to the multidimen-
sional integral equation (1.1). This completes the proof of Theorem 3.1.

4. AN ILLUSTRATIVE EXAMPLE
Let © = (0,1)2 € R?, and p = 2. Consider the following functional integral
equation in L*(R, x Q):

1 t 1 1
u(t,z) = 3¢ Psinu(t, z) +/0 /Qe te—s TR TR arctan(u(s, y)) dy ds.
(4.1)
where x = (z1,22), y = (y1,y2). We show that all assumptions (A1)-(A4) of
theorem 3.1 are satisfied .

Verification of (A1).
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., . : ,
Let f(t,z,u) = 3¢ sin u.Then f is Carathéodory. Then

1 1
|f(t,x,u) — f(t,y,v)] < ge_t|sinu— sinv| < §|u — ).

Moreover, f(t,x,0) =0 € L*(Ry x ), Take k = 3 < 1 .Thus (A1) holds.

Verification of (A2).
g(t,z,v) = v is Carathéodory. Choose ¢ =0 € L? and ¢ = 1. Then

l9(t, 2, v)] < [ol = ¥(t, z) + cfv],
o (A2) is satisfied. Thus (A2) holds.

Verification of (A3).
Let the kernel k be the integrand of the double integral:
1 1

k(t,z,s,y,u) =e te® arctan(u).
(s T T e e

We set
1 s 1
) S, - T (90
1+ |22 9(s,9) 1+ [y

Since |arctan u| < |u|, we have

gi(t,x) =e" C(s,y) =0, a=1.

1
1+ |z21+ |y|2
Now g¢1,9 € L*(R; x Q) because

[ e (o) (f wmm) <=

We show the operator

t 1 1
Ku)(t,x) = e te® arctan(u(s,y)) dy ds
Kulta) = [ [ et s o actan(u(s. ) dy
is compact on L*(R, x ).
We can write

(Kuts) = s, wl) = [ ol

k(t,x,s,y,u)| <e e

lul = g1(t, ) g(s,) (0+1-[ul).

where .
Yuls) = —— arctan(u(s,y)) dy.
(5) /§21+ |y|? (u(s,9))

Since |arctanu| < 7, we have

s dy
W(8)] < Cpi= = < 00
el <=5 [

t
|%wg%/e%g%,\%@g%w.
0

Hence for every u,
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Let B C L*(R, x Q) be bounded. For any v € B and t1,t, > 0,

to
|wy (t1) — wy(t2)| < / lw! (s)]ds < C’o/ e *ds < Cyle™™ —e ™.

min(¢1,t2) t1

max(t1,t2)

The function ¢ — e~ is uniformly continuous on [0, 00), so the family {wy}uen

is uniformly equicontinuous. It is also uniformly bounded by Cj.

Take any sequence {u,} C B. By the Arzela—Ascoli theorem on each interval
[0, N] and a diagonal argument, there exists a subsequence (still denoted {u,})
such that w,, converges uniformly on every compact subset of [0,00) to some
function w.

Define

—t —t

€
—U)un(t>, U(t,l’) = TW'IU

().

Fix € > 0. Choose T large enough so that

/ e 2dt <e.
T

For t > T we have |w,, (t) — w(t)| < 2Cy. Hence

vp(t,x) —v(t,x 2d:vdt§402/ 6_2tdt/—§06,
[ e vt ), o L+ 122

where C' = 4CF [,(1 + |z[?)"%dx is a constant.
On [0,T] x €2, the uniform convergence w,, — w implies

T T 672t
vp(t,x)—v(t, x dedtg/ ———dxdt - sup |w,, ()—w(t)]* = 0.
/O/QI( )—o(t, ) et s (0l

Thus ||v, — v||z2 — 0. Therefore every bounded sequence has a convergent sub-
sequence, so K is compact.

Verification of (A4).
Wehavek::%,azl,c:l,p:q:z Also

CO dx 1 1
2 -2t 2
||gl||2 /0 e /Q (1 |£L‘|2)2 92 ’ ||92||2 2 )

d
where M = / Y Since Q = (0,1)? has area 1 so we obtain M < 1.
o (14 [z[?)?

Therefore

l91ll=llglls = =~ <

M
2
Thus

M
1-1.=—
* 2

Wl =

k+acllgillpllgly =
so (A4) is satisfied.

All assumptions of Theorem 3.1 are fulfilled, therefore the integral equation
(4.1) possesses at least one solution u € L*(R, x Q).
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